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Preface

This volume is a collection of the refereed papers selected from those submitted to
the 4th International Conference on Power Transmissions (PT12), held at 20-23
June 2012, in Sinaia, Romania.

This conference aims to provide a forum for researchers, academics and
industry experts to share their up-to-date findings and achievements in the field of
power transmissions, and to identify the new technology requirements, needs and
priorities in this field. The major conference topics, which are also reflected in the
papers published in this book, include:

Theory, Design and Experimental Researches on Power Transmissions
Product Development, Manufacturing and Metrology

Load capacity, structure and components

Maintenance, operating and industrial applications

Engineering education.

The call for abstracts stimulated excellent responses with 102 abstracts sub-
mitted, amongst of which the authors of 67 abstracts were invited for submission
of full papers. All the papers submitted were peer reviewed, and, based on the
review results, 59 papers were finally selected for inclusion in this book. The
authors’ and the referees’ efforts for enhancing the quality of the papers are greatly
appreciated.

This conference is jointly organised by Balkan Association of Power Trans-
missions (BAPT) and Romanian Association of Mechanical Transmissions (RO-
AMET). Their contributions and support are sincerely acknowledged. We would
like to express the gratitude for the members of the Organizing Committee, for the
International Scientific Committee, organisers and members of the review panels
and for the help received from colleagues and staff members involved in prepa-
ration of the events, without which the success of the conference could not have
been achieved. Equally, the thanks are extended to the keynote speakers and to all
contributors and delegates for their support and high-quality contributions.

vii



viii Preface

In this special way, we honour the contribution of distinguished Prof. George
Dobre Sr., the man who inspired and influenced the most this event (passed away
shortly after the Conference).

For the Local Organizing Committee
Dr. Eng. Mihai Robert Vladu

Between 20 and 23 June 2012, the town of Sinaia hosted the 4th International
Conference on Power Transmissions (PT12). A hugely significant contribution to
the organisation of the conference was that of Prof. George Dobre Sr., my father,
who worked tirelessly for about 2 years on the general organisation of the con-
ference and also on the many detailed arrangements (ranging from calls for papers
to putting together and maintaining the website, communicating with authors,
arranging reviews of submitted papers etc.).

He did all this while undergoing aggressive chemotherapy treatment for a
cancer that he had been diagnosed with 2 years before. Although he was beginning
to feel quite frail in the run-up to the conference, he was so committed to the
meeting that he found a last reserve of energy to tap into and successfully chaired
the conference, telling me at the end that he is very happy with the way it turned
out. He passed away a month after that.

I am very proud to see that his labour of love, which he put so much work into,
has been concluded and I am extremely grateful to his collaborators Asst. Prof.
Sorin Cananau, Asst. Prof. Radu Florin Mirica and Dr. Mihai Robert Vladu for
their contribution to the organisation of the conference as well as for what they
have done since to ensure this volume sees the light of day. It is a wonderful
tribute to my father’s memory.

Dr. George Dobre Jr.

Message from Honor President of “Balkan Association
of Power Transmissions”

With this 4th Conference, we celebrate the 10th anniversary of the Balkan
Association of Power Transmissions (BAPT). The field of power transmissions is
rather wide. Compared to structural engineering, where everything is static,
mechanical engineering has everything in motion, so one could say that Power
Transmissions cover the whole spectrum of Mechanical engineering.

Power Transmissions are a scientific and technological field that is not only
wide, but also complex. It comprises the various driving methods—electric,
hydraulic, pneumatic, etc.—as well as a multitude of transmission machine ele-
ments—shafts, bearings, couplings, gearings, belts, chains, etc. Objects of study of
these machine elements are their theoretical concepts as well as calculation,



Preface ix

constructions, manufacturing, testing, application and maintenance. There is
probably no other international organisation as much oriented towards practice, as
BAPT is. BAPT puts the creator-designer in the first place.

The considerable interest in the previous three conferences of BAPT from
Balkan specialists as well as representatives of other countries clearly demon-
strates that an objective international demand of both Balkan and worldwide
proportions has been met. One should note that conferences on the very topic of
Power Transmissions and Gearings are organised in an industrially developed
country like USA and France has hosted four international Gearing congresses.
Germany is no less active in the field with their regular international Gearing
conferences. This is a clear indication that such organisational form is needed.

It is necessary ROAMET to be specially thanked for the effort they made to
organise this conference. However, ROAMET is the only national association in
Europe whose focus is mechanical transmissions.

Prof. Dr. Eng. Kiril Arnaudov
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Keynotes



Alternative Method for Analysis
of Complex Compound Planetary Gear
Trains: Essence and Possibilities

Kiril Arnaudov and Dimitar Karaivanov

Abstract An alternative method for kinematic and power analysis of compound
gear train is studied, which uses the torques and lever analogy of a given gear. The
method combines the accuracy of the Willis analytical method with the clarity of
the graphic method of Kutzbach-Smirnov. Unlike these methods, the alternative
method allows determining not only the gear ratio, but the magnitude and direction
of power flows, and hence the determination of efficiency of a given compound
planetary gear train. The application of the method is illustrated with examples.

Keywords Kinematic analysis - Power analysis - Ratio - Efficiency - Planetary
gear trains

1 Introduction

There are various methods for analysis of planetary gear trains at all. Two,
however, are most commonly used. One is the analytical method of Willis, the
other is a graphical method of Kutzbach-Smirnov. Both methods have proved their
worth over many years. The method of Willis (1841) is used for almost two
centuries and the method of Kutzbach (1927) is there nearly a century.

The main advantage of analytical method is the accuracy. Moreover it is uni-
versal. However, it lacks any clarity, the volume of calculations, especially for the
complex compound planetary gear trains, is not small, which allows and there is no
simple way to check the results, but the most careful repeating of the calculations.

K. Arnaudov (IX))
Bulgarian Academy of Sciences, Sofia, Bulgaria
e-mail: k_arnaudov@abv.bg

D. Karaivanov
University of Chemical Technology and Metallurgy, Sofia, Bulgaria
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4 K. Arnaudov and D. Karaivanov

Undoubtedly the main advantage of the graphical method is the clarity.
However, it is lost for complex compound planetary gear trains because of the
tangle of lines obtained. Frankly in graphical methods we cannot speak for high
accuracy.

The importance of accurate analysis of all gear trains is determined by the fact
that errors in defining the correct transmit ratio or in the direction of rotation of the
output shaft of the train in some cases may be fatal.

2 Need for an Alternative Method

The two main methods at use have advantages and disadvantages. This determines
the need for finding another method more suitable for the practice that combine
their advantages and avoid the disadvantages. The following properties are
desired:

accuracy;
simplicity;

maximum clarity;

easy usability (relevance);

easy check of the results;

generally the opportunity to achieve more goals than with previous methods,
namely—not only determining the gear ratio, but the presence or absence of
internal division or circulation of power, determining the efficiency and, in
particular in gearboxes, determining the load spectrum of the elements of gear
train (wheels, shafts, bearings), as a prerequisite for their reliable load capacity
calculation;

The need for such a method with the above mentioned features is especially
pressed in practice by engineers who value the simplest, easily applied and clear
methods. It must not be forgotten that clarity is the foundation of engineering
thinking and is a dominant requirement in engineering work.

3 Essence of the Alternative Method

Unlike the methods of Willis and Kutzbach-Smirnov using angular velocity w
(or rotational speed n) and the peripheral velocities v, at the presented here
alternative method the torques T are used. The method is based on the following
well-known principles of mechanics, illustrated with the simplest case of ele-
mentary (single-carrier) gear train with three external shafts that has a very good
lever analogy (Fig. 1):
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Fig. 1 Planetary gear train
with three external shafts, T Ty F
their torques and the lever {max z
analogy
—] [
|
: YR
Ty |
D F, .
min FD max D min

1. Equilibrium of ideal (with no account of losses) external torques acting on the
three shafts

ZTi:TDmin+TDmax+T2 =0 (1)

where

Tpmin and Tpmax are the unidirectional external ideal torques (with different sizes),
therefore are indicated by single lines on the figure, but with different thickness,
according to their size;

Ty is the largest torque, in absolute value equal to the sum of other two torques
Tpmin and Tpmax, and therefore is marked with a double line.

2. Equilibrium of the real (considering the losses) external torques

Z Tl/ = Tll)min + Tz)max + Ty = 0 (2)

where
T’Dmin, TIl)max and T’Z are the same external torques as above, but real now con-

sidering the losses in the gear train.
3. Sum of ideal (not considering the losses) powers

For the simpler case, when the gear train is with one fixed shaft, i.e. working
with F = 1 degree of freedom, the condition is

ZPi:PA+PB:TA'U)A+TB'wB:0 (3)
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where
P4, T4 and w4 and are the input power, torque and angular velocity;
Pp, T and wp—the output power, torque and angular velocity;

The above condition is used to determine the speed ratio

T
i=A_ B 4)
wp Ty

4. Sum of real (considering the losses) powers
S Pi=n-Py+Py=n-Ty-ws+Tp wp=0 (5)

where
P!, T, and w4 are the input power, torque and angular velocity;
P}, Ty and wp—the output power, torque and angular velocity;

From this follows the formula for the efficiency

Tz/a/T//x _Ir
wA/coB ik

(6)

In this formula iz means the ratio of the real external torques Tj and T at the
input A and output B of gear train, as signified more as dynamic (Kreines 1947,
Kudryavtsev 1966), as a power ratio or torque transformation (Looman 1996,
VDI-R). The other ratio i; is the usual speed ratio and unlike the above, if nec-
essary, the index k—from the “kinematic” can be used.

Todetermine the real external torques 77 itis necessary that the directions of relative
(rolling) powers P,.;; are identified in each gear train according to the respective
carrier, and each gear train has its own internal efficiency (Kudryavtsev 1966;
Looman 1996, VDI-R).

In most cases the direction of relative (rolling) power P,,; in one planetary gear
train (from the sun gear 1 to the ring gear 3 and vice versa) can be determined,
proceeding from the direction of the torque on the sun gear and its relative angular
velocity toward the carrier @ ,,; = w; — wy, by the following simple criteria:

e when the directions of the torque 7| and the relative angular velocity i e
coincide i.e. w1, - T1 > 0—the relative power is transmitted from the sun gear
1 through the planets 2 to the ring gear 3, or in other words, the sun gear appears
to be the driving one in the relative motion;

e when )y, - T} <0—the relative power is passed from the ring gear 3 to the sun
gear 1;
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Fig. 2 Modified symbol of
Wolf with three external
shafts and their torques

In relatively rare cases this situation is not that clear. Then it is appropriate for
determining the direction of the relative power to use the method of the samples
(Seeliger 1964).

Along with the foregoing known principles of mechanics, the following two
small but very useful innovations are made:

5. For the greatest possible illustration of the method the known symbol of the
Wolf (1958) (Fig. 2) is used, but modified (Arnaudov 1984, 1996; Arnaudov
and Karaivanov 2001, 2005a, b, 2010; Karaivanov 2000; Karaivanov and
Arnaudow 2002). The each elementary (single-carrier) gear train, which has
three external shafts is depicted with a circle, from which the three shafts are
coming out, marked differently from the original—i.e. not with numbers, letters
or inscriptions, but by the thickness of the lines corresponding to the size of the
external torque, as already mentioned above. This little innovation concerning
the manner of marking the shafts makes the method very clear and useful.

6. Besides using the modified symbol of Wolf, where appropriate another inno-
vation is made. A new torque ratio is defined—the one of the unidirectional
external torques (Arnaudov 1984, 1996; Arnaudov and Karaivanov 2001,
2005a, b; Karaivanov 2000).

=" > +1 (7)

because Tpmax > Tpmin (Fig. 1).
This innovation is especially important. It is connected to the lever analogy.

7. Ideal external torques are always in a certain ratio, expressed with the torque
ratio t

Tpopmin: Tpmax: Is =Ty: +t-Ty: 7(1 +Z‘)T1 =1:+t: 7(1 +l‘) (8)
in which always

TDmin < TDmax < |TZ‘.| (9)
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=T, =+t-T, =+t

Dmax

T

Dmin

=T, =+1 F, =F,

D max

Fig. 3 The most usable simple planetary gear train, its modified symbol of Wolf and the lever
analogy

however:

e How many degrees of freedom F (F = 1 or F = 2) the gear train is running
with;

e Which shaft is fixed at F = 1 degree of freedom;

e What is the direction of power flow, respectively does the gear train works as
a reducer or a multiplier at F = 1 degree of freedom, respectively such as a
collecting or as a separating gear at F = 2 degrees of freedom, i.e. as a
differential;

e Does the gear works as a single or as a component train along with others in a
compound planetary gear train.

4 Application of Alternative Method

The application of the alternative method is best illustrated with the two-carrier
compound planetary gear trains consisting of two of the most commonly used
planetary gear trains, shown in Fig. 3. Using the modified symbol of Wolf, the
linking up of the two gear trains can be done in different ways, as shown in Fig. 4

external
compoundshaft

singl single
shaft shaft
internal
compoundshaft
(a) (b) ()

Fig. 4 Possibilities for connecting two simple planetary gear trains in two-carrier compound
train. a With two compound and three external shafts. b With two compound and four external
shafts. ¢ With one compound and four external shafts



Analysis of Complex Compound Planetary Gear Trains

©) T.=T,+T,=+19 (3)

Iy =1,T,=+15

P

rel I

T=1T =+4

P, <0

ST =T, +T,+T, =+1-20+19=0
i=-To 720 50
T, +1

A

ST =T +T, +T, =+1-19,08+18,08 =0

, Tiﬂ’:ﬂ:_lg,og
T, +1

p=—tr o 1908 _ 4 954=495,4%
i +20

Fig. 5 Analysis of in series connected two-carrier planetary gear train

T =T, +T,+T, =+1-17+16=0

i=—£=—_—l7=+17
T +1

A

ST =1 4T, +T, =+1-16,17+15,17=0

) =Ti=iil7=—16,17

_-16,17
i +17

=+0,951=495,1%

Fig. 6 Analysis of closed differential gear train with internal division of power
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with structural schemes—by two or one compound shafts, where we get three-
shafts, respectively four-shafts compound planetary gear train.

The most commonly used version is the first with two compound shafts and
three external shafts (Fig. 4a). As seen from the figure, one of the compound shafts
has no outset—it is an internal compound shaft, so that at both ends two equal
sized but opposite direction torques are acting. The external torque of the other
one, the external compound shaft, which has outset, equals the sum of external
torques of the two coupling shafts.

The mentioned things above are illustrated by three examples:

e in series connected gear trains (Fig. 5);
e a closed differential gear train with internal division of power (Figs. 6 and 7);
e a closed differential gear train with internal circulation of power (Figs. 8 and 9);

Moreover, these are the three scenarios in this way of linking the two planetary
gear trains—with two compound shafts and three external shafts. Other cases are
not possible.

Kinematic schemes

AV,

2z 7|
]

N

Lever analogy

E

z

—\
¢ U

F,

D max Dmin

—

lea

Fig. 7 Different kinematic schemes with the same structural scheme
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pEEETEE |

-4
+0,25

+16

-0,75
0,25

N T,=T,+T,+T, =-0,33..-5+5,33..=0

S
20.33...

[+

-15

A

1
—-0,33...

-

Fig. 8 Analysis of closed differential train with internal circulation of power (I closed train; I/
differential train; P,;,. circulating power)

The first case (Fig. 5) is undoubtedly the simplest and most frequently used.
There the whole power passes consecutively through two elementary component
gear trainss. In both component trains the relative powers P,;; and P,y are
transmitted from the sun gears 1 and 4 of the ring gears 3 and 6.
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rll
T, =T/+T;=+0,2943 (7)

® ®

T, =+0,2943; T, =-3,91; T/ =+3,6157

N T/=T;+T;+T,=0,2943-3,91+3,6157 =0

lT :T—B,:ﬂZ—l3,2858
T, 40,2943
_ i, —13,2858

=——""_=0,8304 =83,04%
i +16

rll
T, =T/+T/=-0,417 (7)

T, =-0,417; T, =-5,124; T/ =+5,541
N T/=T;+T;+T,=-0,417-5,124+5,541=0

=T o212 ) ggss
T, 0,417
i +12,2858

=20 = 0,8191=81,91%
i -15

Fig. 9 Determination of the efficiency of planetary train from Fig. 8
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Br.Il Br.l
& & ﬂ P,
rZ3

Br.1

— Ty =+,

1R
forward direction backward direction

Iy ==k /7/; :+(1+9)>0 iBr.H:_TB/TA:_tII<O

Ipop = |

lBr.11| when ¢, =1+¢,

Fig. 10 Two-carrier planetary gear train with two compound and four external shafts—reverse
gear train

The sequence of determination of different torques is shown on the figure with
numbers in green circles. For convenience it is started with the lowest torque of the
sun gear 1 or 4 of any of its component trains—I or II. In this case numerical value
+1 is selected for torque of the sun gear 1 of the component train I, i.e. the first step
of the compound gear train. The advantage here is that it is not just started with the
lowest torque of the I component train, but the whole compound gear train. This is
clearly seen from the formulas in the figure. It is quite possible however, to start
with a torque of any shaft of component trains, and with any value without
restriction to algebraic sign “+” or “—”. The three ideal torques of each com-
ponent train, which are in constant ratio are determined using the appropriate
torque ratios #;, respectively #;;. For both compound shafts—internal and external,
the determination of the torque is done as shown above. When determining the real
torques the direction of relative power P,.;, respectivelyP,.;; and the size of the
internal efficiency #,;, respectively 7, of each of the component trains are
considered. For example, if in the first component train is begining from the real
torque T of the sun gear 1, for the size of the real torque T} of the ring gear 3 there
are two options:
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first gear second gear
T _(1+¢ ' T, 1+1¢
l'B”:__B:——( 1):1+t1 lBr.u:_T_B:-I-(—tI)
T, +1 4 1+1+
+1,

Fig. 11 Two-carrier planetary gear train with two compound and four external shafts—change-
gear train (gearbox)

T}, = t; - T} - no; in the direction of the relative power P, from the sun gear 1 to
the ring gear 3;
Ty = t; - T} /ng in the direction of P, from the ring gear 3 to the sun gear 1;

In these formulas 7, is internal efficiency of the I component gear train, i.e. in
transmission of power from the sun gear 1 to the ring gear 3, with fixed carrier SI
(6051 = O)

What was said up to now is true for the second component gear Fig. 5 shows:

e determination of ideal and real torques;

e check on the equilibrium of the torques, ideal and real, i.e. their correct
calculation;

determination of speed ratio iy;

determination of torque ratio iy (torque transformation);

determination of efficiency #.

The next two cases of closed differential gear trains are more interesting
because in one case (Figs. 6 and 7) there is an internal division of power, which is



Analysis of Complex Compound Planetary Gear Trains 15

Fig. 12 Compound two-
carrier planetary gear trains
with one compound and four
external shafts. a One-engine
driving of two opposite
rotating aircraft propellers
(separating train). b One-
engine driving of asymmetric

dlfferent.lal of a heavy vehicle 11 )i TS] TSII
(separating train). ¢ Two- p —p
engine driving of aircraft flap BI BII

(collecting train)

Ty =T
(c) P,=P

All

beneficial and in the other case (Figs. 8 and 9)—internal circulation of power,
which is not very beneficial.

In the literature there are, indeed, ways to determine the presence or absence of
internal circulation of power. They are not simple (Kreines 1947; Kudryavtsev 1966;
Tkachenko 2003; Miiller 1982, 1998). Much simpler is the following rule of alge-
braic signs (Arnaudov 1996;2001; Arnaudov and Karaivanov 2005a,b, 2010), which
is expressed as follows:

When the algebraic signs of the torques of two shafts, composing the external compound
shaft, are the same, nevertheless “+” or “—7”, there is an internal division of power. In
different algebraic signs there is an internal circulation of power.

The above is clearly illustrated by two examples. It is shown the direction of the
circulating power, depending on torque ratios #; and #;; of both component gears I
and II. It is obvious that the direction may be different (Fig. 9). It can be determine
as follows:
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(a) @ %
{ {
% U
G
TTT B = ﬂ )

(b)

Fig. 13 Structural schemes of a three-carrier compound planetary gear trains, b four-carrier
compound planetary gear trains

The direction of the circulating power P.;, coincides with the direction of input power P4
or output power Py at the coupling shaft (constituting the external compound shaft) where
its algebraic sign of the internal torque coincides with the algebraic sign of the torque of
external compound shaft.

The directions of the relative powers P,.; and P, in both component trains
that are important for the determination of the efficiency are shown also. In the
gear trains with internal power circuits it is shown that with one and the same
structural scheme, the kinematic schemes may differ (Fig. 7).

Figures 10 and 11 show two examples of the compound two-carrier planetary
gear trains with two compound shafts and four external shafts. The brakes used in
these gear trains can be located on different shafts—single or compound. The
Fig. 10 shows a reverse gear train, carrying forward and backward. The Fig. 11
shows a change-gear (gearbox), carrying out two gear-ratio steps (speeds).

Figure 12 shows three cases of using two-carrier compound planetary gear
trains with a one compound shaft, but with four external single (i.e. not-com-
pound) shafts.

Figure 13 shows the structural schemes of three-shaft three-carrier and four-
carrier compound gear trains. The first are used as reducers or multipliers, i.e. with
F = 1 degree of freedom, while the second—as change-gears.

Figure 14 shows three-carrier compound gear train that works as a multiplier in
the powerful wind turbine (Giger and Arnaudov 2011).
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T,=-35,006
T, =+1
T, =+34,006

N =T +T,+T.=
=-35,006+1+34,006 =0

Lo L 6028566
T, -35,006

T, =-36,073

T, =+1

P, I/ =+35,073
I:> NT/=T/+T,+T, =

T, =+1 —

rel 1T @ =-36,073+1-35,073=0

T, +1
==
T/ —36,073

=-0,02772

® = 0027172 _ ) 97038 =97.04%
i +0,028566
(c)

Fig. 14 Three-carrier planetary gear train—multiplier of wind turbine. a Kinematic and
structural schemes. b Determination of speed ratio. ¢ Determination of efficiency

Figure 15 shows how to determine the load spectrum of an element of four-
carrier change-gear while working with different gear-ratio steps (speeds).
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Fig. 15 Determination of load spectrum of an element of four-carrier change-gear while working
with different gear-ratio steps (speeds)
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5 Conclusion

Unlike the most commonly used methods of Willis and Kutzbach-Smirnov that use
the angular and peripheral velocities, at the presented method here another
parameter of mechanics is used—the torque. This alternative method is charac-
terized with the following:

1. The method is characterized by simplicity, maximum clarity and ease of
usability (relevance), combining in itself, accuracy and clarity, existing sepa-
rately in the Willis and Kutzbach-Smirnov’s methods.

2. The method allows achieving more goals than is possible with the methods of
Willis and Kutzbach-Smirnov—determining not only the speed ratio, but also
the internal power flows by size and direction, as a prerequisite for the deter-
mination of the efficiency. Also the determining of the load spectra of elements
of the compound change-gears—gear-wheels, shafts and bearings, while
working with different gear-ratio steps (speeds) as a prerequisite for their
reliable load capacity calculation.

3. The dependence of the designer on a particular literary source is avoided, so he
may act independently.

4. The method allows easy verification of calculations by the conditions of
equilibrium of the ideal and real external torques.

5. Because of the clarity and ease applicability, the method is suitable either for
industry—for engineers, or for learning process—for students.

Considering all these possibilities and the current acceptance of the method in
different countries (Giger 2007; Miiller 1998; Troha 2011), there is reason to
believe that the alternative method can successfully compete with those of Willis
and Kutzbach-Smirnov, especially in the analysis of complex compound planetary
gear trains.
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Planetary Precessional Transmissions:
Synthesis and Generation Technologies

Ion Bostan

Abstract Some problems of mechanical transmissions can be solved with special
effects by developing new types of transmissions based on planetary precessional
transmissions with multiple gear, that were developed by the author. Absolute
multiplicity of precessional gear (up to 100 % pairs of teeth simultaneously
involved in gearing, compared to 5—7 %—in classical gearings) provides increased
lifting capacity and small mass and dimensions. The article presents the analysis of
the main structures of precessional transmissions, the theoretical aspects of non-
standard profiles generation.
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1 Introduction

A problem for engineering companies (especially in the metalworking industry,
automotive, chemical and metallurgical industries) is to satisfy the ever-increasing
requirements to the transmissions used in majority of industrial machinery and
technological equipment related to bearing capacity, compactness, mass and
dimensions, low cost of production, etc., and, in particular, to kinematical char-
acteristics, structural compatibility with other aggregates of the equipment, etc.
Gearings are considered the most sophisticated components of machines. Machine
reliability depends very much on the gearing mechanical transmission operation,
in general. The quality indices of traditional gears were increased largely by
changing involute gearings, and by creating new gearings, such as Novikov-
Hlebanija (Krasnoshhekov et al. 1976) Symark (Kaabushiki 1977), etc.

In the field of planetary transmission it was considered properly to follow the
way of developing new types with increased performances. Scientific analysts
consider that in the field of technical sciences worldwide an essentially new type
of mechanical transmission is being invented every 20-25 years. Thus, the Ger-
man engineer L. Braren developed the cycloid planetary transmission “CYCLO”
in 1923 (A Unique Concept 2012). The Russian engineer A. Moskvitin invented
the harmonic friction transmission in 1944 (Tzejtlin and Tzukerman 1969), and in
1959 the American engineer C. W. Musser developed the harmonic gear trans-
mission (Tzejtlin and Tzukerman 1969).

In the late seventies a new type of mechanical transmission has been developed
at the Polytechnic Institute of Chisinau (now the Technical University of
Moldova). The new type of mechanical transmission entered into international
terminology circuit as planetary precessional transmission (PPT). The first patent
was issued under this name in 1983. Planetary precessional transmission differs
from the classical one by the new principle of motion and load transformation and
transmission, i.e. by using sphere-spatial motion of the satellite and variable
convex—concave profile. Due to these innovative features gearing multiplicity in
planetary precessional transmission reaches 100 % (in classical transmissions -
3-7 %) which provides increased bearing capacity, reduced dimensions and
weight, extended kinematical range £10 ... 3,599 (in harmonic transmissions
79 ... 300), high kinematical accuracy, etc. The research team involved in research
on precessional planetary transmissions published over 800 scientific articles,
obtained about 170 patents, implemented about 20 practical achievements in the
field of fine mechanics and specialized technological equipment, in robotic com-
plexes for the exploration of ferro—manganese concretions from the World Ocean
bottom (USSR concept), in spaceflight technique, etc.

Know-how in the elaboration of multicouple precessional gear, manufacturing
technology and control methods, and a range of precessional transmission dia-
grams belong to the research team from the Technical University of Moldova.

e The specific character of sphere-spatial (precessional motions of the preces-
sional transmissions pinion make impossible the utilisation of classical involute
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teeth profiles. This fact requires the elaboration of new profiles adequate to the
sphere-spatial motion of pinion, which would ensure high performances to the
precessional transmission. Carrying out on the principle of the transfer function
continuity and gear [5] based on the principles of the transfer function continuity
and gear multiplicity which aims to:

o the elaboration of the gear mathematics model with account of the peculiarities;

e the analytical description of teeth profiles by a system of parametric equations
on spherical surface and normal teeth section for inner and plane gear;

e CAD determination of geometrical and cinematic parameters influence of the
gear upon the teeth profiles shape and the justification of their rational limits of
variation;

o the elaboration of the theoretical basis evaluation of teeth gear multiplicity in
precessional transmissions;

e area definition of gear multiplicity existence by 100 % teeth couples.

e the production of non-standard teeth profiles requires a new manufacturing
technology. In the complexity of problem “gear-synthesis-profile study- man-
ufacturing” the elaboration of efficient methods of teeth manufacturing which
ensures a maximum productivity and reduced cost while satisfying the
requirements related to the gear with precessional motion plays an important
role. To solve this problem the following has been done:

e we elaborated the mathematical model of teeth generation which shows the
interaction of teeth in precessional gear;

e we investigated the kinematics of the mechanism of method realisation for teeth
generation;

e we determined the tool path of motion and the family envelope of the generating
surface by using the computer;

e we elaborated and manufactured from metal milling and tooth grinding tools,
inclusively their longitudinal modification.

2 Synthesis of Planetary Precessional Transmissions
2.1 Kinematical Structure

Depending on the structural diagram, precessional transmissions fall into two main
types—K-H-V and 2K-H (according to Kudreavtzev’s classification), from which a
wide range of constructive solutions with wide kinematical and functional options
that operate in multiplier regime come out.

Planetary precessional transmissions K-H-V. Kinematical structure of preces-
sional transmission K-H-V (Fig. 1a) has four components: planet (wheel) carrier H,
satellite gear g, central wheel b and the casing (framework). Satellite gear g and
the central wheel b are under internal gearing, and their teeth generators cross in a
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Fig. 1 Kinematical diagram of precessional transmission K-H-V

point called the centre of precession. Satellite gear g is mounted on the planet
carrier H, designed as a reclined crank, which axis forms with the axis of the
central wheel a certain angle 0. The reclined crank H, spinning, forwards a sphere-
spatial motion to the satellite gear in relation to the ball joint installed in the centre
of precession.

To analyze the kinematics of these transmissions, with an additional connection
of the satellite g with the body: At a rotation of the drive shaft (planet carrier H),
central wheel b will rotate with a certain angle A, . To determine the position of
the driven shaft V depending on the position of the drive shaft H, it is necessary to
define the equation of the satellite gear motion. At a constant angular speed of the
drive shaft, sphere-spatial motion of the satellite g is described by a system of
equations, expressed by Euler angles ¥ = wpyt, ¢ = ¢(t), 0 = const, where V is
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the angle of precession (the rotation of axis O’O’" of the satellite wheel g with
regard to axis OO of the central wheel b); ¢p—is the angle of the satellite rotation
itself around its axis O'0’; 0—is the nutation angle (pitch of axis O’O’ of the
satellite wheel to the central wheel axis OO). It should be noted that the equation
of free rotation of the satellite wheel ¢ = ¢(¢) is determined by type of kine-
matical connection between the satellite gear and the frame. For the transmission
with connection mechanism in the form of a toothed coupling (Fig. 1b) gear ratio
varies in the limits:

ngOSO—z;,. <

iy =——=——— 3, =
HY 2 >ty 25 c0s 0

Zgc08 0 — z

(1)

reaching extreme values 4 times for each rotation of the drive shaft H. If necessary,
this drawback can be eliminated using as connection mechanism double universal
joint, ball synchronous couplings, etc. Average gear ratio will be:

. g —

¢  _ _%

i - : 2
HY nea % 2)
for z, =z, +1,i%, = —1/%,, ie. the drive and driven shafts have opposite

directions. For z, = z, —1, %, = 1/, i.e. the shafts rotate the same direction.
Precessional transmissions K-H-V fall under two basic types:

o with satellite wheel fixed to the casing;
e with central wheel fixed to the casing.

Precessional transmissions diagrams, where the central wheel b is fixed to the
casing (bed), and the satellite gear g is fixed to the driven shaft V, are shown in
(Fig. 1a—d). In precessional transmissions K-H-V with the fixed central wheel an
important component is the connection device W of the satellite gear with the
driven shaft V.

Device W performs transmission of motion between the shafts with parallel
axes of the satellite-wheel and the central wheel that have the difference of teeth
Z¢ = 2 £ 1. Average gear ratio of these transmissions is determined from the
relationship:

) g .
lgy -2 3)
iy = — 2, for 7, = 2, +1; iy, = 2, for 7, = 7, —1.

A very important feature of precessional planetary transmissions K-H-V is the
possibility of transmitting rotary motion in tight (hermetic) spaces. To this end,
Fig. I, g and h shows two kinematical structures of hermetic precessional
transmission.

Based on the structural scheme (Fig. 1c), the demonstrational model of pre-
cessional reducer was developed, designed and manufactured (Fig. 2a, b). Man-
ufacture of gear cover made of transparent material allows viewing the operating
principle of precession gear.
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Fig. 2 The first (1983)
demonstrational model of
planetary precessional
reducer K-H-V (i = —29)

(a) (b)

In planetary precessional transmission (Fig. A, d) the satellite-wheel is placed
between two fixed gear wheels, bearing the same number of teeth. This trans-
mission has high bearing capacity and ensures reduced diametric dimensions

Advantages of planetary precessional transmissions K-H-V:

e high bearing capacity due to gearing multiplicity;

e wide range of speed reduction i = 8...60, and in special structures i = 60
...3,600;

e operation in reducer and multiplier regimes;

e ensure the transmission of motion in tight spaces via membranes.

Planetary precessional transmissions 2K-H. Precessional transmissions
2K-H can be developed following two basic schemes: one-side or bilateral location
of the central wheels. In the case of bilateral arrangement (Fig. 3a, b, e, f), axial
dimensions increase; and at unilateral location (Fig. 3c)—radial dimensions
increase. The choice of structural diagram depends on the beneficiary needs. The
diagram in Fig. 3c, b shows that the fixed wheel b and the movable wheel a are
arranged on the same side of the satellite wheel—g. Pulleys Z,; and Z,, can be
placed on separate or joint axes. In the case of location on the same axis, i.e. when

Zg1 = Zg, the gear ratio is determined from the relation:

.b lg

iy = ——>—. 4

av b — Za ( )
if Z,=Zp— 1 and Z, = Zg, + 1, then if, =%, and if Z, =Zp + 1 and
Zy=Zgy — 1, then iy, = —%.

Precessional transmissions 2K-H have higher performances, inclusive kine-
matical ones (Fig. 3a). Precessional transmissions 2K-H comprise the satellite-
wheel g, with two crown gears Z,; and Z,,, that are in gear with the fixed b and
movable a central wheels. The gear ratio is determined from the relation:

2g12a

=t (5)

2blgy — Zgi1%a
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Fig. 3 Kinematical diagram of precessional transmissions 2K-H

Analysis of relation (5) shows that precessional transmissions 2K-H provide
achievement of a larger range of gear ratio. Maximum kinematical effect is
reached for the teeth relations:

Zp = Zgy3%g; = Zg, +1;Za =g _17

.b _ .2 _ _ —
LHVmax — Zgl pentrui, = Zg,,2g, = Zg, +17Zb = Zg, -1

The proposed gears allow obtaining maximum kinematical effect for other num-
bers of gear ratios, for example:

. 2
imax = Zg, PENITUZ, = Zg,, Zg, = Zg, — 1,2 = Zg, +1,

(6)

. 2
Imax = <y, —lpentruz, = 2gyy %8y = g, -1z, = 2g, +1

While developing precessional transmissions 2K-H a problem comes out related to
the selection of the optimal number of wheel teeth, which ensures the obtaining of
certain gear ratio. To facilitate the rational selection of the number of teeth by
relation (5), possible variants of their choice for the range of gear ratio
i = —13...2,401 were determined using computer. Calculations were performed
for the ratio numbers of teeth: z,, =z, + 1;2,, = 24 + 1524, = 20, £1,2,3.. ..
Based on the structural diagram 2K-H (Fig. 3a) the demonstrational prototype
of the precessional reducer 2K-H was designed and manufactured. Housing made
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(a) (b)

Fig. 4 The first (1988) demonstrational model of precessional reducer 2K-H

of transparent material allows viewing sphere-spatial specific motion
(precessional) of the satellite block, the process of toothed wheel gearing with the
toothed crowns of the satellite block (Fig. 4a, b).

Precessional transmission (Fig. 3d) shows that the central wheel b is linked to
the casing, and the central wheel c—to the driven shaft V. Satellite gear g,
mounted between the central gears a and b, gearing simultaneously with the teeth
of the fixed b and movable ¢ central wheels, conveys the driven shaft V a reduced
motion of rotation. The number of teeth conducting the load simultaneously in the
gearing is z = (z4 — 1)/2 for the number of teeth z4 with couples. The remained
teeth contact between each other with passive flanks.

It is necessary to specify a number of features of precessional transmissions
2K-H, which gives them higher performance compared to similar planetary
transmission with cylindrical wheels:

e Precessional transmissions do not require compliance of equal distance between
the axes, which fact broadens their optimum design field;

e Kinematics of precessional transmissions does not limit the choice of teeth
modules of the gear torque or rollers location pitch, which increases the pos-
sibilities of generation of tooth numbers torque and gear ratio interval;

e Characteristics of the designed precessional gearings, unlike traditional involute
gears, enlarge considerably kinematical possibilities and performances of pre-
cessional transmissions.

Advantages of planetary precessional transmission 2K-H:

e Increased bearing capacity due to the multiplicity of gearing;

e wide range of speed reduction i = #+10...3,600 fully guaranteed by the
involvement of a satellite with two central wheels;

e 2K-H gearing provides self-locking and one-way or opposite rotation of the
drive and driven shafts;

e operates as reducer, multiplier (special constructions) and differential.
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Fig. 5 Kinematical diagrams
of complex precessional
transmissions

Complex planetary precessional transmission. If specific areas, where you need
a very high transmission ratio, a complex structural diagram is proposed, which is
a planetary transmission precession 2K-H in two steps. Arrangement of the wheels
in the bi-planetary combined transmission version 2K-H (according to V.N.
Kudreavtzev’s classification) ensures maximum kinematical effect under reduced
dimensions and low mass (Fig. 5a) (Bostan 2011). To this end, satellite g is
installed on a reclined crank H, and the satellite e is installed on the outer spherical
surface of the first satellite. Both satellites are equipped with two serrated crowns,
which gear simultaneously with the fixed wheel b and with movable wheels ¢ and
d. Wheel carrier H rotates and conveys precessional motion to satellite g, and to
central wheel C and the driven shaft V;—reduced rotational motion. Rotational
motion a of the wheel ¢ turns into precessional motion of the satellite e through the
rolling bodies, installed between the front inclined part of wheel ¢ and the front
part of satellite e gears with the teeth of fixed » and movable d wheels, sending to
the last wheel and shaft V, rotational motion with the degree of reduction:

28, Ze Zey 2d

i= = 12,960, 000. 7
2 Zg, (2 Zey — Zey Zd) — Zgy Zc(2b Zey — Zey 2d) )

This transmission, with the number of teeth z, =159, 2z, =z, = 61,
Zel = Za = Zg1 Zc = 60, for example, will allow obtaining the gear ratio
i = 12,960,000.

On the basis of the structural diagram (Fig. 5) an industrial prototype of the
driving device for gas pipelines fittings was elaborated, designed and manufac-
tured (Fig. 6a, b). Drive mechanism involves a bi-planetary precessional trans-
mission 2K-H, in combination with a transmission with one-step cylindrical gear
wheels, and fulfils gear ratio i = 20,000 and torque moment 7" = 30,000 Nm.

Advantages of complex planetary precessional transmissions 2K-H:

¢ high kinematical effect, estimated with motion gear ratio over i = 1,000,000;
e compactness, reduced dimensions and mass.
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Fig. 6 The first (1991) planetary precessional reducer 2K-H in two steps (7' = 30,000 Nm,
i = 20,000)

3 Generation Technologies
3.1 General Remarks

Development of mechanical transmission with gear, different from the classical
one, requires complex research in various fields. This finding refers to planetary
precessional transmission with multicouple gear, which is characterized by
essential constructive-kinematical features. In solving complex problems related to
“gear synthesis—profile research—fabrication” an important role belongs to
developing efficient methods of teeth manufacturing, which would ensure maxi-
mum productivity, reduced cost and quality.

Manufacture of precessional gear wheels with convex-concave and variable
tooth profile cannot be achieved by existing generation technologies, but through
fundamentally new technology. Generation technology of precessional wheel teeth
must ensure continuity of motion transformation function with the following
conditions: non-standard and variable tooth profile, and satellite carrying out
sphere-spatial motion with a fixed point. To achieve the above, a new procedure
for teeth processing is proposed by self-generating method with precessional tool
against rotating blank.

To develop the theoretical basis for generating tooth profile by running the
precessional tool it is necessary to determine the character of continuous contact of
the tool cutting edge and profile of the processed wheel tooth for a complete “tool-
blank™ precessional cycle. In this connection a mathematical model of tooth self-
generating method by running the precessional tool was elaborated, which fully
reflects the actual interaction of teeth in precessional transmission. For this pur-
pose the following was described:

e kinematical connection of the precessional tool with the blank that ensures
continuity of motion transformation function in the linkage “tool-blank”;
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e path of motion of the tool centre in the fixed system of coordinates;

e path of motion of the tool centre in the movable system of coordinates, con-
nected with the rotating blank;

o the generating contour of the tool in the movable system of coordinate and the
system envelope of generating surfaces of the tool for a cycle of precession;

e projection of tool contour envelope in the plane system of coordinates.

3.2 Technological System for Teeth Generation by Sphere-
Spatial Motion of Tool as Truncated Cone

3.2.1 Kinematics of Gear Generation System

To achieve teeth generation method a tool carrier device was developed, which
diagram is shown in Fig. 7. In the designed device the node, which involves the tool
in sphere-spatial motion, is stopped from rotating around the common axis of the
main shaft-blank—a kinematic joint. Rotation of blank 3 and main shaft lis
coordinated by the division kinematic chain of machine tool. Kinematic joint of tool
with the body must be built so as to ensure continuity of the transmission function
of rotation motion, i.e. w;/w3; = const. Continuity of transmission function of
rotation motion is determined by path of motion of point C, belonging to the
movable system of coordinates. To research the kinematics of the device that
involves the tool in precessional motion: Imaginary satellite gear (profile generating

Fig. 7 Principled spatial
diagram of teeth processing
method by precessional tool
running

Machin
e-tool

mace |

o
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tool) 2 with an imaginary number of teeth Z, (determined by the machine-tool
kinematics) gears with the blank 3, fixed on machine-tool table, with the number of
teeth Z, = Z, 4+ 1. At a turning of the main shaft 1 the blank rotates at angle 3,
that corresponds to the angle between the difference of the wheel teeth:

Yy =—- (2 — Z3). (8)

To define the position function of the given device /5 = f () it is necessary to
determine beforehand the equations of the tool motion in the fixed OXYZ and
movable OX,Y,Z; systems of coordinates. The link between the mentioned sys-
tems of coordinates is determined by the Euler angles. Sphere-spatial motion of
tool (imaginary wheel) at uniform rotation of the main shaft 1 w, is described by
the system of equations

W = ort, 0 = const., ¢ = ¢(t), 9)

Design of the working device for teeth generating technology should provide
limitation of tool rotation around the main shaft of the tool-machine by a certain
technical solution, for example by kinematical coupling “bolt-gutter”.

In this case the coordinates of the bolt contact point C (Fig. 8) with the groove
in the movable system of coordinates OX1Y1Z1 will be:

Xic=0, Yic=Rc, Zic =0, (10)

where R.. is the radius of point C location.
At sphere-spatial motion of tool 2, the motion of point C located in plane OZX
is limited by the groove walls, i.e. the condition is realised for each value of :

Xc =0. (11)
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Fig. 8 Dependence of tool position error on the angle of rotation i/ of the main shaft for various
angles of nutation 0
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Using the transition matrix of the movable system of coordinates OX;Y,Z,
connected with the tool and the bolt limiting its rotation around the shaft Z in the
fixed system of coordinates, condition X. = 0 o can be written in the form:

ch
Xc =Y. =0. (12)
Zlc

Or in extended form
Xe = anXie +anYie +aizZie =0
By replacing ayy, a;» and a3 in (11) we obtain:

X, = Xi.(cosy sin @ — sin s sin ¢ cos ) — ¥1.(cos i sin ¢ + sin s cos ¢ cos 0)
+ Zjesinysin =0

(13)
For the contact point of the bolt with the groove coordinates (1.5) we have:
X. = —R.(cos ysin ¢ + sin i cos ¢ cos 0) = 0. (14)
Thus,
(cosysin @ + sinyy cos ¢ cos §) = 0. (15)

By solving Eq. (15) we determine the linkage equation between the angle of
tool self-rotation 2 and the angle of rotation of the main shaft:

¢ = —arctg(cos Otgyr). (16)

In such case the equations of tool 2 precessional motion take the form:
V¥ = wt, 0 = const. ¢ = minus; arctg(cos - tgy). (17)

To establish the dependence of the angle of rotation of blank /5 on the angle of
rotation of the main shaft \y we describe the blank motion composed of the
involved rotational motion with the crank of the main shaft /3, and the relative
motion of rotation with regard to the crank of the main shaft i/3,.

In the compound motion of blank 3, =\, and 3, represents a certain
function f(¢) of the angle of rotation of tool ¢, that is:

Y3 =y +f(¢). (18)

For ideal precession of the drive mechanism of machine/tool function f{¢) will
take the form:

" =w+§—f¢. (19)
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By considering Eq. (16) we obtain the position function of the kinematical
linkage mechanism of the device:

Uy =y — ;—?arctg(cos Otgyr). (20)

Momentary gear ratio of the kinematical linkage mechanism of the device is
obtained deriving (20) after y:

=W L cos 0 : (21)
dy o Z3 cos? s + cos? Osin®

Average gear ratio for a rotation of the main shaft will be

w_ L2

7 (22)

2n

e 1 ) 1 2

l31d = %/ wdy =5 [w — ;arctg(cos Otgyr)
) ;

Analysis of dependence (22) demonstrates that for the ratio of teeth z, < z3 the
direction of main shaft rotation of gear cutting machine and blank (imaginary
wheel) coinsides, and for the ratio of teeth z, > z3 is different. Division kine-
matical chain of machine tool must provide the following kinematical link: at full
rotation of the main shaft the blank (imaginary wheel) should rotate under angle
W3 = 2n(Z, — Z3)/Z5. This kinematical link defines the average gear ratio of the
manufactured gear. Given the fact that the kinematical link “tool—blank” is done
by the machine—tool dividing chain under condition w;/w, = const., the angular
velocity variation caused by the kinematic link mechanism (neasurica) of the tool
with the frame will transpose on the tooth profile, therefore, it will introduce a

diagram error Ay/; in the tooth profile. The diagream error Ays; can be identified

by angular positioning error of the blank 3 relative to position /5’ of the same

blank, which conditionally would rotate uniformly with the gear ratio ig”fd =
—(Zy — Z3)/Z5. in this case the diagram error will be:

My =y = 570 = 2 [y = aretgcos Orgy). (23)

So, the kinematical link of the tool with the frame introduces some diagram
error in the tooth profile.

Figure 8 shows the graph of diagram error of tool position error i3 at one
rotation of the main shaft and motion of point D in OZY plan. If point C makes a
motion in OZY plane the error is transmitted intact to the tool, and the last
generates the tooth profile with the same error. To ensure continuity to motion
processing function it is necessary to modify the tooth profile by diagram error
value A3 by communicating additional motion to the tool.

Correctness of additional motion of the tool was established using a computer
calculation program. It was found that generation precision of the manufactured
wheel teeth 3 depends on the continuity of its angular speed ¢ of the tool 2.
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Function analysis (19) shows that for ¢ = — the instantaneous transmission ratio
iz; = const. For condition ¢ = — from Eq. (19) we have:
V4 Zy — 73 7, — 73
= —_— = = t.
=y -Se=","y =" "0

From this analysis we find that any technical solution to eliminate the influence
of diagram error of tooth profile precision generation with precessional tool would
be 3D profiling of the contact surfaces of the groove of kinematical link mecha-
nism, which supports the bolt (delimiter of rotation). The bolt contact with the
shaped surfaces of groove transmits also the reaction torque from the node, on
which the tool is installed to the frame. To achieve the proposed technical solution
to exclude the error of 3D profiling of supporting surface of the link channel with
the bolt it is necessary to describe the profile of contact surfaces with parametric
equations. In this case we take an arbitrary point C on the tool axis with coordi-
nates Xi., Y1, Z. (Fig. 7), and identify the path of motion in the fixed system of
coordinates OXYZ to satisfy the condition i3; = const. Using the matrix form for
the transition from the coordinate system OX,Y,Z; to the fixed system OXYZ we
get:

Xc ch
Y| = Al v (24)
Zc Zlc

or by components:

X = anXic + anYic + aizZye;
Y. = anXic + anic + anZ; (25)
Xc = a31X1C + a32Y1(‘, + a33zlc~

where a;;, i,j = 1...3 are cosines of angles between the axes of coordinates.

Considering that instantaneous gear ratio i3; = const. when ¢ = —y then Eq.
(25) are transcribed as:

Xc = ch(cos2 Y + cos 0'sin’ V) + Yic(1 — cos 0) cos i siny + Z; ¢ sin 0 sin yf;
Yo = Yic(1 — cos 0) cos i sinyy 4 Yic(sin® § + cos 0 cos® /) — Zj¢ sin 0 cos i;
ZIC = ZlC sin 6 sin lﬁ + YIC sin 6 cos lp + ZlC cos 0.
(26)
For the case when point “C” is placed on axis OY; its position is defined by
coordinates X;c = 0,Y1c = R., Z;c = 0, and Eq. (26) take the form:
Xc = Rc(1 — cos 0) cos  sin;
Yc =Rc¢ (sin2 ¥ + cos 0 cos? lﬁ), (27)
Zc = RcsinOsiny.
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Equation (27) represent parametrical equations of groove lateral surfaces, by
which the limiting bolt of tool rotational motion around the fixed axis OZ, form a
kinematical coupling, and provides the condition i3; = const. Thus, the shape of
groove lateral surfaces by which the bolt forms the kinematical coupling of tool
with the casing, described by parametrical Eq. (27), excludes the influence of
diagram errors on tooth profile generated with precessional tool.

3.2.2 Analytical Description of the Precessional Tool Path of Motion

According to the principle of teeth generation by proposed method the tool should
copy with certain accuracy the shape and path of motion of the pin tooth in the real
gearing (involving the central wheel with teeth—satellite gear with pin teeth). In
this connection it was necessary to research the tool path of motion with the angle
of position to the blank ¢ > 0. For this purpose, a point D was identified on the
tool axis (Fig. 9) with coordinates X;p, Y1p, Zp in the movable system of coor-
dinates OX,Y,Z, and parametrical equations of its motion in the movable system
of coordinates were described. For i5;-const. after a number of transformations we
obtain:

Fig. 9 Determination of the
tool surface family envelope
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Xp = o1 Xip + o012Y1p + 013Zp;
Zp = 01 X1p + 022Y1p + 023Z1p; (28)
Zp = a1 X1p + 023Y1p + 033Z1p.

With condition ¢ = — and constant instantaneous gear ratio i3;-const we have:

Xp = XlD(cos2 ¢ + cos @ sin’ )+ Yip(1 — cos ®) cos @ sin ¢ + Z;p sin O sin ¢;
Yp = Xip(1 — cos ®) sin ¢ cos ¢ + Y p(sin® ¢ + cos ® cos® @) — Z;p cos ¢ sin ©;
Zp = Xipsin®sin @ + Y psin® cos ¢ + Z;p cos O.
(29)
For = 0 tool coordinates will take the form:
Xip =0,Y1p=—Ry,Z1p =0. (30)
In this case the equations of tool motion depending on the angle of rotation y of
the main shaft will be:
Xp = —R,(1 — cos ®) cos ¢ sin ¢,
Yp = —R,(sin® ¢ + cos © cos @), (31)
Zp = —R, sin © cos ¢.
In the case of toothed wheels with angle 6 > 0 the tool should be located under
the same angle. Then point D will have the following coordinates:
X]D = 0, YlD = 7RC0Sd,

. (32)
Zip = —Rsind,

And the equations of the path of motion of tool in the fixed system of coordinates
OXYZ have the form:

Xp = —R, cos (1 — cos ®) cos ¢ sin ¢ — R, sin 0 sin O sin @;
Yp = —R, cos 5(sin’ ¢ 4 cos @ cos @) + R, sin 6 sin O cos ; (33)
Zp = —R, cos dsin ® cos ¢ — R, sin d cos O.

Exact performance of the tool path of motion according to Eq. (33) was taken into
account in the process of elaboration of the tool-carrier device, shown in Fig. 7.

3.2.3 Determination of Family Envelope of Tool Generating Contour

Tooth profile of the processed wheel represents the family envelope of tool gen-
erating contour in its relative motion with the tooth. The envelope is determined
from the equations of the working surface of the generating tool and parameters of
relative motion at folding.
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To simplify the process of envelope determination it is necessary to pass to the
coordinates of tool centre D in the movable system of coordinates (Fig. 9), linked
with the blank 3:

Xp = Xp cos Y3 + Yp siny;
Yp = —Xpsiny; + Yp cos Ys; (34)
ZD = ZD.

where Xp, Yp,Zp are the coordinates of the tool centre in the movable system of
coordinates; Y5 = /i is the blank angle of rotation; i—gear ratio of the kine-
matical chain “main shaft—blank”. Equation (34) define the path of motion of the
tool centre, evolving on the sphere. Further, the envelope equations on the sphere
were defined (curve 3, Fig. 9).

Further, we find the tool 1 conical working surface (with geometrical shape as
frustum) in the movable system of coordinates, applying the condition known from
the differential geometry:

e =rcosfP, or X -Xp+Y-Yp+Z-Zp=R-rcosp, (35)

where e is the unit vector oriented to the cone axis; f—taper angle of tool.
Wrapping Eq. 5 on the sphere is obtained as result of solving jointly the
equations, which describe the family wrapping of tool 1 working surfaces:

(D(X,Y,Z,lp) :XXD—FYYD—FZZD—RFCOSBZO,
do (36)

i (X,Y.Z,y)=0

And the equation of spherical surface:
X4+ Y4+ 72> -R*=0. (37)
Therefore we find:

dq) a)_(]_) aYD aZD

T _x&0, yTD YD

aw Yoy Py iy =0
Xp OXp Xp . oYp . Yp
——— =——cosiy; — —siny; + ——siniy; +—cos s,
o Xp v

. X Yp .
= ———siny; —fcos% + o0 cos /3 —7051n1//3,

W
Zp  Zp
AR
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X

aa—; = —Rcos 5(1 — cos ®) cos? Y — R sin J sin © cos

oYp . 2 e .

n = —Rcos (1 — cos ®)sin” iy — Rsin dsin O siny, (39)
aail;: —Rcos 0 sin ® sin .

After introducing (38), (39) into (36) and (37) we obtain:

—(ab+de) £ \/(ab +de)* + (1 + @ + @) (R — b — )

X, = ;
2 2 )
Y, =aX, + b;
Z, =dX, + e,
where:
:XC%%—ZC%% L chosﬂ%’
Y, Zp’ T, Y Zp’
Zegy —Zewy Zpop —Yegp (41)
4 (Xp — aYp) R%cos f — bYp
= —_—— e =—,
Zp ’ Zp

Equation (40) determine the envelope on the sphere (curvature 3, Fig. 9). To
define the envelope of teeth profile in cross section it is necessary to project it in
plane [/, perpendicular on two generators, which cross two minimum successive
points of profile on the sphere, i.e. points E; and E, and the centre of precession
“0”. Coordinates of points E; and E, are determined from the relations:

XEI - Xl - X()L/,:OZ 07

Yg, = Y1 = Yo|,_o= —Rcos(6 + O + f),
. 42
Zp, =Z1 = Zo|y_y= —Rsin(a + O + 9), (42)
XEZ =X = X{)|¢:ﬂ_7 YEZ =Y = Yn|l//:ﬂ.aZEz =¥ = Y0‘¢:ﬂ~

Kl 2’ 2l

Via points E; and E; is drawn a plane, perpendicular on generators OF; and OE,.
The equation of this plane is determined from the condition:

[E\E - E\E|[OE, - OE>] = 0 (43)
where E is an arbitrary point on plane. Equation (43) is represented as:
7 j Eolli ok
X2 —X] Y2 — Y] Zz — Z] X] Yl Zl = 07 (44>
X=X, Y-V Z-Z||Xo 4, 7,

or
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AX+B\Y+CiZ+D =0, (45)

where:

A= (4 — 2)(XZi — X1Z,) — (Yo — Y1) (X1 Y2 — X011 );
B =X, — X)X\ Yo —XoV1) — (o — Z1) (Y12, — YaZy);
C=Y,—N)Y"Z — YaZ)) — (Xo — X1) (21X, — X1 2y);
Dy = —AX, — B,Y, — C1Z,.

(46)

Envelope of teeth profile in cross section was determined by designing the
envelope from the sphere on a plane perpendicular on two generators that cross via
two minimum successive points of the profile on the sphere. In this case envelope
equations of tooth profile in plane will be:

D1XQ YO ZO

Yo, = X2 Zg, = X2 47
AXo+B Yo+ CZ Zor (47)

X = ) )
or Xo Xo

where Xy, Yo, Zo; X1, Y1, Z1; Xo, Y, Z, are the coordinates of the centre of
precession O and minimum points on the tooth profile.

Envelope equations of the described coordinates X, Y, Z in the system of
coordinates OXYZ are transcribed as equations with two coordinates ¢ and { in the
system of coordinates E;£( (Fig. 9) linked to the described plane with equations

EiEs = \J(X, = X,P+(Y, — ¥’ +(Z, - 2,

EiE = /(X = X4 (Y =Y +Z - 2) =@+ (48)

EE = /(X = X2 +(Y = V.42~ 2) = \(EiEs — & + .

We obtain the envelope equations in two coordinates £ and { in the system of
coordinates E{£(, which represent teeth profile generated by precessional tool from
Eq. (48):

(EiE,) + (X — X, +(Y = ¥, +(Z — Z) (X — X2)*+(Y = ¥,)*+(Z — Zo)*
2, E, ’

N N A A

&=

(49)

Figure 10 shows the profilograms of teeth profile generation with precessional
tool performed in CAD/CAM/CAE/CATIA V5R7. On the profilograms curve 1
(Fig. 10a) describes the path of motion of the tool centre in the fixed OXYZ system
of coordinates, and curve 2—the path of motion of the tool centre in the movable
system of coordinates OXYZ, curve 3—family wrapping of precessional tool
surfaces (tooth profile), curve 4—generating tool contour.
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Profilogram analysis (Fig. 10) demonstrates the degree and direction of influ-
ence on generated tooth profile of the position angle of tool ¢ (conical axoid angle)
with regard to the axis of rotation of the blank, tool radius R and gear ratio i of the
kinematical linkage “main shaft—blank”.

3.2.4 Technological Equipment for Generating Teeth with Sfero-Space
Motion of Truncated Cone Shaped Tool

The profile of central wheel tooth of precessional gear is variable depending on the
values of conical axoid angle J, taper angle of the rollers f, the nutation angle 0,
the number of teeth of gears Z;, Z, and the correlation between them. Fabrication
of these profiles using traditional methods is practically impossible, because for
each correlation value of all parameters 0, 5, 6 and Z tooth profile changes shape,
which requires the design and manufacture of the tool with the respective profile.

Therefore a new generating technology was proposed, which carries out a set of
profiles of the teeth, using a tool with the same geometrical parameters. The
method consists of the following: a series of motions coordinated between them
against the rotating blank is communicated to the tool (milling cutter or grinding
wheel with truncated cone-shaped geometry). The kinematic link of the blank with
the tool provides rotation of one-toothed blank in a closed cycle of the motion
communicated to the tool. The tool is given such a shape and motion that allows
the processing of any possible profile of the set, including longitudinal and profile
modification. The described surface on the peripheral side of the tool against the
rotating blank reproduces a certain conceivable body, called the imaginary wheel
(generators).

Using the kinematic chain of gear cutting machine-tool running, gear blank and
the tool are brought in a coordinated motion—running motion, which reproduces
the imaginary wheel gearing with the blank. Part of metal is removed at each
elementary change of tool position in space in relation to the blank. Therefore the
working surface of the wheel teeth processed is obtained as envelope of a con-
secutive series of positions of rotating tool profile generator contour against the
blank.

A tool holder device was developed to realize the demanded motions of the tool
(Fig. 11a), which can be adjusted to gear cutting machines models 5K32P53,
5330P, 53A50, 5A60, 5342, with accuracy class GOST 6-77.

To compensate error diagram of the satellite at its sphere-spatial rotation, a
kinematical joint connecting the cross-rail with the body is introduced into the
teeth grinder, ensuring continuity of the transformation function of rotational
motion mi/w3 = const. in the kinematic chain “main shaft—tool—blank”. In
other words, at teeth processing by proposed method, their profile is corrected by
an amount equal to the kinematical diagram error introduced by the sphere-spatial
motion of tool with regard to the casing (bed).

It was defined that in real precessional transmissions 2K-H the link of pre-
cessional satellite with the body introduces an error in the driven shaft position.
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Fig. 11 Generation device for gears with non-standard profile (a), machine-tool with fabricated
device (b) and samples of fabricated gears (c)

This fact provokes non-uniformity of its rotation at uniform turning of the drive
shaft. Drawback is eliminated by transposition of driven shaft position error on the
processed tooth profile. Diagram error elimination is achieved through the con-
struction of cross-rail connection joint to the body, which through a cam installed
on the crank shaft communicate auxiliary motion to the tool. The joint ensures
continuity to the transformation function of rotational motion along the linkage
shaft-crank-tool-blank. At tooth processing by proposed method their profile is
correlated to value of the shift angle of driven shaft introduced by precessional
satellite link in the real transmission.

In the developed tool-carrier device the point of intersection of the fixed axis
0Z with the movable axis OZ; of the crank (centre of precession) is on the axis of
rotation of the gear cutting machine table. To research the features of interaction
between the tool and the wheel processed tooth (6 > 0), which axis coincides with
axis OZ of the device crank-shaft:
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Figure 11, a shows the 3D computer model of the processing device for gear
wheels with non-standard profile, designed in AutoDeskInventor and simulated in
MotionInventor. Figure 11, b shows the picture of gear cutting machine-tool
endowed with the device for profile generation by precessional tool. Figure 11,
¢ presents samples of gear wheels with non/standard profile, worked out on this
machine-tool.

4 Conclusions

Among the characteristics of the estimated results of research in the field of new
and efficient drive development we can enumerate the following:

o the elaborated precessional gears ensure: high bearing capacity; high kinemat-
ical efficiency; high kinematical accuracy; low noise level and vibrations;

e generation procedure for variable convex-concave teeth profiles provide high
efficiency and processing accuracy.

Structural optimization of the precessional transmissions will allow synthesis of
new diagrams of precessional transmissions with constant and variable transmis-
sion ratio and elaboration of new diagrams of precessional transmissions for
specific running conditions.
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New Tendencies in the Design
of the Modern Aerospace Transmissions

Nicoleta Ene and Florin Dimofte

Abstract The modern aerospace transmissions require an increased power density
while their weight, fabrication and maintenance costs should be as low as possible.
In addition, the future helicopter transmissions should generate less noise and
vibration then the actual transmissions. The fluid film bearings, and particularly the
wave bearings, could help approaching these goals. In this paper, the aspects
implied by using these bearings to support transmission rotating parts are dis-
cussed from two points of view: (1) the capacity of the wave bearings to support
the bearing sleeve distortions under similar loads as rolling element bearings: and
(2) the capacity of the wave bearings to attenuate the noise/vibration generated by
the gear mesh compared to the rolling element bearings due to the increased
damping properties of the wave bearings.

Keywords Fluid film bearings - Wave bearings - Gears - Transmission - Noise

1 Introduction

In the last years, the aerospace transmissions, turbofan (turbo-shaft) or helicopter
transmissions, require larger and larger loads. In the same time, the transmission
components must be as light as possible. Therefore the metallic parts have to be
very thin but to carry high loads. Particularly, the gear mesh forces can deform the
gears due to the small thickness of the gears walls. Another problem encountered
when designing high power density transmissions, especially for helicopter
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applications, is the transmission noise and vibration. The helicopter transmissions
should be as quiet as possible due to their close proximity to the crew and pas-
senger cabin. In addition, the fabrication and maintenance costs should be main-
tained very low.

In recent years, efforts have been made to find new design methods to approach
all the above requests. One of the new tendencies is to replace the rolling element
bearings, traditionally used to support the transmission rotating components, with
fluid film bearings. The fluid film bearings can provide similar load capacities as
the rolling element bearings, but in a smaller volume helping to reduce the
transmission weight. The fluid film bearings are simple with less precision parts
than rolling element bearings. In addition, the fluid film bearings could provide
significant damping that can modify the transmission dynamics and reduce the
noise and vibrations generated by the transmission.

A planetary-geared transmission with fluid film bearings for a turbo-fan engine
is presented for example in Fig. 1. A fluid film bearing having the ratio between
the length and diameter between 1 and 2 supports the planet gears. The specific
load (the load divided by the projected surface of the bearing) of such a bearing
could be very significant. In particular conditions, it can be up to 18 MPa
(2,600 PSI). In these extreme-loading conditions, the bearing minimum film
thickness is very small (only few microns). In addition, the bearing should run
thermally stable. Therefore, the increase of the oil temperature through the fluid
film (AT) must be lower than 30 °C (54 °F). To assure the AT limit, the oil should
be circulated through the bearing at a specific flow.

Recent investigations revealed that a particular type of fluid film bearings—the
wave bearing could be a promising alternative to the rolling element bearings in
aerospace transmissions. Some aspects of using the wave bearings in aerospace
transmissions are presented next.

Fig. 1 Geared transmission
for a turbo-fan engine

Ring Gear.

Planet Gear
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2 Wave Bearing Concept

The wave bearing was introduced by Dimofte (1995a, b), as an alternative to the
plain (circular) journal bearing. Unlike the plain bearing, the wave bearing has a
slight continuous variation of its profile. The variation is such that a continuous
waved profile is circumscribed onto the non-rotating bearing surface. To exemplify
the concept, a comparison between a wave bearing having circumscribed a three—
wave profile and a plain journal bearing is presented in Fig. 1. The wave amplitude
and the clearance are greatly exaggerated for clarity (Fig. 2).

The performance of the wave bearing depends on the number of the waves, the
wave amplitude ratio, and the position of the waves with respect to the load. The
wave amplitude ratio is defined as the ratio between the wave amplitude and
clearance.

The wave bearing has an improved stability compared to the plain journal
bearing due to better defined rotor positioning. In addition, because the geometry
of the wave bearing is very close to the geometry of the plain circular bearing, the
load capacity of the wave bearing is close to that of the plain journal bearing and
superior to the load capacity of other types of journal fluid bearings such as fixed
or tilting pad bearings, grooved bearings, etc.

3 Wave Bearings in the Planetary Stages of a Turboprop
Transmission

The possibility to apply the wave bearings in a two-stage planetary turboprop
transmission (Fig. 3) used to reduce the turbo-shaft speed (24,733 rpm) to the
propeller speed (1,997 rpm) was analyzed. The first planetary stage is a star stage.
The carrier is stationary (the gears are stars rotating only around their axis), the
input is through the sun, and the output is from the ring. For the second step the
ring is stationary, the input is through the sun, and the output is from the carrier.

@ Load (b) Load
Lubri
Lubricant ubricant
Rotor Rotor
Sleeve Sleove

Fig. 2 Comparison between the plain journal bearing and the wave bearing. a Plain journal
bearing. b Wave journal bearing
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Fig. 3 Double-stage planetary transmission

The planets rotate around their axis and also with the carrier. An additional cen-
trifugal force is applied to the planet due to its rotation with the carrier. The wave
bearings are used to support the star/planet gears. In this case, the wave bearing
sleeve is the inner diameter of the gear. Different loading regimes were considered
for each stage.

The numerical simulations showed that at high loaded regimes the elastic
deformations have an important effect on the wave bearing performance by
increasing the bearing minimum film thickness and, consequently the safety
operation limit. More details about this analysis can be found in Ene and Dimofte
(2012a).

4 Attenuation of the Gear Mesh Noise/Vibration
by the Wave Bearings Compared to Rolling Elements

One of the major problems in helicopter transmissions is the transmission noise/
vibration. The primary source of the noise and vibration is the dynamic force of the
gear mesh. The dynamic forces generate torsional, axial, and transverse vibrations
of the gear shaft (Townsend 1991). The vibrations are transferred to the bearings
that support the shaft, generating lateral and vertical displacements at the support
bearing locations. The vibration and noise then travels primarily by structural
paths into the helicopter cabin. Measurements performed in helicopters cabins
showed that the gear generated noise can be over 100 dB in a helicopter cabin
(Lenski 1995). In addition, the noise predominant frequencies are in the most
sensitive regions of hearing spectrum, contributing to crew and passenger fatigue
and hearing loss (Hansen et al. 2002).
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The capacity of the wave bearings to attenuate the gear mesh noise and
vibration compared to the rolling element bearings was analyzed. Tests were
performed on the Gear Noise Rig located at NASA Glenn. The rig is driven by a
150 kW (200 hp) DC electric motor (1,750 rpm max speed) with a poly-v belt
speed-increaser drive to supply input shaft speeds. The motor connects to the test
gearbox through shafts, a torque meter and vibration isolating couplings. The
output connects through shafting to an eddy current dynamometer, which supplies
a resisting torque. The dynamometer has a maximum speed of 6,000 rpm. More
details about the test rig can be found in Oswald et al. (1994) (Fig. 4).

A simple spur gearbox that can accommodate both rolling element bearings and
wave bearings to support the shafts was used to experimentally investigate the
attenuation effects on the gear mesh noise and vibration of the wave journal
bearings compared to rolling element bearings. The baseline configuration
employs two deep groove ball bearings (bearings no 1 and 4 in Fig. 5) supporting
the coupling end of each shaft and two roller bearings (bearings no 2 and 3 in
Fig. 5) at the stub (unconnected) end of the shafts. Four wave bearings with a very
small wave amplitude ratio replace the ball and roller bearings in the gearbox wave
bearing configuration.

The gear mesh noise was measured with a microphone suspended above the
gearbox outside the acoustic near field zone and precisely positioned with a laser
beam device. A hyper-cardioid sensitivity pattern was chosen for the microphone
to reduce the response from sources other than the test gearbox. Two acceler-
ometers were mounted on each bearing support to measure the vibration in vertical
and horizontal directions, respectively (Fig. 5). Speed, torque, wave bearing oil
supply pressure, temperature, and flow were measured and recorded.

Because the gear noise is accompanied by noise from other internal or external
sources, not associated with the mesh frequencies, a method was developed to

DYNAMOM ETEF!ﬂ\

TEST GEARBOX—.,
*,

TORQUE METER

SPEED INCREASER —,

DRIVE MOTOR—
]

Fig. 4 Gear noise test rig
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Fig. 5 Side views of the gearbox: input side (right) and output side (left)

extract from the original signal only the mesh harmonics components (Ene and
Dimofte 2012b).

Tests were conducted at three torque levels, 34, 68 and 79 Nm. These represent
62.5, 125 and 146 % of the design level of the profile modifications on the test
gears. The lubricant used for experiments was the synthetic mineral turbine oil
Mil-L-23699. During all the measurements, the input oil temperature was main-
tained approximately constant, close to 70 °C. The oil supply pressure was
0.35 MPa.

The experiments showed that at speeds up to 3,400 rpm the wave bearings can
attenuate the gear mesh vibration by up to 15 dB compared to rolling element
bearings. As an example, the vibration reductions in vertical and horizontal
directions measured with the accelerometers located on bearing at the coupling
end of the input shaft are presented in Fig. 6.

Better results were obtained for the gear mesh noise measurements. The gear
mesh noise reductions of wave bearings compared to rolling element bearings
recorded with the microphone at torques of 34, 68, and 79 Nm are presented
Fig. 7. Tt can be seen from Fig. 7 that for almost all of the speeds the noise
generated by the gear mesh is smaller when the gearbox shaft is supported by the
wave bearings instead of rolling element bearings. The greatest noise reduction
was obtained at torques of 34 and 68 Nm.

A theoretical study was also performed to better understand the dynamic
behavior of the wave bearings. The analysis was performed for a constant torque
of 32 Nm. The theoretical analysis indicated that all the dynamic stiffness coef-
ficients (K, Ky, K,, K,,) and three of the dynamic damping coefficients (B,,, By,
B,,) are almost constant or have only a small variation with respect to speed
(Fig. 8). The only dynamic coefficient that has an important variation with speed is
the direct damping coefficient, B,, (Fig. 8). The value of the direct damping
coefficient decreases very fast as the speed increases. For example, the value of the
direct damping coefficient at 6,000 rpm is almost half of its value at 2,000 rpm.

A direct consequence of the fast decrease of the direct damping coefficient with
speed is the reduced capacity of the tested wave bearing to damp the vibration at
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high speeds. Therefore to improve the capacity of the wave bearing to attenuate
noise and vibration, especially for speeds between 3,800 and 6,000 rpm, a solution
to increase the value of the direct damping coefficient must be found.

Because the wave amplitude ratio has a strong influence on the wave bearing
performance (Ene et al. 2008), the influence of the wave amplitude ratio on the
direct damping coefficient was next analyzed. The variation of the direct damping
coefficient with the wave amplitude ratio for different speeds is presented in Fig. 9.

For all the wave amplitude ratios greater than 0, the direct damping coefficients
are greater than those corresponding to a zero wave amplitude ratio (the wave
amplitude ratio of the wave bearings used in experiments was almost zero). The
most significant increase is for the wave amplitude ratio equal to 0.2 (Fig. 9). For
speeds lower than 4,000 rpm, an increase of the wave amplitude ratio from O to 0.2
induces an increase of the direct damping coefficient with more than 70 %. For
speeds between 4,000 and 6,000 rpm, the increase is smaller, but still significant
(greater than 50 %). Therefore an increase of the wave amplitude ratio to 0.2 could
increase the wave bearing capacity to reduce the noise and vibration level of the
test gearbox at any speed and torque.
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Fig. 7 Gear mesh noise (a)
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5 Concluding Remarks

The aerospace transmissions of the new generation are strongly required to be
lighter, cheaper, and noiseless than the actual generation.

Using fluid film bearings, particularly wave bearings, to support transmission
rotating parts can help achieve the desired goals.

Lighter and greater power density transmissions imply thinner parts that can
experience large elastic deformation under the heavy loading conditions. The wave
bearings can properly support the elastic parts and increase the safety operation
margin of the transmissions.

The experiments showed that the wave bearings can attenuate the gear mesh
noise and vibration with up to 15 dB compared to the rolling element bearings.
Using the wave bearings in the new generation of the helicopter transmissions can
significantly reduce the noise/vibration generated by these transmissions.
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An Overview of the Development of Gears

Joze Hlebanja and Gorazd Hlebanja

Abstract Power transmission has been a challenge during human history. Men
used gears to accomplish this task already at the emergence of our civilisation.
Gears were simple wooden aids at first, but the evidences of complex mechanical
devices of antiquity exist. Water and animal powered devices were used during the
middle ages, whereas the renaissance and subsequent development of science
discovered steam engines. The combustion engine, the turbines, and electricity
imposed new impact to the mechanical transmissions which developed up to
contemporary highly efficient devices embedded into aircrafts, vehicles, machine
tools, etc. The question is if there is still possible to improve gears, which are
substantial part of these transmissions, in any way.

Keywords Gears - Power transmission - Standardisation - History of gears

1 Emergence of Gears

Gears are important parts of machines, which, when working in tandem, transmit
power and movement from the energy source to the user of the job performed.
Machines are devices which can do useful work, and are composed of functionally
connected moveable and fixed parts. To accomplish a task, a machine must have a
source of energy, whereby gears are vital machine elements. According to current
historical evidence, machines emergence might be attributed to ancient Egypt
because of human need, as people living by the Nile had to irrigate soil to produce
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needed food. This was performed by using primitive machines, Fig. 1, which used
simple wooden gears to transmit power and rotation. Since then, gears have been
used and perfected in all periods of human civilization for exploiting natural
energy resources to perform work for the benefit of humans. At first, the ancient
population probably irrigated land by manually drawing water from the river and
then watering the fields. Based on observation, they realised that they could
increase capacity by tying a greater number of containers to a rope. On this basis, a
paternoster-like device was gradually developed, which consists of a rope formed
into a ring, with buckets (containers) attached at regular intervals, hung onto a
wheel. They probably first rotated the wheel manually and thus lifted the water
from the river, poured it into a trough and irrigated the fields. The hard manual
operation was strenuous and ineffective, so later a whim was developed to replace
human power with that of draught animals. The whim is composed of a horizontal
gear wheel attached to a rotary vertical pillar, which the animal pulls and spins
around its vertical axis, while the gear drives the paternoster via its tandem gear
and a horizontal shaft, roughly as shown in Fig. 1.

It is obvious that this primitive device could have been produced at the time
with simple tools, when humans began to use domesticated animals as a source of
energy for their benefit. These and similar devices used the oldest wooden gears
we know as a result of human creative capacity.

Figure 2 shows that gear teeth were simple round pegs fixed in the gear wheel.
The whim gear rotated slowly with a pace of the draught animals, while the speed
of the paternoster wheel depended on the transmission ratio of the gears. The
precision of the rotation transmission was insignificant, and uninterrupted rotation
of the whim, continuously fed the soil. Through the centuries, pumping water by
whim with simple gears was perfected and spread to the fields of the great rivers
like the Euphrates and Tigris in Mesopotamia, the Indus and Ganges in India, and
the Yellow River and Yangtze in China.

Antiquity time was of the utmost importance for the development of geared
devices and machines. Many machines with gears were described and passed on to

paternoster

paternoster
gear

i

Fig. 1 Illustration of a sakia in Luxor (Matschof} 1940)
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Fig. 2 Gearing of a sakia

succeeding generations by great scholars of that era, including the Greek philos-
opher Aristotle (384-322 BC), a student of Plato and the teacher of Alexander the
Great, who in his works described machines such as the pulley, crankshaft, rollers
and also irrigation devices with gears.

Archimedes of Syracuse (287-212B C) was a mathematician, physicist and
engineer, who knew the principle of leverage and cranes, as well as worm gears.
Thus, Fig. 3 illustrates a winch made of a gear train and a worm for the handle. He
is famous for saying: “Give me a place to stand on, and I will move the Earth”,
while the Archimedean principle is taught already in primary schools. Ancient
reports have revealed that Archimedes moved a ship weighing 4,200 tonnes out to
sea using a system of levers, pulleys and gear trains.

Philo of Byzantium (~ 230 BC) was a Greek engineer and mechanic famous for
a chain drive and water lifting device consisting of a gear and a rack employing
also hydraulic principles.

Fig. 3 Archimedes’ winch "
consisting of a gear train and
a worm ended handle
(Matschof3 1940)
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Fig. 4 The Antikythera mechanism—model of a front part (/eft); original archeological artefact
(right) (The Antikythera Mechanism Research Project 2012)

The Antikythera mechanism was recovered in 1900-1901 from the Antikythera
wreck. Its significance and complexity were not understood until decades later.
The construction has been dated to the early Ist century BC. This precious
example of antique genius complexity grade was so high that artefacts of similar
complexity and workmanship did not reappear for a millennium and half, when
mechanical astronomical clocks were built in Europe (Fig. 4).

The true function of the Antikythera mechanism was not understood until
recently, when scientists disclosed its structure and written material by contem-
porary methods, which include surface imaging, digital radiography (2D&3D) and
Computer tomography. The device is remarkable for the level of miniaturization
and for the complexity of its parts and has more than 30 gears, although some
scientists suggested as many as 72 gears, with teeth formed through equilateral
triangles. The mechanism calculated the position of the Sun and Moon or other
astronomical information such as the locations of planets, so it can be treated as an
ancient analogue mechanical computer. Since the purpose was to position astro-
nomical bodies with respect to the celestial sphere, with reference to the observer’s
position on the surface of the Earth, the device was based on the geocentric model
(Wikipedia, “Antikythera Mechanism” 2012).
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2 Gears in Roman Times

The underlying mechanism of the sakia type irrigation device was used by many
generations throughout Antiquity and the Middle Ages, with the gear teeth being
perfected, while expanding the use of whim as a source of energy for various tasks.
By expanding their rule over a large part of Europe, the Romans also spread
knowledge inherited from the Greeks and Egyptians. Instead of a whim, the
Romans also used the water energy of rivers or streams by a water wheel on a
horizontal shaft, which drove the conical millstones on a vertical shaft by a gear
pair, as illustrated in Fig. 5a, as an example of Vitruvius’ (c. 80-70 BC to c. 15
BC) (Wikipedia, “Vitruvius” 2012) engineering work. Vitruvius also designed a
hodometer, consisting of a set of gears and worms, which dropped a small ball into
the box for each passed mile. Vitruvius himself said that his knowledge derived
from famous old Greek sources (Matschof3 1940).

The power from the energy source—a whim or a water wheel—was transmitted
by wooden gears, similar to those shown in Fig. 6 for over 2,000 years without
major changes. Manufacturers of such gears were always master carpenters. They
shaped the water wheels and the geared wheels based on experience. According to
historical sources, such gears on country mills and saws would have lasted for
several decades. The Romans also used water power for sawing. The Roman
sawmill at Hierapolis in Asia Minor from 3rd century incorporated a crank and
connecting rod mechanism, which was used for saws cutting marble (Wikipedia,
“List of ancient watermills” 2012), as illustrated in Fig. 5b.

Fig. S5a Roman water mill, %
according to Vitruvius 7,
(Matschof3 1940) 7
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Fig. 5b Sketch of a water-powered sawmill (Wikipedia, “List of ancient watermills” 2012)

Fig. 6 Design and
appearance of wooden gears
after many years of in
operation

Water-driven mills and saws with wooden gears could have been found along
the rivers and streams all over Europe until the beginning of the twentieth century.

Heron of Alexandria (c.10-70 AD) was an ancient Greek mathematician and
engineer active in his native city of Alexandria, Roman Egypt. He is considered
the greatest experimenter of antiquity (Wikipedia, “Heron of Alexandria” 2012).
His numerous works start with an aeolipile, a jet engine which spins when heated.
A vending machine, distributing a dose of holy water after insertion of a coin, a
wind-wheel, a force pump, the Heron’s fountain and a syringe-like device are also
attributed to Heron. Several variants of gear train arrangements for lifting heavy
loads; e.g. such as illustrated in Fig. 7, are his inventions as well.
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Fig. 7 A winch consisting of
gear trains for lifting heavy
loads (Matschof3 1940)

3 The Situation in the Middle Ages

In the late Middle Ages, from the 13th century on, mining became fairly wide-
spread. Agricola (1556) extensively described development of mining methods,
metallurgical processes, geology, mineralogy and according law from the earliest
times to the 16th century in his work De Re Metallica. The mechanical principles
of winding, ventilating, and pumping machinery described in the book are very
old. The block and pulley, the windlass, the water-wheel, the transmission of
power through shafts and gear-wheels, chain-pumps, piston-pumps with valves,
were all known to the Greeks and Romans. Devices, used for lifting ore ranged
from simple man-powered windlasses to rather complex, in both direction oper-
ating water-wheels. Horse operated whims were also often, with the same working
principle as ancient sakia as illustrated in Fig. 8.

Specialty of the machine from Fig. 8 is the usage of a brake. A miner in the
shaft pushed the vertical beam down and thus lifted the braking beam up by
reverting the oscillating beam and stopped the braking wheel. This machine could
have lifted ore 240 feet and up to four horses could have rotated the whim,
depending on the actual depth and loads. Nevertheless, water power was the
limiting factor of the mine shaft depth. This did not change until discovery of the
steam engine which offered a new, powerful source of energy. Parallel to mining,
craftsmanship was also thriving. Able self-taught masters honed their skills and
learned how to make complex wooden gear wheels by hand, while in the mean-
while, with the advancement of metallurgy, they also began to manufacture cast
iron gears. Despite the fairly widespread use of gears to transmit movement and
energy, manufacturing was still based on previous experience. The whims were
also widely used in agriculture, e.g. for threshing.
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Fig. 8 A whim based lifting
machine. A—toothed drum
which is on the upright axle;
B—horizontal axle; C—drum
which is made of rundles;
D—braking wheel; E—drum
made of hubs; F—brake; G—
oscillating beam; H—short
beam; I—hook. (Agricola
1556)

4 Mechanical Clocks

Sun dials and water clocks were introduced to Europe by the Romans and also
perfected by Arabs. The rare “horologes” during the Middle Ages were water-
powered. The word clock (from the Latin word clocca, “bell”), which gradually
supersedes “horologe”, suggests that it was the sound of bells which also char-
acterized the prototype mechanical clocks that appeared during the 13th century in
Europe (Dohrn-Van Rossum 1996). These devices were often without hands,
indicating time only by bells, telling people to attend service. Churches and
monasteries needed to know the precise time to perform their duties, so the first
mechanical clocks were developed by monks in monasteries. The first mechanical
clock with hands in Germany dated to 1304 and was situated in the Benedictine
monastery of Erfur (Matschof3 1940). It was driven by a weight and regulated by a
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simple step regulator. In that period, similar clocks appeared in Italy, France and
England, e.g. Canterbury Cathedral installed a ‘great horologe’ in 1292. The
complexity of the geared mechanism of such clocks is represented in Fig. 9
showing the clock mechanism of the Uberlingen cathedral tower near Bodensee
(Matschof3 1940).

The gears were from iron, and the wheels were forged and geared manually,
shaped by an experienced master. The clocks of the period were powered by
weights and the introduction of springs in the 15th century was highly advanta-
geous. Christiaan Huygens used a pendulum for clocks in 1656 (Encyclopadia
Britannica Online, “pendulum” 2012), which increased accuracy of mechanical
clocks. With an increased demand for clocks, the reputation of the clock-making
profession grew, and the number of clockmakers’ guilds and masters increased,
which led to the accelerated development of clocks, their miniaturisation and
increased precision.

5 Gears During the 15th and 16th Century

Leonardo da Vinci (1452-1519) was the most famous engineer of all time. He left
the legacy of his ideas of gear transmission in the form of sketches, some of which
are shown on Fig. 10. Leonardo was directly involved with the technological

Fig. 9 Uberlingen clock
mechanism, 1540 (Matschof3
1940)
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Fig. 10 Leonardo’s sketches
of gears (Matschof} 1940)

b

issues of his time, and sought to find answers to questions with a pencil in his hand,
drawing solutions to an issue, which could not all have been realised at the time. In
any case, his sketches present solutions and reflect the technology of the time.
Although Leonardo left a multitude of sketches on transmitting power and
movement from one shaft to another, he did not study teeth flanks, so he did not
contribute to the advancement of teeth theory.

Already mentioned Georgius Agricola (1494—-1555) described iron gears in his
most known work De Re Metallica. Since iron is more durable material, this also
signifies the discovery of new, improved teeth flanks.

6 Early Development of Modern Gears

Contemporary gears for the uniform transmission of power and movement are
based on the application of mathematical curves discovered by scientists in the
16th and 17th centuries, in the design of teeth flanks. One of such pioneers was
Galileo Galilei (1564-1642), who, after having finished his studies in medicine,
devoted his research to geometry and the mathematics of plane curves. In his 1598
treatise, he was the first to name and mathematically define curves generated by a
point on a circle rolled along a straight line or along another circle of a cycloid. In
addition to other laws of nature and physics, his discoveries include the law of
oscillation of the pendulum (1583) and free fall. He also improved the telescope
(1609). Galileo was a professor of geometry, mechanics and astronomy at the
University of Padua until 1610. In 1633 he was sentenced to the house arrest due to
spreading and teaching heliocentric system and during this time he wrote works on
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new disciplines, now known as kinematics and strength of materials
(Encyclopadia Britannica Online, “Galileo” 2012).

The first record on the use of cyclic curves for practical purposes is related to
French architect and engineer Girard Desargues (1591-1661), who is considered
the predecessor of descriptive geometry and is known in particular for his work on
conic sections (curves obtained by intersecting a cone with a plane). Desargues is
also known for constructing a system for raising water, which he installed near
Paris, using the principle of the epicycloidal wheel (Encyclop@dia Britannica
Online, “Girard Desargues” 2012).

Some of Desargues’ work is known only from the records made by his student
Philippe de la Hire (1640-1718), French physicist, astronomer, mathematician and
engineer, who learned from Desargues all that was known about cycloids at the
time. A treaty on epicycloides and their usage in mechanics was published in his
1694 book entitled Mémoires de mathématique et de physique. Philip de La Hire
was the first to describe the use of epicycloids for gears that ensured a uniform
transmission of rotation (Complete Dictionary of Scientific Biography, “La Hire,
Philippe De” 2008a). Such a gear with a one-sided epicycloidal gearing with eight
teeth is shown in Fig. 11a, while Fig. 11b shows a pin gearing, for which de la
Hire designed the correct shape of the tooth flank by generating an equidistant
curve for the involute. Until recently, such gearing was used in raising mechanisms
for small floodgates in water-powered sawmills. De la Hire explored the use of
cycloids for the shape of teeth flanks of particular gears, while in 1733 in his work
“Sur la figure des dents des roués et des ailes des pignons pour rendre les
horologes plus parfaits” Charles Etienne Louis Camus (1699-1768), a mathe-
matician and professor from Paris (Complete Dictionary of Scientific Biography,

(a) (b)
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Fig. 11 Single sided pin gearing (left); pin-gear rack driven by a single sided gearing with an
equidistant involute flank (right)
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Fig. 12 lustration of
Camus’ gearing principle
from 1733

“Camus, Charles-Etienne-Louis” 2008b), discovered the conditions that have to
be fulfilled for a pair of gears. This condition is defined by the following: if, in
uniform rotation, power is to be transmitted via a pair of teeth, then the normal to
the teeth flanks at the contact point P (on the path of contact) must pass through the
pitch point C (Matscho3 1940), as shown in Fig. 12, which is exactly the law of
gearing known today.

This can be illustrated by a pair of cycloid gears with a rolling circle whose
point P generates a hypocycloid on the pinion with a straight tooth flank, while the
gear tooth flanks have the shape of an epicycloid. The teeth flanks come into
contact on the path of contact where both flanks have a common tangent and
normal, the latter passing through the pitch point C.

Independently of de la Hire and Camus, Leonhard Euler (1707 Basel-1783
St. Petersburg) sought the most advantageous shape of gear teeth flanks, and
according to Jacobi, (The Euler Archive 2012) in 1752 he was the first to publish a
treatise on the usefulness of the involute for the shape of gear teeth flanks (Euler
1760). His concept of involute gearing shown in Fig. 13a is in common use today.
Euler also discovered that the uniform transmission of power by gear teeth flanks
always involves friction, which causes loss of energy. He also showed how to
graphically determine the radii of curvature, which is presented for a pair of
cycloid gears in Fig. 13b. During the rotation of the gears, the normal to teeth
flanks at contact point must always pass through the pitch point C, which is why
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(a) (b)

Fig. 13 Euler’s involute gearing (a); curvature centres of teeth flanks at the contact point in the
case of a cycloid pair of teeth (b)

the instantaneous centre of rotation is at point D, while at the same time the gear
also rotates around axis O;, which is why the curvature centre of the tooth flanks
must be at contact point P, i.e., the intersection Q of the normal to the teeth flanks
at the contact point and the connecting line DO;. Since the diameter of the rolling
circle is equal to half of the pitch diameter of the big gear, the tooth flank of the big
gear in this illustration has the shape of a straight line with the curvature centre in
infinity. Euler and Savary together devised an analytical method for determining
the curvature centres of gear teeth flanks.

Christiaan Huygens (1629—-1695) also had a major impact on the accelerated
development of gears, when he made the pendulum clock in 1656/57. The
Huygens clock, which he patented in 1657, was very precise for its time, and with
later improvements it could also display minutes as well as hours. Gears were used
to transmit movement from the escapement mechanism to the handles, and weights
for driving the pendulum. In the following years, Huygens also made a clock
whose gear mechanism was driven by a spiral spring made of steel.

Discoveries by Galileo (doctrine of cycloids and the law of the pendulum,
1583), de la Hire (normal to the tooth flank, 1694), Camus (law of gearing, 1733)
and Euler (involute gearing, 1752), can be treated as the basis for the development
of contemporary gears. The era of the early development ended when the first
steam engine was successfully constructed at the beginning of the 17th century.
This was an exceptional milestone for humanity, as it was now possible to translate
heat energy into mechanical operation based on natural laws, and marked the time
when machines began to perform physical tasks previously done by people and
animals.
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7 James Watt’s Epic Achievement

James Watt (1736-1819) is considered the inventor of the steam engine. The first
actual steam engines were simple piston engines used for drawing water from the
mines, and on the basis of which a double-action rotary shaft engine was devel-
oped in 1781. In 1770, Watt introduced a unit for power based on horse power
‘HP’ (1HP = 75 kpm/s), and the watt unit for measuring power was named after
him (1 W = J/s). He invented a centrifugal speed governor for his machines,
which had ‘rapid’ velocity for the time—40 movements per minute—which later
decreased to 30 movements per minute. Although the crank shaft was already
known in Roman times, the patent was granted to Watt’s opponent. Watt overcame
this obstacle with planetary gears, as shown by Fig. 14, where a planetary gear is
rigidly attached to the connecting rod of the tandem, while the sun gear is attached
to the driven shaft. (Encyclop@dia Britannica Online, “James Watt” 2012).

The new steam machine immediately became very popular, and in 1784 the
Abion milling company ordered a Watt steam machine with a rotary shaft and
gears. The machine, with a power of 20 PS to drive 20 mill stones was built in four
years, and in 1788 there was a ceremony to mark the beginning of operations. The
gears had cycloid teeth flanks, and were made by hand from forged iron. Watt and
Rennie assessed in 1783 that teeth in corresponding gears were submitted to
bending, so they their calculations were adjusted accordingly. After the first
successes, the development of the steam engine blossomed both in terms of
construction and use. The first railways were laid on land, and the first steam ships
started sailing the sea.

The successful introduction of the Watt steam engine in the 18th century was
followed by new successes by inventors in 19th century, dealing with electric
power. Thus the Belgian Zenobe Gramme (1826-1901) in 1870 invented the first
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Fig. 14 Watt’s planetary gears for the transmission of the piston movement into shank rotation
a for outer teeth b inner teeth
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electrical generator producing direct current. Nikola Tesla (1856—1943) in 1885
discovered the rotating magnetic field of alternating current. As result of Tesla’s
work, the Niagara power-plant producing 2.4 MW of electric energy from AC
generator was connected to grid in 1895.

On the other hand, in 1861, Nikolaus August Otto (1831-1891) patented the first
internal combustion engine running on petrol, in 1892 Rudolf Diesel (1858-1913)
patented the internal combustion engine running on gas, while Karel Benz
(1844-1929) and Gottlieb Daimler patented an engine-driven automobile almost at
the same time, at about 1887. These inventions demanded a much higher quality
and loading capacity of gear transmissions. In addition to the already mentioned
inventions, we should stress the discovery of the high-pressure steam turbine
developed by the Swede Gustav de Laval (1819-1913) in 1887, and the low-
pressure turbine designed by Charles Algernon Parsons (1854—1931) the same year.

The enthusiasm over new sources of power and possibilities for mechanical
operation gave birth to ambitious goals, which included a rack railway to the
Jungfrau in Switzerland. In 1894, the entrepreneur Adolf Guyer-Zeller
(1839-1899) was granted a license for the construction of the 9.34 km rack rail-
way from the Kleine Scheidegg station at 2.061 m to the Jungfraujoch summit
station at 3.454 m.

The construction of the railway with the gauge of 1 m began in 1896, and was
built in four stages. It was inaugurated in 1912. The difference in height between
the upper and lower station was 1.393 m, the average operational speed was
12.5 km/h, the average gradient 15 % and maximum gradient 25 % (Jungfrau
Railway 2012). Figure 15 shows the view of the electrical AC locomotive of
50 Hz (Fig. 15a) and a detailed view of the rack gear (Fig. 15b). The successful
project was remarkable at the time.

Fig. 15 a Jungfrau locomotive; b gear drive
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8 Gears in the 19th Century

The eighteenth century laid the foundations and laws for designing teeth flanks,
which were followed by more elaborate designs considering particular machine
parts for power transmission. Together with the development of energy machines
came the development of processing machinery, which had specific issues
regarding speed, i.e. significantly lower operational features, which were over-
come by gearboxes. Production demands for gears and higher quality standards
rose accordingly, but the manufacturers had limited knowledge. Due to the need
for much greater loads and speeds, the gears had to be made of more durable
materials, which posed the problem of manufacturing the demanding design of
teeth flanks. This led to calls for uniform manufacturing guidelines.

Robert Willis (1800—-1875) was a professor at Cambridge, who in 1841 pub-
lished the book, entitled Principles of Mechanisms, where he compiled the lectures
for his students and knowledge about gears which could be used in practice. At the
time, gears were mostly made from cast iron, which made correcting casting-
related mistakes a great problem. In 1836, Willis presented his idea on the uni-
fication of the shape of gear teeth with the gear train composed of three gears. His
suggestion implies that the gears have to be interchangeable, which means same
pitches and same teeth sizes and an arbitrary number of gear teeth, ranging
between z = 12 and z = oo. He expressed the listed requirements with a ‘mod-
ule’, which he designated with the letter M and defined as the quotient of the pitch
t and the number © (M = t/zm). He also defined pitch circles with a given number of
teeth and pitch t, whose diameter was expressed with the product of the module
and the number of teeth, dy = Mn. He chose a uniform height of the teeth, which
was equal to the module (h = M). Sometime later (1873), Paul Hoppe (Seherr-
Thoss (Graf von) and Fronius 1965), similarly as Willis before him (Fig. 16a),
expressed the unification of teeth sizes with the threesome involute gear train
(Fig. 16b).

Willis also studied the effect of the contact angle on the shape of teeth. He
found that 15° is the appropriate value when the number of teeth is limited (under-
cutting when z < 15). The shape of gears was determined by the number of teeth z,
module M and pressure angle.

Franz Reuleaux (1829-1905) was one of the professors who were strongly
involved in the development of gears. He studied the effect of the contact path on
the shape of gear teeth flanks and the flank load carrying capacity. On the basis of
his research, he discovered that involute gears are the most advantageous. He
became famous for his textbook Construkteur (Reuleaux 1861), which focused on
the topics of design in mechanical engineering and the kinematics of gear pairs.

In the period until the end of the 19th century, the development of the tooth
flank profile shape was more or less completed, the law of gearing, which uni-
formly defined the relations between the contacting teeth flanks and the path of
contact, was affirmed. Based on the above, the involute gearing prevailed as the
most advantageous shape of teeth flanks.
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Fig. 16 Threesome gear train a after Willis; b after Hoppe
9 Manufacturing Gears by Rolling

In his book New General Theory of the Teeth of Wheels (1852), Edward Sang
(1805-1890) defined a rack as a gear with an infinite radius whose pitch circle is a
straight line. In 1861, Carl Hermann Wiebe (1818-1881) defined a rack for
involute teeth flanks where the common normal passes through the convergence
point of two involutes, always through the same point on the line connecting the
axes of base circles, which also means that all contact points represent the path of
contact and that the rack teeth flanks are straight (Matschof3 1925).

The basis for manufacturing cylindrical gears by rolling with a spiral milling
cutter was first constructed and patented in 1856 by Christian Schile of Oldham.
Schile was the first to carry out the coordinated movement (rotation) of the work-
piece (gear) and worm milling cutter, but this system did not last as a manufac-
turing machine. The latter was constructed on the basis of an American patent first
in 1887 by George Grant (1849-1917) and in 1894 by Julius Eduard Reinecker
(1832-1895) from Chemnitz. The Reinecker Company was the first German
factory that produced machine tools for manufacturing gears by rolling with a
worm milling cutter (Matschof3 1940).

Hermann Pfauter (1854-1914) from Chemnitz substantially improved
Reinecker’s system of manufacturing gears with a worm milling cutter and pat-
ented the improvement in 1900, receiving the patent entitled “Pfauterverfahren”.
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He, too, founded a factory of machine tools for serrating gears by rolling with a
worm milling cutter (Hermann Pfauter Werkzeugmaschinenfabrik 1976).

Parallel to the development of gear manufacturing with a milling cutter, a gear
shaper system with a straight rack tool and the Fellows gear shaper system with a
circular rack tool were also developed. The gear shaper system with a straight rack
was realised by Reinecker and in 1908 by Max Maag (1883-1960); while the gear
shaper system with a circular rack was realised in 1896 by Edwin Fellows
(1865-1945) (Litvin 1997).

10 Before World War 11

At the turn of the century, the use of involute gearing was already established in
general engineering, while cycloidal gears were mostly used in fine mechanics.
Moreover, also known were effective methods for manufacturing gears either by
rolling with a milling cutter or by a straight or a circular shaping (Fellows). The
development of gears was closely connected to the development of energy
machines at the time, which was based on emerging higher education courses in
applied sciences in developed European countries that also comprised machine
elements, design, and technical drawing. The knowledgeable graduates intensely
worked on developing energy and processing machines, whose power, rotational
speeds and consequently complexity of gear arrangements grew rapidly. In gen-
eral, the speed of energy supplying machines did not correspond to the needs of
processing machines, which was resolved by gear transmissions.

Among the major sources of power were the quickly developing electric
motors, which drove processing machines via added or built-in gears. In this
respect, Werner von Siemens (1816—1892), who built the first electric railway in
1879 (Siemens 2012), deserves special credit. Parsons’ (1854—1931) low pressure
steam turbine (1884) was also gaining importance (Encyclopadia Britannica
Online, “Sir Charles Algernon Parsons” 2012). Thus power of anew installed
devices scaled rapidly as well as the demand for appropriate gears. In power
plants, Steam piston engines were replaced by steam turbines, which also began
driving large freight, passenger and military ships. Steam turbines of high power
outputs (from 30.000 to 70.000 HP) and rotational speeds between 4,000 to 5,000
RPM were used to run propellers on big ships. Rotational speeds of the ship
propeller should be substantially smaller, depending on the type of propeller,
which was overcome with high performance turbine gear transmissions.

Manufacturers of all types of vehicles became new customers of specially
designed gears. The field developed quickly, so a new plant for manufacturing
high performance gears according to the MAAG system was built in Friedrich-
shafen to satisfy the demand of the automobile and aviation industry.

Other new specialty fields imposed new requirements for gearings, which
included highly loaded but slower running gears used in transport devices and lifts,
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quietly operating gears used in the textile industry, high performance printing
machines and particularly demanding high precision gears for machine tools.

In all periods of development, gears with small teeth of small modules and
dimensions were developed for precision instruments in fine mechanics, for which
appropriate manufacturing technology was needed. The development went toward
smaller friction, and, accordingly, involute gears were mostly used, while cycloid
gears were used for watch industry.

Euler already determined involute as the most favourable design for teeth
flanks; however, the shape could be accurately manufactured by rolling with
suitable cutting tools. This was the reason why in 1927 (DIN 867) tools for
manufacturing involute gears were standardised along with the module values,
pressure angles, and uniform addendum size equalling the module. Gear
manufacturing by rolling enabled the rack profile shifting, which furthermore
enabled the improved kinematic characteristics of gears. Materials for gears
changed from cast iron at the turn of the century to alloy steels, which were
already on the market in the 1930s. High-quality and stronger steel was made in
electric arc furnaces. With tempering and surface heat treatment, gear teeth flanks
became more durable, gears became smaller and achieved greater load-bearing
capacity. Besides steel, brass and plastic materials were used for gears in fine
mechanics. Improved tools and new machinery shortened production time.
Moreover, new machines and cutting tools also perfected treatment processes,
such as grinding, honing and lapping, achieving smoother teeth flank surface.

Dimensioning of gears also greatly improved in the first half of the twentieth
century. In this respect, Stephen P. Timoshenko (1878—1972) in 1925 based on the
theory of elasticity (Timoshenko and Goodier 1934) improved theoretical foun-
dations of gear teeth root strength dimensioning, whereas Robert V. Baud
(1894-1970) in 1925 elaborated the stress state of gear teeth by the principles of
photoelasticity, which was proved by Timoshenko (Linke 2010). Both highlighted
that the basic factor influencing the root strength of a tooth was stress concen-
tration on the fillet, that is a rounding between the dedendum and root circle, needs
to be considered.

Wear of gear flanks was recognised even before the end of the nineteenth
century on the gears made of grey cast iron. When the wear and pitting continued
on steel gears, it was realised that this was due to flank load. Hertzian pressure,
which became a measure of the tooth flank load, was formulated by Heinrich
R. Hertz (1857-1894) in 1881. Major researchers in the field of gearings studied
the application of the Hertzian equation for designing teeth flank, including:
August Foppl (1854-1924), who presented Hertz’s theory for the first time to a
wide circle of engineers in Munich in 1897 (Linke 2010), Earle Buckingham
(1887-1978), who studied Hertzian equation regarding the influence of load on
flank wear considering the material and the pressure angle and presented his
findings to AGMA in 1926; and Gustav Niemann (1899-1982) who in 1938
studied the rolling strength based on to Hertz’s theory depending on the surface
state, hardness and loading (Seherr-Thoss (Graf von) and Fronius 1965).
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With the development of working and energy supplying machines, the
mechanical loads and working speeds increased and thereby also the heat produced
due to friction, which could have caused severe damage due to the scuffing of teeth
flanks. In 1931, Hermann Hofer (1891-1963), who was head of gear development
at the ZF factory, suggested that the measure of scuffing risk should be the limit
value A = P ny/b, with P being the tangential force on the teeth, n; rotational
speed of the pinion and b the tooth width. With numerous tests on gears of various
intended functions and loads (automobile industry—gear-boxes), Hofer obtained a
partial limit value A’ for each test, and then calculated the average limit value
A = 70,000. This means that particular gear pairs are scuffing resistant during
operation if their resistance S, = 70,000/A” < 1 (Seherr-Thoss (Graf von) and
Fronius 1965).

John O. Almen (1886-1973) was employed at GM’s (General Motors) research
laboratory and defined the measure of scuffing risk load as the product PV .., <PV,
with P being the Hertzian pressure, V the sliding speed of one flank along another at
a contact point and PV, experimentally obtained value (Seherr-Thoss (Graf von)
and Fronius 1965).

Dutch researcher H. Blok chose flash temperature Ty .« at the most exposed
point of contact for the measure of scuffing risk. Blok presented his “flash tem-
perature” concept and equation in 1937. Ty is a consequence of friction and the
sliding speed of the contact surfaces. During operation, the teeth are scuffing safe if
Blok’s flash temperature is lower than the permissible one determined by tests
(Blok 1937).

On the basis of these important development milestones we can see that the
development of geometric characteristic and the manufacturing of gears from the
turn of the century to World War II reached a high level of industrial production in
all industrially developed countries. Many new shapes were possible and could
have been manufactured by advanced machinery; however, according to the
current needs in terms of production and operating features, involute gears were
the most appropriate. The production of gear increased along with the growing
needs and the expansion of the engineering field.

Several gear types were developed depending on the position of the shafts and
transmission rates, e.g. cylindrical, helical, bevel and worm gears. During decades,
the cutting technology greatly improved and was supplemented by fine machining
for lower surface roughness and heat treatment. New materials, particularly alloy
steel, made possible less weight and better durability, and special materials
enabled production of gears operating in special atmospheric and temperature
conditions. Due to higher complexity and demands, gear manufacturing faced
requirements towards smaller tolerances, consequently corresponding machine
tools and cutters were developed, as well as necessary measurement equipment.
Standards defining gear qualities for various applications were enforced. Unfor-
tunately this also enabled more lethal war machinery helping effective ruination of
previous achievements and welfare of our civilisation during WW II. The corre-
sponding knowledge retained and the development soon continued with an
accelerated pace in the new millennium. Some notable scientists, who contributed



An Overview of the Development of Gears 75

to new achievements and disseminated their knowledge, are professors H. Winter
and B.-R. Hohn from TU Munich, F.L. Litvin from the University of Illinois at
Chicago, and D.W. Dudley from California.

11 Recent Development

From the ruins of World War II rose the European Community/the European
Union, whose history began in 1950 with the European Coal and Steel Commu-
nity, which brought together six European countries (European Union, “ECSC
Treaty” 2012). The number rose to nine members with the Treaty of Rome. There
was a strong need for renovation and consequently for research and development.
In 1947, the International Organisation for Standardisation, ISO, was founded in
London. The organization says that ISO is not an acronym for its full name in
either official language; rather, it adopted iso, based on the Greek word isos (icog,
meaning equal), as the universal short form of its name (ISO “Discover ISO”
2012). ISO became a network of the national standards institutes of 162 countries,
one member per country, with a Central Secretariat in Geneva, Switzerland, that
coordinates the system. And within its framework, ISO committee TC60 for gears
was founded. The ISO committee coordinates development of recommendations
and standards in the field of gears, and its members come from research institu-
tions or gear manufacturers in their countries, where all gear-related activities are
conducted. Besides international, there are several national organisations dealing
with gears, e.g. AGMA in the USA, BGA in the UK, VDI in Germany, LE.T. in
France, JSME in Japan, and CMSE in China. The International Federation of
Theory of Machines and Mechanisms (IFTOMM) was founded in the town of
Zakopane, Poland, in 1969, initiated by professor Artabolevky (IFTOMM, “His-
torical Background,” 2012). Its members largely focused on gear researching.
Foundation of the theory on elasto-hydrodynamic lubrication is among the most
important development of this later period. Regarding production, automated
manufacturing of the highest-quality gears is the most prominent. The belief that
involute gears are the best solution is still persisting, and a lot of research work has
been and is conducted in this context. Despite the engineering industry at the turn
of the third millennium can offer almost perfect involute gears, they might not be
appropriate for all tasks faced by the industry today.

The perfect, optimal shape of involute gears transmits power by the convex—
convex contact. However, the intrinsic property of the involute gear is their cur-
vature radius function in the dedendum part when approaching the base circle.
Values in general are small and limit to zero at the base circle and therefore high
contact loads in this area. Additionally, for gears with low number of teeth the
dedendum flank is comparatively short thus invoking excessive sliding and friction
losses. Yet another problem is undercutting of the dedendum area. This was why
numerous gear developers sought new solutions to make the teeth flanks of the
driving and the driven gears fit together better. In view of this requirement, the
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Fig. 17 VBB gearing (Vickers—Bostock—Bramley), a gear pair = 30/z, = 180; b z; = 30/
7, = : (rack)

concave-convex pair seems an obvious solution, which was precisely what
researchers and inventors suggested. Let us mention only a few, the most char-
acteristic ones, in this paper. In 1921, Francis John Bostock (1881-1943) and
Swinfen Bramley-Moore filed a patent for the V.B.B. gearing (Fig. 17), which was
bought by Vickers shipbuilding company after successful tests in 1924 (Seherr-
Thoss (Graf von) and Fronius 1965). The V.B.B. gearing is based on a mathe-
matically defined curved contact path. The tests showed that flank stiffness
increased three to four times. With the V.B.B. gearing, Vickers manufactured a
large number of turbine gearboxes for powers ranging between 450 and 19.000 HP
and rotational speeds between 5.9 and 44.2 m/s. Despite its great initial success,
V.B.B. gearing did not survive in practice. H.-W. Harisson reported that the reason
for this was that it was too noisy during operation and the susceptibility to changes
in the distance between axes.

Ernest Wildhaber, a development engineer at Gleason, worked along the same
lines. In 1923, he designed and in 1926, he patented a concave-convex gear pair
whose flanks are in the form of arcs with the curvature centre near the rolling
circles. In 1955, M. L. Novikov designed identical pair of profiles, which he
patented in 1956. WN gearing has the point contact of teeth flanks and can operate
only as helical gearing. The Wildhaber tooth flank profile is in normal section to
the helix, while the Novikov gear profile in Fig. 18 is shown in the front view (in
the direction of the gear axis).

Fig. 18 Wildhaber-Novikov
gears
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Fig. 19 Rack for WN gear with double teeth contact

Extensive research was carried out on the load-bearing capacity of WN gears.
And researchers largely agree (Niemann 1961) that untempered WN gears have
approximately three times higher flank strength as the same size involute gears,
while surface-hardened or tempered involute gears are superior to WN gears.
Wildhaber failed in researching his gear to such extent that would enable users to
learn their qualities, so they were never included in production. On the contrary,
Soviet engineers did study Novikov gears and use them widely in oil pumps,
compressors, tractors, construction machines, etc. The Russians developed the
Novikov gear with double contact, as represented on a rack in Fig. 19, which is
defined by the Russian standard GOST 17744-72. The Chinese, who follow
advancements achieved in Russia, also use WN double-contact gears to a great
extent, prescribed by the Chinese standard JB 2940-81.

Another attempt is that of Hawkins, who in 2005 patented non-involute gears
with conformal contact. In 2009 G. Hlebanja and J. Hlebanja proposed a new
version of WN gears, UPT (uniform power transmission) gears illustrated in
Fig. 20. According to this proposal, the tooth flank profile is comprised of three
circular arcs, with the first arc forming the addendum; the second forming the
dedendum; the third arc forming the intermediate section, which prevents the
flanks from touching as they rotate around the kinematic pole C. The advantage of
this solution is a simple flank geometry, which is easier in terms of tools, while the
relative rotation of one gear vis-a-vis its pair is similar to the movement of the
shaft in the bearing. The essential element of the UPT gears is the absence of a
pitch line and the gear-teeth contact in the transverse plane. In addition, there is no
sliding between the teeth flanks in the transverse plane. Power is mainly trans-
mitted by the rolling of the teeth flanks at both contact points, with the simulta-
neous sliding of the teeth flanks around the pitch point C. The contact load is
divided into two contact points. Better lubrication conditions can be expected as a
result of the thicker oil-film thickness and lower heat generation. And the most
important features of the UPT gears are non-intermittent sliding and power
transmission. These features indicate that UPT gears can be used with heavy loads
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Fig. 20 UPT gears proposed by Hlebanja; rack profile (left); UPT gear pair with m,, = 5 mm;
71 =12,z =20

in non-stop operating condition, for example, in the power transmission of wind
turbines, gear units for refinery services, and similar applications.

In the latest period of the development of gear, the belief that involute gears are
the best shape persisted, and therefore remained the focus of research. Consequently,
at the turn of the second millennium, the engineering industry can manufacture
almost perfect involute gears, which sometimes face new problems, deriving from
new applications. Therefore, the authors believe that non-involute geometry can be
advantageous in this respect. Recently, G. Hlebanja and J. Hlebanja (2010)
presented a new method of designing gears based on the basic rack tooth profile, as
shown by Fig. 21. The basic rack tooth profile is defined by a mathematical function
and according to the fundamental law of gearing for each point P; of the base rack
profile a single point U; on the path of contact can be assigned and based on that a
unique point G; on the gear tooth flank. The basic rack profile is defined as an
analytic curve, Eq. (1).

yei = ap(1 — (1 —xp;)") (1)

where (xp;, yp;) are Cartesian coordinates originating in the pitch point C, a,
parameter designating a size factor, and n is the exponent. Both, a, and n, have
decisive influence on expected characteristics of the designed gears. Eq. (1) defines
the addendum part of the rack profile and the half symmetric counterpart defines
its dedendum part. The path of contact is unique for a given module regardless of
the number of teeth. The mating gears exhibit convex-concave contact in the
vicinity of the contact start and contact end. Another advantage is minimal teeth
number of S-gears, which can be as low as four. The S-gear tooth flank profile
assures higher comparative curvature radii, and thus lower contact load and higher
relative velocities of the contact surfaces which imply better lubrication. Due to
their S-shape, the velocity characteristics of mating gears are improved, especially
in both external areas with high relative velocities and low sliding velocity. The
meshing start zone in involute gears represents potential danger of micro-pitting,
whereas S-gears exhibit advantage in this context due to the ticker oil film in this
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Fig. 21 Generation of a gear O
tooth flank from the basic
profile of S rack

basic rack
tooth profile

area, which diminishes possibility of damage. Another important feature of the S-
gears is more evenly distributed contact point density, which causes lower sliding
and less power losses. The dedendum flank of pinion is not substantially smaller as
that of gear addendum even for low number of teeth. This is why authors believe
this gear type can be a successful substitute for involute gears for diverse appli-

cations, like gear-boxes for wind power-plants on the large scale and miniature
plastic gears for domestic appliances.

12 Conclusion

Millennia ago, humans invented machines driven by animals which could perform
useful work for them. Energy is transmitted by the movement of gears to those
elements which perform the given task. In all periods, from the first irrigation
devices along the Nile to this day, gears have been essential composite parts of
machines, transmitting energy from the source to the user. For millennia, wood
was the only material available for making gears, and humans or animals the only
sources of energy. This machine system was still used in agriculture in the first half
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of the twentieth century. The first iron gears date back to when the steam engine
became the source of power, while the use of involute machines date back to
Euler. Machines for manufacturing gears followed industrial needs of the 19th
century and were further developed with the accelerated pace in the 20th century.
In-depth scientific work and standardisation followed after World War 1. After
WW 11, Wildhaber-Novikov gears were developed, which are widely used in
Russia and China, while involute gears are preferred in the West. In spite of that
many efforts have been made to design even better geometry. S-gears can be
regarded in this way, with some features, which can cope with arising problems
with new industrial applications with standardised involute gears.

One of the great names of gear science is Darle W. Dudley, who presented the
development of gears at a conference on gears in 1988 in Zhengzhou in China,
concluding his presentation with a centennial forecast. The set targets have already
been achieved and even exceeded in the 25 years since. Today, we can also concur
that the difference in the rotational speed of energy and working machines is not
overcome. This cannot be always solved by direct driving electro-motors, which
means that gears and the development of the field will still be needed.

It is also important to mention the Balkan Association of Power Transmissions,
which started under the initiative of professor Arnaudow from Sofia to promote
research in this field. BAPT presidency is currently held by professor Dobre, who
also organises the 4th International conference on power transmissions in Sinaia.
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Recent Development of Non-Involute
Cylindrical Gears

Gorazd Hlebanja and Joze Hlebanja

Abstract The paper represents an overview over the development of gears aiming
to improve contact circumstances during meshing. It is well known fact that
classical involute gears form a convex—convex contact during meshing and that the
curvature radius value is very low in the vicinity of the basic circle. Corresponding
research was focused in development of gears with convex-concave contact.
Therefore, a gradual development of gears with a curved path of contact is pre-
sented below. Furthermore, attempts to extend these concepts to various gear types
and applications are also presented in the paper.

Keywords Gears - Power transmission - Non-involute gears - Curved path of
contact - S-gears

1 Introduction

Gears are necessary in accurate power and rotation transmission from a motor
(power supply) to a work machine. Uncountable work machines have been
invented; however, they govern numerous processes with various rotational
speeds. Also numerous power machines have been developed with ever increasing
speed. Increasing input speed and variety of output speeds of pairs power-work
machines imply more sophisticated geared transmissions each new generation.
Requirements, to which power-transmissions should comply and which imply
their functionality, are becoming higher every day, so wide spread scientific
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research is necessary and resulting progress notable. In this respect are many
research institutions, which have human resources and specialized equipment, also
financially funded by manufacturers and sometimes even by governmental
sources.

We should also point out some basic development and economic trends:

e working power of energy supplying machines and demands for working

machines are increasing;

rotational speed and variety of speeds of such machine pairs are increasing;

capacity of working machines and automation production are higher;

power flow is increasing;

higher loads and more demanding working circumstances of such gears;

gears endurance for the entire life cycle is becoming a law;

requirements towards lower vibrations and less noise and uniform running are

becoming higher;

e production capacities all over the world are high, prices of gear transmissions
are lowering.

All above directs to the search of new ways to improve competitive abilities of
gear manufacturers.

2 Basic Principles

The basic principles of contemporary gearings were discovered in 1733 by
Charles-Etienne Louis Camus (1699-1768), a mathematician and professor from
Paris (Complete Dictionary of Scientific Biography, “Camus, Charles-Etienne-
Louis,” 2008) and independently by famous Leonhard Euler in 1752. Camus
defined the conditions that have to be fulfilled for a pair of gears in his work “Sur
la figure des dents des roués et des ailes des pignons pour rendre les horologes plus
parfaits”. This condition is defined by the following: if, in uniform rotation, power
is to be transmitted via a pair of teeth, then the normal to the teeth flanks at the
contact point P on the path of contact must pass through the pitch point C
(Matschof3 1940), as illustrated in Fig. 1, which is exactly the law of gearing
known today.

Leonhard Euler (1707 Basel-1783 St. Petersburg) sought the most advanta-
geous shape of gear teeth flanks, and according to Jacobi, (The Euler Archive
2012) in 1752 he was the first to publish a treatise on the usefulness of the involute
for the shape of gear teeth flanks (Euler 1760). His concept of involute gearing is
in common use today. He also showed how to graphically determine the radii of
curvature as represented in Fig. 2.

Cycloids, involutes and rolling curves can be used to form gear teeth according
to the law of gearing.
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Fig. 1 The law of gearing

Fig. 2 Graphical
determination of the radius of
curvature after Euler-Savary
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flank

path of contact
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flank
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3 Curved Path of Contact

Gradual development evolved in the perfect, optimal shape of involute gears
which transmit power by the convex—convex contact. However, the intrinsic
property of the involute gear is their curvature radius function in the dedendum
part when approaching the base circle. Values in general are small and limit to
zero at the base circle and therefore imply high contact loads in this area. Addi-
tionally, for gears with low number of teeth the dedendum flank is comparatively
short thus invoking excessive sliding and friction losses. Yet another problem is
undercutting of the dedendum area. This was why numerous gear developers
sought new solutions to make the teeth flanks of the driving and the driven gears fit
together better. In view of this requirement, the concave-convex pair seems an
obvious solution, which was precisely what researchers and inventors suggested.
However, this paper is focused on gradual development of S-gear shape.

The aim was to define tooth flanks of adequate characteristics. This was
achieved by the curved path of contact which implies a concave-convex fit of the
meshing gear teeth flanks. The path of contact is a sequence of contact points of
the meshing gear pair, which transmits rotation, and each contact point should
comply with the law of gearing at the same time. The path of contact should
warrant sufficiently high contact ratio. The contact load in the kinematic pole C
depends on the pressure angle ac. The starting pressure angle a5 should be also
limited. The sector defined by points A, C, 1 (Fig. 3) represents the zone of
possible paths of contact. The condition for manufacturing gears of the same
module with arbitrary number of teeth by the same tool profile is the half-sym-
metrical path of contact.

Gears are designed according to their root strength and flank durability. The
path of contact shape and the root fillet influence the root thickness. However, the
flank shape essentially influences its durability. The most important factors
influencing flank durability are the reduced radius of curvature and sliding. The
higher radii imply lower Hertzian pressure. The sliding circumstances are essen-
tially improved in the case of convex-concave contact. The research showed that

Fig. 3 Path of contact

ath of contact
shaping zone (Hlebanja 1976) P

shaping zone

path of contact
rack tip

\

(2}
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areas of the path of contact with a higher curvature imply lower sliding and higher
reduced radii of curvature. Due to necessity of the stronger oil film in the meshing
start zone the path of contact curvature in that area should be higher and the path
of contact gets a distinctive S-form.

This tooth flank form was used in grooved roller gear for rolling mills. It was
installed in Sisak rolling mill. It transmitted 1500 kW at 80 up to 160 RPM.
Material was alloy steel 30CrMoV9. The tooth profile is illustrated in Fig. 4.
Initially the involute gearing was installed, which suffered severe scuffing in the
gear teeth dedendum and addendum areas. S-formed gearing was an essential
improvement. This gear form was also reported in Niemann and Winter (1989).

4 S-Shaped Path of Contact

Subsequent research was oriented to define the S-gear path of contact in such a
way to ensure smaller flank pressure, better lubrication and less sliding and which
would be linear or almost linear in the vicinity of the kinematic pole C. Figure 5

Fig. 4 Industrial implementation (Hlebanja 1976)

Fig. 5 Path of contact with
gradually increasing
curvature
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Fig. 6 Gear pairs for comparison: (left) S-gears, (right) E-gears

represents such a path of contact, with the basic characteristic of gradual increase
of curvature towards the meshing start and end and corresponding gear and pinion
flanks.

Furthermore, the research was conducted in order to compare S- and E-gears.
First, typical characteristics have been calculated for both gear types and later
experiments on the FZG-machine were carried out. Both gear pairs are illustrated
in Fig. 6.

Therefore, S- and E- gears are to be compared regarding damages, which might
appear during operation: (a) fracture due to overloading; (b) damages of tooth
flanks due to pitting; (c) cold and hot scuffing; and (d) wear of tooth flanks.

Regarding endurance against tooth fracture, the measure of such endurance is
the tooth root stress, which further depends on the tooth root thickness and fillet
radius. It was demonstrated in this particular case that the S-gear teeth are stronger
in the root, as well as their fillet radius is larger, which also imply that S-type teeth
are stronger for approximately 20 %.

The contact load of teeth flanks is evaluated by Hertzian pressure oy. For
cylindrical surfaces we have:

Pred

However, Hertzian pressure may not exceed maximal allowable limit o,
The contact force F, the tooth width / and the reduced radius of curvature p,., are
those design parameters which decisively influence gear durability. Calculated
values for oy are represented for both, i.e. S- and E-gears on Fig. 7. It should be
pointed out that the Hertzian pressure and pressure angle o in the kinematic pole
C are equal for both gear types.

The measure of endurance against damages of tooth flanks is oil film thickness
ho, which is defined by the Dowson-Higginson’s (1977) equation:

. 06 07 0,03 . —0,13 043 07
h0—1,6'a /N -E w “Pred U (2)

Factors in the above Eq. (2) are: o—the pressure coefficient of oil; y—dynamic
viscosity; E—module of elasticity; w—Iine load of teeth, i.e. F/l; p,..—reduced
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Fig. 7 Hertzian pressure (left) S-gears, (right) E-gears

radius of curvature; and u—sum of relative velocities. Having equal loads of
S- and E-gears, equal lubrication means, the same rotational speeds and equal gear
materials, the only remaining parameters influencing the oil film thickness are the
reduced radius of curvature p,.,; and the sum of relative velocities u. Both have
better characteristics for S-gears (i.e. higher relative velocities, higher reduced
radii of curvature) and therefore imply better lubrication and thicker oil film.
Figure 8 represents velocity circumstances in the vicinity of the meshing start.
Another important issue is a temperature characteristic of a meshing gear pair.
Blok’s temperature concept (Blok 1963), represented in Eq. 3 is adopted here.

025
I = 0,620w"7 <£> s = v (3)
7 Pred VBusvis + v/Bupvip

Symbols in the equation are: 35— “flash” temperature; y—friction coefficient;
w—contact load (line load); p,.q—reduced radii of curvature; v.g, v,p—relative
velocities of the flanks in contact; By, Byp—property of material; By = 4 p c,
where A stands for thermal conductivity, p for material density and c for specific
heat. The friction coefficient is given by (Niemann and Winter 1989)

Fig. 8 Velocities in the
vicinity of the meshing start
U="vp+ Vs

near meshing start
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where additional factors are u—sum of the relative velocities and R,—average
surface roughness. Figure 9 illustrates behaviour of the flash temperature along the
path of contact.

5 Experiments

Experiments have been conducted in order to examine endurance against:

e Pitting of tooth flanks
e Scuffing of tooth flanks
e Surface heating, wear and efficiency.

Experimental work has been carried out on a FZG testing machine, so values
for the module and the centre distance were adapted accordingly. The selected
material was alloy steel 42CrMo4, which was heat treated to 28—30 HRC prior to
toothing. Experimental lots comprised (a) hardened and tempered gears “V” and
(b) hardened, tempered and plasma nitrided gears “NV”. Technical data of gears
are collected in Table 1.

Experimental results with regard to pitting are summarised in Woehler dia-
grams, Fig. 10. Results indicated that the load capacity for hardened and tempered
S-gears was slightly increased, whereas for hardened, tempered and nitrided
S-gears the load capacity was bigger as that for E-gears. However, more experi-
ments would have been necessary.

Hardened, tempered and nitrided S- and E-gears have been tested with regard to
scuffing. Experiments were conducted according to the load levels prescribed by
DIN 51354. E-gears exhibited scuffing damages of the addendum part of the flanks
already at the load level 11, whereas S- gears did not have damages even at the
level 12. Oil ISO VG 100 without additives was used in both cases. Lubrication

Fig. 9 Flash temperatures along the path of contact (left) S-gears, (right) E-gears
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Table 1 Data of the gears used in experiments

Designation S-gears E-gears
Module m, [mm] 4,575 4,5
Number of teeth z 16 24 16 24
Coefficient of the profile shift X - - +0,233 +0,12
Kinematic circle diameter d,,[mm] 73,2 109,8 73,2 109,8
Pressure angle o [°] 22 22,438
in C
Face width b [mm)] 20 20
Centre distance a [mm)] 91,5 91,5
Rotational speed n [minfl] 2100 1400 2100 1400

Legend:
© 8- hardened&tempered, nitrided
[J 8- hard.&temp. and nitr.,, ¢, =22°
£ E- hardened&tempered, nitrided
B S- hardened&tempered
®  E- hardened&tempered
V  Woehler line for hardened and
I - temepered gears
T il O] T NV ‘Woehler line for hardened and
P I N, tempered and nitrided gears

Fig. 10 Woehler diagrams of the pitting experiments

procedure was with gears dipped into the oil. The oil temperature in the casing was
90 °C in both cases. Each loading level lasted for 15 min. The oil temperature in
the casing during this time increased due to friction losses of the operating gears.
Measurement of temperatures clearly indicated that oil in the casing was less
heated in the case of S-gears, which implies that losses in this case were lower.
The difference in the temperature increase between S- and E-gear type was
approximately 10 %.

Wear of gear tooth flanks was determined during the pitting tests by weighting
gear pairs in a precision balance. Weighting was conducted before and after
experiments for both gear types. The experiment on the FZG loading level 9 lasted
4 x 10° rotations of the pinion. Results are summarised in Table 2. It can be
concluded that the wear of S-gears is approximately half of that in E-gears, which
can be attributed to the ticker oil film. More information can be found in Hlebanja
and Okorn 1999.

Design work with the S-type path of contact, which was first used for spur
gears, continued in the direction of other gear types in order to explore their
usability (Hlebanja and Hlebanja 2005):
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Table 2 Wear measured by a balance

G. Hlebanja and J. Hlebanja

Gear type Load level according to DIN 51354 Wear [mg]

Pinion Gear Sum
S- 9 17 16 33
S- 9 15 8 23
E- 9 41 21 62

Fig. 11 Working models for various S-type gearings a helical; b crossed helical; ¢ ZS worm

drive;d planetary arrangement

Helical gears

Crossed helical gears

ZS worm drives

Internal S-gears for planetary gear trains.

Working prototypes or models were produced for the each type, as revealed

from Fig. 11.
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6 Recent Development

Another proposal are cylindrical worm-gearings with a progressively curved shape
of teeth flanks, the so called parabolic worm gear drives (Hlebanja et al. 2009),
Fig. 12. The proposed approach in cylindrical worm gearings design is based on
the mathematically defined worm tooth profile in the worm axial plane, wherefrom
the worm gear tooth profile derives and profiles in any parallel plane can be
calculated and in this way teeth flanks are defined. The primary feature of the
proposed teeth flanks is their progressive curvature and continual concave-convex
contact. Worm and worm gear meshing of such an arrangement generates better
lubricating oil film, resulting in better EHD Ilubrication conditions, therefore
reduced energy losses and lower wear damages are anticipated. An experimental
worm-gearing loaded under working conditions verified theoretical considerations.
Computer simulation also confirmed contact theory of the proposed gearing.

G. and J. Hlebanja (2009) proposed a new version of WN gears, UPT (uniform
power transmission) gears illustrated in Fig. 13. According to this proposal, the
tooth flank profile is comprised of three circular arcs, with the first arc forming

%0,
active worm tooth flank |

Y[ __y~Piwormdatumline 8, _ Tl | v vy 4,7

bp=2-m

path of contact zone worm flank zone

Fig. 12 Parabolic worm-gearing; industrial housing after an observation window had been cut
off (above); worm tooth basic profile and the corresponding path of contact in the axial section
(below)
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the addendum; the second forming the dedendum; the third arc forming the
intermediate section, which prevents the flanks from touching as they rotate
around the kinematic pole C. The advantage of this solution is a simple flank
geometry, which is easier in terms of tools, while the relative rotation of one gear
vis-a-vis its pair is similar to the movement of the shaft in the bearing. The
essential element of the UPT gears is the absence of a pitch line and the gear-teeth
contact in the transverse plane. In addition, there is no sliding between the teeth
flanks in the transverse plane. Power is mainly transmitted by the rolling of the
teeth flanks at both contact points, with the simultaneous sliding of the teeth flanks
around the pitch point C. The contact load is divided into two contact points.
Better lubrication conditions can be expected as a result of the thicker oil-film
thickness and lower heat generation. And the most important features of the UPT
gears are non-intermittent sliding and power transmission. These features indicate
that UPT gears can be used with heavy loads in non-stop operating condition, for
example, in the power transmission of wind turbines, gear units for refinery ser-
vices, and similar applications.

Hlebanja and Hlebanja (2010); Hlebanja (2011) developed S-gear concept from
the S-shaped path of contact to the S-shaped rack profile. This method of designing
gears based on the definition of the basic rack tooth profile. It is defined by a
mathematical function and according to the fundamental law of gearing for each
point P; of the base rack profile a single point U; on the path of contact can be
assigned and based on that a unique point G; on the gear tooth flank. The basic rack
profile is defined as an analytic curve, Eq. (5).

Ypi = ap(l — (1 —xp)") (5)

In this way we have a clearly defined cutting tool and arbitrary gears defined
through this rack profile by proper coordinate transformations. The size factor a,,
and the exponent n can also be optimised in order to achieve required results, e.g.
ticker root, or the size of convex-concave area, as it can be seen from Fig. 14. The

driven gear o2

.\
\ %%\f’\.' *

02 >
4——%

: contact area on the driving gear

E contact area on the driven gear

Fig. 13 UPT gears proposed by Hlebanja; contact areas (left); UPT gear pair with m,, = 5 mm;
1 = 12, = 20
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Fig. 14 Influences of 1.5
parameter changes on gear
and path of contact shapes
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diagram shows how the change of vital parameters influences the path of contact,
gear and pinion tooth flank shape and the rack profile.

The crucial characteristics of the S-gear concept are summarised in the fol-
lowing paragraph. The mating gears exhibit convex-concave contact in the vicinity
of the contact start and contact end. The minimal teeth number of S-gears can be as
low as four. The S-gear tooth flank profile assures higher comparative curvature
radii, and thus lower contact load and higher relative velocities of the contact
surfaces which imply better lubrication. Due to their S-shape, the velocity char-
acteristics of mating gears are improved, especially in both external areas with
high relative velocities and low sliding velocity. The meshing start zone in
involute gears represents potential danger of micro-pitting, whereas S-gears
exhibit advantage in this context due to the ticker oil film in this area, which
diminishes possibility of damage. Another important feature of the S-gears is more
evenly distributed contact point density, which causes lower sliding and less power
losses. The dedendum flank of pinion is not substantially smaller as that of gear
addendum even for low number of teeth.

7 Conclusion

Let us summarise this paper with some advantages of the S-gears and dissimi-
larities from the E-gears.

The list of improvements over the E-gears starts with a higher root strength of
the S-gears due to thicker teeth in the root and bigger fillet radius. A higher



96 G. Hlebanja and J. Hlebanja

strength of flanks can be attributed to the S gears, which is due to the
convex-concave contact, implying lower Hertzian stress. Thicker oil film implies
less wear, lower losses and better efficiency. Due to convex-concave contact and
high relative velocities in the meshing start area the thicker oil film forms there,
preventing scuffing and makes tip relief in S-gears unnecessary. For many com-
mon applications nitriding may be sufficient procedure, which makes special heat
treatment and subsequent grinding unnecessary. S-gear gaps are thinner, which
implies less cut material. The contact point density of the S-gears is more evenly
distributed, which causes lower sliding and less power losses.

However, the acting force varies in accordance with pressure angle deviations
along the curved path of contact, which is dissimilar to the involute case. The
centre distance depends on the number of teeth and the module. The profile cor-
rections are limited in comparison to the E-gears. And due to the curved path of
contact there is some sensitivity to centre distance deviations. However, quite
many industrial applications incorporating gears with the curved path of contact
ran successfully for many years. An attempt has been made to construct the path of
contact with a small linear part in the vicinity of the kinematic pole C. And even
for the path of contact without such a linear segment it can be observed, that its
mid-part near C is almost linear.

We can also state that the S-gears are new, without routine production expe-
rience and standards and with little practical experience. However, already men-
tioned advantages make authors believe that this gear type can be a successful
substitute for involute gears for diverse applications, like gear-boxes for wind
power-plants on the large scale and miniature plastic gears for domestic
appliances.
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Future Transmissions for Wind Turbines

Bernd-Robert Hohn

Abstract Most transmissions for wind turbines are set up by multiple consecutively
arranged planetary gear sets and/or normal gear sets. Therefore these transmissions
have a constant ratio. In order to feed the electricity produced by the wind
turbines into the grid, an electric conversion to a constant frequency of 50 Hz is
necessary. FZG developed a new concept for transmissions of wind turbines based
on a planetary gear. By superposition of a small electric engine the transmission ratio
is continuously variable. This makes an electric conversion unnecessary and thereby
increases the efficiency of the wind turbine.

Keywords Next generation for transmissions for wind turbines - Optimization of
efficiency and durability

1 Introduction

The use of wind for energy production has a long history. In Europe since more
than 800 years the wind energy will be used for production of mechanical energy.
The first use of wind power will be used directly for mills, saws and waterpumps.
Beginning of the 18th century first experiments for generating electric power are
known. But these experiments have not brought the brake-through for the wind
power. In the beginning 8th decade of the 20th century a revival of wind power
began. The world wide discussion about energy-waste and the forecast of ending
of oil reserves in the world and the accompanying discussion about the
CO;-emission and climate changes (increase of average temperature of the world)
started the development of regenerative energy production more and more. The
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use the water power was one solution for generating electric power without
increase of the CO,-emissions. Extreme big water energy-production started with
the Yangste-dam in China and the Iquacu-dam in South America. In Germany the
wind power becomes an acceptable part of electric energy production. In 2009
more than 7 % of German electric energy consumption is produced with wind
turbines. A main reason is caused by the politics which installed a new law, which
the grid owner has to buy the electric power from wind turbines to a high price
above the market price. The consumer has to pay for it. Though an indirect
subvention of wind power (and other regenerative energy production like photo
voltaic) is installed in Germany. Subvention for photo voltaic has reached a value
of more than 2 billion € per year!!! This subvention of regenerative energy leads to
the very high installed wind power in Germany.

And how is the situation in wind turbine market worldwide? In Europe the
increase of installing wind power has stopped through the financial crisis in 2009
and beginning 2010. The banks have stopped the financing especially for wind
parks in the sea. Different is the situation in China and India. Their national
industry has to fulfill the big demand for wind turbines.

2 State of the Art

The next figures (Fig. 1) show the state of art of wind turbines. Two technical
solutions are in the market. With and without transmissions. In the market till
1 MW the multipol low speed generators without transmissions have a market
share up to 20 %. As higher the power per unit (for offshore >5 MW is planned) as
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Fig. 1 Electric energy out of regenerative energy sources (2010)
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Fig. 2 Hansen

www.hansentransmissions.com

lower is the speed of the rotor shaft and the need for transmissions is absolutely
necessary regarding the weight of the gondola. As higher the speed of the gen-
erator as lower is the weight (2008). Though trans-mission ratio up to I = 100 is
normal for wind power >2 MW. Figure 2 shows the principle of Hansen for up to
5 MW. One planetary set after the rotor and two normal gear sets for increasing
speed up to 100 times rotor speed. The generator shaft is parallel to the rotor shaft.
Same principle you can see by Winergy Fig. 3. Rotor is connected to the carrier of
the planetary gear set, the sun is connected to the output shaft and the ring gear is
fixed to the housing. With this principle you have the highest ratio in a planetary
gear set. ZF will start with a similar design with Vestas in 2012.

Figure 4 shows the design of Renk. They have designed a double planet with a
higher ratio between ring gear (connected to the rotor = inputshaft) and sun. They
offer this principle as Multibrid for a medium speed generator (about 200 min ")
with higher pole numbers and additional with another normal gear set for total
ratios of about i = 100.

Figure 5 shows the principle from Bosch-Rexroth. They have a power split for
the rotor power to two coupled planetary sets. The torque is divided to two
planetary gear sets though the diameter of the ring gear are smaller for the same
power compared to the principles of Hansen or Winergy. But the design is more
complicated. More parts give more risks, a problem for guaranty wishes for a safe
run for 20 years.
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Fig. 3 Winergy
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Fig. 4 Renk Multibrid

Figure 6 shows the Maag DPPV gear design. This design also distributes the
input power of the rotor to the planet carrier of the first stage and the ring gear of
the second stage. The output shaft is connected to the sun wheel of the first stage.

Figure 7 shows the new patent for the Bard V MW gear design (GDC solution).
The power split of the first two stages of this design is very similar to the Maag
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www.boschrexroth.com

Fig. 5 Bosch Rexroth Redulus

£

Fig. 6 Maag DPPV

DPPV. A high number of planets is used in order to increase the maximum torque
and at the same time reduce the bearing reaction. The patent-registered flex-pin-
system by GDC is used to provide a good load sharing between the planet wheels.
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Fig. 7 Bard V MW new patent (GDC solution)

3 Future Trends

Voith windrive. Caused by the actual financial and guaranty problems the
European wind turbine firms are not intensively engaged in research and in
developing the next generation of wind turbines. Only Voith as a newcomer
introduces a new concept, the windrive in 2008. Figure 8 shows the principle with
a CVT, an hydrodynamic converter (Voith is the worldwide known specialist for
such couplings and torque converter). This CVT combined with two planetary gear
sets they offer a really new concept. The generator is a synchronous generator
which acts with constant speed. Though the electric power is produced with a
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www.voithturbo.com
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Fig. 9 Measured load spectrum

Rotor Speed ng [min']

constant frequency of 50 Hz and give the power direct to the grid without electric
conversion as it is normal for all existing wind turbines with a fixed ratio. The rotor
produces mechanical energy by different rotor speed between 12 and 16 min~". If
you have fixed ratio the generator turns between 1,200 and 1,600 min~! for a
2.5 MW example. Figure 9 shows a measured load spectrum of such a wind
turbine. It is different from the aerodynamic potential curve for a given rotor. The
dynamic potential for such a wind turbine shows Fig. 10. With a pitch-control the
maximum power is only possible by a windspeed >15 m/s. With the Voith win-
drive the generator turns with 1,500 min~" for given rotor speed between 12 and
16 min~'. The disadvantage in gear box efficiency could be overtaken through the
better total efficiency. For established systems the overall efficiency is
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Fig. 10 Dynamic potential
nges = Niransmission - NGen - Mel (1)
and for the Voith Windrive:
NGes = Miransmission * MGen (2)

Details of the efficiency for all components are kept very secret and confidential
from the firms, therefore a detailed comparison is not possible. But let give an

approximation and an example:

a) Conventional system:
Transmission

Ntransmission = 0,96

Asynchron generator NGen = 0,95
Electric conversion ng = 0,94

With Eq. 1 NGes = 0,857

b) Voith windrive:

Transmission Neransmission = 0,93
Synchronous generator NGen = 0,96

With Eq. 2 NGes = 0,893

That means this system has a better efficiency and a better energy production
factor which can be calculated in € or $ or Rupie or Yen or.....

FZG-Concept. Engaged through the Voith idea and an old Siemens patent
application of 1992 (2010), FZG designed a new planetary gear set with a
superposition of a small electric power to synchronous generator with constant
speed for a rotor range speed between 12 an 16 min~" (Fig. 9). The targets for the
future wind turbines are defined in Fig. 11. Figure 12 shows the wind turbine drive
train for such a constant generator speed. That means for such superposition a
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normal planetary gear set is used. If the electric engine runs as a motor you have a
power addition in the planetary gear. Rotor power PR and Pgy drive the generator
PG and the electric power for the motor M comes from the generator.

Only Pg—Py goes to the grid. If the electric motor runs as a generator you have
power split in the planetary gear box and both electric engines Py; and Pg give
their power to the grid. The task for FZG was to find out, what power size of Py, is
necessary for a wind turbine of PG = 1.5 MW (only as example, without prob-
lems scalable) and the given load spectrum, see Fig. 9. For characteristic curve
A out of calculated power-windspeed-diagram and in Fig. 10 for the given measured
load spectrum for a wind turbine. For this calculation the Willis—equation and the
derived formulas from Mueller (1998) are used. Especially for the measured load
spectrums you can see, that below of rotor speed n = 10 min~" no electric power
will be produced and for example ngo = 12 min~" only 15 % of the maximum
(and given) power of the wind turbine (here 1.5 MW) will be produced. Figure 13
shows the difference of the new concept and common. Basic concept once more.
The result of these calculation done with Mueller formulas show Fig. 14. The
electric demand for motor power Pgy is for characteristic A Pg = 242 KW and for

Fig. 11 Targets Targets:

* Transformation of the wind speed dependend rotor speed in
a constant generator speed of 1500 min-!

* Application of cost-saving synchronous generators
* Easy drive train concept

¢ Less power electronics

Fig. 12 Wind turbine drive Rotor, nR
train

Electric Engine, ny

ner: r, n
(Motor or Generator) Generator, ng
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characteristic B only Pgy 100 = KW. Figure 15 show the power ratio between
Penm and Proor- You see that the power ratio is still increasing when rotor speed
decreases. The absolute value is decreasing (see Fig. 14) which the rotor power
decreases very much. If you use the motor Pg as generator (power split) and motor
(power addition) the maximum power of that unit decreases to P = 84 KW—
Fig. 16. That means for the additional installed power of Pgy only 7 % of the
maximum power of the rotor is necessary. This engine has to run as motor and
generator and needs adequate power electronics. For such dimension—84 KW
against 1.5 MW by normal wind turbines—the power electronics is much cheaper.
The synchronous generator delivers the electric power direct to the grid. How can
be the design of such a concept. FZG made two examples.

First we use a first planetary gear set for increasing speed like in the principle of
Hansen, Winergy, Eikhoff or other, Fig. 17. The two normal gear stages are
exchanged from a so called “plus-planetary gear set” (1998) which has a high gear
ratio, when you fix one ring gear. This fixed ring gear of the “plus-planetary set” is
connected to the motor Pgy and works as motor for rotor speed lower than

300,0
Characteristic A
250,0

200,01

150,01
Characteristic B

/

100,0

50,0 4

Electric Motor Power Pgy, [kW]

0,0 ; T T T T
9 10 11 12 13 14 15 16 17

Rotor Speed ng [min-']

Fig. 14 Required electric power
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Fig. 16 Power of superposition motor

Fig. 17 Wind turbine drive
train (Ist example) z, |<:] Pem

Nroe = 15.5 min™' and as generator between ngo = 15.5 till 16.5 min !
(Fig. 16).

Second example shows Fig. 18. Here the “plus-planetary gear” (no. I) is used
as a first step with speed increase of about i = 25 and a normal “minus-planetary
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set” (no. I) is used for superposition of Pgy. The advantage is the lower torque in
the ring gear of II (Fig. 18) the disadvantage is the lower efficiency of the “plus-
planetary gear set” used by high tooth power in the “plus-planetary gear set”.

These disadvantages can be reduced dramatically to the low loss tooth geom-
etry which is developed from FZG with several research projects since 2003.
Figure 19 shows the comparison with normal tooth geometry. The plus gear box
has an efficiency of # = 0,89 for the speed increaser of i = 25 and with low loss
geometry from FZG n = 0,96. This value is necessary that the total efficiency will
become higher than normal design (see Eq. 2). If you calculate the total efficiency
like the example (see Eqgs. 1 and 2), you will get

g = 0,95 Plus + minus planetary gear set
of Fig. 18 inclusive bearing losses

Nsyn = 0,96

Nges = 0,91 much better than

1ges NOrmal = 0,866

Fig. 18 Wind turbine drive o "~

. \ P
train (2nd example) : }N:“In

: s

: i T

Fig. 19 Comparison of load Efficiency Factor for Standard Tooth Geometry [1], [2]:
depended losses

Ty, = 0.9975 « 0.9981 = 0.9956
Nis = (I1pM2— Wiz — 1) =
(0.962 / 0.9956 — 1)/(0.962 — 1) = 0.8881
Efficiency Factor for low-loss-Tooth Geometry:
N1z opt = 0.9993 ¢ 0.9991 = 0.9984

Nis = (i1oMya— N/(ijo = 1) =
(0.962/0.9984 — 1)/(0.962 — 1) = 0.9594
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4 Conclusions

The FZG-concept shows the possibility with an electric superposition for a rotor
speed of about 12-16 min~' a constant generator speed of 1,500 min~'. The
superposition power is only 7 % of the rotor power. A cheap power electronic can
be used. The overall efficiency of such a concept can be higher than normal
conventional wind turbine with a transmission with a fixed ratio. The FZG will
become the partner for future wind turbine concepts for concept design and total
calculation for gears and bearings.
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Grinding Burn on Gears: Correlation
Between Flank-Load-Carrying Capacity
and Material Characteristics

Bernd-Robert Hohn, Karsten Stahl, Peter Oster, Thomas Tobie,
Simon Schwienbacher and Peter Koller

Abstract A high geometric accuracy of case-hardened gears requires a grinding
process after heat treatment. In appropriate grinding conditions can induce surface
tempering, alter hardness and lead to an unfavorable residual stress state. This effect
is commonly known as grinding burn. The influence of grinding burn on the flank-
load-carrying capacity was systematically investigated within a research project.
This paper summarizes the main results. Different methods for analyzing the surface
and the near subsurface characteristics are presented. Based on the results of
experimental testing and the analysis of surface and near subsurface, the paper
summarizes the correlation between grinding burn and flank-load-carrying capacity.

1 Introduction

A typical heat treating process for highly loaded gears is case hardening. The
intention of this heat treatment is to trim the material characteristics to the present
loading. However, the heat treatment may lead to some geometric distortion. In
order to remove this distortion and to achieve quality and performance require-
ments gears normally have to be ground after hardening. The grinding operation
has a mechanical and a thermal influence on microstructure, hardness and residual
stresses. The superposition of both, thermal and mechanical influence, makes it
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difficult to predict the changing of surface and near subsurface characteristics
during the grinding operation. An unfavorable residual stress state, surface tem-
pering and an altered hardness after the grinding operation are commonly known
as grinding burn. Within a FVA research project (Schwienbacher and Wolter
2007) gears with different grades of defined grinding burn were manufactured and
afterwards tested using the FZG back-to-back test rig. The results show that an
inappropriate grinding operation has a detrimental effect on the flank-load-carrying
capacity. Dependent on the intensity and the magnitude of grinding burn a
decrease in flank-load-carrying capacity is obvious.

2 Experimental Test Series

The experimental tests were carried out with two different gear geometries sized
m, = 3 mm (a = 75.6 mm, z,/z, = 23/25) and m, = 5 mm (a = 91.5 mm, z,/
7, = 17/18). For the production of these test gears, the case hardening steels
16MnCr5 and 18CrNiMo7-6 were used. All test gears of the same geometry were
milled the same way and heat treated in one lot. By appropriate grinding processes
after heat treatment test series with different grades of defined grinding burn on the
flanks of the test pinions were produced. Besides generating grinding, profile
grinding was used for some test series.

3 Indicating Grinding Burn

The tooth flanks of all test pinions were examined by surface temper etch
inspection according to ISO 14104 (1997) and assigned to the corresponding test
series (grinding burn grades). Furthermore, the produced grinding burn grades of
the different test series were characterized and documented extensively before and
after the gear running tests, using non-destructive an additional destructive test
methods.

3.1 Surface Temper Etch Inspection

A standard testing method for indicating grinding burn is surface temper etch
inspection according to ISO 14104 (1997). After cleaning, the gears are etched in
nitric acid. Following the etching, the gears are rinsed in water and bleached in
hydrochloric acid. After a further rinsing, the gears get neutralized in an alkaline
solution and dipped into oil in order to prevent corrosion. Areas which are not
influenced by the grinding process show a light grey or brown color. Influenced
areas show a dark grey or black color. Figure 1 shows tooth flanks, which were
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FB3 FD3

Fig. 1 Tooth flanks after the etching process with different grades of grinding burn

treated with different grinding parameters. The flank with temper class FAO does
not show any dark colored areas. Therefore, an influence by grinding burn can be
excluded. The test series FB1, FB2 and FB3 show lightly tempered areas. They
vary in the dimension of the tempered area. The intensity is equal. Test series FD3
shows heavy tempering on 100 % of the active tooth flank. The tempered area is
darker than that of class B. Test series FE3 shows the most intense effect
of grinding burn. The heat generated during grinding led to a re-hardening of
the tooth flank. The re-hardened area is white colored after etching. Nearby the
re-hardened area, the material is heavy tempered. According to ISO 14104 (1997)
the classification of grinding burn was done in the following way:

Class: No tempering

Light tempering

Heavy tempering

Rehardening, severe overheating

Level: Maximum percentage of surface area affected
10 %

25 %

Unrestricted.

A
B
D
E

W N =

3.2 Destructive Analysis

3.2.1 Metallographic Analysis

The metallographic analysis was generally focused on the dedendum area in the
mid of the tooth width. In case of specimen with local grinding burn, the affected
area was examined.

The etched microsections of the different test series are shown in Fig. 2. The
different stages of tempering can be noticed obviously. Unlike specimen FAQ
without grinding burn, the other microsections show tempered areas. Dependent
on the temper class the dimension and the colour of the tempered areas vary. The
microsection of FE3 shows white re-hardened zones, which are not connected
completely (compare Fig. 1). Nearby the re-hardened zones the microstructure is
dark coloured and shows a severe tempering.

For all examined microsections, a measurement of hardness with HV1
according to DIN EN ISO 6507-1 (2006) was done. To get reliable results, with
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Fig. 2 Metallographic specimen with different grades of grinding burn

this method the hardness cannot be measured in an area nearer than 0.1 mm to the
rim. Hence a decrease in hardness cannot be determined for specimens with light
tempering (class B). According to Fig. 2 the tempered area is limited to a depth
<0.1 mm. In contrast, specimens with heavy and severe tempering (class D and E)
show a decrease in hardness in a depth >0.1 mm. The decrease in hardness is
about 70-100 HV1. The re-hardened area of class E also cannot be captured by
conventional measurement of hardness with HV 1. In order to measure the surface
hardness, another method called “ESATEST” was used (see 3.3.1). The values of
surface hardness and the hardness at the depth 0.1 mm are shown in Fig. 3.

3.2.2 X-ray-Diffraction Analysis

The distribution of residual stresses and retained austenite was detected by x-ray-
diffraction analysis. The examined area was either the centre of the active flank or
the area showing grinding burn. X-ray-diffraction analysis is based on the dif-
fraction of x-rays at the crystal lattice. With help of Bragg reflexion, the distortion
of the crystal lattice can be captured and the present residual stresses can be
calculated. X-ray-diffraction analysis only offers information about a small depth.

600
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£ 200 @
? £
& 400 100 @
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3 o 3
< (7}
200 -100 2

FAO FB2 FB3 FD3 FE3| FAO FB2 FB3 FD3 FE3|FAO0 FB2 FB3 FD3 FE3
Surface Hardness Hardness Residual Stress
(ESATEST) (depth 0.1 mm) (maximum)

Fig. 3 Exemplary results of ESATEST, hardness testing and X-ray diffraction analysis
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To get the distribution of residual stresses and retained austenite over the near
subsurface, the surface has to be removed step by step by electroerosion.

Specimens without grinding burn (class A) showed residual compressive
stresses over the whole examined depth of 0.64 mm. With increasing grinding
burn residual tensile stresses were found in the near subsurface. Temper class B
(light tempering) showed residual tensile stresses with maxima in the range of
200-300 N/mm?. Maxima of residual tensile stresses of temper class D (heavy
tempering) can reach 450 up to 650 N/mm”. The maxima of residual tensile
stresses for temper class B and D were detected in a depth of about 0.05-0.1 mm
below the surface. Specimens with severe tempering and re-hardened areas (class
E) showed residual compressive stresses with a high scatter. Nearby the re-hard-
ened areas the residual compressive stresses changed into residual tensile stresses.
The maxima of residual stresses for each test series are shown in Fig. 3.

3.3 Non-Destructive Analysis

3.3.1 Surface Hardness (ESATEST)

Surface hardness measurement by ESATEST can be considered as a quasi-non-
destructive measurement. A diamond, coated with a conductive layer, is applied
with an increasing load on the specimen. The measured resistance gives infor-
mation about the penetration. With help of comparative measurement, it is pos-
sible to quantify the surface hardness. Measuring surface hardness by ESATEST
leads to a microscopic small indentation. An influence on tooth load carrying
capacity caused by these indentations could not be noticed during the research
project (Schwienbacher und Wolter 2007).

Specimens without grinding burn (Temper Class A) showed a surface hardness
of about 680-700 HV-ESATEST. The more the tooth flanks were influenced by
the grinding process, the more the surface hardness decreased. Temper Class B
showed a surface hardness of about 570-630 HV-ESATEST at the influenced area.
The greatest decrease of surface hardness was located for temper class D with
heavy tempering. Its hardness was about 510-550 HV-ESATEST. Temper class E
showed a surface hardness of about 770-810 HV-ESATEST in the re-hardened
area. The results of surface hardness measurement are summarized in Fig. 3.

Comparing measured hardness and results of the surface temper etch inspection
a good correlation can be seen. Flanks with a consistent condition showed a
comparable hardness. Flanks with local temper burn showed a changing hardness
over the flank.
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3.3.2 3MA Testing

3MA is an acronym for “Mikromagnetischer Multiparameter Mikrostruktur- und
Spannungs-Analysator”. The 3MA-apparatus was developed by the IZFP-Sa-
arbriicken (Fraunhofer Institute for Non-Destructive Testing). It is based on
measuring different micromagnetic parameters. Because of physical and material-
based interrelations, micromagnetic parameters can be used for indicating grinding
burn and determining material characteristics of the surface and the near
subsurface.

The used 3MA-technique records 41 different micromagnetic parameters. One
of these micromagnetic parameters is barkhausen noise. Which parameters are
important and are used to define a material characteristic is determined by
regression analysis. Some micromagnetic parameters can be redundant. Its dif-
ferent behaviour toward disturbances makes it possible to eliminate or reduce the
influence of those disturbances.

In order to get quantitative results by 3MA Testing the 3MA analyser has to be
calibrated with specimens which have a well-known surface and subsurface
condition. This calibration is based on a multiple regression analysis [see Eq. (1)].

y = bo+ by -x1+ by-xp+ bs-x3+ ... + bp-xp (1)

The variable y is a characteristic of surface or the near subsurface like hardness
or residual stress. The variables x;, X,, X3, ..., X, are micromagnetic parameters.
bo, by, ba, ..., by are the coefficients of the regression analysis.

Figure 4 shows results of 3MA Testing after calibration. A good correlation
between the characteristics detected by ESATEST, metallography and x-ray-dif-
fraction analysis and the results of 3MA testing can be seen.

3MA Testing is an adequate method for a comprehensive, non-destructive
inspection of gear flanks before, during and after the test run. After a calibration,
the 3MA-system can be used for the quantitative determination of the hardness
distribution and the distribution of residual stresses over the depth. These results
are elementary for detecting correlations between the flank-load-carrying capacity
and material characteristics.
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Fig. 4 Correlation between 3MA Testing and ESATEST, metallography and x-ray-diffraction
analysis
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3.3.3 Barkhausen Noise Measurement

Based on the amplitude of the barkhausen noise the influence of the grinding
process can be indicated qualitatively. By measuring only one micromagnetic
characteristic a quantitative information concerning the surface and near subsur-
face condition is not possible. Barkhausen noise measurement is a non-destructive
method for indicating grinding burn which is occasionally used by industry.

During the measurement, an alternating magnetic field is induced by field coils
and a magnet yoke. The occurring barkhausen effect, i.e. changes or rotation of
ferromagnetic domains, is detected by a hall-element. As a function of the mag-
netic field intensity the barkhausen noise level Myax is detected.

The barkhausen noise level is dependent on hardness and residual stresses.
Therefore, barkhausen noise measurement is an option for detecting grinding burn.

Figure 5 shows the mean values of measured barkhausen noise levels for the
examined gears with different grades of temper burn. A good correlation between
the etchings and barkhausen noise measurement can be seen. Specimen FAO shows
a barkhausen noise level MP < 50. Specimens with temper class FB and FD show
a barkhausen noise level MP > 50 in the tempered area. For specimen FE3 the
re-hardened tooth flank obviously leads to a reduced barkhausen noise level.
Therefore, it can be seen that the analysis of the surface and the near subsurface of
specimen with re-hardened areas is limited.

The combined use of different methods for indicating grinding burn made a
detailed description of every test series possible. Every method has its own
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Fig. 5 Measured Barkhausen Noise (mean values) for different grades of grinding burn;
correlating etchings
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benefits but also some disadvantages. A detailed evaluation, based on the results
from the research project and a rating by industrial partners is given by Schw-
ienbacher and Wolter (2007).

4 Running Tests

The gear running tests were carried out under defined testing conditions in a
standard FZG back-to-back test rig with centre distance a = 91.5 mm (gear
geometry II) as well as in a FZG back-to-back test rig with variable centre distance
(three-axis test rig, here a = 75.6 mm, gear geometry I).

For each test series a number of repeated test runs in the range of infinite and
finite life were done. The limiting number of load cycles was 100 - 10°. Based on
these results, S—N-curves with a failure probability of 50 % and the allowable
stress number regarding pitting damages oy, acc. to DIN 3990 (1987) were
determined for each test series.

Compared to the reference test series without grinding burn effects all other test
series, except FB1, show a variable reduction of the flank-load-carrying capacity
depending on the grinding burn grade. In Fig. 6 the experimentally determined
values of the endurance limit regarding pitting damages based on S—N-curves are
summarized for each test series.

Gniim [N/mm?] >

FAO  FBf FAO FD3
generating grinding profile grinding
test geometryll test geometryll test geometryl

Fig. 6 Experimentally determined values of the endurance limit regarding pitting damages
(* partly strong micropitting)
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The test series FB1 with light grinding burn on max 10 % of the active flank
area shows no reduction of flank-load-carrying capacity in comparison to the
reference state (FAQ). In contrast to the other test series no tensile residual stresses
were measured at the influenced flank area of this test series.

With increasing flank area influenced by grinding burn (25 and 100 %) the
supporting effect of non-damaged adjacent areas diminishes. Therefore, the cor-
responding test series show a significant reduction of the endurance limit regarding
pitting damages in comparison to the reference state without grinding burn. The
grade of grinding burn correlates with the reduction of the flank-load-carrying
capacity for these test series. For example the endurance limit of test series with
heavy tempering (class D) decreases more than the endurance limit of test series
with light tempering (class B).

The test series with rehardening (FE3) shows the least reduction of endurance
limit in comparison to the reference state without grinding burn, but during the
running tests additionally also micropitting in the dedendum flank area of some
teeth was observed.

Profile ground test series with grinding burn damages showed the most con-
siderable reduction of the endurance limit. A deeper effect of grinding burn (in
comparison to the test series produced by generating grinding with similar visual
appearance after the etching process) was supposed for this fact.

Compared to the main geometry II (m,, = 5 mm, 18CrNiMo7-6), the test series
with gear geometry I (m, = 3 mm, 16MnCr5), showed the same decrease of flank-
load-carrying capacity induced by grinding burn effects. These investigations were
done with a reduced number of trials.

5 Correlations Between Flank-Load-Carrying Capacity
and Single Material Characteristics

The reduction of flank-load carrying capacity can be correlated with the results of
the analysis of grinding burn (surface temper etch inspection, destructive and
non-destructive analysis). Figure 7 faces exemplarily the ratio oyjim, exp/OHiim, exp,
reference With the change of surface hardness due to grinding burn. Regarding
Barkhausen noise, the hardness distribution or the residual stress distribution
similar correlations were found.

The results of analysis of surface and subsurface condition can be used for
predicting the resulting flank-load-carrying capacity. For this purpose, Schw-
ienbacher (2008) defined the so-called surface zone factor Zg and proposed to
upgrade the calculation method according to DIN 3990 (1987)/ISO 6336 (2003).
Zg takes account of the reduction of the endurance limit (pitting) due to grinding
burn effects. It can be determined based on the results of surface temper etch
inspection, by knowing the reduction of surface hardness or by knowing the entire
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condition of the near subsurface (hardness distribution, residual stresses). Zg is
described comprehensively by Schwienbacher (2008).

6 Conclusions

An inappropriate grinding of case hardened gears may lead to grinding burn
damages. This effect may diminish the flank-load-carrying capacity significantly.
It is possible to characterize the relevant material condition of surface and near
subsurface by using different inspection methods. With help of the results of this
characterization the flank-load-carrying capacity of gears showing grinding burn
effects can be estimated. For this purpose the surface zone factor Zg has been
defined based on extensive experimental and theoretical investigations. The here in
described methods for analyzing gears are different possibilities for indicating
grinding burn. Every method has its own benefits but also its disadvantages. For
getting a detailed description of the condition of surface and near subsurface after
grinding a combination of different testing methods is generally the best way.
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Recent Developments in Automotive
Differential Design

Athanassios Mihailidis and Ioannis Nerantzis

Abstract The current paper consists of two main parts: In the first, the evolution
of passenger car differentials during the past twenty years of automotive design is
presented. A short description on the features and principle of operation of each
device is given. In the second part, a recent advance in differential design is
presented. It is a newly developed differential, designed to actively control the
distribution of the driving torque to the wheels. The new device incorporates an
electric machine, which can operate either as a motor or generator and affects
torque distribution to the vehicles driving wheels. The driving behavior of a
vehicle equipped with the new differential was simulated in ADAMS/Car. Com-
parative results were obtained using the following three types of differentials: an
open differential, a limited slip differential and the new actively controlled device.
Acceleration tests on road surface with different friction coefficient on each side of
the vehicle for each differential type verified the accuracy of the simulation and
verified that driving stability can be enhanced by actively controlled differentials.

Keywords Differential - Torque vectoring - Torque sensing - Active yaw

1 Introduction

The development and use of differential mechanisms starts form the ancient times
and evolves in our days to the most complex driveline systems. Historical evidence
for the existence of an early differential device is the Antikythera mechanism
(de Price 1974). The device is dated back to 80 BC and it derives from many
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analyses that it contained a differential gear, which is interpreted as a mechanism
with two degrees of freedom. Since the first automobiles were built, the imple-
mentation of a differential device on the drive axle became an urgent necessity.
Historically, the invention of the differential is attributed to Onésiphore Pecueur,
who patented in 1828 a steam vehicle that included a differential gear on the
driving axle (Nunney 1998).

In the following, the development of automotive differentials during the past
twenty years is presented. According to their special design features, they can be
categorized into six categories:

Bevel gear differentials

Crossed helical spur gear differentials

Parallel axes spur gear differentials

Parallel axes internal spur gear differentials
Gearless differentials with CAM curved surfaces
Gearless differentials with friction clutches.

Torque is applied to the driving wheels through a differential gearbox that
allows the driving wheels of a vehicle to rotate at unequal rates while cornering.
The most common type is the open differential, which distributes the driving
torque equally to both driving wheels. It operates satisfactory when the wheels
operate below the traction limit. When the traction limit of one wheel is exceeded,
it slips and the torque on both wheels is reduced. A solution to this problem is the
use of a limited slip differential (LSD) that limits the torque difference by intro-
ducing friction between the halfshafts and the differential’s body in terms of
mechanical or hydrodynamic clutches. This design solves the problem of accel-
eration on road surfaces with different friction coefficient on each side (split p),
where the traction of one wheel is limited. However, these types of differentials
affect cornering ability towards under-steering. In this paper the evolution of the
differential design is outlined at first. Then, a newly developed differential is
presented that allows for enhancement of handling performance by actively con-
trolling the torque distribution to the driving wheels.

2 Recent Differential Designs
2.1 Bevel Gear Differentials

The most common design of a vehicle’s differential is the bevel gear differential.
In 1989 Tochigi Fuji Sangyo (Hagiwara and Teraoka 1989) presented a differential
in which slip limiting control is done by an electric motor (Fig. 1).

Figure 2 shows a design of Honda (Shibahata 1990) where a hydraulic con-
tinuously variable transmission system is used in parallel with a differential to
control torque distribution.
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Fig. 1 Limited slip bevel
gear differential (Hagiwara 1
and Teraoka 1989)
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The Active Yaw Control system introduced by Mitsubishi was developed
during the 1990s. As seen in Fig. 3, it consists of a bevel gear differential, two
multiple disk clutches and three gear pairs, which enable the alteration of speed of
the clutch disks. This combination makes possible the distribution of torque to the
driving wheels independently of their speed (Sawase and Sano 1999). In such
systems the meaning of slip limiting is often confusing and therefore they are
called torque proportioning or torque vectoring systems. In the last decade the term
“torque vectoring” is used to describe the controllable torque distribution to the
driving wheels of road vehicles. This is achieved with differentials similar to the
two previously described in combination with an electronic system that monitors
and logs the dynamic status of the vehicle and determines the desired torque for
each wheel. Park and Kroppe (2004) describe a torque vectoring system which
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Fig. 3 Active Yaw Control input
differential (Sawase and Sano A
1999)
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includes a bevel gear differential. Other systems use a hydraulically actuated
clutch to control torque proportioning of a bevel gear differential (Piyabongkarn
et al. 2006a, b).

2.2 Crossed Helical Spur Gear Differentials

In such differentials the motion between the sun gears is transmitted with two sets
of intermediate planets. The planet sets have opposite verse of rotation while their
axes are crossed. During the 1950s Vernon Gleason sets the main design features
of a crossed helical spur gear differential that evolved to the widely known Torsen
type I differential. The mass production of this type of differential starts in the
1980s. Gleason Corporation, that produced the differential for the first time,
published in 1988 the specifications of the Torsen type I differential (Chocholek
1988). A detailed analysis of the operation principles and the properties of Torsen
type I differentials was presented by Shih and Bowerman (2002). One of the latest
advances in the gear characteristics of such differentials was presented by Torvec
Inc. (Gleasman et al. 2008). The differential is shown in Fig. 4.

2.3 Parallel Axes Spur Gear Differentials

This category includes differentials with spur gears, in which each sun gear
engages with a separate set of planets and the two sets of planets are engaged
together. The planet carrier receives torque from the vehicles engine. When either
sun gear rotates clockwise in relation to the carrier the planets meshing with it
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Fig. 4 Torvec differential
(Gleasman et al. 2008)

rotate counterclockwise. Then, the other set of planets rotates clockwise and the
second sun rotates counterclockwise. With the carrier motion superimposed to the
previous motions the resulting motion is that of a differential. The Torsen type 11
differential is the most common design in this category.

Figure 5 shows a variation in which the two planet sets are mounted on dif-
ferent axial distances from the corresponding sun gears. The slip limitation can be
adjusted by altering the preloading of springs (Ceccano and Novelli 1990).

In 1992, Zexel Gleason announces the invention shown in Fig. 6. The main
difference is that two planets from separate sets engage at two separate regions at
both ends of their length (Tseng 1992).

Mohan and Sharma (2006) presented a differential with parallel axes capable of
controllable torque distribution in combination with a four wheel steering system.
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Fig. 5 Parallel axes spur
gear differential (Ceccano
and Novelli 1990)

Fig. 6 Parallel axes spur
gear differential (Tseng 1992)

2.4 Parallel Axes Internal Spur Gear Differentials

These differentials are actually planetary gear systems where the drive axles and
engine shaft are connected with the internal and external sun gears and the carrier
respectively.
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Fig. 7 Mitrsubishi active yaw control differential (Sawase and Niwa 1993)

In 1993, the differential shown in Fig. 7 was presented, which consists of a
planetary system, two disk clutches and three gear pairs that alter the speed of the
clutch shafts (Sawase and Niwa 1993). This differential and the further evolved
versions as well comprise basic parts of the Super AYC (active yaw control)
system developed by Mitsubishi. They allow torque distribution independently of
the relative speed of the driving wheels to the differential shell (Ushiroda et al.
2003).

Honda Motor presented in 1994 a series of devices one of which is shown in
Fig. 8. Although the planetary systems are connected in various ways, they all
have a common feature: A hydraulic pump and motor pair that is electronically
controlled to determine the torque distribution independent of the relative wheel
speed to the differential shell (Shibahata and Tokushima 1994).

Analyses of torque vectoring systems consisting of parallel axes internal spur
gear differentials can be found in literature (Wheals et al. 2004, 2005, 2006).

Figure 9 shows a differential that consists of a helical spur gear planetary
system where the planets are floating and their face surface and the cylindrical
surface of the teeth tips are sliding on the planet carrier (Yoshiyama and Hasegawa
2004). The carrier is connected to the input shaft while the ring and sun gears are
connected with the output shafts. The torque is distributed unequally and this is the
reason why this device is used as a central differential in four wheel drive vehicles.
Further development of this main idea lead to the differential known commercially
as Torsen type 3 of Zexel Gleason.
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Fig. 8 Honda active yaw
control differential (Shibahata
and Tokushima 1994)

Fig. 9 Planetary gear train
used as a differential
(Yoshiyama and Hasegawa
2004)
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Fig. 10 Gearless differential (Young et al. 1995)

2.5 Gearless Differentials with CAM Curved Surfaces

In the 1990s many variations of differentials with sliding elements were designed.
Figure 10 shows a representative example of such differentials (Young et al.
1995). The ends of each sliding element are inclined and have triangular shape.
The disks that are in contact with the elements are formed similarly to bevel gears
though their flanks are planar. Behind each disk surface treated rings are placed in
order to increase friction with the shell.

The differential shown in Fig. 11 consists of two cylinders with circumferential
grooves (Mimura 1999). The shell has corresponding straight grooves. In the
intermediate space spherical rolling elements are placed. Cages formed from metal
sheets hold the rolling elements and swing axially. They connect the cylinders
imposing them to rotate in opposite directions. The shell is connected to the input
and the two cylinders the output shafts of the differential.

One of the most recent gearless differential designs with CAM surfaces is
shown in Fig. 12. It is patented by Eaton Corp. (Radzevich 2011) and it is known
with the commercial name Detroit Locker.

2.6 Gearless Differentials with Friction Clutches

Haldex Traction Corp. presented in 1998 the first version of a joint for drive axle
connections with a multiple disk clutch that is activated by an electromagnetic
brake (Severinsson 1998). It substitutes the central differential in four wheel drive
vehicles as it allows torque transfer to the two drive axels independently of their
relative speed. In the following year, the evolution of this invention was presented.
The device is known by the name Haldex (Lundstroem 1999). It consists of a
multiple disk clutch and a unit that contains three rotating disks with properly
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8

Fig. 12 Eaton gearless differential (Detroit Locker) (Radzevich 2011)

located holes (Fig. 13). A hydraulic system pressurizes oil through these holes
generating an axial thrust that compresses the clutch. Another design, which
substitutes the central differential, is described by Gassmann and Barlage (2004).
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Fig. 13 Haldex joint (Lundstroem 1999)

3 New Differential

In the following, a new differential featuring controllable torque distribution that
has been recently developed by the authors is presented. It consists of two identical
planetary gear systems, an inversion mechanism and an electric machine with the
ability to operate both as a motor and as a generator (Mihailidis and Nerantzis
2010).

The schematic view of Fig. 14 shows the principle of operation. The ring gears
3, 3’ are both connected to the input shaft 7 and thus always have equal speed. The
sun gears 1, 1’ are interconnected through the inversion mechanism that consists of
shafts C, C', E, and E’ and gears 4, 4, 5, 6, 5" and 6'. As the vehicle enters a turn
the carriers B, B’ of the two planetary systems, which are connected to the driving
wheels, rotate at different speeds. The inversion mechanism forces the two sun
gears to rotate in opposite directions allowing the carriers to have different speeds.
The torque distribution is controlled by the electric machine that is connected to
one of the inversion mechanism shafts. By breaking or assisting the motion of the
shaft higher torque is transmitted to the internal or the external wheel respectively.
An electronic system, which controls the direction and magnitude of the torque
applied by the electric machine, is needed to determine the torque distribution.
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Fig. 14 Schematic view of I
the new differential I E'

AT

Hﬂ
I
!

4 Simulation

In order to evaluate the handling performance of the new differential, the first
Formula SAE race car of the Aristotle University Race Team (Mihailidis et al.
2009) was modeled in the ADAMS/Car environment. It is a rear wheel drive car
with front and rear double wishbone suspensions. The following three types of
differentials were modeled and compared: (a) An open differential where both
halfshafts apply equal torques to the wheels. (b) A viscous differential (LSD) in
which the differential torque is determined from a map of halfshaft rotational
speed difference and applied friction torque. (c) The third is a model using a torque
distribution strategy to exemplify the capabilities of the new differential.

The simulation scenario is acceleration on split u surface, where the right
wheels are driven on a surface with u = 0.5 while for the left wheels on a surface
with u = 1. The initial speed is 10 km/h, the steering wheel is locked at 0° and the
throttle position is set to 100 %. Under this conditions the new differential emu-
lates a viscous one.

Figure 15 shows the differential torque over time. A positive value means that
the left wheel receives more torque than the right. Therefore, the vehicle deflects to
the right as shown in Fig. 16. Finally, Fig. 17 shows that the acceleration per-
formance of the new differential, when emulating a viscous unit, is superior
compared to the performance of an open differential. In the latter case at approx.
4 s. slip occurs and the acceleration drops.

An experimental layout of the device has already been designed and built and
experiments concerning the effect of the new differential on the driving behavior
are currently carried out. Figure 18 shows the experimental differential. An
electronic system that determines the torque distribution was also designed and
built for the purposes of experimentation. Some early tests proved that the new
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Fig. 15 Split p test—
differential torque

Fig. 16 Split u test—vehicle
maneuver
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differential affects vehicle driving behavior selectively either towards understeer or
oversteer depending on the torque applied to the inversion mechanism by the

electric machine.
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Fig. 17 Split p test—vehicle longitudinal acceleration

Fig. 18 Experimental differential

5 Conclusion

This paper presents the design of the differential mechanism as it has evolved
during the last twenty years. Open differentials have the drawback that they fail to
transmit the required torque and introduce driving instability on sloppy roads.
Locked differentials, and to a lesser extent limited slip differentials, influence the
driving behavior towards under-steering. Therefore, the most challenging design
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requirement is to build a differential with adjustable torque distribution. A recently
developed such device is also presented in this paper. First test runs show
promising results.
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Load Capacity of Worm Gears

Vojislav Miltenovi¢, Milan Bani¢ and Aleksandar Miltenovié

Abstract Worm gearing has very wide use in power transmission in movement
and the correct work of the complete machine system depends on it. Latest
research in this area shows that there may be a large number of limited states in its
work which are identified on the basis of the state of working surface. This paper
considers these limited states and gives a critique of load capacity calculation.

Keywords Worm gear - Load capacity - Limited state

1 Introduction

Worm gears have very wide use in transmission gear and movement because they
have several advantages in comparison to other types of gears. The basic char-
acteristics of worm gears are:

e Possibility of achieving huge gear ratio of one worm gear pair. If revolution is
reduced, gear ratio is in 5 < u <70 (for small power it is possible to achieve gear
ratio of up to u < 1000).

e Considerably smaller internal dynamic forces and sound, by absorbing
vibrations.

o Efficiency of worm gearing is relatively high because of huge sliding between
sides in contact of gear and worm gear.
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e They can be produced as self-stopping transmission gearing, which enables
them to have a wide use.
e Power input and output are possible on the both sides of a worm transmission gear.

2 Limited States of Worm Gears

In modern construction solutions it is common to use worm gear made of tin
bronze and worm made of hardened and whetted steel (Fig. 1). Worm gears have
following limited states:

Destruction of tooth side under pitting,

Tooth side wear,

Tooth breakage,

Worming, mining changing temperature stability of gear transmission,
Scuffing,

Worm shaft deflection.

2.1 Pitting Resistance

Pitting is actually the destruction of tooth surface (shaped like small holes and
dimples, Fig. 2) as an effect of huge surface pressures and dynamic stress wear.

One can see the difference between the initial and advance stage of pitting. The
initial stage of pitting is the effect of the first phase of working of transmission
gears. It has a positive effect because it leads to equal load distribution of stress

Fig. 1 Standard worm gear
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Fig. 2 Damage of tooth
surface with pitting Bernhard
(1996)

and better contact pattern. When working conditions are unchanged, this type of
pitting is smaller during a period of time, that is, the damaging process is
digressive. Medium and highly loaded worm gear pairs can be attacked by advance
pitting and it is a huge problem. This pitting has progressive character, so that
destroyed surfaces (Fig. 2) are larger and at the same time the contact pattern is
smaller. The effect is a continuous spreading of damaged surface and change in the
shape of tooth surface. This leads to sudden tooth surface wear, and then tooth
breakage.

While maintaining the working capability of worm gear as limited destruction,
it is taken that the destruction is 30-50 % of tooth surface due to pitting (Fig. 2).
In that case, the correct work of transmission gear is no longer possible.

The process of pitting develops in 4 phases:

dynamic stress wearing;

beginning of initial crack;

crack largening;

destruction of tooth surface or pitting.

e o o o

The following can occur as possible causes of pitting:

existence of hard bodies (contaminants) in oil;

micro welding of tooth surface tips of prominence in contact;

cavitations;

tense forces between oil and metal in the period of sudden unload of pressured
surfaces;

chemical activity/load-crack-corrosion;

e abstracting acid from lubricant.

2.2 Wear Load Capacity

During the period of wearing mining continually wearing material tooth width is
smaller. In the first phase, wearing has a positive effect because it leads to rubbing
of material and accommodation between shapes of tooth surfaces and later stop-
ping any further wear. However, in the cases of huge intensity rubbing, wearing
resistance can be a criterion of working period. Wearing basically depends on
working criteria. Changing of shaft rotation conditions and regime of work, as well
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Fig. 3 Wear damage
of tooth surface, Miltenovié¢
(2011)

as terming off and on transmission gear, lead to increased effect of wearing
(Fig. 3). Using hard and quality worm tooth sides (Case carburising, whetting,
polishing) can result in decreased wearing.

Wearing depends on lubricants as well. When using mineral oils, oil viscosity
has an important effect on wearing. Oils with smaller viscosity result in larger
wearing in comparison to oils with huge viscosity, so it can be said that there is a
proportional relation between intensity of wearing and ISO-VG class.

2.3 Root-Strength of Teeth

Worm gear pairs have dangerous working loads only in tooth root of worm gear,
considering that they are less resistant and less durable in comparison to worm
teeth. In the root tooth of a worm gear, there is a complicated load, and the
dominant stresses are shear and bending.

Worm gear tooth breakage is very rare. Most often causes are striking overloads
when loads appear that are larger than the static strength of material. Wear is also a
considerable effect that causes tooth breakage, and wearing diminishes its cross-
section. Monitoring of working capability in comparison to tooth breakage is
important in due course, and observing critical width of wear layer which prevents
appearance of cracks on tooth.

2.4 Thermal Stability

When designing a gearbox, one should also consider the heat generated inside the
gearbox (efficiency of gearing, friction of bearings, and friction in sealing). This
parameter is not so important in spur or bevel but it is in worm gearing. As worm
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Fig. 4 Scuffing at worm of
through hardened steel and at
wheel of globular cast iron,
Steingrover (1995)

gearing efficiency is lower considerably than that of spur or bevel gearing, con-
siderably more heat is generated in the gearing and has to be removed. Therefore,
thermal safety has great importance for a correct design to ensure gearbox function
within the permitted temperature range of oil. Thermal design/safety tends to be
one of the limiting factors when designing transmissions.

2.5 Scuffing

Scuffing appears as an effect of local overload of tooth side or inefficient lubri-
cation meaning lubricating with oil with non-becomingly lubricated characteristics
and mostly in conditions of huge sliding velocity between tooth sides in contact.
Hardened tooth side of worm with inadequate picture of caring mining interrupted
geometry between sides in touch are also condition lead to destruction due to
scuffing. Typical shapes of destruction due to scuffing are shown in Fig. 4. If there
is destruction due to scuffing and combination of material steel/cast iron this
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process leads to total destruction and it cannot be stopped. However, destruction
due to scuffing can be stopped after short time using the combination of material
steel/bronze and it can lead to uninterrupted running.

2.6 Worm Shaft Deflection

Worm shaft is loaded by radial, axial and tangential force, which leads to con-
siderable bending of shaft, considering relatively large distance between bearings.
Due to bending, deflection of shaft appears which can lead to interference in
contact. Tangential force depends on friction on the teeth sides, so in cases of
insufficient lubricating friction force grows which has for effect considerable
deflection of worm shaft. In conditions of changing loads and revolution per
minute this can lead to smaller contact between tooth sides and local overload of
same, and the effect can be deflection of worm shaft.

Monitoring of work correctness is based on control of contact line between
tooth surface and monitoring of transmission gear thermal stability.

3 Relation Between Limited States

There is mutual relation between certain worm transmission gears. For example,
the development of pitting can be stopped by increased wearing of tooth sides. If
there is critical wearing at worm gear pair than pitting has a secondary mining. But
if critical damage is caused by pitting than wearing is not an important criterion for
calculation.

There is a mutual dependency between wearing and tooth breaking in root.
Wearing diminishes width of worm gear tooth, which should be taken in con-
sideration while maintaining work ability in comparison to tooth breakage in root.

3.1 Wearing and Pitting Process

Fig. 5 shows wearing and pitting process by synthetic oils as lubricants in the
period of time where we can see three phases.

e Phase [—phase of initial pitting. In this phase until number of load circles is Ny ;
small initial damage appears from pitting and there is almost no wearing.

e Phase II—phase of developed pitting. In this phase damage caused by pitting
increases almost linearly. At the end of this phase after number of circles is Ny
(NLn = 3-5 x Npp) pitting intensity is maximal. Wearing in this phase in
minor.
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Fig. 5 Trend of wearing and pitting process

e Phase III—phase of wearing. In this phase we have sudden increase of wearing
and in the same time reduction of pitting size. By increasing the load surface
tooth side wearing size is smaller and in further work period it is almost
constant. Surface destroyed by pitting becomes smaller at approximately
Ap10 red = 3-30 %, whole amount of worn material from tooth sides for both
types destruction is almost constant.

Most common load limitations of worm transmission gears are connected to
pitting and wearing of tooth sides of worm gear. Phases of developing destruction
point show that they are mutually dependent.

3.2 Contact Pattern and Load Capacity

Lubrication between tooth flanks and contact pattern have a decisive influence on
lifetime of worm gears. During the work the slight wear of tooth flanks of worm
gear occurs. Wear zone is the contact pattern (Fig. 6). Contact pattern has a huge
impact on the successful fulfilment of work functions, efficiency and lifetime of
transmissions.

During run-in period, there is only a partial contact (Fig. 7), which leads to
intense wear of tooth flanks. When the full contact pattern is achived, Hertzian
surface pressures are reduced so then the steady state operation occurs, followed
by minimal wear due to mixed friction.
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Experimental studies show that there is direct dependence between the contact
pattern, load and wear (Fig. 8). Minimal wear corresponds to full contact pattern
and moderate loads. Decrease of contact pattern leads to increase of wear.
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Fig. 8 Relationship between wear and contact pattern, Hohn et al. (2010)

4 Load Capacity of Worm Gears

Initial work on the coupling worm pairs were made by Stribeck (1897/98) and
Erbst (1901). Notable research in this area was conducted by Niemann, Weber and
Maushake (1956) also. Calculations of geometry and contact lines are given in the
works of Wilkesmann (1974) and Predki (1982). They give an accurate analytical
procedure for determining the equivalent radius of curvature.

Calculation of load capacity of worm pairs is today based on DIN 3996 (8/2005),
where dimensionless physical characteristic values are defined. These characteristic
values mainly depend on the geometry of the gearing and cannot be measured
directly. They are characteristic value for mean Hertzian pressure p,,*, mean
lubricant gap thickness 4* and mean sliding path s*. Characteristic value p,,* and
h* are defined by Predki (1982), and s* by Neupert (1990). Such defined parameters
are part of DIN 3996 and allow not only the calculation of load capacity and
efficiency, but also a direct comparison of different worm gear geometry.

According to DIN 3996, the ratio between limiting value of contact stress oy,
and mean contact stress g, represents a pitting safety:

_ O Hkr

SH = ESHmin =1 (1)
OHm

The wear safety Sy is calculated from the permissible wear dywim, and abrasive
wear in the normal section Jy,, according to Eq. (2).
_ 5W1im n

Sw = >Swiim =1, 1. (2)
Wn
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Abrasive wear in the normal section dyy, is the function of:

combination of materials used,
oil type and structure,
lubrication film thickness,
load cycle,

loading intensity.

The wear in the normal section dyy, is the result of product of wear intensity Jy,
and wear distance Syy,.

5Wn :JW Swm- (3>

Boundary value for flank-removal dyy;,,, can be determined on different
approaches. The wear limits can be defined by the geometric boundaries and by
experiment determined boundaries.

According to DIN 3996 one of the criteria is to avoid the appearance of a
pointed tip tooth. In this case is given a boundary value of pointed tip tooth for
wear. Permissible wear in the normal section Jyy;m, must not exceed the thickness
of the tooth in the normal section.

Safety for root-strength of teeth Sg is calculated according to (4):

TFkr

Sp = >Sriim =1, L. (4)
F
where:
Tre  permissible shear stress,
TF shear stress

Temperature safety St is calculated according to (5):

Usii
Sp=—" > Ssim = 1, 1. (5)
Us
where
Jsiim  boundary value of oil temperature
Js oil temperature

Worm deflection safety Sg is calculated according to (6):

where
d,,  worm shaft deflection,
diim  permissible worm shaft deflection
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Table 1 Transmission gear

3 Geometrical size Values
a Cental distance @ (mm) 100 (63, 160, 315)
Transmission ratio i 20,5 (10, 30, 40)
Modul m (mm) 4 (2.5, 6.3, 12.5)
Diameter quotient q 9 (10.6)
Number of teeth z; 2(1,4)
Number of teeth z, 41 (30)
Wheel material CuSn12-C-GZ
Worm material 16MnCr5
Input speed (min™") 200-2000
Synthetic oil (Polyglykol) V4o = 460 mm?/s;
Vigo = 82 mm?/s
Fig. 9 Comparison of worm 3000
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speed n; 2 —=Wear
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Analysis of worm gear load capacity is made for family of gear drives with
characteristics given in Table 1. Calculation of load capacity for worm gear

according to DIN 3996 is done through 5 criteria:

Pitting resistance,
Wear load capacity,
Root-strength of teeth,
Thermal stability, and
Worm shaft deflection.

The calculation was performed for various numbers of input speed, gear ratio
and the center distance. For each calculation the maximum output torque 75 ax
was obtained for the required safety. Calculation results of load capacity are shown

in Figs. 9, 10 and 11.

Balanced load capacity is calculated for the selected gear drive (¢ = 100 mm,
i = 20.5) with different input speed n; = 200-2000 min " (Fig. 9). This is the
optimal case, which should be used in practical construction solutions.
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Load capacity for variation of gear ratio i for constant values of center distance and
input speed (¢ = 100 mm; n; = 1000 min~") is limited by pitting safety (Fig. 10).

Other criteria have balanced values.

In case of change of center distance variation and for constant value of gear
ratio and the input speed (i = 20.5; n; = 1000 min~"). Maximal load capacity is
limited by pitting and sump temperatures (Fig. 11).

5 Conclusion

Based on this display one can draw the following conclusions:

1. Conducted analysis of limited states show that most common load limitations
of worm gear pair are connected to pitting and tooth side wearing of worm gear.
It should be taken in consideration mutual dependents between certain types of
destruction and conditions of exploitations.
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2. Load capacity and efficiency of worm gear mainly depends on contact pattern
of the tooth flanks. Selecting the optimal contact pattern reduce wear and
increase efficiency.

3. Shown boundaries of load capacity have for a goal to define the structural
solutions of optimal load capacity of worm gear. Conducted calculation anal-
ysis of worm gear load capacity selected for different criteria shows that it is
possible to obtain a uniform load on all criteria by appropriate selection of the
most influential parameters.

References

Bernhard R (1996) Untersuchungen zur Griibchen-bildung bei Zylinder-Schneckengetrieben.
Dissertation. TU Miinchen

DIN 3996 (8/2005) Tragfdhigkeitsberechnung von Zylinder- Schneckengetrieben mit sich
rechtwinklig kreuzenden Achsen

ERNST A (1901) Eingriffsverhiltnisse der Schneckengetriebe. Springer, Berlin

Hohn B-R, michaelis K, weisel CH (2010) Load capacity and efficiency of crossed helical worm
gears, International Conference on Gears—Gears 2010. VDI Berichte 2108.2 Munich,
pp 1221-1232

Miltenovi¢ A (2011) VerschleiBtragfihigkeits-berechnung von Schraubradgetrieben mit
Schraubridern aus Sintermetall. Dissertation, Ruhr-Universitdt Bochum

Neupert K (1990) Versuche zum Einfluss der Baugrofie auf Wirkungsgrad und Flank-
entragfihigkeit von Schneckengetrieben unter Beriicksichtigung der Schmierstoffviskositit.
Abschluflbericht, Frankfurt Forschungsvereinigung Antriebstechnik e.V. Heft 312

Predki W (1982) Hertzsche Driicke, Schmierspalthhen und Wirkungsgrade von Schneckenget-
rieben. Dissertation, Universitit Bochum

Steingrover K (1995) Untersuchungen zu Verschleil, Verlustgrad und Fressen bei Zylinder-
Schneckengetrieben. Dissertation, TU Miinchen

Stribeck R (1897/98) Versuche mit Schneckengetrieben. Z. VDI 41/42

Weber C, Maushake W (1956) Untersuchung von Zylinderschnecken-getrieben mit rechtwinklig
sich kreuzenden Achsen. Verlag Vieweg, Braunschweig

Wilkesmann H (1974) Berechnung von Schneckengetrieben mit unterschiedlichen Zahnprofil-
formen. Dissertation, TU Miinchen



Gear System Reliability-Based Design
of Gear Drive Units

Milosav Ognjanovi¢ and Milo§ Ristié

Abstract In the field of Engineering Design various methods are established for
technical systems development. Gear transmission units are really a complex
structure with various indicators of their behavior, such as the level of reliability,
vibration and sound level, etc. This article contains the application of property-
based design approach to gear unit reliability system structuring, and then the
application of elementary reliability as a design constraint in design parameters
definition. A specific way for elementary reliability and system reliability is
introduced. Robust and axiomatic design of gear unit components is adapted for
design parameters definition.
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1 Introduction

Property-based design and product development is a specific approach that provides
the possibility to obtain a mature product in the first attempt. In general, technical
systems (products) are the relations established between the function structure, the
organ (machine parts) structure and the system behavior. The main task of the
design process is to provide for the system behavior in order to satisfy necessary
functional requirements (user needs). In the product design process, it is necessary
to start with functional requirements and finish with the product behavior. Product
behavior is the result of product components’ properties and characteristics. For this
purpose, in Fig. 1 the V-model (VDI 2206) of design process is adapted by
Kruhmer et al. (2011). The recognised procedure that starts with functional
requirements and finishes with overall system behavior is divided into 20 steps of
actions. The first 10 steps contain the deduction function requirements to the level
of the parts and assembly properties. Then, there follow the design synthesis and
analysis in order to define the design structure and system integration with the aim
to fulfil the desired systems behavior.

In Fig. 2 is presented the definition of the main terms used in Fig. 1 and
relations between the characteristics and properties at the parts and assembly level.
Also, this presentation explains the basis of the approach presented in this article.

Reliability in the sense as shown in Figs. 1 and 2 can be a user need (functional
requirement), an assembly or a part property and a product behavior indicator
(parameter). The machine part property elementary reliability can be used as the
design constraint in defining the design parameters of the part, assembly and com-
plete design structure. The objective of this article is to apply the presented

. L overall systems’

overall system’s properties | =— behaviour

‘2@’

desired parts” properties

<o~

Domain spe

requirements specification

Fig. 1 Model for the property-based product development (Kruhmer et al. 2011)
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et al. 2011)

methodology for introduction of the system reliability of gear transmission units,
which will present the basis for design parameters definition. Gear unit behavior
provided by this methodology should be indicated by reliability that is desired before
the design process has started.

Reliability system of mechanical structures has been studied in numerous works
and reliability system models provided by these studies produced results that did
not match those identified in exploitation. Besides, the models mentioned are not
oriented to design necessity. They are predominantly developed for the mainte-
nance of the systems. These problems were the reason why reliability systems
weren’t developed for gear drive units. The objective of the article is application of
presented property-based approach in order to establish a specific methodology for
the gear drive units’ development. Reliability is defined in specific way suitable for
design purposes i.e. property-based design.

2 Elementary Reliability as Design Property

Elementary reliability R is defined at the level of machine part or assembly and
connected to a certain failure of this component. In contrast to reliability there
stands unreliability F,, = 1 — R that presents the complex probability. This is a
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combination of service conditions probability p and failure probability P, under
these service conditions, i.e. F},, = p Pg. If during service life the gear pair is
exposed to the flank stress o, with nyy cycles and to stress g, with ny, cycles
and to oy3 with ny;3 cycles (Fig. 4), gear wear unreliability can be calculated as

"
Fy =S pibrs B opr=1 *(GTT)// 1
p*;pi Fi; Pi*E, Fi=1—e ()

Teeth wear (failure) probability Pg; is presented by Weibull’s functions, where
the parameters of those functions #; and f§; are defined for every oy; and ny; (see
Fig. 3). For this purpose, it is necessary to have the area of failure probability for a
certain gear pair, which can be obtained by extensive gear wear testing.

Gear pair can be damaged by wear of the teeth flanks or by teeth fracture. For
both damages, unreliability (elementary reliability) can be defined and calculated.
The question raised is how to define total reliability of the gear pair. It is necessary
to consider the next fasts: (a) If one gear is damaged, it is necessary to remove
both—complete gear pair; (b) Gear pair has to be removed when the first damage
arises—wear or fracture. These are the reasons why total reliability of the gear pair
is equal to lesser reliability connected to wear or fracture. In the dominant number
of cases gear wear reliability is lesser and this is the total reliability of gear pair.

Planetary gear set structure contains three types of gears, central pinion, satellite
gears and inside toothed ring (Fig. 4). In the two types of teeth connections, Herzian
flank stress is much higher in the mesh 1 than in the mesh 2. Stress cycles number of
the central pinion teeth is also high because the speed is higher and three connections
in the course of one revolution. Gear satellites are with much lower number of
revolutions and in the two connections acting with different flanks, left and right. If
the hardness of all flanks is the same, wear will be extremely different (Fig. 4). This
difference is possible to reduce by the choice of corresponding design parameters.
Complete planetary gear set has to be removed without any damage of the teeth. Total
reliability of planetary gear set is equal to minimal reliability in relation to any
damage. This is, first of all, reliability of the central pinion teeth wear.



Gear System Reliability-Based Design 159

Fig. 4 Relation of teeth wears in planetary gear set
3 Gear System Reliability

Before deducing functional requirements, it is necessary to deduce design structure
into components suitable for hierarchy processing of requirement indicator. In
Fig. 5a gear transmission unit for bucket wheel traction of bucket wheel excavator
is presented. For hierarchy processing (deduction) of total gear unit reliability, gear
unit is structured into three sub-units i.e. transmission steps. The first stage (1)
contains bevel gear pair together with planetary set for auxiliary drive. The second
(2) and third (3) stages are planetary sets connected between each other. Physi-
cally, decomposition is realised by dismounting the middle screw bolted joint.

In Fig. 5b is presented the structure of elementary reliability for all three stages
of the gear drive unit i.e. reliability three. The second II and third III stages include
reliability of planetary gear set—PGS, reliabilities of the two bearings supporting
planetary carriers—Bg and reliability of the bearings supporting satellite gears—
BS. These three bearings SB are equal and have to be removed when the first of
them fails. This is the reason why the reliability SB is equal to one of the three
equal reliabilities of the three satellite gears. Presentation in Fig. 5b contains
reliabilities of the three sealing sets Se, one at the III-stage i.e. at the output shaft,
one at the input shaft and one at auxiliary traction shaft (stage-I).

The first stage of the sub-system is presented in Fig. 6. This is the gear system
which consists of bevel gear pair and planetary gear set settled inside the bevel
gear. The bevel gear pair transmits torque from the main traction motor to the
second stage of planetary gear set. In the course of this operation inside the
planetary gear set is fixed by the shaft for auxiliary drive. When the mine traction
motor (shaft with the bevel gear) is fixed, auxiliary drive is acting via planetary
gear set and bevel gear presents the inside toothed ring of this planetary set. Bevel
gear and inside toothed ring of planetary set is the same machine part. Failure of
the bevel gear pair (Rpg), or failure of the planetary gear set (Rpg), requires the
replacement of both, bevel gear pair and planetary gear set. This is why the



160 M. Ognjanovi¢ and M. Risti¢

(a) (b)
)

|I—stage |II—stage |III-stage

a2

7

DE
QUTLE!

(=]

9099990
]

Fig. 5 Planetary gear drive unit of the wheel of bucket wheel excavator. a Gear drive drawing.
b Structure of elementary reliability—reliability tree

reliability of all gears in I-stage assembly R, (Fig. 6) is equal to minimal reliability
of Rgg and Rpg. This planetary gear set contains four bearings B-1, B-2, B-3 and
B-4, and each of them in the reliability three in Fig. 6b is presented by a single
elementary reliability. Also, satellite gears are supported by bearings and ele-
mentary reliability of one of them Sb is included in the reliability system. The
reason for this was explained above. The satellite carrier can be damaged in the
spleen connections and elementary reliability is presented by SC. Elementary
reliabilities of gears, bearings of planetary gear set and satellite carrier, multiplied
between each other, all present the reliability of input gear set IGS (Rjgs). The
system of reliability of the I-stage gear unit is completed by elementary reliabil-
ities of bearings Bg-1, Bg-2, Bg-3, Bg-4 and reliabilities of seals Se-1 and Se-2.
These bearings are supporting bevel gear pair and the whole assembly of bevel
gear pair and planetary gear set inside the bevel gear hub.

4 Gear Unit Design

Design parameters of gear unit components provide fulfilment of the overall
design behavior. Design robustness based on axiomatic rules is suitable approach
for design parameters definition. Necessary properties of components are con-
straints in this process. Axiomatic approach contains two axioms, the axiom of
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Fig. 6 First stage of the gear drive unit presented in Fig. 5. a Design structure. b Structure of
reliability system

independency and the axiom of information minimum. Transformation matrix
[A]™" (Fig. 7) defines the relations in design component, which are constrained by
numerous limitations, such as safety or reliability, stiffness, standards, rules, etc.

In Fig. 8, the example is presented. The assembly of the gear, shaft and bearing
is defined by a great collection of design parameters, especially dimensions. The
calculation of dimensions is reduced to the three dimensions, gear diameter d, gear
width b and shaft diameter dg,. In this way, the axiom of information minimum is
fulfilled. Other dimensions are in relation with those calculated. Matrix [G]
(Fig. 8) is the shape vector which defines transformation of parameters in all shape
dimensions. This is the shape parameterization, where varying of the shape
parameters varies the complete shape and dimensions. In Fig. 8 are presented the
two shapes of the same assembly obtained in this way. Similar approach is
incorporated in CAD tools for the shape modeling.

The structure of the matrix [A], according to Suh (Armen et al. 2007), can be
uncoupled, coupled and decoupled. The ideal situation is with uncoupled matrix,
where one DP is responsible for one FR. Real situation is more complex. In order
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Fig. 7 Relations in axiomatic approach

to obtain the decoupled matrix of transformation, the matrix [A]™" is presented in
the form of matrix [C] in the following form.

d en 00 07 (7'

dsn 10 e O 0 T (2)
C o 0 0 33 0 T

SE 0 0 0 C44 1

{a}=[c]{r}

{P}= {d’b’dsh)max}
{q}= {‘1;1 ngabgs3,51,52,...}

Fig. 8 Example of DP minimization and variation
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The axiom of independency is conditionally fulfilled. The members of matrix
[C] and design parameters d, d,, carrying capacity of the bearings C and seal type
indicator SE have to be calculated successively. The member c;; is in relation with
elementary reliability R; against wear failure of gear pair, ¢ = f(R;).

T
d=rkl—— = T3 3
11 (PO—%Ides Cll(UHdes) max ( )

After the calculation of gear diameter d, it is possible to calculate the shaft
diameter because the shaft loads depend of the gear diameter, i.e. c2; = f(d, R,),
and also of the shaft reliability R,. The next step is calculation of bearing carrying
capacity using matrix member ¢33 which is in relation with the both diameters
d and d;, the total number of bearing revolutions along the service life ny, and of
bearing reliability R3, i.e. ¢33 = f(d, dg, nx, R3). Lastly, the matrix member c,4 is
in relation to the shaft diameter d;,, to the total number of the shaft revolutions nyx
and to seal reliability Ry, i.e. ca4 = f(dg, ns, R4). The main feature of robustness
is covered by reliability.

5 Conclusion

The presented methodology shows a few new approaches to design of technical
(mechanical) systems applied for gear transmission units design. Some of the new
approaches and applications are as follows:

e Property-based product development is presented and applied for gear units
design. Gear unit reliability is treated as a functional requirement at the
beginning of the development process, as a structural component property in
order to design parameters definition, and as an indicator of product behavior at
the end of the process.

e The new and specific way of gear units reliability structuring is presented.
Reliability is connected to possible failures at the elementary level, at the
assembly level, and at the system level. Structuring of the system reliability is
also specific.

e Axiomatic approach and robust design methodology are also adapted for
application in gear transmission units design.
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On Fundamentals of the Scientific Theory
of Gearing

Stephen P. Radzevich

Abstract Fundamentals of scientific theory of gearing are briefly disclosed in the
paper. The undertaken research is based on an extensive application of the DG/K-
based method of surface generation. Criteria a scientific theory of gearing must
meet with are formulated in the paper. It is postulated that the given kinematics of
a gear pair (namely, a given configuration of the rotation vectors of the driving and
of the driven members) along with the power being transmitting is the principal
start point, which the scientific theory of gearing can be derived from. Starting
from that, analytical expressions for the gear and for the pinion teeth flanks are
derived. Spatial gearing of this kind is geometrically accurate. It is featuring line
contact of the interacting teeth flanks. All known kinds of gearing are covered by
the developed theory of gearing. Moreover, the proposed theory is a powerful tool
for the development of gearing of novel kinds with a prescribed performance.

Keywords Gear - Pinion - Synthesis - Indicatrix of conformity - R-gearing
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G and P Teeth flanks of the gear and of the pinion

Cnf (G/P) Indicatrix of conformity of the gear tooth flank, G, and of the pinion
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o, and @, Rotation vectors of the gear and of the pinion

(O] Vector of instant rotation of the pinion in relation to the gear
C Center-distance of a gear pair

z An angle between the rotation vectors @, and o,

O, and O, Axis of rotation of the gear and of the pinion
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Dno Normal pressure angle
Ag and A,  Apexes of the gear and of the pinion
Apa Apex of the plane of action.

1 Introduction

Beginning of the developments in the realm of theory of gearing can be traced
back for centuries ago. A profound overview of the accomplishments in the field
can be found out in Radzevich (2012). All the significant achievements in the field
of gearing attained by Leonardo and by the later researchers are covered by the
performed retrospective analysis.

It is shown in the performed analysis that for a long while only particular
problems those pertain to gearing were under consideration. Starting from the
famous monograph by Olivier (1842) more general problems in the field of gearing
were involved into the research. The monograph by Theodore Olivier (1842) is the
first book ever entitled as “Theory of Gearing”.

However, no scientific theory of gearing is developed so far. A profound
scientific theory of gearing is proposed by Radzevich (2012).

The developed Theory of Gearing is based on the fundamental postulate':

Postulate: All the design parameters of an optimal gear pair for a particular
application can be derived from a given configuration of the rotation vectors of the
driving of the driven shafts, and on the power being transmitting by the gear pair.

Fundamentals of the developed Theory of Gearing are briefly outlined below.
Any and all possile kinds of gearing, both already known as well as not known yet
can be derived from the proposed Theory of Gearing following formal routine.

2 Principal Features of the Proposed Scientific Theory
of Geairng

The developed scientific Theory of Gearing is based on rotations of the driving and
of the driven shafts, and on power being transmitting by the gear pair. This is the
least possible amount of the input information based on which design parameters
of an optimal gear pair can be calculated.

It is instructive to point out here on the similarity between the proposed scientific Theory of
Gearing, and between Euclidian geometry. Euclidian geometry is entirely derived from the
postulated set of five axioms. Any and all scinetific theories should posses this property. The
proposed scientific Theory of Gearing meets this requirement as it is entirely derived from
the fundamental postulate.
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Principal features of the developed scientific Theory of Gearing are briefly
outlined below.

2.1 Kinematics of a Gear Pair

Kinematics of a gear pair to be designed can be specified in terms of rotation
vectors ®, of the driving shaft (commonly, of the pinion), and ®, of the driven
shaft (commonly, of the gear) as it is schematically shown in Fig. 1. In general
case the rotation vectors @, and ®,, are apart of one another at a center-distance, C.
The rotation vectors @, and o, make an angle, which is commonly denoted by X,
(2 = Z(og, o).

For a given configuration of the rotation vectors ®, and ®, a rotation vector of
instant rotation o, is calculated (m,; = ®, — ). Axis P, of the instant rotation
of the pinion about the gear is along the rotation vector ®,; (Fig. 2). It is conve-
nient to apply the rotation vectors ®,, ®, and m,; at the points A,, A, and A, of
intersection of the straight line along C with the axis of rotation of the gear, O, of
the pinion, O,, and the axis of instant rotation, P,. The points A,, A, and A, are
apexes of base cones of the gear, of the pinion, and of the plane of action
accordingly.

Total number of possible kinds of vector diagrams of gear pairs is limited just to
11 vector diagrams. The vector diagrams of gear pairs are classified. All possible
kinds of gearing (external gearing, internal gearing, as well as gear-to-rack
meshes) are covered by these 11 kinds of vectors diagrams.

Fig. 1 On the concept of vector representation of kinematics of a gear pair
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Fig. 2 An example of the vector diagram of a gear pair

2.2 Generation of Teeth Flanks of the Gear
and of the Pinion

Base cones of the gear and of the pinion together with the plane of action are
employed for the purposes of generation of lateral surfaces of the gear tooth, and
of the pinion tooth.

Plane of action, PA (Fig. 3), is a plane through the vector of instant rotation,
®p;. The plane of action makes normal pressure angle, ¢, ,, with the straight line
segment A A,,.

Base cone of the gear can be generated as an envelope to successive positions of
the plane of action in rotation of the PA about the gear axis of rotation, O,. Base
cone of the gear is designated as I'.

Base cone of the pinion is determined in a way similar to that above the base
cone of the gear is determined. It is generated as an envelope to successive
positions of the plane of action in rotation of the PA about the pinion axis of
rotation, O,. Base cone of the pinion is designated as ;.

When the gears rotate the plane of action is in permanent tangency to both the
base cones. The plane of action is unwrapping from the base cone of the driving
member, and it is wrapping on the base cone of the driven member.

Teeth flanks of the gear and of the pinion are generated by a line of contact, LC.
Prior to generate the teeth flanks a line of contact, LC having reasonable geometry
must be chosen. A planar curve that is entirely located within the plane of action,
PA, can be employed as the line of contact, LC, between the gear tooth flank, G,
and between the pinion tooth flank, P. The planar line of contact, LC, is associated
with the plane of action, and it is traveling together with the PA when the gears
rotate.

Tooth flank of the gear, G, is represented by a family of consecutive positions
of the line of contact when the LC is moving in relation to a reference system
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Base Cone "|
(Th Pinion)|

Fig. 3 Base cones and the plane of action, PA, in an orthogonal crossed-axis gear pair

X,Y,Z, associated with the gear. In this case the generated tooth flank, G, is
represented in the reference system XY, Z,.

Similarly, tooth flank of the pinion, P, is represented by a family of consecutive
positions of the line of contact when the LC is moving in relation to a reference
system X, Y, Z, associated with the pinion. In this case the generated tooth flank, P,
is represented in the reference system X,Y,Z,.

The generated in this way teeth flanks G and P of the gear and of the pinion are
a kind of conjugate surfaces.

Crossed-axis gearing (further, CA—gearing) featuring teeth flanks of the just
disclosed geometry is a novel kind of gearing. This kind of CA—gearing is referred
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to as R—gearing.> R—gearing is the only kind of geometrically accurate CA—
gearing with line contact of the teeth flanks of the gear, G, and of the pinion, P,
which is capable of transmitting a smooth rotation from the driving shaft to the
driven shaft. CA—gearing of no other kind is capable of doing that.

In a degenerate case, namely when center-distance, C, reduces to zero (C = 0)
the crossed-axis R—gearing is simplified to an intersected-axis conical involute
gearing. Intersected-axis gearing (further, /A—gearing) of this particular kind
features teeth flanks in the form of involute surfaces developed from the corre-
sponding base cones.” JA—gearing of this kind may feature various geometries in
lengthwise direction of the gear teeth.

In another degenerate case, namely when the angle X is equal £ = ©n (here n is
an integer number, n = 0, 1, 2, ...), the crossed-axis R—gearing is simplified to a
parallel-axis cylindrical involute gearing. Parallel-axis gearing (further,
PA—gearing) of this particular kind features teeth flanks in the form of involute
surfaces constructed on base cylinders.* Again, PA—gearing of this kind may
feature various geometries in lengthwise direction of the gear teeth.

Optimal geometry of the teeth flanks G and P in lengthwise direction of the gear
tooth is another problem to be solved.

2.3 Optimal Geometry of the Teeth Flanks in Lengthwise
Direction

Teeth flanks in R—gearing are specified in terms of geometry of the line of contact
of a reasonable geometry. Optimal geometry of the line of contact, LC, is remained
undetermined yet.

For the purposes of determining of optimal geometry of the line of contact in
lengthwise direction of the teeth flanks of the gear and of the pinion an analytical
description of the contact geometry of the teeth flanks G and P is employed. This
approach is adopted from the DG /K —based method of surface generation. Details
on the DG /K — based method of surface generation can be found out in Radzevich
(1991, 2001, 2008, 2010, as well as from many other sources).

In the DG/K— based method of surface generation indicatrix of conformity,
Cnfr (G/P), of the contacting teeth flanks of the gear, G, and of the pinion, P, is
employed. An example of the indicatrix of conformity Cnfz(G/P) for the case of
line contact of the teeth flanks G and P is schematically illustrated in Fig. 4.

2 The development of R—gearing is credited to Radzevich.

3 1t is worthy to point out here that geometrically accurate intersected-axis gearing with line
contact between teeth flanks of the gear and of the pinion could be known (?) to George Grant: on
July 1889 a US Patent No. 407.437 on a gear cutting machine has been issued on his name. This
issue needs into be investigated more in detail.

* The development of involute gearing is credited to Leonhard Euler (1781).
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Cnfr(G/P)

Fig. 4 An example of the indicatrix of conformity Cnfr(G/P) for the teeth flanks G and P in an
intersected-axis R—gearing

Indicatrix of conformity, Cnfg(G/P), of the teeth flanks G and P of the gear and
of the pinion is a planar centro-symmetrical curve of the fourth order. In a par-
ticular case this characteristic curve may also feature mirror symmetry.

Indicatrix of conformity is constructed in a common tangent plane through a
point, K, within the line of contact, LC. Indicatrix of conformity, Cnfz(G/P), is
commonly represented in a local Cartesian reference system with the origin at the

point K. In general case of R—gearing it features minimum diameter, d ?}1}“, of zero

value (d?”i}‘ =0.)
Due to lack of space optimal geometry of the line of contact, LC, is not
discussed in detail in the paper. The interested reader may wish to go to the

monograph by Radzevich (2012) for details on this particular issue.

2.4 Working Portion of the Line of Contact

In order to transmit a given power it is always desired to design and to implement
gearboxes of the smallest possible size. From this prospective active portion of the
line of contact, LC, should begin from the apex A,, of the plane of action, PA.
Evidently, line of contact of such geometry is far from to be practical as maximum
contact and bending strength is restricted by physical properties of the material the
gear and of the pinion are made of.

Calculation of the design parameters of the favorable portion of the line of
contact is base on the assumption that the power being transmitting by a gear pair
is equally sharing within active portion of the gear pair face width. With that said,
under torque of constant value the smaller diameter of a gear/pinion the large force
and vice versa. Therefore practical value of the smallest feasible diameter of the
gear/pinion is limited by the yield contact and bending stress in the gear tooth.
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Due to lack of space calculation of parameters of the working portion of the line
of contact, LC, in R—gearing is not discussed in detail in the paper. The interested
reader may wish to go to the monograph by Radzevich (2012) for details in this
concern.

2.5 Approximate Gearing

Without going into details it should be mentioned here that all kinds of crossed-
axis gearing those used in the nowadays practice are the examples of approximate
gearing. Generally speaking approximate gearing of all kinds feature point contact
between teeth flanks of the gear and of the pinion. No one of all kinds of
approximate gearing is capable of transmitting the rotation smoothly. For more
details on approximate gearing the interested reader may wish to go to the
monograph by Radzevich (2012).

3 Conclusion

Principal features of the newly developed scientific Theory of Gearing are outlined
in the paper. The proposed Theory of Gearing is based on the fundamental pos-
tulate in accordance to which all the design parameters of an optimal gear pair for
a particular application can be derived from a given configuration of the rotation
vectors of the driving of the driven shafts, and on the power being transmitting by
the gear pair. All known designs of gearing as well as all kinds of gearing to be
developed in the future are covered by the proposed Theory of Gearing. It is
shown that all kinds of crossed-axis gearing, as well as intersected-axis gearing
those used in the nowadays practice are examples of approximate gearing.
Approximate gearing is not geometrically accurate in nature. This could be the
root cause for an excessive vibration generation and noise excitation when the
gear pair is operating.
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Towards Optimum Involute Gear Design
by Combining Addendum and Thickness
Modifications

Vasilios Spitas and Christos Spitas

Abstract Involute gear sets are being produced through a variety of cutting tools
and generation methods in a number of pressure angle and whole depth systems
with 20-2.25 m being the most common. Positive addendum modifications (profile
shifts) are also common particularly because the resulting teeth are stronger,
although at the expense of the contact ratio, scoring resistance and pitting resis-
tance. This paper discusses the effect of combined addendum modifications and
changes in nominal tooth thickness of meshing gears on the minimization of the
root bending stress. The tooth mesh-strength problem is treated as non-dimen-
sional, which substantially reduces computational time as well as the total number
of design variables. Instead of modeling the loaded gear tooth and running a
numerical method (i.e. FEM) to calculate the maximum root stress at every iter-
ative step of the optimization procedure, the stress is calculated by interpolation of
tabulated values, which were calculated previously for different combinations of
the design parameters. Significant stress reduction was achieved in this way as was
confirmed experimentally with photoelasticity.

Keywords Spur gears - Root stress + BEM - Optimization - Photoelasticity
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¢s Dedendum coefficient
¢x  Addendum coefficient
Cy Thickness coefficient factor
€ Contact ratio
Py  Normal force
r,  Operating pitch radius
Involute base radius
I Outside radius
o Critical bending stress
s,  Tooth thickness at pitch circle
t,  Base pitch
Addendum modification coefficient
z Number of teeth

1 Introduction

Gear optimisation has always been a difficult task, mainly due to the complex
kinematics and the continuously changing load in terms both of point of appli-
cation, direction and magnitude. Despite the advancement of novel computational
techniques gear optimisation was mainly limited to specific gear pairs (Yeh et al.
2001; Litvin et al. 2000) mostly due to the multitude of the gear design parameters
(Ciavarella and Demelio 1999). Some researchers deal with this fact by using
empirical formulas (Pedrero et al. 1999), or by introducing simplified models
(Andrews 1991; Rogers et al 1990). A different approach was followed by Spitas
et al. (2006) and Spitas and Spitas (2006) where non-dimensional teeth were
considered and the Highest Point of Single Tooth Contact (HPSTC) was defined
with respect to the geometry of the tooth in question and the contact ratio of the
pair instead of the standard design parameters of the meshing gear, thus reducing
the total number of parameters. Each gear was modeled and consequently loaded
at different points corresponding to different values of the contact ratio and
numerical analysis followed to calculate the maximum root stress. The resultant
values were tabulated in a “stress table” characterizing a given number of teeth,
which were used in an optimization algorithm, where all the required intermediate
values were quickly calculated by interpolation of the tabulated ones.

The benefits of this modeling technique include improved accuracy and sig-
nificantly smaller calculation times as opposed to the standard techniques
employed. Also, due to the ‘stress table’ concept the method can be readily syn-
thesized in a modular way in any problem requiring the calculation of the maxi-
mum fillet stress. The optimum design was verified using two-dimensional
photoelasticity on PCB plastic gear-tooth models.
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2 Basic Geometrical Modelling

In a pair of spur gears let gear 1 be the pinion and gear 2 the wheel. The law of
gearing (Townsend 1992) requires that these gears should have the same nominal
pressure angle o, and the same module m in order to mesh properly. In the general
case the gears are considered to be non-dimensional (i.e. withm = 1,b = 1) and
incorporate addendum modifications X, x; respectively. Their pitch thickness is
given by the following relationship:

Soi = CgiT + 2X; tano, (1)

where ¢ is the thickness coefficient of gear i,(i = 1, 2), which in the general case
is ¢g1 # 0.5 #£ cg. The center distance 0,0, of the non-dimensional gear set is
calculated using the following formula:

Z1—|—Zz
2

The actual operating pitch circle ry; of gear i, (i = 1, 2) should verify the law of
gearing and therefore be equal to:

ap = + (x1 +x2) (2)

Zi
71 + V)

Ihi = aiou (3)
Gears 1 and 2 are revolving about their centers O; and O, respectively and
meshing along the path of contact AB as illustrated in Fig. 1. During meshing
there are two pairs of gear teeth in contact along the segments AA’ and BB’, thus
sharing the total normal load, while there is only a single such pair when tooth
contact takes place along the region A’B’, carrying the total normal load. Point B’
is the Highest Point of Single Tooth Contact (HPSTC) for gear 1 and its position,
defining the radius ry/, is (Spitas et al. 2006; Spitas and Costopoulos 2001):

ry = 0,B" = \/rﬁ +(e— Dig|(e = Dty = 2/1) — 15 (4)

From the above equation it is evident that the position of the HPSTC of a gear
depends only on its geometry and on the contact ratio of the pair, in which all the
characteristics of the mating gear are incorporated in a condensed form.

Stresses can also be calculated in non-dimensional teeth o, (z, X, ¢, ¢) with unit
loading Pxy, = 1 and related to the actual stress ¢ using the following equation:

0= 0up (5)
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3 Constrained Optimisation of Gear Teeth

The static analysis results obtained by loading the aforementioned non-dimen-
sional gear sets with various addendum modification coefficients and tooth
thickness coefficients were tabulated in ‘stress tables’ (Spitas et al. 2006; Spitas
and Spitas 2006). In order to calculate an intermediate stress value ¢ corre-
sponding to a given number of teeth (z) and set of parameters z, X, ¢, € not
necessarily included in the stress table, linear interpolation was used as described
in (Spitas et al. 2006).

Analytical optimization methods are not suitable for gear stress optimization
problems due to the complex implicit functions that relate the main geometrical
variables to the resulting stresses. An efficient method of solving such intricate
problems is the Complex algorithm (Box 1965), which calculates the minimum of
a function of n variables f(x), where x = (x,x2, .. .,xn)T is the variable vector.

The independent variables of a stress optimization problem considering non-
dimensional gears are the following:

Addendum modifications: x; for gear 1 x, for gear 2
Thickness coefficients: ¢y for gear 1 ¢y, for gear 2.

The objective function without any constraints is defined as minf(xy,x,,
¢s1,¢52) = max(ay, 02), where g, 0, are the maximum tensile stresses developed
at the fillets of the conjugate gears 1 and 2 respectively when loaded at their
corresponding HPSTC. Also, the optimization must be constrained because the
optimum teeth should still fulfill certain operational criteria. There are 7 different
constraints described below and in order to include them in the optimization
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procedure the following form of the objective function is adopted using weighted
residuals:

7
minf(x;,x, ¢, C2) = max(ay,02) + Z wic; (6)
i=1

The penalty functions ¢; and the weighting coefficients w; employed in Eq. (6)
are defined below.

Constraint 1: Allowable addendum modification: The addendum modification
coefficient for gear i is restricted between two values X;yin and x;n, depending on
the number of teeth z. These values are dictated by common gear practice and
manufacture. The penalty functions are defined therefore:

If X; <Ximin OF X; > Ximax, I = 1, 2 then wic; = 1000, o1 = o, = 1000
If Ximin <X < Ximax, for every i = 1, 2 then wic; = 0.

Constraint 2: Allowable thickness coefficients: For technical reasons the cutting
tool producing the gears (rack cutter, pinion cutter or hob) cannot have infinitely
thick or infinitely thin teeth and this imposes a constraint on the resulting thickness
of the produced gear. Therefore the thickness coefficient should range between the
values cgmin and cgmax, Which are the limit values specified in the stress tables.

If cgi <Csimin OF Csi > Csimax, 1 = 1, 2 then wycy = 1000, o1 = g, = 1000
If Cgimin < Csi < Csimax, for every i = 1,2 then wycy = 0.

Constraint 3: Minimum radial clearance: In order to ensure that the conjugate
gears operate without the risk of seizure, there should be a minimum allowable
radial clearance cyyizm,, where ¢, = 0.25. For the dimensionless gear i it is
calculated from the equation:

Cri = a12 — Ik — Tfiw = Cf — Ck = Cr, where Ty =2+ X + ¢, and Tys =4+
X; — c¢ are the tip and root radius of the non-dimensional gear i and cx = 1.0, ¢ =
1.25 are the addendum and dedendum coefficients respectively. The penalty
functions are formulated as follows:

If ¢, <0.25 then ¢c3 = 0.25 — ¢, and w3 = 10

Here the penalty function c; has been chosen to be a function of the radial
clearance in order to help the convergence of the solution at points where the non-
dimensional coefficient c, approaches its nominal value of 0.25. The value of the
weighting coefficient was chosen equal to 10 in order to improve the convergence
of the algorithm.

If ¢, > 0.25 then wsc; = 0.

Constraint 4: If the tip radius ry; of gear i revolving about O; exceeds a max-
imum value rymax SO that the intersection of the tip circle of the gear with the
common path of contact at point U defines on the mating gear j a radius which is
lower than its form radius rj,, then interference occurs, since the tooth part below
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the form radius has a trochoidal and not an involute form. Consequently, it should
always be ry; < Tkimax, Where Iyimax = O;U. In terms of the corresponding dimen-
sionless gears this results in the following penalty function:

If iy > Tkimax, i = 1, 2 then ¢4 = max(rgju — Tkimaxs Tkou — Tkomax) and wy = 5.
If 1y > Tkimax for every i = 1, 2 then wycy = 0.

Constraint 5: Minimum tip thickness: In common gear practice the tip thickness
is never below 0.2 times the module or tip fracture would occur. In a non-
dimensional gear the tip thickness should always be sy, > 0.2.

If sy <0.25, 1 =1, 2 then ¢s = min(sy, Sx2) and ws = 10
If s >0.25 for every i = 1, 2 then wscs = 0.

Constraint 6: Allowable contact ratio: In order to ensure smooth and unprob-
lematic running the contact ratio of a gear pair should exceed 1.2. A usual upper
limit is 1.8, which in 20° standard or shifted spur gears is never surpassed. Sim-
ilarly to the constraints 1 and 2 the contact ratio €of the pair should lie in the range
defined in the stress tables, therefore big penalties are applied at the boundaries:

If e<€min Or € > €qax then wgeg = 1000, 01 = g, = 1000
If emin <& < emax then weeg = 0.

Constraint 7: Allowable backlash: The backlash of a gear pair (B) should
always be positive and usually optimized designs require that this is kept minimum
since the thicker the working teeth are, the less the root stress is. Although zero
backslash is never actually desirable for power transmissions, the presence of a
minimum backlash does not seriously reduce the tooth thickness, hence the root
stresses, and therefore in order to simplify the calculations the optimum backlash
can be considered zero. This can be expressed in terms of a penalty function,
suitably big beyond the permissible boundaries, as:

¢7 = B and w; = 100.

After the formulation of the objective function, the algorithm described in
Fig. 2 is executed.

4 Results and Discussion

Various combinations of a 20° involute pinion with 12 teeth meshing with gears
having 15, 18, 22, 28 and 50 teeth were modeled and examined. The stress tables
were first constructed for all the above-described numbers of teeth and for the
optimization algorithm the following parameter values were used: & = 107*
(tolerance), o = 1.2 (reflection coefficient), = 1.0 (expansion coefficient),
y = 2.0 (contraction coefficient). The parameter values were chosen so as to
provide quick convergence and stability of the algorithm.
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Fig. 2 The optimization
algorithm
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In Fig. 3 the values of the maximum root stress for the non-dimensional pinion
with 12 teeth and its conjugate gears with 18-50 teeth are plotted. In this figure it
can be observed that the maximum pinion stress (gear 1) is always greater than the
maximum stress on the mating wheel (gear 2) in the case of standard gears while
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Fig. 4 Photoelastic fringe
patterns on sample gear-tooth
models

these stresses are equal in the case of optimized gears. The total computational
time was 12 s on a 2.4 GHz Intel Quad-Core system. The optimization algorithm
used a complex of 1,000 vectors and reached the optimum solution after 29 iter-
ations performing over 40,000 stress calculations. By following the standard
methodology performing full gear modeling (run time 0.2 s), mesh generation (run
time 0.1 s) and BEA (run time 6 s) at each iterative step, this would result in a total
run time of nearly 70 h.

The optimum design has been experimentally verified using two-dimensional
photoelasticity (Spitas et al. 2006). The optimum gear tooth of a 28-tooth pinion /
50-tooth wheel system is illustrated in Fig. 4. The photoelastic specimen was cut
from a 10 mm PSM-1 sheet from Vishay Inc. and placed on a special fixture on a
planar polariscope where it was loaded at its HPSTC with progressively increasing
normal load until a 3rd order isochromatic fringe appeared at the root fillet. Similar
tests on other plastic models indicated that the numerical results are in good
agreement with photoelastic investigations (Spitas et al. 2006). The experimental
results are in excellent agreement with the numerical predictions (maximum
deviation of 3.6 %) and the new design offers a decrease of the maximum fillet
stress ranging from 13.5 to 36.5 % depending on the geometrical characteristics of
the gear pair.

5 Conclusion

Non-dimensional gear tooth modelling in terms of the number of teeth, the profile
shift and the tooth thickness coefficient was employed for gear stress optimization
with the Complex algorithm. The non-dimensional models were used in order to
decrease the total number of the optimization parameters by introducing the
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contact ratio of the pair as the parameter defining completely the point of loading.
This reduction in the number of parameters enabled the tabulation of the maximum
root stress developed on each non-dimensional gear with a given number of teeth
for different values of addendum modification, pitch thickness and contact ratio
using numerical analysis. Throughout the optimization procedure, the stress values
for different combinations of the geometrical parameters of the conjugate gears of
the pair were calculated from interpolation of the tabulated values at high speed
and with satisfactory accuracy. In this way, the run time decreased dramatically
without any effect on the accuracy.
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Dynamical Simulation and Calculation
of the Load Factor of Spur Gears

with Indexing Errors and Profile
Modifications for Optimal Gear Design

C. Spitas, V. Spitas and M. Rajabalinejad

Abstract The exact geometry of tooth meshing is incorporated into a dynamical
non-linear model of the considered gear system, in consideration of the effect of
pitch errors, tooth separation, DOF-coupling, and profile modifications. Various
possible combinations of error distributions and profile corrections are applied to
the gear model, which is simulated dynamically to calculate the load factor.

Keywords Gear vibration - Indexing errors - Profile modifications - Dynamic
load factor - Dynamical simulation

List of symbols

0; Angular position of gear i (additional subscripts: n, ref defined in
the text)

S; Deflection vector of DOF i

05 Slip angle

O Angular interference of tooth pair k

12 Transmission ratio

1 Directional index (equal to 1 for external gears, —1 for internal
gears)

ri, ik Position vector of a contact point in relation to centre of gear i (the
optional k index refers to a specific tooth pair)

f; Vector function of tooth profile of gear i

apn Centre distance vector

R Generic rotary translation matrix
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X; Unitary vector along the x; direction, where i=1, 2, 3 (in Cartesian
coordinates)

ng Normal unitary vector at contact point of tooth pair k

my Unitary vector along the direction of instant sliding velocity of tooth
pair k

o), 6o, 0 Anticipated indexing error of tooth j, maximum anticipated
indexing error, maximum real indexing error

Uo, Lo Upper and lower tolerance for the maximum indexing error g,

m,m, Prescribed modification (equal to maximum slip angle 6;), actual
modification

Um, Lm Upper and lower tolerance for the modification m

kg Instant stiffness of individual tooth pair k

Chyst Damping coefficient due to tooth material hysterisis

fx Instant friction coefficient of individual tooth pair k

Fy elast Elastic component of the contact force of tooth pair k

Ficnyst Hysteretic component of the contact force of tooth pair k

Fi frict Frictional component of the contact force of tooth pair k

M; Mass matrix of rotating element i

G Damping coefficient for bending of shaft i due to hysterisis

K Lumped bending stiffness matrix of DOF i (shaft with elastic
supports: bearings/ housing)

Ji Mass moment of inertia of rotating element i

Dy Damping coefficient related to rotation of DOF i (i.e. windage)

Ei; Damping coefficient for torsion of shaft segment i —j due to
hysterisis

Gi; Torsional stiffness of shaft segment i — j.

1 Introduction

Gears with indexing errors are known to undergo impact loading ranging from
mild to quite severe, depending on the extent and distribution of the errors. The
most unfavourable scenario is the linear (saw-tooth) distribution of indexing
errors, which is the result of the accumulation of small consecutive indexing errors
in conventional or CNC machine tools when there is either a mismatch between
the linear motion of the machine bed and the indexing rotation of the work-piece
chuck (Townsend 1992) or due to deflections from the cutting forces.

The established remedy to lessen the impacts and overloads caused by indexing
errors is by applying modifications on the tooth profiles. Tip relief, root relief, or a
combination of both, are all accepted ways of modification, with tip relief being
the simplest and most popular (Munro et al. 1988). The selection and dimensioning
of these profile modifications, also termed ‘corrections’ has been documented in
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various guidelines and standards as in AGMA (1976, 1965), Maag Taschenbuch
et al. (1985), Dudley (1984), and Niemann and Winter (1983). These guidelines
consider the statically loaded gear pair and introduce a profile modification equal
to the maximum indexing error. In vibration-critical applications the calculated
profile modification is increased to anticipate the cumulative effect of elastic
deflections due to tooth bending. These deflections are normally calculated from
statical analysis, however more accurate predictions can be made by dynamical
simulation.

The objective of these modifications is to eliminate the possibility of detri-
mental tip contact during tooth engagement, which is affected by material removal.
It should be noted that these corrections are, strictly speaking, errors in themselves
and that their introduction is clearly a compromise. In fact, it has been observed
that excessive corrections can lead to increased transmission errors (TE), deteri-
oration of the vibratory response and to even worse overloads.

In this paper a methodology is proposed for conducting this sensitivity analysis,
using ‘sensitivity charts’ derived from dynamical simulation. Common linear
single-DOF models are not detailed enough and coupled multi-DOF models either
consider an abstracted gear mesh geometry, or are not built to take into account
combined indexing errors and profile modifications. On the other hand, accurate
geometrical models such as in Litvin 1994 have still not made the transition from
quasi-statical to truly dynamical analysis (Seol and Kim 1998), so their results can
only be indicative of what might be expected under real dynamic conditions.

In this paper the mesh analysis model by Spitas et al. 2002 is used, allowing
detailed calculation of the operating transmission errors as a function of the actual
tooth form, including corrections. No simplifying assumptions are made in
developing this theory and it is possible to model individual errors and complex
error distributions. The mesh analysis results are then fed into a detailed dynamical
model comprising 3 DOFs/ gear, which takes into account torsional-bending
vibration coupling, friction and tooth separation. Tooth interference is calculated
individually for each pair in real time to avoid simplifying assumptions and
achieve realistic modelling of the dynamical response of gears with errors.

This model is used to simulate the dynamical response of a single-stage spur
gear speed reducer and a range of combinations of indexing error distributions and
corrective profile modifications is considered. These results are used to predict the
dynamic load factor in each case, which is used as a performance index.

2 Modelling Of Gear Meshing Geometry
2.1 Formulation of the Meshing Equations

Let us assume a pair of gears and their respective teeth 1 and 2 in contact as shown
in Fig. 1. If tooth 1 is regarded as the reference and conjugate gear action is
assumed, then tooth 2 should be at a nominal angular position 60,,, such that:
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Fig. 1 Gear contact
geometry

0211
92
95
0,=0 P
r;
0,=0
A
C
01 — Orrer = —Lini12(02n — Oorer) (1)

where 0y and O, are tooth reference positions.

In fact, no conjugacy requirement will be made in this analysis, so the actual
position 0, of tooth 2 will deviate from the nominal 6,, by an angle 6, which
expresses the relative slip of the operating pitch circles of both gears (slip angle).

92 - 02n - OS (2)

The working part of each tooth profile is assumed to be a C' continuous curve,
so any contact point A should simultaneously satisfy the following two equations:

ry —r; =ap (3)
6r1 al‘z

—_— _— = 4
al‘l % 6r2 0 ( )

— P
where r; = O;A and r, = OA in the global coordinate system.
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At this point the generic rotary translation matrix is introduced:

costj —sin0; 0
Rj= | sin0; cosl; O (5)
0 0 1

where 0; is any arbitrary rotation angle about the axis of rotation of the gear. If the
profile of a tooth of gear 1 at an arbitrary reference position 0; = 0 is described by
a parametric vector function f;, then the following equations are true:

ry = f1 (6)
1 = ||f]] (7)
where r; serves as the profile function parameter and the operator || - | denotes the

Euclidian norm. The same tooth profile at any other rotation angle can be
expressed as:

ry = R1f1 (8)

Similar definitions apply to the teeth of gear 2. In this case r; is the profile
function parameter so that in general:

I = R2f2 (9)

Introducing the slip angle 0 and considering Egs. (2, 5) it is easy to derive the
following expression:

R, = RuR; (10)
so that Eq. (9) becomes:
r; = Ry Rif; (11)

Finally, substituting Eqs. (8, 11) into Egs. (3—4), it is possible to arrive at a
different form of the equations of meshing as follows:

R1f1 — Ransfz = a2 (12)

6f1 6f2 df1 df2
Ri— X Ry Ri—=R;— X Ry Ry— =10 13
! 6r1 R arz ldrl e dI'2 ( )

These are the general equations that relate the positions of teeth 1, 2 to their
shapes. Obviously, if the tooth shapes are known in the form of functions f; and f,
and, then the path of contact and the TE, if any, can be uniquely calculated.

2.2 Solution of the Meshing Equations

Here the slip angle 0 will be calculated as a function of the reference gear position
0, for known tooth profile functions f;(r;) and f(r).
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By solving Eq. (12) in terms of r, we obtain:
I, = ||R1f1 — 312H = U](O],I'l) (14)

It can be observed (Fig. 1) that vectors f, and R,f; = Ry, Rf, form by default
an angle equal to 0, = 0,, + 0y, therefore:

_ Rof; -1,
0, =tcos'd—= =
’ {||sz2| If2 ||}
_ Rif, —ap]-f,
0y + 0, = L cos 1{ [
’ IRify —apa | [Jf ]
Finally by inserting Eq. (14) we obtain:
1
0, = —0,, = COSl{p [lel — 312] fz} = U2(01,r17r2) (15)
2

Since vectors % and % lie on the same plane, which is normal to the axis of
1 2

revolution, a scalar equivalent of Eq. (13) can be obtained:

df df .
(Rld_r: X Ransd—rj> X3 = U3(0y,11,12,05) =0 (16)
where X3 is the unitary vector along the x3-axis (axis of revolution).
Substituting Egs. (14-15) into Eq. (16) we obtain a scalar equation involving r;
only, with 6; being the independent parameter:

U3 (01,11, U1 (01,11), Ua (01,11, Uy (01,11))) =0 (17)

Equation (17) can be solved in terms of r; and subsequently Egs. (14—15) can be
solved explicitly in terms of r, and 0 respectively, thus forming a parametric
solution to the tooth meshing problem, with the reference gear position 0, as the
independent parameter.

2.3 Implementation of Pitch Errors and Profile Corrections

Considering the above analysis, it is possible to obtain the appropriate function of
0 for modified profiles or profiles with errors. From the meshing analysis stand-
point, these two variants are treated in exactly the same way and profile modifi-
cations can be regarded as ‘deliberate’ errors. Implementing pitch errors and/ or
profile corrections requires the input of the modified profile functions f; andf;,.
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3 Dynamical Modelling
3.1 Contact Forces

Gear teeth are subjected to (a) elastic, (b) internal friction (hysteretic) and (c)
frictional contact forces and deform as cantilever beams of varying cross-section
with elastic foundation (Cornell 1981); local Hertzian contact pressure displace-
ments are also taken into account (Timoshenko and Goodier 1970). The hysteretic
friction component is negligible for the usual gear materials (i.e. steel), but it plays
a significant role in assuring the stability of time-domain simulations of the
dynamical response.

The force components at a given contact point, designated by index k, are
calculated as functions of the interference dx from the Eqs. (18-20). By default
they are considered to act on the teeth of the reference gear (gear 1) and are
illustrated in Fig. 2.

Fi elast = —|Ok|king (18)
d|d

Finyst = ChystL_tk‘ ny (19)

Fi frice = |Ok|fickimy (20)

where ny is the unitary normal vector to the tooth profile at the contact point
(pointing outwards) and my is the unitary vector in the direction of the sliding
velocity. By default it is my _Lny.

Equation (19) represents the basic linear viscoelastic model (Voigt—Kelvin
model) of the inelastic damping forces (Dowling 1998). There is currently no
general agreement regarding the calculation of the damping coefficients and
usually the linear damping model is considered primarily for convenience (Casuba

Fk,elast
Fk,hyst
Fi
et pitch point
Fk frict
Fk,elasl
recess hyst
(if driver)
approach
(if driver)

Fig. 2 Tooth contact forces on a single tooth free body
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and Evans 1981). The popular practice of estimating a fairly realistic constant
value of { = 0.1 for the non-dimensional damping coefficient (Casuba and Evans
1981) has been adopted. The stiffness coefficient ky is generally a function of tooth
position and can be calculated from (a) analytical/ empirical formulae (Cornell
1981; Timoshenko and Goodier 1970), (b) Finite/Boundary Element Analysis
(Tsai 1997; Muthukumar; Raghavan 1987) or (c) a hybrid method combining the
first two (Andersson and Vedmar 2003). Here the formulae of (Cornell 1981,
Timoshenko and Goodier 1970) were used. These offer good calculation speed and
comparisons with Finite Element Results have shown good correlation.

3.2 Gearbox Model

The layout studied in this paper is shown in Fig. 3. The motor element (0) provides
the power at a controlled speed through shaft I to gear 1 (DOF 1) and then, through
the tooth mesh (III) to gear 2 (DOF 2). The power is then transmitted through shaft
I to the break element (DOF 3), where a controlled torque is applied. The
‘analysis plane’ and its universal coordinate system are also defined, with axis x3
being the axis of revolution.

\ I"\I gear 2
[ 1 S W) . lateral DOFs fixed
~ l Il H = - e N \
shaft Il o 2 lg I IR &), |
| | 2 [Say | 3\J J
". / } | load (brake)
itc
lateral DOFs fixed \ < p __c m
P f.\ pomet flow /- \’ "l gear 1
( )—&—a J ‘ v shaft I
LN u/ I . stl |
motor \ / ‘ il Ebeanngs fixed
5 |to the gearbox
2 = analysis plane
S n 4

Fig. 3 Simulated single-stage gear speed reducer layout and DOF definition
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The free DOFs are identified in Fig. 3. Spur gear shafts are seldom placed in
cantilever arrangements, so bending of the shafts is not considered to affect the
parallelism of gears (1) and (2) significantly and hence the rotations of the gear
centres about the axes x; and x, and the corresponding DOFs can be neglected.
This brings along the additional advantage of allowing each shaft- bearing system
to be modelled as a lump element of combined stiffness.

With respect to the free DOFs the dynamical equations are as follows.

d? d .
Ji ﬁel + Di Eel —X3- ; 14 X (Fretass + Fronyst + Figricr) |

(21)
B (Log—L0,) = Go (09— 01) =0
0—1 di 0 ar 1 0—1(Y% 1) =
Y > (Fietase + Ficnyst + Figrier) + C G FKis =0 (22)
1 iz S1 k.elast K hyst k, frict 1 dtsl 181 =

K
J @ 0,+D d 0, + X F F Fy 4i
2% + 252 + X3 - zk: [l‘z,k x ( kelast + X pyst + k,frmt)]

, ' (23)

d? d
M, @Sz + ; (Fietast + Ficnyst + Fifiier) + Co % +Kyso =0 (24)

580 0y, ks (902 - 9%) —Gos(r—03)—Tg =0  (25)
dt? T dt dt dt ;
where:
M;
Si =[Si,1  Si2  Si3 }T, M; = M;,»
Mi;
Ci) Ki1
C = Cis , K= Ki> ,1i=1,2
Cis Kis

In essence, they resemble a typical system of dynamical equations for the rotor
system (compacted in vector form) with the addition of the gear mesh force/ torque
components. The exact tooth contact geometry and the resulting DOF coupling is
represented implicitly in Eqs. (18-20), i.e. the stand-alone calculation of the
contact force components.

Spur gears do not generate axial force components; therefore the components of
the vector Egs. (22, 24) along the x3-axis are zero, so Eqgs. (21-25) define a system
of 7 2nd-order ordinary differential equations. The contact force components
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calculated from the gear meshing analysis render these equations non-linear,
allowing the following phenomena to be simulated:

e tooth separation
e backlash
e dynamic centre-distance variations.

The dynamical equations can be solved using standard time-domain numerical
integration methods.

4 Simulation Results

For the purpose of demonstrating the method the specific gearbox layout shown in
Table 1 will be used.

Gear 1 is assumed errorless and indexing errors on gear 2 are assumed to follow
a linear law, where the indexing error for each working surface j = 1,2,...,Ny is
given by the formula:

) j—1
oV =g 26
Table 1 Definition of simulated gear pair
¢ basic gear dimensions
pressure angle 20°
1 | 14 module 2.5 mm
han
+B | i gear 1 (pumion):
v number of teeth N; 25
—ﬁl_ - pitch @ D, 62.5 mm
N i M gear 2 (wheel):
) T number of teeth N 50
| ° D, pitch @ D, 125 mm
__'___"_'__T__ _____ "I, | gearwicth B 25 mm
' ! gear & shaft material
N | M Young's modulus 210 GPa
Ay — Poisson’s ratio 03
:EE; —t e e — - dﬂ'l.sil‘}' 83
M "({Ill"’ = % l -] Kg..' c”f
_L D, gearbox shaft dimensions
NI N RIS (e Sl BRGNS SECITE SN L
T : Doy centre dist. a;; 93.75 mm
1 shaft @ Dy 30 mm
M iz _M _____ b shaft @ Dg 40 mm
I length £ 50 mm
1 lubricant SAE
75W-00
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This is by far one of the most problematic distributions of indexing errors, as it
produces a ‘dropped tooth’, which causes severe mesh excitation at the rotating
shaft frequency and its harmonics (AGMA 1976). To consider the combined effect
of errors in both gears, g, can be set equal to the sum of the maximum indexing
errors of both gears. This in fact gives a more pessimistic prediction than if the
errors were considered separately, so the results can be considered to include a
safety margin. The choice of concentrating indexing errors on gear 2 is made to
minimise the number of independent parameters and allow for an easier visual-
isation and ultimately a more versatile method. Clearly, the employed TCA model
can handle much more complicated distributions and combinations, if needed.

The following test cases are examined for various o, values and profile cor-
rections: Table 2.

Specialised in-house developed code was used to simulate the dynamic
responses for the various test cases in the time domain, considering input spee-
d = 100 rad/s (954.9 rpm) and output torque = 10 Nm. Both the torsional and the
lateral vibration components are checked.

From the simulated vibration response the load factor is calculated as follows:

load factor = —max1@um force (27)
nominal force
where the nominal force is calculated for static loading with nominal output
torque.

The calculated load factor is shown in Fig. 4 for all test cases. Loci of minimum
vibration are clearly identifiable by the dashed line (opt-line) and its surrounding
dotted band-region (opt-region).

The effectiveness of the modification in terms of absolute vibration levels is
believed to depend quite heavily on other parameters not varied in this study, such
as mass, stiffness and damping of the gearbox elements (AGMA 1976), but for the
purposes of comparison between alternative modification schemes on the same
gearbox all these factors are essentially constant.

The ‘opt-line’ in Fig. 4 delimits two regions, corresponding to two antagonistic
trends: To the left the indexing errors are larger than the modifications and some
impact is expected to occur during tooth engagement, hence increased vibration
levels are expected. There, the indexing errors are predominant. To the right the
modification is larger than the indexing errors, so smooth engagement is assured.
However, the increased modification sacrifices contact ratio and essentially acts as
an error in itself; gradually, this leads to increased vibration levels, with the TE
due to profile modification becoming the primary source of excitation.

Finally, the opt-line itself and its surrounding band-like region, termed here the
‘opt-region’, represent what may be considered optimal or near-optimal condi-
tions. Any gear set with such distributions of errors and profile modifications will
operate with minimal vibration.
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Fig. 4 3-D plot of the load
factor as a function of
indexing error and profile
modification

load factor

indexing error [in prad]

profile modification [in prad]

5 Conclusion

The exact geometry of tooth meshing was used as a starting point for a compre-
hensive dynamical modelling of gear systems, incorporating the effect of pitch
errors, tooth separation, DOF coupling, and profile modifications producing a
fundamentally non-linear model. Various possible combinations of error distribu-
tions and profile corrections were applied to the gear model, which was simulated
dynamically to calculate the load factor. The results show clear competing influ-
ences of the maximum indexing error and of the profile modification, as well as the
existence of an ‘optimal region’. This can be a helpful guideline in gear design.
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Regarding the Effect of the Rack-Cutter
Fillet on the Undercutting of Gears

Ognyan Alipiev, Sergey Antonov and Tanya Grozeva

Abstract In this work a generalized approach for defining the phenomenon
“undercutting of involute teeth” is proposed, where besides the traditional
boundary case, called “undercutting—type I”, additionally two more boundary
cases, called “undercutting—type II” and “undercutting—type III” are included.
According to this approach the nontraditional cutting—type II and type III is caused
by the rack-cutter fillet, when the trajectories of some points cross respectively: (1)
the radial line of the gear (the line connecting the gear centre and the starting point
of the involute profile); (2) the involute profile of the cut teeth. The parametric
equations of the so called “boundary fillets” of the type II and type III of the rack-
cutter are specified and in an evident state the additional boundary condition for
avoiding the under-cutting of teeth is drawn up. The maximum value of the radius
of the rack-cutter fillet at which the cut teeth are not undercut, is specified.

Keywords Gear - Involute profile - Undercutting of teeth - Rack-cutter fillet

1 Introduction

In the traditional theory of involute meshing (Litvin 1968; Bolotovskii 1986;
GOST 16532-70 1970; Colbourne 1987; Alipiev 2011) the condition that defines
the nonundercutting of teeth is defined with the examination of the meshing of the
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rectilinear profile of the rack-cutter with an involute profile of the manufactured
gear. In this case the undercutting of teeth, called by the authors “undercutting—
type I, is avoided when the trajectories of all points of the rectilinear profile of the
rack-cutter cross the line of action. When using the traditional approach the
influence of the rack-cutter fillet on the teeth undercutting is not taken into account
and the obtained results are correct only in cases when the radius of the rack-cutter
fillet is not too large. When this radius exceeds a specified value (Alipiev 2011) it
might turn out that the traditional condition for nonundercutting is satisfied but in
reality the involute gear teeth are undercut. For that reason, in the present work a
new generalized method for defining the undercutting of gears is proposed, where
together with the traditional boundary case (undercutting—type I), two more
boundary cases defined as “undercutting—type II” and “undercutting—type III”
are taken into consideration. In these two additional cases the undercutting is done
by the rack-cutter fillet and not by its rectilinear profile. Under this the under-
cutting—type 1II is characterized by the decrease of the tooth thickness at their
bottom without cutting the involute profile, while by undercutting—type III, a part
of the initial area of the involute profile is cut.

2 Undercutting of Teeth at Meshing of an Involute Gear
with the Rack—Cutter

2.1 Undercutting—Type I (Traditional Case)

The undercutting of teeth—type I of the involute gear is obtained when at its
meshing with the rack-cutter (Fig. 1a), points of the rectilinear profile KE of the
tooth cutter are situated under the line of action AB. Then the trajectories of these
points (lines parallel to the line n—n) do not cross the line of action AB (they cross
its extension), as a consequence of which the basic theorem of meshing is not
satisfied when realizing the contact between the pair profiles. In this case the
rectilinear area K'E of the rack-cutter becomes a non-operating area that penetrates
into the bottom of the processed tooth and cuts a part of an involute profile.

In order to avoid the undercutting—type I it is necessary that the tip line g—g of
the rack-cutter cuts the line of action AB (Fig. 1b). Otherwise, when the crossing
point L lies outside the line of action on the extension of the line PA (Fig. 1a), the
cut teeth are undercut. This means that the condition for nonundercutting—type 1
generally can be expressed by the inequality

PA > PL, (1)

and taking into account the specified distances marked on Fig. 1, the traditional
condition for undercutting—type I finally is written in the following way (Litvin
1968).
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Fig. 1 Conditions of nonundercutting—type I a X < X,in; b X > Xinin; € X = Xinin

x> k't —0,5zsin’ . (2)

In the inequality (2) x = X/m is a shift (modification) coefficient of the rack-
cutter, i, = h, /m—a coefficient of the height of the addendum, z—teeth number
of the gear, o—pressure (profile) angle of the rack-cutter, m—a module of the gear.
The smallest displacement Xy, of the rack-cutter, eliminating the undercutting—
type 1, is defined by the equation

Xmin = XminM = (h; -0,5z sin’ oc)m. (3)

This displacement corresponds to the so called boundary case—type I (Fig. 1c),
where the tip line g—g passes through the boundary point A (the point where the
line of action contacts the base circle of a radius r}).
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2.2 Undercutting—Type II and Type 111

As already mentioned, the undercutting—type I and type II are caused by the rack-
cutter fillet AF (Fig. 2) in the process of teeth cutting. When this fillet is a circle of
a small radius p; (Fig. 2a) the cut teeth are not undercut. Then the fillet fa of the
gear teeth does not cross the radial line, passed from the centre O to the starting
point a of the involute profile ae (at X = X,,;, point a lies on the base circle of a
radius ry).

At comparatively larger radius p, of the fillet AF (Fig. 2b), an undercutting—
type II is obtained, where the fillet fa of the cut tooth crosses (cuts) the radial line
Oa, but does not cross the involute profile ae. This means that in the presence of
undercutting—type II the tooth thickness at the bottom decreases without cutting
an involute profile in the vicinity of its starting point a.

When the radius p; (Fig. 2¢) of the rack-cutter fillet increases considerably, the
fillet fg of the gear crosses the radial line Oa, as well as the involute profile. In this
case besides the decrease of the tooth thickness at the bottom, the area agq of the
involute profile ae is also cut.

The essence of the undercutting—type II and type III is explained on Fig. 3,
where the undercutting—type I is avoided by a positive displacement of the rack-
cutter at a distance X,;,. At this boundary displacement, the tip line g—g of the
rack-cutter crosses the line of action AB in its starting point A.

In order to define the maximum radius of the rack-cutter fillet AF, corre-
sponding to the boundary case where there is no undercutting—type II, on Fig. 3a
additionally is drawn the curve gy, called a boundary fillet—type II. 1t is obtained
as an envelope of the relative positions that take the radial line [ (the line aO) of
the gear in the plane of the rack-cutter, when realizing the meshing between the
rectilinear profile AE of the rack of the involute profile ae of the gear. In other
words the profiles / and g, are also conjugated profiles at rolling without sliding of

Fig. 2 Types of undercutting of the rack-cutter fillet a nonundercutting profile; b undercutting—
type 1I; ¢ undercutting—type III
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(a) Ey_rack-cutter

Fig. 3 Undercutting of teeth by rack-cutter fillet a type II; b type III

the centroid line n—n of the a rack-cutter on the reference circle of the gear of a
radius r. Knowing the curve g;; allows us to define the following boundary con-
dition: the undercutting—type II is avoided if the real rack-cutter fillet AF is
placed internally regarding the boundary fillet q;; (in the material of the cutter).
On Fig. 3a the curve AF is placed externally regarding the curve gy, as a result of
which gear teeth are undercut—type II.

Analogously the condition for nonundercutting—type III is defined by drawing
a curve gy (Fig. 3b), called a boundary fillet—type I11. In this case the curve gy is
obtained as a trajectory (drawn in the plane of the rack-cutter) of the point a from
the plane of the reference circle of a radius r, rolling without sliding on a reference
circle on the line n—n. As point a lies on the internal side of the reference circle, the
drawn trajectory represents a shortened epicycloid. The same curve g, connected
without moving with the rack-cutter, can be considered also as a conjugated curve
of the starting point a of the involute profile. This means that if the real rack-cutter
fillet coincides with g;;;, at each moment it will contact with point A and will not
cut the involute profile ag. Therefore the undercutting—type Il is avoided if the
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real rack-cutter fillet AF is placed internally regarding the boundary fillet qp;. In
the case shown on Fig. 3b this condition is not satisfied and as a result the gear
teeth are undercut—type III.

2.3 Equations of Boundary Fillet Curves

2.3.1 Boundary Fillet—Type II

The equations of this curve are obtained using the theory of plane meshing (Litvin
1968; Litvin and Fuentes 2004), where one of the two meshed profiles appears and
the other one is obtained as an envelope of the relative positions which the
specified profile occupies in the plane of the searched profile. In this case (Fig. 4)
the specified profile is the radial line / of the gear and the searched profile is the
boundary fillet g;; of the rack-cutter.

In order to solve the problem of the geometrical synthesis two mobile coor-
dinate systems are introduced: X;O;Y;—connected with the gear (the specified
profile [); X;;0Y,;—connected with the rack-cutter (the searched profile g;;). As the
axis OXj; (the centroid line) of the rack-cutter rolls without sliding on the reference
circle (of a radius r) of the gear, the displacement s of X;;0Y;, is synchronized with
the rotation of X,;0,Y; at an angle ¢, where s = r ¢. The place of the contact points
of profiles [ and ¢g;; in the motionless plane, designed with K, A, etc. is defined as
from the pitch point P perpendicular lines to the respective positions which the
radial line / takes, are dropped. In fact the equations of the curve g;; are derived by
defining the place of the same contact points in the rectilinear moving coordinate
SyStem X]]OY”.

Y * s=71Q 5
rack-cutter |
rack-cutter _

0 N P

Fig. 4 A boundary fillet of the rack-cutter—type 11
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After executing the respective transformations and conversions (Litvin 1968),
the parametric equations of the boundary fillet—type II are finally written as
follows:

Xy =r(p —coso sing)=Xy(p),
Yy =—rsin® o =Yy(o),

4)

where ¢ is the angular parameter of the curve, and r—the radius of the reference
circle of the gear, calculated by the equation

r=mz/2. (5)

The obtained curve g;; is divided by point A to two areas: AN and AM. On
Fig. 4 it is seen that only the area AM appears as the real boundary rack-cutter
fillet. This means that when drawing the real curve gj;, the parameter ¢ gets an
initial value of ¢ = « (point A) and increases in the direction from point A to point
M.

From the differential geometry it is known that the radius of a curvature p on
each curve, specified as X = X(¢), Y = Y(¢), is defined from the equation

(x> + 122
p="se—oo = p(e), (6)
(XY — XY)
where X, Y, X, Y are the first and second derivatives to the parameter ¢.
Taking into account that

XH = 2rsin? o, )“(” = 4rsin ¢ cos ¢, YH = —2rsin ¢ cos @, YU = —2rcos2¢
(7)
for the equation of the radius of the curvature of the curve gy, it is finally obtained

oy = 2rsing =mz sin . (8)

2.3.2 Boundary Fillet—type IIT

It is obtained as a trajectory of the point A of the coordinate system X,O04Y,4
connected with the gear (Fig. 5), drawn in a coordinate system X;;0Y};;, connected
with the rack-cutter. The obtained trajectory gy, as it was already explained,
represents a shortened cycloid, whose parametric equations can be written as
follows

X][[ = r(p — Iy sin(p = X[”(([)),
Yy = —r+r,cos ¢ = Yy (o),

©)
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tirk o ,
:

rack-cutter
—

shortened cycloid

Fig. 5 A boundary fillet of the rack-cutter—type III

where r, is the radius of the base circle, defined by the formula
r, = rcoso = 0,5mzcosa. (10)

In the initial position of the coordinate systems, when at ¢ = 0, point A coin-
cides with point A”, and at ¢ = o—with point A’. In that case, point A’ appears as
an inflection point, which divides the curve g in two parts:—a concave area NA’
and a convex area A’M. In this case it should be taken into account that only area
A’'M is the real rack-cutter fillet—type IIT .

The equation of the radius of the curvature of the curve g;; is obtained in
analogous way as the curve g;;, with the use of the Eq. (6). In this case the first and
second derivatives of X;;; and Y;; to ¢ are defined from equations

X =r—r,cos Xy = rpsin@, Yy = —rpsin@, Yy = —r,cos @, (11)

and the radius of the curvature p;; = pyr (@) of the curve gy is obtained by the
formula

(P =2rrycosp +12)*?  mz(1 —2cosacos ¢ + cos? u)’/? (12)
Pur = 12— rrycos @ B 2cosa(cos o — cos @) '

2.4 Conditions of Nonundercutting—Type 11

In order to clarify the causes by reason of which the rack-cutter fillet undercuts the
gear teeth, on Fig. 6 both boundary curves g;; and g;;; are drawn simultaneously in
the current position where their common contact point coincides with the starting



Regarding the Effect of the Rack-Cutter Fillet 207

(a) E B (b)E

rack-cutter

9 P
9 =
g
u Y
r K 3 f
N9 = i
i | = O 0 i

Fig. 6 Radius of the rack-cutter fillet

point A of the line of action AB (the position where ¢ = a). In this position the
radial line OAE (Fig. 6a), representing simultaneously a rectilinear profile of the
rack-cutter, crosses the curve ¢ in its inflection point, where in this case coin-
cides with point A and appears as a contact point of OAE with the curve g;.

From Fig. 6b it becomes clear that if the rack-cutter fillet is an arc of a circle of
a small radius p, there exists no undercutting—type II and type III, because in this
case the arc AF, lies on the internal side of curves g;; and ¢;;;. When the rack-cutter
fillet is positioned between both curves g, and g;; (the arc AF, of a radius
02 > py) an undercutting—type II appears, and when the rack-cutter fillet is placed
between the curve g;; and the line OE (the arc AF3 of a radius p3 > p,) besides an
undercutting—type II, an undercutting—type III is derived.

In the case where the rack-cutter fillet is profiled on an arc from a circle, the
following boundary condition is defined: the undercutting—type 11 is avoided if the
radius of the fillet is smaller or equal to the radius of the curve pya of the
boundary fillet q;; in point A. Since in point A of the curve g;; the value of the
angular parameter is ¢ = o, for the radius of the curve p;; 4 in this point according
to the Eq. (8), it is obtained

Pia = mz sina. (13)

Then the condition for the nonundercutting—type II, defined by the inequality
p < pu.a, is written finally as follows

p* <zsina, (14)

where p* = p/m is a coefficient of the radius of the circle, on which the rack-cutter
fillet is profiled. The condition (14) shows that the undercutting—type II depends
only on the teeth number z of the gear and the profile angle a of the rack-cutter.

In Table 1 the maximum values of the dimensionless coefficient p; . , are
shown, corresponding to profile angles used in practice for different number of cut
teeth. In order to avoid the undercutting—type II it is enough for the radius p, on
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Table 1 Maximum coefficient fillet radius of the rack-cutter— p; ==z sina

Number of teeth z  Profile angle of the rack-cuter—u

14°30"  15° 17°30°  20° 22030 25° 28° 30°

5 1.252 1.294 1.504 1.710 1.913 2.113 2.347 25
10 2.504 2.588 3.007 3.420 3.827 4.226 4.695 5.0
20 5.008 5.176 6.014 6.840 7.654 8.452 9.389  10.0
40 10.015 10.353 12.028 13.681 15.307 16.905 18.779 20.0
80 20.030 20.706 24.056 27.362 30.615 33.809 37.558 40.0
160 40.061 41411 48113 54723 61.229 67.619 75.115 80.0

which the rack-cutter fillet is profiled, to be smaller or equal to the respective value
P .x» multiplied by the module m of the gear (p < p% . m). From Table 1 it is seen
that p; . increases when the pressure angle o and teeth number z are increased.
Besides, from the specified values it becomes clear that if a standard rack-cutter is
used, for which o = 20° and p* = 0.38, the cut teeth are not undercut—type II and
type Il (at z = 5 and o = 20° — p" ax = 1.71).

Here it is important to note that if the cut teeth are not undercut—type II, they
are also not undercut—type III. Therefore the satisfying of the boundary condition
(14) guarantees the nonundercutting of teeth of type II, as well as of type IIL.

3 Conclusion

The carried out investigations connected to the undercutting of teeth of involute
gears when cut by the rack-cutter, result in the following conclusions:

1. The undercutting of teeth is done from the rectilinear profile of the rack-cutter
(traditional case—type I), as well as by the fillet, on which are cut the teeth of
its cutting teeth crests (the non-traditional case) are cut.

2. The undercutting of teeth, caused by the rack-cutter fillet is found in two
variants, defined in the present work as “undercutting—type II” and “under-
cutting—type III”.

3. In the presence of the undercutting—type II the teeth thickness in their bottom
is decreased without cutting their involute profile, and in the presence of
undercutting—type III a part of the involute profile is additionally cut.

4. The condition for nonundercutting—type II is defined uniquely by two inde-
pendent parameters: the number z of the cut teeth and the profile angle « of the
rack-cutter.

5. In order to avoid the undercutting of the involute teeth, it is necessary to satisfy
the traditional condition (2) as well as the boundary condition (14).
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Influence of Uncertainties on PD Tuning

Gabriele Barbaraci and Gabriele Virzi’ Mariotti

Abstract The aim of this work is to present a method for tuning the parameters of
PD controller under the influences of the uncertainties, in order to stabilize the
position of a rotor supported by active magnetic bearings (AMBs). The uncer-
tainties are relative to mass, transverse and polar moment of inertia of the rotor.
The introduction of the uncertainties is due to an incomplete modeled dynamic of
the system or in the case the system being subjected to a parametric variation. The
presence of the uncertainties produces a set of differences among the values of the
output. Poles displacement method is used to reach the asymptotically stability
condition characterized by a periodic oscillation during the transient response as a
consequence of the impulse input. In this way we carried out some particular
condition under graphical representation which helps making a prevision when the
phenomena of instability occurs. In the present approach the poles displacement is
obtained by imposing respectively the condition on the real part, which must be
negative, and in the discriminant of a second degree equation, which must be less
than zero, both depend on the uncertainties and the angular speed of the rotor. All
calculations are performed through a 4-axis AMB rigid rotor to validate the PD
controller method rule introduced in this work.
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i.(t) Vector of current components

q,(t) Vector of center of mass displacements

qp(t) Vector of bearing section displacements

Gsensor(t) Vector of displacement captured by sensors

x(t) State vector

(1) Output vector

A Dynamic matrix

B Input-state matrix

C State-output matrix

Bomag Transformation matrix of magnetic bearing force

Biyag Transformation coordinates matrix of magnetic bearing force on
center of mass of rotor

Boaisp Transformation matrix of magnetic bearing Section’s displacement

Bsnsor Transformation coordinates of displacements of sensor and center of
mass of shaft

G Gyroscopic matrix

K; Current gains matrix

K; Displacement gains matrix

M Mass matrix

P, Maximum percentage of mass uncertainty

Py, Maximum percentage of transverse inertia uncertainty

Py, Maximum percentage of polar inertia uncertainty

An Normalized mass uncertainty

Ag Normalized polar inertia uncertainty

o Slope of magnets

1 Introduction

AMB uses electromagnets to attract the ferromagnetic cape winding the rotor
which is free to rotate without physical contact with the bearing. This operation,
called active magnetic levitation, is unstable unless of a certain control’s algorithm
performed respecting the imposed constraining. In order to achieve a stable lev-
itation, an active feedback control of the current in the magnetic coils is needed.
As it might be expected, a variety of control schemes are used and a variety of
studies have been done for AMB control. The dynamic system however depends
above all on the rotor’s angular speed, as the case for any rotor dynamic system
because of the gyroscopic effect. The gyroscopic effect leads the system into
instability phenomena which must be considered to achieve stable levitation. The
rotor motion is given by complex variables, and it is decomposed into translation
motion of the controlled sections by coordinates of transformation which considers
the displacements of the center of mass and the rotation of the rotor around it.
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Moreover the transformation coordinates (Schweitzer et al. 2003), allows relating
the displacements captured by the sensors and the displacements of the section
located on the middle plane of the bearings location. For each rotor’s section the
control law is designed independently and as a function of angular velocity and
uncertainties. The condition, which describes the asymptotically stability condition
of the rotating machinery, is related to the sign of the real part of four eigenvalues
two of which have the real part as a function of angular speed and gyroscopic
uncertainty. The periodic oscillation is reached by imposing a proportional gain
which leads the discriminant to be negative. Both real and imaginary part of
eigenvalues, are also function of uncertainties. The introduction of uncertainties
modifies the analysis to reach the desired goal, because a tridimensional repre-
sentation of the parameter must be considered in order to choose the derivative and
proportional gain and to analyze the characteristics of a rotating machinery such as
the Campbell diagram which is affected by the uncertainties. All the imposed
conditions produce a set of inequalities which must be respected in order to
stabilize the position of the rotor. Once the parameters of the controller are fixed,
the impulse response study is performed to show the different dynamic behavior of
the system according with the uncertainties. Based on the computer simulations it
has been demonstrated that the tuning of the PD controller with uncertainties can
stabilize the system for different values of angular speed according the limits
established by the uncertainties.

2 Mathematical Model of Rigid Rotor

The particular configuration of the rotor shown in this work considers a rotor with
four degree of freedom with eight poles for each active magnetic bearing, having a
slope of 45° with regard to the horizontal direction so that the force’s resultant
supports the rotor along the x and y direction, as Fig. 1 shows:

The system is subjected to a state of uncertainty about its mass, cross and polar
moment of inertia dictated by the parameters J,,d;, and J; in the range
respectively P,,, P;, and P;,. The motion equation is referred to the center of
gravity and has the following expression, (Schweitzer et al. 2003):

Fig. 1 Schematic view of
4-axis rotating shaft
supported by two radial
active magnetic bearings
with sensors
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dz‘]g(t) dg,(1) .
M dt2 + QG dt - B@magBmagf(lc(t)a qb(t)) (1)
where
m 0 0 0 0 0 O
o 0 o . o 00 —Ip
M= 0 0 m 0O G= 0 0 0 0
0 0 0 Ir 0 I 0 O
1 0 1 0 FxAEich(t)7be(t);
|=la O DL O . | Fya(icya (1), ypa(t)
Buae=1"0" 1 o 1 [ LU = E () () |
0 lhA 0 *lhB FyB (icyB(t)vyhB(t))
cos(a) 0 — sin(a) 0
B 10 cos(a) 0 sin(a)
Omag = | sin (o) 0 cos(a) 0 Y
0 — sin(o) 0 cos(a)

m = in(1l + Py,0,)

) = L) 70) () 90074 4= I A

Ompirtp € =1, 1], Pty 1, = 20%

The last expression leads to structured uncertainties matrix such as:

Pnon O 0 0 0 0 0 0
Ay — 0 P]T5]T 0 0 An — 0 Plpélp 0 0
M= 0 0 P, O 710 0 0 o0
0 0 0 P, 0 0 0 P,

respectively the mass and gyroscopic structured uncertainties matrices, (Wu and
Lin 2005).

By introducing a transformation of coordinates (Genta 2005) (2) which has a
great consideration the relation of the displacements between the section relative to
bearing location and the sensors, the system is analyzed according the equation of
motion (3)

qb(t) = BG)diSPBn];agqg(t)

CIsensor(t) = (BG)disszensor)Qg(l) (2)
%enmr(t) = (BG)dixszensor)(BOdiSpB;ag)_lqh(t)

fmag_m_g(t) = B@magBmagf(ic(t)vqb(t))

Par(t) | o dan(t)

M
dr? dt

=S (ic(1), (1)) (3)
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where
cos(a)  sin(a) 0 0
Ber — —sin(e) cos(a) 0 0
Odisp = 0 0 cos(a)  sin(a) |’
0 0 —sin(a) cos(x)
1 -liy 0 O
o0 1 Iy
Bsensor - 1 lSB O 0 )
0 0 1 —lg
(1) = [x6a (1) yoa(t) xom(t)  yon(1) |
LIsensor(t) = |xSA(t) VsA (t) xSB(t) ySB(t) ‘T
where

M, = Mb —|—Mb(AM) S e
G, = Gh + Gh(AG) € §R4X4
or rather the sum of the nominal value and the uncertainties contributes
(Schweitzer and Maslen 2009).

The magnetic forces produced by active magnetic bearings are linearized by
Taylor series expansion which leads to the expression of the force (4):

Flc(1), qp(2)) =~ Ksqp(t) + Kjic(2) (4)
where
kk 0 0 0 Kk 0 0 0 ioen (1)
1o koo ol ok 0 0. . i)
K=1o 0 & o =]o 0 & o] D=|iu0
0 0 0 k 00 0 K oy (1)

By complex notation, that is obtained multiplying the second and fourth row for
the imaginary unit the Eq. (3), we obtain the (5) (Barbaraci and Virzi Mariotti 2009)

2}" 14
w04 j06, T g0, 0) 5
where
Flics(t),r(2)) = Kxyrp(t) + Kigics (1) (6)

and
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M, — my +mys My + mys :
my1 + myos My + Mys
G, = g1+ 8sis 82+ 8nzs ;
821 + 8215 822 + 822 (7)
Ky — k., 0 Ky = ki O ;
0 ks 0 &k

ich (t) +ch‘yA (t)
ich<t) +jicyB(l)

Xpa (1) + Jypa(t)
xpp(t) + jyos(t)

; icl(t) =

o = |

3 Analysis of Stability Conditions

Introducing the state space representation (8)

x(t) = Ax(t) 4+ Bu(r) (8)
(1) = Cx(1)
where
_ 0 1 x4 p _ 0 4x2

A= ‘MJIKXJ M e R4 B = ‘MleU eR

C= ’ (BOdixpB.vensor) (BG)dissz;mg> 0‘ € §R4><2 (9)

x(f) = B0 R y(r) € RV iy (1) € R2X!

i (t)

we see that the system is unstable without a controller, as Figs. 2 and 3 show:
Figures 2 and 3 are carried out as a function of the uncertainties at zero angular
speed relative to the transfer function (10):

ﬁ (s + 21 (0m, 61,01,))

—_

(10)

—
B

W(s, Ay, Ag) =

(S +Pr(5m, 51T51P))

\
Il

Variation of the uncertainties, in terms of combination of three uncertainties,
produces the displacements of poles and zero along real and imaginary axis on
both Gauss plane and throughout we concluded the system is unstable. In terms of
frequency domain the influence of the uncertainties is revealed by the Bode plot as
shown in the Figs. 4 and 5:

Figure 4 shows that differences between the nominal values and the perturbed
plant are more evident by the increasing with frequency in the magnitude while the
difference is not emphasized in the phase. From the Fig. 5 the influence of the
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Fig. 2 Distribution of poles and zeros of W, (s, Ay, Ag) in the complex plane
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Fig. 3 Distribution of poles and zeros of Wi,(s, Ay, Ag) in the complex plane

uncertainties is relevant in the both magnitude and phase diagram. The same figure
shows that the magnitude is characterized by attenuation relative to a different
value of the frequency according with the number of uncertainties permutation
(Zhoa et al. 2002), (Knospe and Fittro 1997), (Bugajski et al. 1993). The same
characteristic affects the phase diagram on the same fig., where the changing in
phase is relative to different value respect the nominal system.

The stable active magnetic levitation in absence of gravity is reached by PD
controller obtained by moving the poles in the left half plane according with the
structure of the eigenvalues obtained by state feedback.

By assuming a negative feedback, the control signal assumes the expression

(11):
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The eigenvalues of (12) are shown in the system (13):

10°

My

That are the proportional and derivative gain matrices respectively, so the

structure of the Eq. (5) is modified and becomes (12) (Genta 2005):

Fig. 5 Frequency response of Wiz (s, Ay, Ag)

where
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Ao = kgk, :l:f(kd,ki,kx,kp,mlr;mlr(5) (13)
J3a = kaki —2- Q- (812 + g126) T (kay ki ke, Ky, My, mirs, 812, 8125)

where

{m,,,,mpn;} € M; and {g,,,,gp,(;} eG,Vp,r=1,..2

By analysis of 4;, and assuming that k,; must be positive, as a first condition on
it to stabilize /4,5, we verify under what condition of uncertainties the denominator
of all eigenvalues are positive.

By trial calculation we carried out the conclusion (14)

2
Z m1,+m1,(> <:>5m > 75V5]T
) = (14)
Z 1+j mlr + m1,5) >0« 5]7 > — 5V5m

r=1

This means that we can use the entire range of the uncertainties to build our
analysis. The asymptotically stability condition for the A3, is shown in (15); it is
also depending on the angular speed:

3.5593 - 10726(5.32007 - 10722Q + 1.06401 - 10?35,,Q)

kg > %

(15)

Given the inequality (15) we have seen that asymptotically stability condition is
verified by choosing a value of derivative gain more than the quantity established
by the its right hand. Left and right of the Fig. 6 are carried out by choosing two
different value of derivative gain in particular, we have chosen the derivative gain
kq =1 A s/m, Fig. 4a, and we have seen that the real part of eigenvalues A3 4 is
negative in a certain range of angular speed. For each value of angular speed there
is a different range of stability condition dictated by the state of the gyroscopic
uncertainty. In particular we see that an increasing of J;, such as the angular speed
leads the system to the instability phenomena. Figure 4b shows that the instability
phenomena due to the increasing of the angular speed can be avoided by an
increasing of the derivative gain in such way to recover the negative sign of the
real part of eigenvalues A3, Once obtained the negative real part of 43, auto-
matically is verified ?R(il,z) <0 since it’s verified for positive value of derivative
gain.

The periodic oscillation is performed by studying where the sign of the terms
under square root of (15) is negative. The study of the sign under the square root
returned the conditions (16) and (17) for the eigenvalues 4,5, and 43 4 respectively:

kL > 1.28099k3k? + 3.45868k, + 0.69173k, 5,
PlALY 3.45868k; + 0.69173k;5,,

(16)
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Fig. 6 Real part of eigenvalues ;4

1.36 - 10° + 1.02628 - 10°k3 4 2.73 - 10%6;, — (1.02k, + 0.204k,5;,) Q-+
(2.54+ 1,018, +10.15}, ) - 107Q?
k
rliga > 36+7.215;,

(17)

We see that expression (16) does not depend on angular speed, and once fixed
k. and k;, respectively the displacement and current gain, it became a function of
mass uncertainty o,, and derivative gain k,; while the relation (17) is a function of
kd, 5,,17 61}” 511‘ and Q.

In order to provide the value of k), which leads the system to assume a periodic
oscillation during the transient response, we solved the inequalities (16) and (17)
to capture a value of k, from the graphical representation shown in Figs. 7 and 8:

Figure 7 shows that the periodic oscillation condition for eigenvalues 4;, is
reached for values of k, which lay over the surface according to the relation (16).
The same figure represents the lower limit to reach the periodic oscillation under
one the solution becomes real and nothing can be said about the asymptotically
stability condition, so that a further discussion about the sign between two real
number must be introduced. Once the value of 4, is fixed we see that k, decreases
by decreasing the value of k, to reach the periodic oscillation. By fixing k, the
proportional gain k, decreases by increasing the mass uncertainty:

Figure 8 shows the graphical representation of the function k,(é;, = 0,9;,)
and ky(0y,, 01, = 0) respectively on the left and on the right. From the figure on
the left we see that periodic oscillation condition is reached for value of k, which
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Fig. 8 Surfaces describing the lower limit to reach the periodic oscillation for the eigenvalues
A3,4 varying with uncertainties

decreases by increasing Q and J,,, and it increases by increasing the derivative
gain k,. From the figure on the right we see that k, maintained the same behavior
with respect the variable k; and €, but in this case k, increased by increasing the
d1,. According to the previous results we have decided to focus on the Fig. 7 to
tune k, value because it represents the most restrictive condition since the
inequality (16) is verified for higher values than the inequality (17).
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4 Campbell Diagram

The effect of the uncertainties is revealed also by computing 3D Campbell
Diagram. In order to have more visibility of the graphical representation we carry
out only the positive values of the frequency to study the characteristics of the
diagram. A plane that has a slope of 45° is the equivalent synchronous line straight
line in 2D Campbell diagram. All the imaginary parts of the eigenvalues of the
system are shown in the Fig. 9a and b. They give two different distribution of the
imaginary part of the eigenvalues referring to the system shown before. The dif-
ferent distribution is due to the presence of the uncertainties. Figure 9a shows the
imaginary part of 4;, (violet surface) with the imaginary part of 13, varying with
transverse moment of inertia. The particular the graph 9a about S(/13,4) is sket-
ched in the Fig. 10a and b:

Figure 10a shows that the variation of J;. produces a different distribution of
imaginary part of eigenvalues 43, so that a plane having a slope of 45 degrees
compared to the horizontal plane produces three different intersections with the
imaginary part of 13, having relevant differences once we consider the variation of
o,in Fig. 10b. These multiple intersections are relative to different values
of critical speed, as Fig. 11 shows. Figure 12 shows the variation of

S(234) :f(51p|7170’1, oy, Q). The same figure is relative to the Fig. 9b of the 3D

Campbell diagram and it shows that influence of J;,0n critical speed is smaller
than that produced by ¢, of an order of magnitude.

The intersection of $(434) = f (51P | _1.0.15 6175 Q) with a plane of 45° returns as

the eigenfrequencies are changing varying with 51p|—1,0,1 , 01,2 as shown in the
Fig. 13:

3D Campbell Diagram

(a) (b)
2000
™ ™
‘E— -E_ 1500
= —. 1000
&£ £ sw0
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Iy
1 y
2000
5,1 B (Violet surface) 47, 2 [radss] 3y 8,(violet surface) D alradis]
Cmeg = [imbg g8, =0 [imta, g, =-1) [Climiag, =0}
[ by 8, =1 B g5, <) [ limlay 8, =1) Il ,-1<8, <)

Fig. 9 Campbell diagram in 3D space according with uncertainties J;, and Jy,
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Fig. 11 Intersection of 3(Z34) :f((SI,.Ll,O’l,(ﬁ[P, Q) with a plane of 45°

Figure 13 shows that the eigenfrequencies increased by an increasing of J,

more fas

t than an increasing of J,,, by maintaining constant the angular speed. The

values of the critical speeds are distributed on (d,,€2) plane and they increase by
increasing of ;. along an approximated line of second degree.

Figure 14 shows the variation of the eigenvalues %(/1112) = f (6, Q) which is
sketched in both Figs. 9a and b. In that same figure we see that the eigenfre-
quencies decrease by increasing of J,,, on the contrary the critical speed decreases.
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5 Simulations for Rotary Motion

In order to simulate the stabilized system we choose the data shown in the Table 1

We see that the transfer function matrix is symmetric, so that we have studied
only one element of the entire transfer function matrix. Moreover there is no
cancellation between poles and zeros on each transfer function which characterizes
the system so we have realized that the system is on internal and external
asymptotically stable. To give more information about the reached stability we
have shown the distribution of the poles and zeros of Wi;(s, Ay, Ag) as in the

Fig. 15;
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Table 1 Data for simulation of active magnetic suspended rotor
Name Symbol Value
Mass of the rotor m 1.35 kg
Cross moment of inertia Ir 0.00722 kg m?
Polar moment of inertia Ip 0.000406 kg m?
Current gain k; 38 N/A
Displacement gain ki 14,4000 N/m
Proportional gain kp 5,400 A/m
Derivative gain ka 1+5A s/m

500 POLE ZERO MAP OF W"(S,AM:AG) le=lAmpS/m: K, = 5400 Amp/m; $2=0 radls
T T T T

oo T ooes oo _ T
~o ~

T o
\

Imaginary Axis
o

-500
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Fig. 15 Distribution of poles and zeros of Wy (s, Ay, Ag) in the complex plane

As we can see from the Fig. 15 the system is stabilized according with the data
shown in the upper right corner of the same figure. This stability is compromised
when the angular speed increases until the value of Q = 2,000 rad/s as Fig. 16
shows as a confirmation of the Fig. 6a:
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Fig. 16 Distribution of poles and zeros of Wy (s, Ay, Ag) in the complex plane

In order to recover the stability condition of the system we increase the
derivative gain k; = 5 A s/m according to the Fig. 6b whose poles-zeros map 1
shown on the Fig. 17. In order to perform the simulations we calculate the impulse
response of the state space equations of the controlled system shown in (15)

{*M; + s[jQG; + K Kp,] + [K Kp, — Kx] }rs(s) = [8(1)],—y  0]"
()] =g = 07 (15)
7(t)|—o- = 0>

According to Dirac’s impulse located in the origin of temporal frame, we

calculate the output displacements of the two section stabilized by PD controller
tuned as a function of uncertainties (0, 0y,,dr,). Due to the symmetry of the

400
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-400 - :
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Fig. 17 Distribution of poles and zeros of W, (s, Ay, Ag) in the complex plane
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Fig. 18 Impulse response varying the permutation of the uncertainties

system only one output is shown on each simulation according (16) once known
the state vector x(¢) = | ry(t) #4(r)|" .(Barbaraci et al. 2010)

-1
y(t) = ‘ (BG)disprensor) (BG)dispBZ;mg) 0 )C(t). (16)

The simulations were performed with the same conditions expressed by poles-
zeros map distribution in terms of k,; k, and Q (see Figs. 15, 16 and 17) as
Figs. 18, 19 and 20 show.

Previous figures show the recovering of stability condition according to the
information provided by Fig. 6. The uncertainties affect the dynamic behavior in
terms of time response and settling time which values are different from those
produced by nominal plant. Figure 18 shows the system is subjected to a periodic
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3
i i i — nominal system
P s S [ ]
i i i i
I I I I
2 R S e
I I I I
[) I I I I
=R S [E L [ I
= I I I I
s i i i i
[ SRR Ao b Fommmmm
< | | | |
I I I I
O R oo
I I I I
| | | |
I I I I
0
] ] ] ]
I I I I
| | | |
-0.5
0 5 10 15 20 25

Time (sec)

Fig. 19 Impulse response varying the permutation of the uncertainties
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Fig. 20 Impulse response varying the permutation of the uncertainties

oscillation during the transient response which frequency is different according the
permutation of the uncertainties. In the Fig. 19 the instability is due to the
increasing of the angular speed since characterizes the real part of the eigenvalues
A34. Figure 20 shows the effect of an increasing of the derivative gain which
produces an increasing of the dumping effect in such way to recover the negative
sign lost by the increasing of angular speed. The increasing of derivative gain leads
the system to recover the stability condition. This last is characterized by a peri-
odic oscillation also characterized by different values of rise time and settling time
according to different trajectory of the response during the time.

6 Conclusion

A technique for PD tuning is introduced by considering the uncertainties on the
physical properties of a rotating shaft magnetically suspended by active magnetic
bearings. The uncertainties are introduced to model the apparent exogenous
excitation in terms of centrifugal force produced by an unknown value of cen-
tripetal acceleration. The influence of uncertainties is revealed by stabilizing the
position of the rotor. This is made by moving the real part of eigenvalues obtained
by state space form of differential equation describing the lateral motion of the
rotor. The influence of uncertainties is also shown in the Campbell diagram from
where different values of critical speed were carried out according the state of the
uncertainties relative to the physical parameter of the rotor. The negative real part
of eigenvalues is obtained by choosing the value of the uncertainty from where
depends the value of the current and stiffness gain in order to achieve the
asymptotically stability condition of the suspended sections. The study of the real
part of eigenvalues reveals the relation between the gyroscopic effect and the
stability of the rotor magnetically suspended.
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Comparative Experimental Study

on Noise and Vibration Level of Gearbox
with Worm Face-Gear with Reverse
Tapered Pinion

Bogdan Bucur and Vasile Bolos

Abstract This paper presents some comparative aspects obtained on an
experimental basis, on the determination of noise and vibration level in the oper-
ation of a gearbox with worm face-gear with reverse tapered pinion for a pair
materials of steel-bronze, steel-gray cast iron and steel-polyamides, oil lubricated
T90EP2, with 1:47 transmission ratio. The worm face-gear with reverse tapered is
less known and attempts should be carried out to reveal how they conduct the
operation and how performance is achieved.In the experiments we used an
Archimedes worm with nitrided steel sides finished by fine turning. The conjugate
tooth of wheels was obtained by hob-cutter milling. The noise and vibration level
measurements were made on a scale of 10 levels in the range 0-115.77 Nm on a
bench equipped with electromagnetic powder brake, separate flank the 10° and then
30° for each couple of material. Gearbox which has the gear structure is made of
cast iron casing.

Keywords Gearbox - Worm-face gear - Reverse tapered - Vibration - Noise
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E Modulus of elasticity
o; Normal stress
HB Brinell Hardness.

1 Introduction

The family of worm-face gears also includes the worm-face gear with reverse
tapered pinion. Patented by A.K. Georgiev (Georgiev 1966) this worm gear is
composed of a tapered pinion, which engages with a wheel gear having a conical
surface on its inner side. This type of gears has some functional advantages such as:
high contact ratio, about 10-12 % of the number of teeth in gear wheel being
simultaneously engaged with the surfaces of the worm drive screw, good lubrica-
tion conditions due to the relative speed vector position to the contact line of teeth.

These elements represent premises of a good load bearing capacity in condi-
tions of reduced size, respectively of a low noise operation.

Added to all these advantages is the fact that in contrast to conventional worm
gear the worm wheel can be made also of hard materials (heat-treated steel), thus
the conditions of a correct hydrodynamics are fulfilled.

The specialized literature makes few references to the gears even though they
may be used, in good conditions, for equipping speed reducers, which can function
well under difficult operating conditions.

In the papers: Abadjiev (2009), Bodzas and Dudas (2010), Kuznetzov et al.
(2007), Mudrik and Rieciciarova (2008), Popova and Goldfarb (2006), Popova
(2007), Rieciciarova (2007), Rieciciarova and Duris (2010), Trubachev and
Kuniver (2007), www.mechanik.udmnet.ru (2009), are presented some results
obtained in the experimental testing of worm face-gears with normal tapered
execution of the combination steel/steel that steel/plastic in the thermal limits and
performance. In these papers are given and details of construction of test stands
used.

In this paper we present comparative experimental results obtained from testing
three speed reducers equipped with this type of gear in three different combina-
tions of materials: hardened steel/bronze, hardened steel/cast iron, hardened steel/
polyamide (Fig. 1), Bucur and Bolos (2011b).

The study of scientific literature carried out showed clearly that there are no
experiment showing the results regarding the behavior of worm face-gears with
reverse tapered pinion. Thus, the results presented below cannot be reported for
other research.

The entire field regarding reverse tapered worms has been studied and researced
to a little extent.
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Fig. 1 Worm face-gear with reverse tapered pinion

2 Construction of the Gearboxes and the Experimental
Stand

The gearboxes that have been tested include in their structure a worm gear with
reverse tapered having the following geometric characteristics: A = 58 mm axial
distance, transmission ratio i = 1:47, m = 2.5 mm module, bearing flank angle «;
= 10°, support flank angle o, = 30°, tapered worm ¢; = —5°, tapered worm wheel
52 = —8°

The gearbox construction (Fig. 2) is detailed in Bolos et al. (2005) and the
experimental stand is presented in Bucur and Bolos (2011a). For the lubricating of
the gearbox using T90EP2 oil, quality features to STAS 8960-85. The casing of
gearbox is made of cast iron casting, constructive solution recommended for good
damping properties of shock and vibration.

The bearings supporting of the worm and the shaft of worm wheel, using radial-
axial ball bearings.

The tapered worm (Fig. 3) of Archimedes type is made of alloy steel
41MoCrl11 SR EN 10084-2008 hardened by nitriding at 960HV (Fig. 4), with the

Fig. 2 The gearbox for testing
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Fig. 3 Tapered worm
(pinion)

Fig. 4 Worm hardness
measurement

flank roughness of Ra = 6.3 pm. According to the GOST 22850-77, the worm
type corresponds to SOA.

Reverse tapered worm wheel (Fig. 5) was made by gear hobbing with hob
worm-thread milling cutter, on the gear cutting machine FD 500 type UM Cugir,
by using the method of axial advance (Fig. 6).

For the experimental comparative study three types of materials have been
used. Table 1 shows their main mechanical characteristics.

3 Experiment Implementation

Reducers tested were mounted on the support stand being subjected to identical
experimental tests. Resistant torque control was performed with an electromag-
netic brake type with powder FRAT 3500 in 10 successive steps of loading (about
15 min to stabilize the temperature for each step), following a series of values
series specific to the numbers R10a.
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Fig. 6 Toothing of worm wheel

Table 1 The mechanical characteristics of worms wheel’s material

Material type E [N/mm?] o, [N/mm?] [HB]
Polyamide (Ertacetal C) 3,100 68 140
Cast iron (EN — GJS — HB250) 1.15-1.6 x 10° 210-250 200
Bronze (CuSnl2) 1.15 x 10° 300450 95

Electromagnetic powder brake, type FRAT 3500 allows for adjustment when
loading and displaying the output shaft of the gearbox. Depending on the current
can amount to precision torque output shaft of gear, with standard diagram.
Electromagnetic brake adjustment is performed by potentiometer on the control
panel, the control panel mounted on the chassis, through changes induced in
current amperage.

Determining the level of vibration was performed with a digital type vibrometer
VIB-10/VIB-11, whose capture piezo-electric sensor was fixed to the gearbox
carcass (Fig. 7a) and for determining the noise level it was used an sound level
meter, Voltcraft SL-50 digital type, placed at the distance of 0.5 m from the
gearbox (Fig. 7b).
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Fig. 7 The experimental stand

4 Experimental Data Results

The experiment has taken into account that the worm load bearing flanks have
different values so that the tests were done for each gear in both directions of
engagement (one direction bearing 10° engaging the other bearing 30°).

Tables 2 and 3 shows the average measured values corresponding to each load
increase.

The measured average values of noise levels are graphically compared (Figs. 8
and 9) for the three types of gears.

The vibration level, compared to the three types of gear, shown in Figs. 10 and
11, duly bearing engagement with the flank 10° and 30°.

Table 2 The experimental data, noise level

Load increase [Nm] Noise level [dB]

Hardened steel/ Hardened steel/cast iron Hardened steel/bronze

polyamide

Flank 10°  Flank 30° Flank 10° Flank 30° Flank 10° Flank 30°
0.00 78.90 80.10 74.30 86.05 77.60 80.10
7.70 78.25 81.00 75.80 84.82 77.85 81.00
9.73 80.45 79.55 76.32 84.77 78.70 79.55
14.07 85.25 78.10 75.88 84.20 78.68 78.10
19.09 82.30 77.20 76.45 84.75 78.85 77.20
23.36 79.85 76.40 76.70 85.87 78.10 76.40
34.88 81.95 76.75 78.03 86.90 77.78 76.75
56.25 79.10 78.18 80.25 87.90 78.88 78.18
83.82 80.42 79.15 79.15 88.61 81.45 79.15

115.77 81.13 78.10 78.58 87.87 82.33 78.10
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Table 3 The experimental data, vibration level

Load increase [Nm] Vibration level [mm/s]

Hardened steel/

Hardened steel/cast iron Hardened steel/bronze

polyamide
Flank 10°  Flank 30° Flank 10° Flank 30° Flank 10° Flank 30°
0.00 1.55 1.50 1.60 3.25 1.65 1.50
7.70 1.50 1.55 1.75 2.95 1.70 1.80
9.73 1.62 1.40 1.75 3.95 1.75 1.45
14.07 1.65 1.38 1.70 4.05 1.80 1.40
19.09 1.65 1.20 1.65 3.55 1.80 1.25
23.36 1.66 1.22 1.85 3.20 1.80 1.25
34.88 1.68 1.25 1.95 3.10 1.80 1.30
56.25 1.85 1.25 2.15 3.25 2.00 1.30
83.82 1.90 1.48 2.00 3.00 2.00 1.55
115.77 1.95 1.50 1.75 3.75 2.10 1.50
Fig. 8 Graphical [ mPolyamide oOCastlron  OBronze |
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5 Conclusions

Following the experiment several important conclusions can be drawn:

the gearbox equipped with worm face-gear with reverse tapered pinion is
comparable to the normal operation of reduction gears for general use;

the gearbox that uses steel-polyamide, has a high degree of quietness compared
to other types of gears;

reducers with use different combinations of materials: steel-cast iron and steel-
bronze, have a certain behavior in terms of noise, vibrations respectively, which
is approximately identical;

to obtain highly reliable results, in terms of noise and vibration level, the
experiment needs to be repeated with a larger lot of gears in each category, to
exclude the effect of accidental parameters;

it is also required achievement of an experiment that uses steel-steel material
couple which allegedly has a much enlarged lift and noise levels higher steel-
iron combinations, steel-bronze and steel- polyamide;
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e the costs of implementing the worm face-gear with reverse tapered pinion are
substantially higher than the general purpose worm gear.
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CAD/CAE Approach of the Strain
and Stress Static Analysis
for Spur Gear Pairs

Sorin Cananau and George Dobre

Abstract In the last years there is an increasing demand for the efficiency,
compact size, low noise level and reliability of gear transmission. This imposed
that gear designers use adequate software for design and verify the product
development. The paper aims to evaluate the use of different software for design
and test the spur gear transmissions. An algorithm from the concept and geometric
profiles of the teeth and linked parts to the models obtained using Finite Element
Analysis (FEA) which aims to test and verify the comportment of the involved
structures in the meshing process is presented. The paper aims also to demonstrate
that ISO or other standards cannot conduct a reliable analysis of the root tooth
bending and teeth contact stress. The proposed algorithm shows that o lot of
software can be used but also the necessity to generate specific codes to interlink
the steps in the algorithm. Also the paper put in discussion the use of 2D and 3D
models in the transmission design process. One feature of the algorithm is the
necessity of the 3D model in the process. The use of FEM as a numerical method
to evaluate the behavior under static load conditions is also one of the necessity in
the modern conditions of product development and the paper aimed to demonstrate
that feature. Finally the presented FEM software shows a complete suitability for
the calculation of spur gears transmission and not only.
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1 Introduction

The increasing demand for power transmission with a uniform functioning, a low
level of vibrations and noise of different technical systems leaded to a more precise
analysis of the characteristics of gear systems incorporated in these systems. The
demands of the industry conduct to a rapidly growing field of office-automation;
usually equipment is marked by the demand of noise reduction of incorporated
gear pairs that affect in an important way environment. The last environment
legislation in the UE and other important industrial countries shows the signifi-
cance of improving the power efficiency and reduction of noise level in gear
transmission systems.

The activity of designing highly loaded spur gears for power transmission
systems is a difficult task in order to produce in the same time a reliable
mechanical product and a system with a low noise level; this activity requires
methods that are to be implemented and also to provide information on the two
important stress: bending stress and contact strain and stress in the meshing pro-
cess but also information concerning the torque influence on the structure shift-
gear elasticity, information concerning transmission errors and others. The struc-
tural integrity of high speed reduction gear systems requires a proper assessment of
the tooth contact and fillet stresses. In calculating these stresses, it is important to
consider gears as “structures” rather than as pairs of teeth in mesh. Therefore in
this paper we will consider a structure composed from teeth with a defined profile
and the part of the gear corresponding to the shaft or the rim of the wheel gear.

Another important problem regards the results of the strain and stress analysis
as consequence of the 2D or 3D involved models.

Early studies concern stress and deformation on gears (Tobe et al. 1973) but
also mathematical programming methods for design of elastic bodies in contact
was developed (Conry and Serireg 1971; Baronet and Tordion 1973). Very soon
solutions which takes into account integrated elastic deformation of loaded teeth
are developed (Li and Zhao 1984). The design of gears using Loaded Tooth
Contact Analysis (LTCA) as a modern method was first developed by Litvin
(Litvin et al. 1996). 2D and 3D mathematical models developed for solving with
FEM tools as numerical method are presented in many papers (Brauer 2004). This
method became one of the most important tool used for static and dynamic
analysis of spur (and helical) gears.

In the same time many contributions based on experimental studies on tooth
surface contact strength and root bending strength were developed (Rademacher
1967; Niemann and Reister 1966). Kalkert (1963), Feltkamp and Rademacher
(1968), Umezawa (1972), Cananau (1999) also investigated static behavior and the
effects of gear machining errors on tooth contact for spur and helical gears by
experiments. Thus, the analytical solution for the bending deformation of loaded
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tooth is rarely reported recently. But in most cases, the pre-processing and
computing is very time-consuming, and it is hard to find a suitable analytical
solution for comparison. So, a high-precision analytical solution on bending
deformation of loaded tooth is still of great significance.

The paper tries to emphasize the importance of the 3D model in some analysis
as the hertz contact between teeth in mesh. Also, the paper will show the
importance in gathering information of numerical methods in the analysis of static
behavior of gears in mesh. The finite element method is capable of providing this
information, but the preprocessing, processing and postprocessing activities time
needed to create such a model is large. In order to reduce the modeling time, a
preprocessor method that creates the geometry with optimal design is needed for a
next finite element. As new contributions, the paper finds if a certain algorithm of
tasks (modeling and analysis) is suitable for spur meshing gears analysis. The root
bending stress and surface contact stress are important parts in any standard for
calculation of load capacity for mechanical transmissions with gears. The ISO
standard 6336 standard give analytical expressions to calculate the load capacity.
The factors involved in these relations, as application factor, face load and
transverse load factors, dynamic factor, are introduced to consider different effects
on the experience and experimental results.

To get the correct values of these factors is very difficult and the standards
cannot precisely calculate the root bending stress and contact stress. In our case we
discuss of specific standard. The paper proposes a suitable algorithm for CAD and
CAE activities and an sample list of software for the development of gears design.
In the same time, the paper introduces the idea of a necessity for a code based on
mathematical and numerical model in order to obtain results regarding the surface
contact stress. Only with a method and an algorithm which combine FEA com-
mercial codes and specific written codes a designer could obtain a precise analysis
for the behavior of a gear transmission under load, in static conditions. In Fig. 1
we synthesize this algorithm.

2 Gear 2D Structure

2.1 Gear 2D Structure and Substructures

A gear wheel is carried out from linked substructures (teeth with defined profile)
which have identical geometry and material properties and are connected to each
other in the circumferential direction. A gear wheel is considered a rotationally
periodic structure.

According to this concept, each tooth will have an identical behavior on the
same load applied (load applied in the same conditions, on the same line contact
along the width of the tooth).
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Input geometrical data
and gearing parameters

Input material data
|
Input meshing positions
and teeth engagement
data
CAD 2D activities-design
of teeth and gears

CAD 3D activities-
design of master modeler

FEM mesh of driving
and driven gear

FEM structure for FEA FEM structure for FEA
root bending stress Surface contact stress
| 2D structure | | 3D structure | Calculate the influence

coefficients for driving and
driven gears, on contact

Input load reference face
| Root bending stress | Input load

Load distribution for teeth in
contact (single and double
pairs)

I
| Surface contact stress

Stop

Fig. 1 Flowchart of the gear CAD/CAE design activities

2.2 Parametric Description

In terms of computational geometry gear tooth surface is an involute surface. Into
a left-handed Cartesian Coordinates system X, Yo Zg it can be analytically
described in terms of Gaussian parameters 0 and y (Radzevich 2002):
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rposin® — ¥ cos 0
rppcos 0 — ¥sin6
}’0(9,\}‘) = pe ) (1)
1

in which: r, is the gear base radius; p—a screw parameter of the gear tooth
functional surface. This is the base for the gear tooth surface machined by gen-
eration with an auxiliary rack. For the spur gear there is a logical simplification.
The generation of the profile was divided in three parts: the addendum part, the
involute part and the fillet tooth generated by the rack cutter (gear hob). The
parameters for the CAD model of the gear pairs are given in Table 1.

The generation of the surface of an involute gear hob is determined pursuant to
the use of a routine written in Matlab cod. The functions of the profile modeling
for addendum of the tooth (Fig. 2a), left involute profile, (Fig. 2b), the right profile
of the tooth. (Fig. 3a) and fillet of the tooth profile (Fig. 3b) are represented.

Figure 4a, b give the CAD structure for the gear wheel and, respectively, one of
its sector considered in the present analysis.

2.3 3D Geometric Model

The activity of designing highly loaded spur gears for power transmission systems
that are in the same time a reliable mechanical and a low noise level products
requires analysis methods that can easily be implemented and also provide
information on surface contact and bending stresses, along with transmission
errors. The finite element method is capable of providing this information, but the
preprocessing, processing and postprocessing activity time needed to create such a
model is large. In order to reduce the modeling time, a preprocessor method that
creates the geometry needed for a finite element analysis may be used. There are
many CAD software such as that provided by DSS SolidWorks, DSS CATIA,
ProEngineering, Autodesk INVENTOR etalt. Some of these software can generate
models of three-dimensional gears easily. But the problem is to have a strong CAD

Table 1 Parameters of the CAD gear model

Parameters Units Data
Number of teeth, z,/z> - 21/31
Center distance, a mm 130
Pressure angle, o deg 20
Module, m mm 5
Diametral pitch, p, mm 15.7079
Working face width, b mm 40
Elasticity modulus, E N/mm? 2.07-10°

Poisson’s ratio, v - 0.32
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Fig. 3 Tooth profile generation, a Right involute profile. b Fillet of the tooth profile
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Fig. 4 2D gear structures of the entire spur gear wheel (a) and a of a sector used in the paper
analysis (b)

description in order to submit this model to a Finite Element Analysis. Some of
this software has own codes for FEM. In other situations is preferred the solution
of transferring the CAD model to a very strong cod FEM.
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The algorithm depends on the analysis needs, the experience of the team and,
not at least, software and hardware possibilities of the working team. An algorithm
which use the SolidWorks (for CAD model) and ABAQUS (for FEM analysis)
software could be described in few words: in SolidWorks, the geometry is saved as
a file and then it can be transferred from SolidWorks to ABAQUS. In the new
software one can click File > Import > IGES > and check No disfeaturing and
Merge coincident key points. After that the mesh is generated in accordance with
the analysis purpose, the tests for evaluating the convergence of the solution with
different mesh and the analysis process and post process.

For a suitable analysis it is more convenient to use a 3D model in the gear
analysis because of tooth height, tooth thickness and tooth face width of a gear in
three mutually perpendicular directions are comparable with each other. More than
this using a 3D model is the only way to superpose the effects of various loads and
stresses in the gear substructure.

In this paper we are going to take into account the effect of the bending stress of
a tooth and the effect due to the local contact along meshing line (Hertz contact).
In order to consider the effect of adjacent teeth five teeth model was taken into
account for the load distribution (the real meshing contact) but in order to magnify
the effects here the contact was considered for a single pair teeth.

The 2D model in a IGES structure form for the selected pitch diameter and
number of teeth is saved. The profile developed in Matlab code was perform as a
gear profile in SolidWorks (Fig. 2) and then was prepared for static stress and
deflection analysis in a 3D model as is shown in Fig. 5. The number of contact
lines in a parametric way, but also the geometric characteristics of the tooth as
standard gear, circular or involute crowned tooth can be set when the process is
developed in a 3D model.

The root bending stress, contact compressive stress and gear tooth deflection are
calculated with load application at the points located along to five contact lines,
uniform distributed along the active involute profile of a tooth. These lines are
chosen from the root of the tooth to the upper bound, with a constant distribution.

Fig. 5 The generation of 3D
gear structure
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2.4 FEM Structure

As we stated the most powerful numerical method of determining accurate stress
and deflection information is the Finite Element Method. The loads acting on the
mating gears will act along the pressure line, which can be resolved into both
tangential and radial components using the pressure angle.

The gear tooth contact stresses, tooth bending stresses and gear tooth deflection
of single tooth contact of spur gear are analyzed using FEM into a frame of
ABAQUS model. A thick full rim with five teeth FE model is used for stress
analysis. The finer mesh size is selected to ensure line contact and uniform dis-
tribution of load over flank.

The element of the type eight-noded hexahedral is chosen. This is used for the
3D modeling of solid structures. The element is defined by eight nodes having
three degrees of freedom at each node, translations in the nodal x, y, and z
directions.

The material is assumed to be isotropic and homogeneous. The type of contact
was surface to surface. The contact pair consists of a target surface and a contact
surface. The contact surface moves into the target surface; nodes at the side
portions and the bottom portion of rim of the gear are fixed during gear analysis to
avoid misalignment and to localize the load distribution (Fig. 6).

3 ISO Standard for Load Capacity of Spur Gears

The ISO standard 6336-2:2006 (Part2) and 6336-3:2006 (Part3) gives the fol-
lowing expersions for the root bending stress (1) and the surface contact stress (2):

Fig. 6 FEM structure of the
gear in ABAQUS model

ODE: Jab-1.000 Abaqus/Standard 6.5-EFL  Fiidal 22 10:47:16 GTE Daylgni Time 2041

Step: Step-1
f/\ [nzrement 6 SlepTime = 1.000
“
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The Eq. (2) is the formula ISO 6336-3 for root bending stress calculation of the
point at 30° angle tangency on the root fillet. The meanings and values of the
nomenclature is given in the next table (Table 2).

The Eq. (3) is the formula ISO 6336-2 for surface contact stress for a pair of
spur and helical gearswith a contact ratio between 1 < ¢ < 2. In Table 3 are shown
the meanings and values of the nomenclature.

4 Results, Comparisons and Discussions

Concerning CAD/CAE approach of the strain and stress static analysis there are
some observations: a model of a meshing gears loaded by an equivalent torque will
conduct to results which are closer to the real behavior of the structure. That means
we have in this model a superposition of the two stresses: bending stress and
contact stress. But, if we need to compare separate stresses with ISO standard
calculation results, we have to use special techniques to separate the two stresses.

The first stress taken into account is the bending stress. For this analysis we also
two investigate two aspects. First of all is the behavior of the tooth using a 2D
model and, second, the behavior of the tooth under load for a model closer to
reality, for a 3D model. Also, in both cases we imposed the load conditions as is
stated in ISO standard.

The result for the 2D model, concerning the strain state, is shown in Fig. 7.
Also, results concerning the state of stress and displacement are shown in Table 4.
In the process of meshing, the maximum displacement is 1.554 mm, which cor-
responds of the position at the top of the teeth of the main gears. The displacement
decreases from the top of the tooth to the root of the teeth.

Table 2 Factors in root bending stress calculation formula, Eq. 2

Nomenclature Symbol Value
Application factor Ky 1.0
Dynamic factor Ky 1.0
Face load factor Krp, 1.0
Stress correction factor Y. 1.5
Contact ratio factor Y, 0.75
Transverse load factor Kr, 1.0
Form factor Yra 2.73

Helix factor Y, 1.0
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Table 3 Factors in surface contact stress calculation formula, Eq. 3

Nomenclature Symbol Value
Zone factor Zy 2.5
Elasticity factor Zg 189.8
Contact ratio factor Z, 0.9115
Helix angle factor Z, 1.0
Application factor Ka 1.0
Dynamic factor Ky 1.0
Face load factor Ky, 1.2
Transverse load factor Ko 1.0
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Fig. 7 Bending state of strain for 2D model, single pair in contact

Table 4 Equivalent stress

i . > Mesh position ~ Maximum Maximum
and displacement in meshing equivalent stress (MPa)  displacement (mm)
process -
Line 1 144.2 1.261
Line 2 148.5 1.312
Line 3 153.1 1.391
Line 4 157.4 1.442
Line 5 163.8 1.554

Table 4 shows the value of the maximum equivalent stress and displacement at
different locations in the meshing process (Abaqus).
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Fig. 8 Von Misses stresses for 3D bending model with 40 % of nominal load

From the Table 4, it can see that the maximum displacement and equivalent
stress occurs at the point of the upper bound in the meshing of the single gear.

But the 3D model is closer to real process. For the bending stress we performed
the state of stress in a series of analysis imposing an increasing load. In Fig. 8 we
can observe the development of bending stress at the root of the tooth for 40 % of
the nominal load. We can see the non uniform distribution of the stress along the
flank line in the root region.

Regarding the effect of the bending stress the maximum principal stress at the
root on the tensile side of tooth is used for evaluating the tooth bending strength of
a gear. The Von Misses stress at the critical contact points was found out. The-
oretical values of these stresses are compared with the ISO results calculation.

More than that we perform a parallel analysis using a second software to
compare and verify the results.

In Fig. 9 are shown the results for this analysis. We can see that FEM software
indicate the non-uniform distribution of bending stress during the ISO results is a
constant value, and did not take into account the distribution of the stress along the

Fig. 9 Root bending stress E 165

comparison for ISO standard =

and FEM software = 160
g 155
g
E 150
m 145
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Fig. 10 Von Misses stresses for 3D bending model with 100 % of nominal load

tooth width. The error Cosmos M regards to ISO calculation is 5.82 % and Abaqus
regards to ISO calculation is 7.12 %.

The development of the state of stress for 100 % of nominal load is given in
Fig. 10 it shows large stresses at the root of the tooth, these being practically equal
to the tensile stresses which are the main causes of crack failure.

Contact failure in gears is currently predicted by comparing the calculated
Hertz stress to experimentally determine allowable values for the given material.
The details of the subsurface stress field usually are ignored. This approach is used
because the contact stress field is complex and its interaction with subsurface
discontinuities is difficult to predict. However, all of this information can be
obtained from the ABAQUS model. For the corresponding model of gear mesh
(with consequent values for 2D and 3D model) we impose an equivalent load to a
value of 362 Nm torque.

On the basis of elastic contact theory we assume that a pair of teeth in contact
represents an elastic bodies contact and is handled as contact of many pairs of
points on corresponding contact surfaces, supposed in contact along lines of the
width of teeth. The mathematical model used to solve the contact problem assume
that all the contact forces shared in the contact points are along the direction of the
load F,. As consequence, the external load P is equal to the sum of all contact
force F;. The displacements due to elastic deformations can be found using eq.
under the condition of knowing the clearance 4; and the influence coefficients o,
for the force applied in i point with an elastic influence in a j point. The mathe-
matical programming method can be used in correlation with a FEM model from
which we can find the values of influence coefficients. The relations for the
mathematical model in a discrete form is given in the Egs. (4) and (5) (Cananau
1999). In Fig. 11 we can show at a large scale the state of stress for the contact
model.
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Fig. 11 Von Misses stresses for 3D contact model

Fip = Z Fi (4)
i=1

n
5; = Z w;F; + Aj, where s; = const. (5)
i=1

For the 3D model, the state of von Misses contact stress for local contact along

the contact line, the maximum values for the von Misses stress are less than
1,100 MPa.
The advantage of virtual testing and simulation process is the information we can
get for the meshing process. In this activity we can develop special codes linked
with the FEA/FEM commercial codes in order to obtain the load distribution along
tooth width in the real meshing process. For the 3D studied model we can obtain
the load (pressure) distribution along meshing line for a single and double pairs of
teeth in contact. Also in a 3D representation we can get the information regarding
the load distribution along the contact lines on the tooth width.

In Fig. 12 we get this information for the model already studied. Some aspects
as the effect of load distribution at the end of the tooth could be found only using
numerical methods and are not taken into account in actual standards calculations.

For two contact load cases and single pair tooth contact we studied the loaded
tooth contact. The developed analysis is applied for the line along the tooth width
and corresponding to the C (rolling) contact point. It is found that the contact stress
contour lines present symmetry versus the initial contact line and also versus the
middle plan of the gear (on the width). Also we found that the load contact
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distribution is changed from the first case, Fig. 12, to the pattern as is shown in
Fig. 13, due to gear involute profile error. In Fig. 14, due to tooth direction the
load distribution is modified along the tooth width.
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Fig. 14 Load contact distribution along mehing line and tooth width tooth direction errors:
a right flank error, b left flank error

In Fig. 15 there are presented the contour lines along of tooth contact stress. In
the first case presented in Fig. 15a, there is a contact distribution pattern corre-
sponding to the reciprocating two lines in contact (along tooth width) at C point
(along meshing line) for 40 % of nominal load. In Fig. 15b, the same pattern is
shown for 100 % of nominal load. There is interesting that the symmetry of the
contact lines stress can be observed for both cases and the hertz contact stress for
the model of two cylinders in contact is involved.

In Fig. 16 there are presented the contour lines along of tooth contact stress for
different points along meshing line and for flank surfaces with profile involute
errors. In Fig. 16a, is shown the pattern tooth contact stress for corresponding
surfaces with involute dedendum profile error and in Fig. 16b, the pattern for
surfaces contact stress taking into account an involute addendum profile error.
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5 Conclusions

In a modern and actual designing process of the transmissions with gears it makes
necessary that gear designers have information regarding the behavior of the
elastic structures under load. That means the designers must know the root bending
stress and the surface contact stress. The ISO and other standards cannot give
precise information and cannot conduct to a precise analysis of this stress.
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For accomplish this information task is necessary to adopt and to have the
knowledge to use a lot of software for gear calculation, CAD activity and, the most
important, CAE analysis. This analysis involves in the same time the knowledge
regarding commercials codes with finite elements but also responsive FEM
programs which are also developed for personal computers.

An example of the capabilities and an algorithm of the “course” we have to
taken in order to achieve relevant information in the designing process of gear
transmission was shown in the paper.
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On the Efficiency of a Planetary Speed
Increaser Usable in Small Hydros

Oliver Climescu, Codruta Jaliu and Radu Saulescu

Abstract The paper focuses on the efficiency determination for a planetary speed
increaser with deformable element, usable in micro hydro power plants. The
proper selection of a suitable speed increaser between the turbine and generator is
needed in order to allow a good and economical operation of these power gen-
erating units. Firstly, the generator and the turbine are tested on experimental rigs
in order to find out the mechanical characteristics. Then, the synthesis of the
planetary speed increaser is performed. The paper presents also the experimental
efficiency determination of the speed increaser for different loads and speed
regimes, by using an electrical generator with known characteristics as a braking
load. The validation of the theoretical results with the experimental investigations
guarantees a good functioning of the physical prototype of the planetary speed
increaser in certain operating conditions.
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1 Introduction

Micro hydropower plants can be designed to match many different working con-
ditions. These plants are generally placed in rural locations to generate electrical
energy for off-grid users or in locations where the connection to an electrical grid
is not a viable solution, as mentioned by Harvey (2005). The main hydrological
characteristics of a certain location (the available water head and flow), the type of
the desired electrical generator (and its operating speed) and the required electrical
power defines the type of the hydraulic turbine, that will be used in the given
operating conditions, as shown in literature (Pelikan et al. 2004; Von Schon 2007).

Generally, the optimum running speed for the hydraulic turbines is less than
600-700 rpm, while the off-shelf generators require much higher operating speeds,
above 2,000 rpm as mentioned in literature (Harvey 2005). In order to eliminate
the discrepancy between the optimum speed regimes and to allow for both com-
ponents (turbine and generator) to run at maximum efficiency, a speed increasing
transmission is required, which transmits the mechanical energy from the turbine
to the generator, and, in the same time, it modifies the parameters.

From the hydro energetic potential point of view, Brasov area is characterized
by short rivers, with medium and high heads, medium and low values of the water
flows due to the low quantity of precipitation (average value 637 mm/year), and
high fluctuations of flow (30-40 % of the flow comes from the annual snow
melting). Based on the measurements of flow and head performed on some of the
rivers from this region, it was decided to design an off-grid small hydropower plant
for a rural community to be implemented on Poarta River, near Bran. The chosen
location is characterized by a mean value of the water flow Q,,, = 0.585 m>/s and a
head H = 1,285 m, as presented by Jaliu et al. (2010). Therefore, a Turgo turbine,
with a maximum power of 1 kW at 4,000 rpm (values given by the manufacturer,
http://www.lpelectric.ro/ro/products/hydro/turbine_ro.html) (Fig. 1) was pur-
chased to be installed on Poarta river. By taking into account the site hydrological
parameters, the turbine reaches its highest efficiency at a particular speed regime
that is much lower than the generator optimum speed. Therefore, the use of a speed
increaser is needed between the hydraulic turbine and the electrical generator.
However, the use of a mechanical transmission to get the necessary speed

Fig. 1 The turgo turbine
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multiplication involves several disadvantages that refer to the overall efficiency,
dimensions and cost of the micro hydro plant.

Under these considerations, the paper presents the synthesis and experimental
validation of the theoretical characteristics of a speed increaser to be assembled
between the Turgo turbine and generator in order to ensure their operation at
higher performances. The concept of the speed increaser is proposed by the
authors in (Diaconescu et al. 2010).

Thus, firstly, the generator and turbine were tested on experimental stands for
different speed regimes, in order to identify the efficiency—speed characteristic.
Then, based on the testing results, the synthesis of the proposed planetary speed
increaser is performed in order to get the required efficiency and multiplication
ratio. The prototype of the speed increaser is manufactured and implemented into
the Turgo assembly. The assembly consisting of the developed speed increaser and
the electrical generator (as braking load) is tested on the experimental test rig from
Electroprecizia Sacele factory in order to validate the theoretical results.

The validation of the theoretical results by testing the components separately in
special test facilities, guarantees the good functioning of the physical prototype of
small hydropower plant in real operating conditions.

2 The Turbine and Generator Characteristics

The turbines and generators are characterized by a power—speed characteristic
and efficiency—speed characteristic. The first step in the establishment of the
generator and turbine characteristics is to find out their input and output param-
eters: flow, discharge, torque, angular speed and voltage. Therefore, the Turgo
turbine and the electrical generator were tested for different speeds and nozzles on
experimental test rigs in Transilvania University of Brasov laboratories (Fig. 2a);
in the generators case, the measured values were validated on the rig in Electro-
precizia factory (Fig. 2b). The results allow the calculation of the input and output
powers, and, of their efficiency, respectively. The diagrams obtained by

Fig. 2 Establishment of the turbine (a) and generator (b) parameters on testing rigs
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Fig. 3 The diagrams representing the variation of turbine (a) and generator (b) efficiency as
function of rotational speed

Fig. 4 The speed increaser
block diagram n, =500 ..700
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measurements processing are represented in Fig. 3. The diagrams allow the
establishment of the turbine and generator efficiency variations, and, also, high-
light the fact that the turbine has better performances at lower speed regimes while
the generator performances are better for higher speeds (Jaliu et al. 2010). Thus, in
order to increase the performances of the whole micro-hydro plant, the turbine
speeds have to be lower, and the generator has to work at higher speeds. Therefore,
a speed increaser has to be placed between the turbine and the generator (see
Fig. 4).

The conclusions of the experiments are materialized in the speed increaser
block diagram (Fig. 4), which allows the establishment of the speed increaser
multiplication ratio for optimum speeds of the turbine and generator.

3 Speed Increaser Synthesis

In small hydropower plants three basic types of speed increasing transmissions are
generally used: belt transmissions, parallel-shaft and planetary gearboxes, each
with its advantages and disadvantages. Thus, belt transmissions are characterized
by friction losses and overall dimensions increasing with their transmission ratio.
The transmission ratio of the parallel shaft gearboxes can be increased by multiple
stages placed in series, but this layout increases the overall dimensions, weights
and decreases the system efficiency. The planetary gearboxes have many advan-
tages compared to the other speed increasers: they are relatively light and compact,
the input and output shafts are coaxial, reducing thus the overall dimensions, as
presented by Raghavan (2010).
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New solutions of planetary speed increasers for renewable energy systems were
developed in the previous papers (Jaliu et al. 2009, 2010), in which the concept
was generated based on a conceptual design algorithm. The innovative planetary
transmission with deformable element (Fig. 6a) is under certification, and consists
of a chain planetary set and a Schmidt coupling with three parallel connecting rods
(4) (Diaconescu et al. 2010).

The main requirements used in the speed increaser dimensional synthesis are to
multiply the input (turbine) speed between 4-6 times with a good as possible
efficiency, and to ensure the turbine and generator optimum operation. Therefore,
numerical simulations of the multiplication ratio (i) and efficiency (#) for different
combinations of teeth numbers were made in order to identify the optimum
combinations of the sprockets teeth numbers. The relations used in the synthesis
are presented by Diaconescu and Duditza (1994a, b) and Neagoe et al. (2008).

Part of the simulation results is presented in Fig. 5. The diagram presented in
the paper is obtained for z, = 34 teeth of the satellite gear, which ensures an
optimal ratio between the values of radial dimensions and efficiency; the results
are obtained by imposing the theoretical values of the chain transmission internal
efficiency [n%; = 0.95], as given by American Chain Association (2005), of the
linkage efficiency [7%, = 0.995] and the radial dimension of the planetary
increaser (O = 160 mm, given by the turbine dimensions and power). By using
the results of the numerical simulations (Fig. 5) it can be stated that the efficiency
maximum value for this configuration and for a multiplication ratio in the 4-6
range is 0.7 &= 8 %. Similar multiplication ratios (lil = 4...6) and efficiencies can
be obtained for several combinations of teeth numbers, like: z, = 34/z; = 40
teeth, z, = 34/z; = 41 teeth and z, = 34/z; = 42 teeth (see Fig. 5); the variant
with higher efficiency and the radial dimension closer to the turbine diameter is
selected among these dimensional combinations. The winning variant is charac-
terized by the following parameters: the teeth numbers z, = 34 and z; = 41, a
multiplication ratio of —4.857 and an average efficiency of 67.93 %. The con-
structive scheme of the optimum speed increaser (Fig. 6b1 and b2), accomplished
with the aim of modern CAD/CAE software (AutoDesk Inventor, Dassault

Fig. 5 Diagram of the speed 74 4

increaser multiplication ratio 72 4
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x3 at 120°)

(a)

|
(b2) (©)

Fig. 6 The speed increaser concept (a), virtual model (bl, b2), and physical prototype
(c) ({ input central element—its axis of rotation coincides to the carrier H axis of rotation; 2 the
satellite gear, belonging to the chain transmission; 3 (3') the fixed sun gear, belonging to the
chain transmission; 4 three connecting rods)

Systemes CATIA) has an eccentricity of 15.326 mm and needs a counterweight to
balance the inertial force of the satellite gear.

According to the relations presented in literature (Diaconescu and Duditza
1994a, b), the speed increaser kinematic and dynamic parameters are systematized
below:

H Z_3 N 41 . 3 WH3

i = il = =i, =R

1
= — l = =
V/) 34’ HI w13

1
3 _
iy 1o

— —4.857 (1)

no = Ny = nth - nhs = 0.995-0.95 = 0.9452 (2)



On the Efficiency of a Planetary Speed Increaser Usable in Small Hydros 265

3 —omTy 1 —iony!
n=Mu 1T 11— 3)
WH3 = ? = —4.857(/)13; EH3 = 8% = —4.857813 (4)
Ty =T i3y Ny = —Ti -0.2058-0.6793 = —0.1398 - T} (5)

Further, the transmission physical prototype (Fig. 6¢) is assembled between the
Turgo turbine and generator, in order to verify the characteristics of the speed
increaser, experimentally.

4 Experimental Investigation

The speed increaser efficiency is determined experimentally on a special test rig at
Electroprecizia factory (see Fig. 7) that drives the system formed of the speed
increaser and the electric generator used as a brake/load (Fig. 7a). The system

Driving | Speed Electric

Unit | M Increaser

Generator

(0

Fig. 7 The experiment presentation: the speed increaser—electric generator system (a),
installing the system on the test rig (b), and the scheme of the test rig (c)
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Fig. 8 The variation of the transmission efficiency versus input speed

efficiency (Fig. 7b) is obtained by measuring the system input and output power
parameters (Fig. 7¢): the angular speed (1) and the torque (T;) developed by the
electric motor, the voltage (U) and the intensity (I) of the generated current,
respectively.

The turbine mechanical power and the electric power developed by the gen-
erator can be calculated using relations (6):

Prect = T sy, Pe :IU(W) (6)
The speed increaser output power and efficiency can be calculated based on the

efficiency of the electric generator (see Fig. 3, n, = 82 %):

P
Prec2 = = (W) (7)
Mg
PmecZ o U-1
Piect T -w- Mg

= (%) (8)

The results of the experimental investigations are summarized in Fig. 8, which
presents the variation of the transmission efficiency as function of the input angular
speed. By analyzing the results, it can be stated that the tested planetary speed
increaser with deformable element has a stable efficiency above a certain rotational
speed (approx. 130 rot/min), which corresponds to the domain in which the turbine
speed is, in the steady state regime, as stated by Pelikan. The difference between
the transmission theoretical (67.93 %) and experimental efficiencies (64.25 %) is
given by the power losses generated by the used bearings, elastic couplings and to
the manufacturing errors.
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5 Conclusions

e The Turgo turbine and the electric generator were tested on experimental rigs to
obtain the efficiency—speed characteristic; the results highlight the fact that the
generator has better performances at higher speeds, while the turbine perfor-
mances are better for lower values of the angular speed. This behavior justifies
the use of a speed increaser between the turbine and the generator, which has to
increase the turbine speed in the range 4...6.

e The presented speed increaser, consisting of a planetary transmission with
deformable element and a Schmidt coupling with three parallel connecting rods
is an innovative solution and it is under certification.

e The diagrams and results of the speed increaser synthesis form a data base that
can be used in the selection and dimensioning of a planetary transmission for a
small hydropower plant or a wind turbine.

e The presented planetary transmission increases the input speed 4.857 times and
decreases the input moment 7.153 times, that means a theoretical efficiency of
67.93 % for an angular speed of w; > 12.6 s™'; experimentally, it can be
obtained an average efficiency of approx. 64 % that means an error of approx.
6 %, which is acceptable in the micro hydro domain. The manufacturing costs
of the speed increaser are increasing with the decrease of the efficiency error.

e The results of the experimental investigations promise a good working of the
speed increaser with a constant, as high as possible efficiency for a wide range of
input angular speed (from 150 to 500 rpm).

e The use of a speed increaser between the turbine and the generator allows the
good functioning of the two components at higher efficiencies, increasing, thus,
the quality of the small hydropower plant.

e The next step in the development process is the implementation of the speed
increaser in a stand-alone micro hydro plant, equipped with the Turgo turbine, in
order to validate the theoretical and experimental results.
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Surface and Kinematical Joint Formation
from Standpoint of Task Based
Conceptual Design Method

Hrayr Darbinyan

Abstract Descriptive and synthesis methods of a novel presented task based
conceptual design method are allowing to review from different point the for-
mation of surfaces and kinematical joints. Kinematical joints are considered from
the standpoint of surface formation by means of model and executive kinematical
chains. Surfaces reproduced by technological machines are considered as special
types of kinematical joints where two links are contacting each other over
demanded surfaces. Such approach allows creating homogenous (including only
low class joints) kinematical chains and involving further demanded function for
synthesis of so-called “technological machines”. Several examples are reviewed
to confirm the theoretical approaches presented in the paper.
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1 Introduction

The novel methods (Darbinyan 2011) of task based conceptual design are allowing
to review from a single standpoint issues of surface formation by technological
machines and formation of contact surfaces in kinematical joints.

It is useful to consider the category of a kinematical joint for description and
study of surfaces generated by technological machines. Also such approach will
contribute into attempt to generalize the category of a kinematical joint by the case
of formation of a technological surface, considering the contacting surfaces as
virtual case of a kinematical joint.

Mathematical and methodical background for description of a surface generated
by a technological machine can be found in Reshetov and Portman (1985) where
the end of a radius vector is pointing the surface to be reproduced and is described
as a product of 4 x 4 matrices. This study aims analyzes of accuracy of surface
formation and doesn’t contain resources for involvement more functions necessary
for turning a surface generating open chain into a full function mechanism. On the
other hand the surface description method per (Reshetov and Portman 1985) is not
including directly the links of the mechanical system thus limiting the scope of the
method to consideration of a single function of surface accuracy and making dif-
ficult consideration of other functions connected with links and mechanical chains.

In the current study geometrical reproduction of a surface is also challenged as
a key function, anyhow the synthesis methods of the novel method are able to
expand this key function based mechanism into more complicated configurations
with essential involvement of the whole spectrum of demanded functions.

Any kinematical joint mandatory implies reproduction of a surface by means of
contacting elements of the joint; similarly any work tool driven by proper kine-
matics will move over a work piece surface and will generate it. It’s quite logical
to think that the kinematical surface generated by consecutive positions of the
work tool and the work piece surface will act like a kinematical joint.

This obvious judgment is getting quite definite methodical advantages when
seen from the standpoint of novel method of conceptual design and namely from
the point of model mechanism and executive chain generation, creation of
homogenous mechanical entity and setting the possibility of further function
involvement once the key function of surface generation is satisfied.

The novel synthesis methods (application of standard set of synthesis tools,
using virtual chains with further substitution with physical ones, direct dependence
between a function and set of movable links implementing this function) can be
useful for examination and study of functional of kinematical joints and surface
generation mechanisms in particular.

Current study aims to consider the surface included between the mechanism of
a surface generating technological machine and frame a special type of kine-
matical joint thus consider the whole generalized mechanical system (GMS) a
single closed loop homogeneous chain suitable for synthesis and analyzes of given
mechanism.
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A special case of not continuous but discrete character surface generation
(gemstone faceting machine) will also be considered from the same methodical
standpoint.

2 Tasks and Objectives

The objective of the current study is to develop a homogenous mechanical entity
(Generalized Mechanical System—GMS) included between work piece and work
tool. Normally this GMS is an open chain and it is closed by a contact of the work
tool on the work piece over so-called processed surface.

Another objective is to consider the work tool—work piece contact surface as a
special kind kinematical joint, thus turn GMS into closed loop including exclu-
sively low class (revolute and prismatic) kinematical joints with a single virtual
joint on the contact surface.

Further objective is to establish the frame inside the homogeneous GMS,
dividing it into two methodically important parts.

First chain starting from frame and ending on work tool surface for formation of
work piece in most simplest (less links) and function vise efficient way.

And the second chain starting from the frame and ending also on the same point
of the work piece is for set of executive links as conceptual structure for the further
surface generation mechanism.

Next objective is to describe the homogenous chain and confirm it is suitable
for application of standard synthesis tools.

And the last objective is to describe the case of discrete surface formation on an
example of faceting machine.

Three examples for Slab Saw, Chamfering Machine and Faceting Machine will
be considered to confirm the validity of this theory.

3 Surface Formation and Kinematical Joint

On Fig. la work piece X; and work tool X, are contacting through virtual kine-
matic joint y, some kinematic chain c is providing this contact (Fig. 1b) and the
combined graph (Fig. 1c) is including the both chains (Fig. 1c).

A work tool will contact the work piece to produce the demanded surface (let’
say that’s a virtual kinematic joint) and it needs another physical executive
mechanical chain for providing the necessary movements over the work piece
surface. The first contacting chain and second physical chain together are com-
posing a closed loop which includes regular kinematical joints and one virtual joint
for work piece—work tool contact.

To get a homogenous mechanical structure including exclusively low class
joints need to do the following transformations with X;, X,c and y.
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Fig. 1 Graphs for virtual joint (a), executive chain (b), combined graph (c), general graph (d)

e For X; a set of simplest movements should be arranged to provide in a most
simple and function vise effective way a chain for demanded surface repro-
duction. This chain connected with work piece coordinate system will present
the model of surface generation.

e For X, an open homogenous chain should be generated for describing the
contacting work surface of the work tool. This is possible to do by application of
surface liquefaction tool described in Darbinyan (2012). Large variety of
options are available for fulfilling this task, anyhow the preferable solution
should sound with the structure already built for work piece surface (surface
model formation). This chain can be called executive movement’s chain.

e For ¢ an open homogenous chain should be generated duplicating (but not the
same) all the movements of the model chain for X;.

e After transformations above are done the virtual joint of y can be described by
consecutive positions of work tool over work piece with consideration of
functional movements and relations between functional parameters due to
kinematical and geometrical contact conditions.

Both model and executive chains are starting from immovable link (frame) and
are forming virtual joint y in the contact point (Fig. 1d). Descriptions of models in
Fig. 1 are presented in matrix expressions (1-4).

J=J[X| ¢ X (1)
C=C[X; ¢ X (2)
o Xy X
M= M|:(X1) c (Xz)] G)
X() Cm X1
G = G (XO) Ce XZ (4)
Xo) 7 (X2)

The homogenous structure generated in above described way has the ability of
further transformation (expanding, squeezing, adding parallel chains-by applica-
tion synthesis tools according Darbinyan 2011) accompanied by insertion of fur-
ther (after satisfaction of task of surface generation) synthesis tasks and functions.
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At this level it includes two basic chains (model and executive) which are the base
of mechanism development subject to key function (technological surface
generation).

The homogeneous field of parameters opens wide possibilities for analyzes and
synthesis as for the main function as well for further functions and features of the
mechanism.

3.1 Kinematical Joint Sphere to Sphere

Kinematical joint sphere to sphere (SS) is used for showing formation of a virtual
joint. We consider one sphere as a work piece and the other one as a work tool
which may reproduce the work piece as a result of definite executive movements.
Such approach implies presence of a kinematical chain necessary for directing the
movement of the work tool sphere around the work piece sphere. One sphere
surface in this case is not a counterpart of the kinematical joint but a result of
consecutive positions of the other sphere driven by some surface reproduction
mechanism (Fig. 2). Matrix (5) shows the contents of GMS (generalized
mechanical system) for SS kinematical joint.

XO o X] [)) X2 r . . . . . . X3

M=M (X()) o X4 Bf X5 (Fl + r2) X6 ar X7 ﬂT Xg rr X9
(Xs) . . y o (Xo)

(5)

e First row in the matrix (5), ended by link X5 is for work piece surface repro-
duction chain (model chain).

e Second row is for kinematic chain driving the work tool over work piece sur-
face. Second row has two parts. The first part ended by X¢ is for executive
mechanism, and the second part ended by Xg is for work tool surface description
by a mechanical chain created using the solid liquefying tool according
Darbinyan (2012).

e The third row is description of virtual kinematical joint y between last links of
the chains for work piece sphere and work tool sphere.

In spite the fact of using joint SS joint per kinematical chain need (a regular
task) this GMS is useful from standpoint of spherical (in general of any surface)
surface generation by another spherical surface according consecutive position
generation method and may serve as model for further development of such
reproduction mechanism.

The described chain is not the only one for sphere reproduction. It is showing
the elements of novel methodical approach and may have many options for
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Yo

Fig. 2 GMS for kinematical joint sphere to sphere

implementation of executive chain, which starts on the frame and is ending on the
sphere surface of the work piece.

4 Surface and Kinematical Joint Formation Examples

4.1 Slab Saw Example

The other example is for Slab Saw where the plane (cut or slice surface on a Slab
Block) should be generated by other plane of the work tool—of a Diamond Slab
Saw. In a similar way we build two chains of GMS, first for cut surface (plane)
model anchored to Slab Block [first row in (6)] and second one including a set of
functional movements for cutting surface (plane) of the Slab Saw (Fig. 3).

X() Z X] X X2 y . . X3
M=M|(Xo) A Xs yr Xs (x,0r) X¢ Rr Xy (6)
(X4) . . . Y . . . (X7)

The third row in (6) is for virtual kinematic joint. This GMS can serve as base
for one scenario of Slab Saw mechanism development according specific demands
and requirements of this kind of machines (Darbinyan and Darbinyan 2007).
A sample of further function may serve the tile thickness adjustment function that
can be presented as additional parallel chain between links Xy and Xi:
Fa = [XoF,X]c, where Fa is challenged function for tile thickness adjustment and
is inserted as unknown joint between links X, and X;.



Surface and Kinematical Joint Formation 275

Fig. 3 GMS for slab saw
4.2 Chamfering Machine Example

In the GMS for Gear Chamfering Mechanism (Fig. 4) a model is linked to the
work piece gear, the executive chain is starting from the same coordinate system
connected to work gear and the chain for a work tool with point, linear or surface
formation element. This tool will go around the work piece and generate the
needed surface of chafer along toothed pattern. The mentioned kinematic chains
with appropriate descriptive matrices are shown in Fig. 4 and in (7).

Large number of parameters is reduced due to geometrical and kinematical
relations specific for higher class kinematical joints and due to producing solids
using the solidifying synthesis tool described (Darbinyan 2012). As a result we
will get surfaces Sw for work piece gear and surface Sy for work tool gear, which
will produce demanded surface of chamfer due to inter generation.

In the homogenous mechanical chain (GMS) reproduction of any kinematical
joint of GMS is equally successful by means of remained links of the system, and

Fig. 4 GMS for gamma surface for gear chamfering mechanism
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there is no difference which kinematical joint is being reproduced—revolute joint,
prismatic joint or virtual “)” joint.

Xo o X] ROP X2 XeP X3 Z X4 y . . . . X5
M=M|(Xo) o X¢ Av Xy (95_/'2 + OCT) Xg Ror Xo xovr Xi0 z Xu y Xn2
(XS) . . . . . Y . . . . . . . (X]z)

(7)

Simplification of GMS, further reduction of DOF, consideration of exploitation
and maintenance features of work tool are implying further synthesis procedure of
gear chamfering mechanism and are unveiled in Darbinyan and Darbinyan (2007).

4.3 Faceting Machine Example

The faceting machines are used for shaping gemstones of different standard shapes
(emerald cut, diamond cut, marquise, drop, etc) (Faceting Machine 2012). First we
develop the surface formation model as a set of minimum necessary set of
movement elements anchored to coordinate system of the emerald cut gem stone.
This model will include formation of just one face from total 25 (simplified case)
faces, and the model needs to include functional movements for accessing all the
demanded faces. Then we build a parallel duplicating chain of executive move-
ment elements which includes a plane as processing element (a rotating disc-plane
is shown by two prismatic joints, instead of rotating and prismatic ones, for
matching with plane formation mechanism of the model) and will duplicate the
functional possibilities of the first chain (Fig. 5).

Analogously the first row in (8) is for model formation, second one for exec-
utive mechanism and movements for Diamond Disc plane formation, and the third
one for plane to plane (PP) virtual joint.

Obviously both GMS for Slab Saw and for Faceting Machine are providing the
same plane to plane (PP) virtual kinematical joint. Anyhow both chains as for

Fig. 5 GMS for faceting
machine
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model as well for parallel executive chains are totally different due to different and
specific functional requirements of different mechanisms.

Xo ﬁw X aw X2 Zpe X3 Xpe Xy Ype . . . X5
M=M|(Xo) Br X¢ oo X7 L Xs oar Xo z Xio y Xu x Xp

(8)

A gemstone is formed by variety of planes that implies special predefined order
of locking (freezing) of some degrees of freedom (DOF). Those requirements are
composing set future functions for Faceting Machine mechanism further synthesis.

Set of parameters f§ and o (indexes are omitted, so far this set exists in both
chains for model and executive chain) are describing 24 faces of the emerald cut
according combinations in matrix (9)

B Bron Pros Brow Pras  Pros
Boot Proa Prous Broa Pras  Pros 9)
Bion  Byoa Pious Biow Piaus Pios
Basor Bsoa Baoz Paoa Paos Paoe

Combinations (9) inserted into (8) will describe 24 surfaces (planes) of emerald
cut gemstone. One special surface is for the table (base) of gemstone described by
(8) when a,, = 0 for model chain and when o7 = 90° for executive chain.

Further synthesis of mechanism for Faceting Machine may include functions
for accurate adjustments for all three functional movements (o7, fi, L) needed for
gemstone surface reproduction.

Several kinematical diagrams of gear chamfering (for example Nalyan et al.
1986) and slab saw (Darbinyan and Darbinyan 2007) machines were invented and
the kinematical diagram of a Faceting Machine (2012) was reinvented using the
methodical recommendations of surface formation described in this paper.

This study is considered as contribution into and expansion of task based
conceptual design method presented in Darbinyan (2011).

5 Conclusions

1. Creation of a homogenous mechanical chain (including exclusively low class
kinematical joints) is unveiling the surface formation resources of technological
machines and is including a virtual kinematical joint of work tool and work
piece contact.

2. Formation of a homogeneous mechanical chain is done by and allows appli-
cation of a standard set of synthesis tools described in Darbinyan (2011, 2012).
This chain includes three major segments (model chain, executive chain and
virtual joint) all described by the same mathematical and physical models.
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3. The generalized mechanical system (GMS) for a kinematical joint can be
described as a complicated shape generation mechanism. The GMS consists of
two parts—the model part and the parallel chain for executive mechanism.

4. The generalized mechanical system (GMS) presented as a homogenous
mechanical chain contains resources for further (once the key feature of surface
generation is satisfied) development of the mechanism per given functions.

5. Developed approach for kinematical joint generalization and description pro-
vides wide range for composing chains for model and executive mechanisms to
satisfy as key function of surface generation as well other essential (in some
cases more essential than surface generation is) functions.

References

Darbinyan HV (2011) Task based conceptual design method. In: Proceedings of 13th world
congress in mechanism and machine science, A23-559

Darbinyan HV (2012) Task based conceptual design method for gear chamfering mechanisms. In:
Proceedings of 4th international conference on power transmissions

Darbinyan HV, Darbinyan VH (2007) Slab saw. Republic of Armenia Patent 2005. http://aipa.am/
patents/view_item.php?id=2005A2AM20070009&language=en (accessed on 15 May 2012)

Faceting Machine (2012) http://www.ultratec-facet.com/?gclid=CIP70sPAgbACFcRU4god
FB2gTw (accessed on 15 May 2012)

Nalyan GH, Baghdasaryan ZS, Darbinyan HV (1986) A method for machining gear chamfer.
USSR Patent 1389952

Reshetov DN, Portman VT (1985) Accuracy of machine cutting tools. Mashinostroyenie


http://aipa.am/patents/view_item.php?id=2005A2AM20070009&language=en
http://aipa.am/patents/view_item.php?id=2005A2AM20070009&language=en
http://www.ultratec-facet.com/?gclid=CIP70sPAgbACFcRU4godFB2gTw
http://www.ultratec-facet.com/?gclid=CIP70sPAgbACFcRU4godFB2gTw

Task Based Conceptual Design Method
for Gear Chamfering Mechanisms

Hrayr Darbinyan

Abstract A novel conceptual design method is based on establishment of direct
dependence between the features of the mechanism and the mechanical chains.
The design method is further extended for the case of gear chamfering mechanism
by enlarging the standard synthesis tool set by movement solidifying and lique-
fying tools. A description method is developed for compact presentation of
mechanisms and functions. The key feature of accuracy of chamfer surface is
described by open kinematical chain constructed by standard tool set. Methodi-
cally identical conceptual design cycle is developed and applied for various stages
of concept design.
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1 Introduction

Chamfering along the teeth of gears allows to reduce the stress concentration,
removes sharp edges, prevents the sharp corners from damage and improves the
cosmetic appearance of the toothed gears. Most of examples chamfering tech-
niques have not been developed independently but were used as modifications of
existing methods of gear processing technology and most of them are lacking in
accuracy and efficiency for gear chamfering. An exception is for chamfer
deformers in the shape of gears which are efficient and accurate and are used in car
production. Conceptual design methods are based on combinational scanning the
possible solutions of demanded structure from large variety of options. A cum-
bersome search and synthesis engine is practically not efficient and another
methodically different search engine afterwards should be used to satisfy addi-
tional constraints and limitations (Chen and Pai 2005; Freudenstein and Maki
1979; Yan 1991).

A novel task based conceptual design method (Darbinyan 2011) uses a stand-
point of direct dependence between mechanical chain and function and allows to
arrange the entire design process is as a set of repeatable identical actions. The
method is effective both for synthesizing and analyzing the mechanical object. The
objectives of current study are:

e Enlarge the set of a synthesis tool developed earlier for the case of surface
reproduction mechanisms like gear chamfering mechanisms are.

e Develop appropriate descriptive method to manage large amount of data gen-
erated by synthesis and analyses tools.

e Apply the enlarged set of tools and descriptive means to synthesize and design
novel gear chamfering mechanisms.

2 Task Based Conceptual Design Method for Gear
Chamfering Mechanisms

2.1 New Enlarged Set of Tools and Design Cycle

The following function targeted tool set was suggested:

e Add a link with new degree of freedom (granting DOF to a link),
e Add a physical or virtual chain with definite functional meaning,
e Condition links and chains by drives.

Tools are applied consecutively and in a cyclic manner. Application of a tool is
satisfying one or more functions, and functions are driving themselves the order
and number of tools applied. Requirement of geometrical accuracy of chamfer
surface is emphasizing on consecutive application of Grant DOF tool that result in
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construction of open kinematical chain with an end point tracking the surface of
chamfer.

The set of three tools mentioned above will be updated by two more tools
specifically developed for the case of gear chamfering mechanisms Those new two
tool are relating to surface and solid generation by means of movable links, when a
surface is tracked kinematically as a geometrical set of consecutive positions of a
movable link. So any solid can be considered as result of “solidification” of some
movements necessary to shape it and in reverse “liquefaction” of the solid will
reveal the set of movements and mechanism for implementation of those move-
ments behind the solid.

The same five component tool set, used to serve challenged, resolved and
challenging functions are applicable for different stages of conceptual design like
analyzes of existing and creating of novel mechanisms, synthesizing models and
are used in a repeatable (cyclic) manner.

2.2 Descriptive Means for Mechanisms

A matrix presentation for both mechanical and functional entities is developed to
facilitate the arrangement of concept design actions where for mechanical entity
on the first row is showing main open chain of the mechanism, while the next rows
are showing the parallel chains. Each row of the matrix is a product of links and
movement parameters. The links and movement parameters themselves are 4 x 4
sized matrices. Parallel chains are arranged on lower rows and are linked with
upper ones by links symbols of which are taken in parenthesis.

3 Analyzes and Synthesis Models
3.1 Point Ended Model

Point ended model (PEM) (Fig. 1) is developed by consecutive application of the
tool Grant DOF and aims to analyze the existing methods of gear chamfering
mechanisms from stand point of geometrical accuracy of chamfer surface. The

Fig. 1 Point ended model
(PEM)




282 H. Darbinyan

model has minimum set of movements to provide surface of chamfer along the
toothed pattern including the profiles of the teeth and the bottom between the
profiles.

Open chain includes links and movement parameters:

P:P[XO X X] y X2 Z Q@ X3 R X4] (1)

where movement parameters X and Y are for tracking the toothed pattern while z
and R are for creating a chamfering triangle which is perpendicular to toothed
pattern by means of orientation angle ¢. z is axial page and R the normal page of
chamfering triangle.

Both links Xy, X, X>,X3,X4 and movement parameters x,y,z,R, @ are pre-
sented by 4 x 4 square matrices A; (xj). The chamfer surface can be traced by the
end of radius vector (2). Expression (2) is extracted from (1) by missing the unit
matrices for links. In the formula e4 is a unit vector.

ro=Ai(x) Ax(y) As(z) As(g) AxR) e4 (2)

Future challenges and unsolved functions (cutting process, shape of tool,
adjustment, versatility, drives, etc.) are out of discussion now and are passed to
next step of concept.

3.2 Linear Edged Model

Linear edged model (LEM) (Fig. 2) is developed on base of PEM to address future
mechanism’s ability to cut or plastically deform chip over chamfer surface.

PEM will turn into LEM by granting DOF by adding one more link carrying the
Linear Edge. Link Xs with additional parameter —¢ is needed to restore the
original position of cutting edge thus provide the accuracy of generation chamfer
generating lines to be equally distanced from original toothed pattern. Geometrical
accuracy of chamfer surface is provided by the same contents of necessary
movements included in PEM (1):

L:L[XO X Xl y X2 z @ X3 R X4 —Q Xs] (3)

Fig. 2 Linear edged model
(LEM)
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Versatility of LEM (freedom to chose shape, size and angle of chamfer and
chamfering location on toothed pattern) of LEM is defined by presence in (3) of
movements parameters z, R, ¢.

3.3 Analyzes of Cutter Bit Method

The traditional gear teeth rounding technology is used for chamfering purpose.
Granting DOFs for functional and tool set up movements and liquefying tools solid
body into moveable links will get an open chain of Generalized Mechanical
Structure (GMS) (Fig. 3) for this method of gear chamfering.

B:B[X() l/Z XT L X, H X3 X @ X4 R XS] (4)

This method is not able provide accurate chamfering because the chamfer
surface is presented as a portion of revolved work surface of the Bit Cutter:

S:S[X3 X @ X4 R Xs] (5)

Omitting links in (4) will get the radius vector tracking the chamfer surface. In
(6) e4 is unit vector:

ro=As(1/z) Ai(L) As(H) Ai(x) Aa(e) Ax(R) e (6)

The same limited space according (5) is indicating on tool’s short life and GMS
according (4) is indicating on tooth by tooth low efficiency chamfering.

3.4 Analysis of Plastic Deformer Method

This gear chamfering method is using double beveled gears for deforming the
sharp edges of the toothed pattern into a surface of chamfer.

Fig. 3 GMS for bit cutter
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Fig. 4 GMS for plastic deformer

GMS (Fig. 4) for this method is developed by separating the mechanical chain
for reproduction of the toothed pattern and reveal the solidified chain inside the
double beveled gear to describe the formation of surface of chamfer.

M:M[X() [ X1 AW Xz (%) X3 Zr X4 XT X5 yr X6 Cc (X())]
(7)

where sub chain: T=T[X3 zr Xa xr Xs yr Xg]is for formation the tool
surface is for formation the tool surface.

And sub chain: R=R[Xy ¢, Xi A, Xo ¢, Xs]is forreproduction of
toothed pattern.

GMS has the necessary parameters for accurate and efficient formation of
chamfer surface for the same time concentration of three solidified parameters in
tool surface is making the tool manufacturing complicated and is defining the
chamfering process as plastic deformation against cutting process that can be
performed by Linear Cutting Edge. On the other hand the method has low ver-
satility for the same reason of concentration of tool formation parameters.

4 Synthesis of Novel Gear Chamfering Mechanisms
4.1 Generalized Mechanical Structure

GMS (Fig. 5) is the next stage of synthesis that uses the advantageous features
(accuracy, simplicity of tool and versatility) of LEM and is developed by two next
steps:

1. Add a parallel chain between links Guide Gear (X7) and Tool Gear (Xjo) to
simplify the structure and reduce DOF:

S=S[(X7) z ¢ Xis R Xis —¢ (Xu)] (8)
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Fig. 5 Generalized mechanical structure (GMS)

2. Substitute LEM theoretical mechanism for reproduction of toothed pattern:

RZR[X() X X1 y Xg] (9)

by a mechanism of two coupled gears, so far toothed patterns of engaged gears are
reproducing each other:

E=E[(X) ¢ Xs Ay Xo ¢ Xi] (10)
As a result GMS for gear chamfering mechanisms (Fig. 6) is developed:

)E Z (] X3 R X4 c X12 . . . . . .
veml Zo) o Xs Av X 92 X3z ¢ Xs R Xo —¢ Xy
X)) z ¢ X5 R X —¢ (Xn)

(11)

Fig. 6 Novel mechanism #1
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Symbol c is for virtual kinematical joint between Guide Gear (X7) and Work Gear
(Xo). Link X, is solidified combination of links X9, X;; and X;,. The body of Tool
Gear (X7) is extruded solid of Linear Edge (12):

T=T[Xwo xr Xu yr Xn] (12)

GMS providesaT =T[X,0 xr Xi1 yr Xi»]simple shape for cutting tool
which is a toothed wheel of standard geometry with sharp toothed edge.
Note First row of the matrix (11) is showing Point Ended Model (PEM).

4.2 Movement Inversions

For turning GMS into novel gear chamfering mechanisms need to inverse
movements of movable links and condition the movements by drives from
immovable links. For both novel mechanisms link X5 is stopped and Guide Gear
X; and Work Gear X, rotate around fix axis like regular coupled gears. Condi-
tioning by drive Link Xg from Frame X5 chamfering will have kinematically
defined base X3 for Links X7 (Guide Gear) and X;o (Tool Gear) being parallel to
each other and performing synchronized rotation staying parallel to each other as
bars of parallelogram mechanism:

P=P[Xe Xs Xo Xic Xi5s (Xo)] (13)

Links X7 and X rotate synchronously and they act as clutch with shifted axis
of rotation. Also in both cases the drives for z, R, ¢ are applied from frame which
is traditional approach for machine tools. Depending on way of implementation of
inner chain I=1[(X7) z ¢ Xis R Xi¢ —¢ (Xi0)] between Links X5
and X gear chamfering two mechanisms are created.

4.3 Synthesis of Gear Chamfering Mechanism #1

The first mechanism (Fig. 6) is generated by donating prismatic joints to two ends
of link X;¢ with 90° cross position of axis. Link X;¢ (“stone”) provides syn-
chronous rotation of Guide Gear and Tool Gear. The mechanism is described by
(14):

Xo o Xs ¢ X7 ¢ (Xo) . :
M=M| (Xs) ¢ Xs R Xo z —¢ Xuo c (Xo) (14)
(X10) R X5 z (X7) S
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Equation of chamfer hypotenuse H = H(z, R) can be chosen either by external
parallel chains (including cams for example) or by connecting z and R movements
through CNC system with no limitation for shape of chamfer hypotenuse.

4.4 Synthesis of Gear Chamfering Mechanism #2 (Nalian
and Darbinyan 1983)

For the second mechanism (Fig. 7) movements z and R are connected through
angle of chamfer « (fgo = z/R) so only one drive is needed for movement R more
drive is needed for movement z. Solidifying chain of movements K =
K[X; z ¢ Xs R Xo| from (11) into two conical surfaces-external Xgio
(belonging to Tool Gear Xj() and internal Xx; (belonging to Guide Gear X7) will
get conical pin/cup joint. Totally three pairs of conical joints are needed to provide
cinematically definite position of Guide Gear X7 and the Tool Gear X).

Exiog Z [ X3 R X4 c X12

Xo) o1 Xs Ay Xo o (ﬁ) z ¢ Xs R Xo —¢ Xy
. S X, c - . . X,
M=M
X)) o - - - (Xiox1)
X7k2) ¢ - o o - (Xiok2)
(X7k3) 3 - - - - - (Xi0x3)

(15)

Second gear chamfering mechanism and appropriate description matrix are
shown in Fig. 7 and in (15). Conceptual design is resulting in diagrams of
mechanisms #1 and #2 which contain improved features of chamfering process
and can serve as base for further design of chamfering machines.

Fig. 7 Novel mechanism #2
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5 Conclusions

1. Task based conceptual design method for gear chamfering mechanisms allows
to organize the concept process in a systematic way with involvement of
limited number of synthesis and analyzes tools.

2. Movement Liquefying and Solidifying synthesis and analyzes tools are spe-
cifically developed for the case of surface reproduction mechanisms. Lique-
fying allows to reveal mechanism behind solidified surface work surface of a
link or body and Solidifying is for constructing solids and surfaces based on
movement of links.

3. Suggested matrix presentation of mechanism or mechanical chain is contrib-
uting in concept structural design formalization task and allows to describe
mechanical structures in a compact and informative way.

4. Developed Generalized Mechanical Structure (GMS) can be squeezed down to
simple design models carrying just one basic feature of the mechanism and
oppositely be expanded to finalized mechanism capable to perform all the
features and functions of gear chamfering mechanism.

5. The method of linking the mechanical structure helps to reveal mechanical
chains responsible for definite functions.

6. Tracking the chamfer surface by the last point of mechanical chain gets special
status of joint and is described by same mathematical way as the regular joints.
Breaking the chain at any joint will create an open chain having necessary set
of movements for reproduction of contact surface of that joint.

7. The tool set and methodic of synthesis confirmed their validity for concept
design for gear chamfering mechanisms. The paper shows concept design just
for two of several patented gear chamfering mechanisms.
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Theoretical Investigation of the Energy
Efficiency of Planetary Gear Trains

Antoaneta Dobreva

Abstract The paper presents an investigation in the area of planetary gear trains.
Based upon previous investigations of the author, methodology for the determina-
tion of geometrical boundaries for planetary gear trains is systemized. Precise
analytical relationships are analyzed. The objectives of the presented investigation
are: to summarize and improve the existing methodology for the determination of
the geometry boundaries of internal gear trains; to analyze the influence of the
tribological parameters upon the functional capacity of such gear trains, to define
and precise the influence of the geometry in internal meshing upon the energy
efficiency in such transmission elements and to indicate the approach for finding
optimal design solutions considering the energy efficiency of gear trains. The results
of the investigation of internal gear trains with small difference between the teeth
number of the pinion and the teeth number of the ring (from 1 to 10) give the options
for a quick and precise determination of the optimal addendum modification coef-
ficients for the pinion and the ring considering the criteria contact strength and
energy efficiency of the gear meshing. Conclusion and recommendations concerning
the energy efficiency of planetary gear trains are suggested by the author.

Keywords Internal meshing - Geometry boundaries - Energy efficiency - Friction -
Heating
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hy* Coefficient of the addendum of the tooth depth
m Module

m,, Normal module

u Gear ratio of pair

w Ratio characterizing special kind of interference
X Addendum modification coefficient of cutter

Xy Addendum modification coefficient of pinion

20 Teeth number of cutter

27 Teeth number of pinion

22 Teeth number of ring

oy Angle of the standard basic tooth profile

Olatl Profile angle of tooth at addendum pinion circle
gtz Profile angle of tooth at addendum ring circle
%womin  Minimal pressure angle during tooth generation
Oyt Pressure angle of meshing

01p Angle decribing inteference, Eq. (5)
0>p Angle decribing inteference, Eq. (6)
Coefficient of friction

Angle decribing inteference, Eq. (8)
Angle decribing inteference, Eq. (7).

< = =

1 Introduction

For certain design layouts of gear trains and transmissions it is possible to realize
great values of gear ratios in cases when some of the gear stages have internal
meshing and especially those internal gear trains with small difference between the
teeth number of the pinion and the teeth number of the ring (from 1 to 10).

It is well known that a scientific team with leader Assoc. Prof. E. Angelova and
Prof. P. Nenov from the University of Ruse elaborates software programs for
geometrical and strength calculation of gear trains with the help of geometry and
power blocking contours as described by Angelova et al. (2010, 2011).

For different kinds of internal gear trains, there are graphical presentations of the
geometry boundaries, represented in DIN 3993. For certain gear trains with great
values of gear ratios and in some cases with internal meshing with small difference
between the teeth number of the pinion and the teeth number of the ring, those
graphical presentations of the geometry boundaries can not always be applied.

The objectives of the presented investigation are: to summarize and improve the
existing methodology for the determination of the geometry boundaries of internal
gear trains; to analyze the influence of the tribological parameters upon the
functional capacity of such gear trains, to define and precise the influence of the
geometry in internal meshing upon the energy efficiency in such transmission
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elements and to indicate the approach for finding optimal design solutions con-
sidering the energy efficiency of gear trains.

2 Methodology for Determination of Geometry Boundaries
for Internal Gear Trains

The theoretical research of planetary gear trains with special applications is based
upon the systemized and additionally elaborated methodology for the determina-
tion of the geometry boundaries of internal gear pairs, which is described in details
by Dobreva (2011).

The geometry boundaries of the internal meshing have to fulfill the following
conditions: avoiding the cutter interference of the gear pair; additional specific
condition for the internal meshing, non-admission of meshing interference in the
area outside the plane of action; ensuring a minimal allowable contact ration and
providing a sufficient length of the space width at the root diameter of the ring with
internal teeth.

The solutions of those several conditions for the geometry boundaries of the
internal meshing are presented usually in a graphical form and they are used as
general bases for the geometrical design of cylindrical internal involute gear pairs.

The geometry conditions, which the internal gear pair has to fulfill, are to be
defined through the following approach:

2.1 Avoiding Cutter Interference

The first geometry boundary condition is defined according to DIN 3960 in Eq. (1):

NV, 0min — IMVOg).(21 +
e — (inv0omin 2mv 0)-(z1 + 20) . (1)
1800

The meaning of the parameters, used in Eq. (1) is as follows: Xqpim,—minimal
permissible addendum modification coefficient of the pinion; cp—angle of the
standard basic tooth profile; z—teeth number of the cutter; z;—teeth number of
the pinion; xg—addendum modification coefficient of the cutter. One of the
parameters from Eq. (1) is described through the following equation:

Owomin = arctg{zo/(z1 + zo).tg[arccos(m.zg.cosop/(m.zg + 2h, * +2x0)]}.  (2)

The additional parameters, used in Eq. (2) are: m—module of the gear pair;
h,*—coefficient of the addendum of the tooth depth.

The graphical solution of the Egs. (1) and (2) are presented through the line 1,
shown on Fig. 1.



292 A. Dobreva

2.2 Additional Specific Condition for Internal Meshing

A very important additional specific condition for the internal meshing is
describing the boundary case, when the addendum (tip) circle of the ring is
crossing the approach contact of the active part of the path of meshing contact at
the base diameter of the pinion.

The geometry relationships for this case are defined precisely by Linke (2010)
as a special type of interference by internal meshing. In order to satisfy this
condition, it is necessary according to the literature source mentioned, the fol-
lowing inequality to be fulfilled:

2
lda| > \/dgz + (2lalsino + ([ — ) (3)

The following parameters are applied in Eq. (3): d,,—addendum diameter of
the ring with internal teeth; dj,,—base diameter of the ring with internal teeth; a—
centre distance; ow¢—pressure angle of the meshing; dg—root diameter of the
pinion; dy;—base diameter of the pinion.

The graphical solution of inequality (3) is based upon several other well known
geometry relationships of the internal meshing. It is visualized on Fig. 1, line 2.

2.3 Interference QOutside the Plane of Action

The non-admission of meshing interference in the area outside the plane of action
is especially important for internal meshing in cases when the difference between
the teeth numbers of the pinion z; and of the ring z, is small, for example: between
one and 10. For that kind of eccentric planetary gear trains, an impact between the
addendum parts of the pinion and of the ring is possible to occur in the area outside
the plane of action.

Fig. 1 Geometry boundaries Xy
of internal gear pair as a 15
function of addendum

modification coefficient of

pinion x; and of the sum -4
modification Xy in
accordance to DIN 3993 5

05
X
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In order to avoid that type of interference, the following inequality has to be
fulfilled mentioned in literature (Linke 2010):

0
W= ip+ Y

==y 2" (4)

The designations used in (4) are cooresponding to those applied by Linke
(2010): W—the ratio, which is characterizing this kind of interference; u—gear
ratio of the gear pair (u = 1z,//z1). The angles 0,p, 02p, Y and v are to be calculated
according to the relationships in Egs. (5), (6), (7) and (8):

) &2, — &2 — 4a? N
D = arccosw (
d’, — d?, +4a®
6 — a2 al 6
Hp = arccos —4|d,12|.|a| (6)
Y = invan — invo,, (7)
V= Vol — iNVapo. (8)

The angles, which are included in the Eqgs. (7) and (8), are calculated through
the addendum and base diameters as shown in the Eqgs. (9) and (10):

d

Ogr) = Arccos —- 9)
dq,

Oy = arccos%. (10)

a

The geometry parameters from Egs. (4) to (10) are presented precisely in a
graphical way by Linke (2010).
2.4 Influence of the Contact Ratio
The necessary condition to be fulfilled concerning the contact ratio is well known.
The following relationship has to be satisfied: ¢, > 1.1.
2.5 Space Width at the Root Circle of the Ring

The space width at the root circle of the ring with internal teeth is recommended to
be assumed at least equal to 0, 2. m,,. It is calculated according to DIN 3960. The
graphical solution of that relationship is presented through line 5 on Fig. 1.
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The solutions of the relationships, described briefly in that part of the paper, are
shown in a graphical way on Fig. 1. Each one point from the area inside the
contour is representing a solution of a given problem considering only the
geometrical point of view.

3 Investigation of Tribological Parameters of Internal
Gear Trains

Based upon a contract between the University of Ruse and a Bulgarian enterprise,
it was necessary to develop several versions for eccentric planetary gear trains with
small difference between the teeth number of the pinion and the teeth number of
the ring. The activities of the contract included the theoretical analyses of those
developed versions and a carried out comparison between the preliminary design
layouts of the elaborated gear trains.

According to the results of the implemented research the best possible verions
for eccentric planetary gear trains are those with difference between the teeth
number of the pinion and the ring equal to two or four teeth. In both cases, the ring
of the planetary gear train was designed with 110 teeth.

The geometry boundaries for eccentric planetary gear trains have been solved
according to the methodology, presented in the second part of this paper. The
graphical solutions for those two possible gear ratios are shwon on Fig. 2.

Based upon methods, described in details by Linke (2010) and Dobreva (2011),
a tribological investigation is carried out concerning the energy efficiency of
variety of possible planetary gear trains with a teeth difference between z; and z,,
equal to two and four.

The results of the theoretical analyses of the energy efficiency of the investi-
gated planetary gear trains are shown on Fig. 3. The values of the zone factor Zy,
which takes into account the flank curvatures at the pitch point and transforms the
tangential load at the reference cylinder to tangential load at the pitch cylinder, are
calculated according to ISO 6336-2: 2006(E). The obtained results for Zy and for
the transverse contact ratio are shown in a graphical way as a function of the sum
modification xy for the eccentric planetary gear train with the following teeth
numbers: z; = 106 and z, = 110.

As a second stage, an analysis is carried out concerning the influence of the
contact stresses upon the energy efficiency. The following conclusion is deduced:
the influence of the contact stresses upon the energy efficiency for that kind of
planetary gear trains is considerably greater in comparison with the influence of
the bending stresses at the root diameters of the pinion and the ring.

The geometry of the internal meshing influences mainly the relative and the
specific sliding along the path of the path of contact and respectively the efficiency
coefficient in gear meshing.
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Fig. 2 Geometry boundaries for eccentric planetary gear trains (z; = 106 and z, = 110; z; = 108
and z, = 110)

Based upon the implemented theoretical research, the author recommends that
the planetary gear train with a difference between z, and z,, equal to 4, i.e.
z; = 106 and z, = 110 has to be produced for the needs of the Bulgarian enter-
prise for gear trains and reducers taking into account certain technological con-
siderations. Concerning the energy efficiency, the best solution would be the
specific gear pair with the following parameters: a sum modification £x = —0, 9
and an addendum modification coefficient for the pinion x; = —1. The selected
geometry for the gear pair has the following advantages: the contact strength is
secured with a sufficient safety coefficient and the value of the contact ratio ensures
a minimal friction coefficient along the active path of meshing contact.

With the exception of the pitch point, the teeth profiles in meshing area are
moving relatively to each other through out the length of the path of contact. The
relative movement between the pinion and the ring and the sliding cause
increasing the temperatures in the lubrication film. This process changes the
thickness and the loading capacity of the lubrication film and it has a considetable
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Fig. 3 Tribological parameters for eccentric planetary gear trains as a function of sum
modification xy

influence upon the magnitude of the friction forces in the meshing. The value of
the temperature in the meshing contact depends considerably from the friction
coefficient p, which is changing with the magnitude of the sliding.

Besides, the high surface temperatures of the gears lead to reducing the strength
of the lubrication film and therefore to a secondary increasing of the friction in the
meshing area. This process, based upon the mutual dependance between temper-
ature and friction causes pitting, breakage of teeth and other damages.

For planetary and eccentic gear trains, which ensure great gear ratios, the
relative sliding achieves great values and therefore, the strength calculations
according to the criteria contact strength and bending is not enough for ensuring
the normal functioning of that kind of internal gear trains.

It is also necessary a calculation of the heating temeperatures to be carried out,
because it is possible that internal gear trains which are calculated in a perfect way
according to the main criteria: contact strength (pitting) and bending and also
possessing meshing geometry entirely corresponding with the geometry bound-
aries of the described methodology can be overheated. Therefore, that type of
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internal gear trains may loose their functional capacity earlier in comparison with
the envisaged preliminary calculated durability. A precise methdology for calcu-
lation of the heating parameters concerning planetary and eccentric gear trains is
described by Dobreva and Dobrev (1993).

4 Conclusions

The presented investigation of internal and planetary gear trains gives the reasons
to deduce the follwoing conclisions:

1. The results of the investigation of internal gear trains with small difference
between the teeth number of the pinion and the teeth number of the ring (from 1
to 10) give the options for a quick and precise determination of the optimal
addendum modification coefficients for the pinion and the ring considering the
criteria contact strength and energy efficiency of the gear meshing.

2. Based upon precisely defined geometry boundaries for internal gear trains with
small difference between the teeth number of the pinion and the teeth number of
the ring, the value of the contact ratio is an important indicator for the selection
of a gear pair considering the optimal operational parameters of the gear trains.

3. For planetary and eccentric gear trains ensuring great gear ratios, it is necessary
to implement calculation of the heating parameters as well.
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The Influence of the Sleeve Elastic
Deformations on the Wave Bearing
Performance in Heavy Loaded
Transmissions

Nicoleta M. Ene and Florin Dimofte

Abstract The purpose of this paper is to study the influence of the elastic
deformations of the planet/star gear on the performance of a wave bearing
supporting an elastic planet/star gear. An iterative algorithm that takes into con-
sideration the responses of both the wave bearing and gear was developed. The
turbulence effects and the influence of the temperature on the oil viscosity were
also introduced in the computations. The numerical simulations showed that the
elastic sleeve deformations have an important effect on the bearing performance
by increasing the minimum film thickness and the safety limit margins.

Keywords Wave bearings - Gears + Transmissions
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M Gear moment, Nm
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P Bearing pressure force at location 0;, N
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Gear neutral circle radius, m
Pitch radius, m

Axial coordinate, m

Pressure angle, rad
Circumferential coordinate, rad
Lubricant viscosity, Ns/m?
Angular velocity, rad/s

= R 8.

1 Introduction

Aerospace transmissions require higher and higher power density to reduce the
weight and to increase the power. The metallic parts have to be very thin, but to
carry very high loads. Due to the small thickness of the gear walls, the forces
applied on the gear mesh can deform the gear. Therefore, a study of the influence
of the gear deformations on the performance of the bearing that supports an elastic
gear is of practical importance.

In this paper, a special type of fluid film bearings, called wave bearings, is used
to support the planetary gears of a two-stage turboprop transmission.

2 Wave Bearing

The wave bearing was introduced by Dimofte (1995a, b) as an alternative to the
plain journal bearing. Unlike the plain circular bearing, the wave bearing has a
slight, continuous variation of its profile. The variation is such that a continuous
waved profile is circumscribed onto the non-rotating bearing surface. For example,
a wave bearing having three-wave profile on its non-rotating rotor is presented in
Fig. 1. In Fig. 2, the wave amplitude is greatly exaggerated to exemplify the
concept. The wave amplitude is usually a fraction (up to 0.5) of the clearance. The
radial clearance is defined as the difference between the sleeve radius and radius of
the mean circle of the waves. The ratio between the wave amplitude and clearance
is usually called wave amplitude ratio. The wave amplitude ratio is a very
important parameter of the bearing because the performance of the wave bearing is
strongly influenced by it (Ene et al. 2008). The performance of a wave bearing also
depends on the number of the waves, and on the position of the waves relative to
the direction of the load. In the present study, the wave bearing sleeve is incor-
porated in the planet/star gears and the gears rotate around the bearing rotor.
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Fig. 1 Wave bearing
supporting an elastic
planet/star gear

Fig. 2 Wave journal bearing Mean circle of the waves
with stationary rotor and
rotational sleeve

T

/'/
Sleeve Waved rotor

3 Theoretical Analysis

For each planet/star gear, the tooth load can be resolved into a radial load—F, and a
tangential load—F;,, (Fig. 3).

The radial and tangential loads act on the pitch circle and are related by the
following relation:

F,=F,tano (1)

where o is the pressure angle (Fig. 3). The radial and tangential loads are trans-
mitted to the neutral circle of the bearing sleeve where the moment M is generated:

M= F,(rp - r,,) (2)

In Eq. (2) r, is the pitch radius and r,, is the neutral circle radius (see Fig. 3).

Fig. 3 Gear tooth loads
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If the bearing sleeve is relatively thin, then its elastic deformation under the
tooth load can be in the order of bearing’s clearance and should be taken in
consideration in the analyze of the bearing performance. Liu et al. (1976) proposed
analytical equations to calculate the gear deformations when rolling element
bearings support the gear. These equations can be adapted for wave bearings by
replacing the rolling element contact loads with wave bearing pressure forces
calculated in n locations along the fluid film circumference (Fig. 4). In these
conditions, the radial deformation J,; at the location 0; (Fig. 4) is given by:

S = Wa(0) = > Wi(@)P; 3)
=1
where:
0; — 0; 0; > 0;
P=0.—6+2m  0,<0,

We(0;) = F,[W(2n — 0;) + W (kn — 0;)]
+ Fi[W,(2n — 0;) — W,(kn — 0;)] + M[W,,(2n — 0;) — W, (kn — 0)]

r;j 1 3
Ws(([)):@ ( Sln([)‘FE E COS(p—2
W) =1 {( + &

(9) =5 1 (@ T)cos @ 3 5 |sine —o

Walo) = 52 [ (0 — meos o + 2o

(@) =52 | (0 = m)cos o +sinp — ¢

k— 1 OSGISTE
13 n<0;<2n

where F,, F, and M are the tooth loads at the neutral circle location (Fig. 3), P; is
the wave bearing pressure force at location 0;, EI is the flexural rigidity and r,, is
the neutral radius.

The pressure distribution inside the bearing can be obtained by integrating the

Reynolds equation:
10 /K9 0 h2 0 w Oh
i lmn ) o (a ) =550 4)
R200 \ kou 00 0z \k,u 0z 200
where p is the pressure, h—the fluid film thickness, R—the radius of the mean circle

of the waves of the shaft, w—the rotational velocity, 6—the angular coordinate
(Fig. 1), z—the axial coordinate, u—the lubricant viscosity, and ky and k, correction
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Fig. 4 Gear loads, bearing
pressure forces, sleeve/gear
deformations

coefficients for modeling the turbulent flow. At the equilibrium, the resultant of the
bearing pressure forces must be equal to the resultant of the gear loads:

[ [*lsss)-[3] 5

The correction coefficients for turbulent flow are calculated using Constan-
tinescu’s model of turbulence (Fréne and Constantinescu 1975). According to
Constantinescu, the correction coefficients are given by:

kg = 12+ 0.0136Re}y

6
k: = 12 4 0.0044Re,;; ®)

where the effective Reynolds number is calculated with:

0 Re,, <Re,,
wRh
Ree_ff = (%:: - 1) % Re.r <Re,, <2Re,,
&uRh Re,, > 2Re,,
2pq
Re, = —,

R
Rew = min (41 .2\/%, 2000) (7)

and g is the total flow.
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Due to computational time considerations, a constant mean temperature was
assumed over the entire film. It was also assumed that the total heat generated in the
fluid film is removed exclusively through fluid transport (convection). The heat
removed from the fluid through conduction to the bearing walls is neglected. Also,
the conduction within the fluid itself is neglected. With these assumptions, the
lubricant temperature increase (the difference between the temperature of the
lubricant entering the film and the constant mean temperature of the film) is given by:

A - FrRo. (8)
pchlat
where c, is the lubricant specific heat, O, is the rate of lateral flow and Fyis the
friction force. The friction force is obtained by integrating the friction stresses on
the bearing surfaces.

An iterative algorithm was developed to determine the elastic sleeve defor-
mations for a given position of the sleeve characterized by an eccentricity e and an
attitude angle ¢. It was assumed that the sleeve deformations are initially zero. In
the first step, a pressure distribution is obtained by solving the Reynolds equation,
Eq. 4, for laminar flow. The correction coefficients for turbulent flow corre-
sponding to the new pressure distribution are then calculated with Eq. 6. Also, the
new mean film temperature (Eq. 8) and the new lubricant properties are deter-
mined. Then the Reynolds equation (Eq. 4) is solved again for the new turbulence
correction coefficients and the new mean film temperature. The iterative process is
repeated until the relative errors for the turbulence correction coefficients are
smaller than prescribed values. Next, the elastic deformations of the sleeve cor-
responding to the new pressure distribution are computed with Eq. 3 and the new
fluid film thickness distribution is obtained. The algorithm is repeated from step 1
for the new film thickness distribution until the convergence is attained.

The above algorithm is successively repeated for different bearing eccentricities
and attitude angles until the equilibrium position is obtained (i.e. Eq. 5 are sat-
isfied). A bisection algorithm was used for this purpose.

A finite difference scheme combined with a Gauss—Seidel method is used to
solve the Reynolds equation. The axial ends of the bearing are assumed to be
exposed to atmospheric pressure. The pressure in the region of supply pockets is
supposed constant and equal to the supply pressure. The Reynolds boundary
conditions are considered for the cavitation regions.

4 Numerical Results

A transmission designed for a turbo prop application was considered for the
numerical analysis. Two steps are used to reduce the turbo shaft speed to the
propeller speed. The first step of the transmission is a star step: the carrier is
stationary, the input is through the sun, and the output is from the ring. The second
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stage is a planetary stage: the input is through the sun, the ring is stationary, and
the output is from the carrier. The most important geometrical parameters of the
star/planet gears and of the wave bearings that support the transmission shafts are
presented in Tables 1 and 2, respectively. The speeds of the wave bearings in the
star and planetary stages are 15,960 and 3,948 rpm, respectively.

Two running regimes were analyzed for each transmission step:

e The star step:

— a low loaded regime (816 N load, 15,960 rpm rotational speed)
— a heavy loaded regime (7,107 N load, 15,960 rpm rotational speed)

e The planetary step:

— a low loaded regime (1,760 N load, 3,952 rpm rotational speed)
— a heavy loaded regime (5,940 N, 3,952 rpm rotational speed)

For all the above regimes, the oil (Mil-L-23699) is supplied to the bearing
through three supply pockets situated at 120° one from each other. The oil supply
pressure is 5.5 bars at 120 °C. For each running regime, two different situations
were considered: (1) the sleeve is rigid; (2) the sleeve is elastic and the elastic
deformations of the sleeve were taken into consideration.

The rotor—sleeve/gear inner diameter profiles with and without taking into
consideration the sleeve elastic deformations and the pressure distributions for the
elastic cases are presented for all the above regimes in Figs. 5, 6, 7, 8. In Figs. 5, 6,
7, 8, the bearing clearance, wave amplitude, and sleeve/gear deformations were
greatly exaggerated compared to the rotor or sleeve diameters to visualize the
effect. It can be seen from Figs. 5 and 7 that the sleeve/gear deformations are very
small (less than 10 %) at low loads. Therefore, at low loads the sleeve/gear elastic
deformations do not have an important effect on the wave bearing performance.

At high loads, the elastic deformations of the gear/sleeve have important values
(Figs. 6 and 8). In these cases, the minimum film thicknesses of the bearings with
elastic sleeves are almost or more than double the minimum film thickness cor-
responding to the rigid cases. A direct consequence of the minimum film thickness
increase is the increase of the safety operation margin. It can be also seen from
Figs. 6 and 8 that at heavy loaded regimes, the bearing load is supported by two
peaks of pressure. Fresh oil that cools the film is supplied between them.

Table 1 Geometrical

o Major tooth diameter, mm 69.85
cilaraf/terlstlcs of the Pitch tooth diameter, mm 66.675
planet/star gears Minor tooth diameter, mm 62.686

Tooth width diameter, mm 20.828
Gear width, mm 21
Tooth pressure angle, deg 22.5

Number of teeth 42
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Table 2 The geometrical characteristics of the wave bearings

Stage I (star) Stage II (planet)
Diameter, mm 45 45
Length, mm 21 26
Clearance, microns 16 11
Wave amplitude ratio 0.3 0.3

Rotor

Load=2F,

Gauge pressure, bars

Elastic/rigid sleeve

Fig. 5 Pressure distribution and sleeve deformation for star gear (15,960 rpm, 816 N)

Rigid sleeve

5

Gauge pressure, bars

Q'? L 100 ce, DEG
% Bearing circumferente

F_TF, Rotor

Fig. 6 Pressure distribution and sleeve deformation for high loaded star gear (15,960 rpm,
7,107 N)

Therefore, the sleeve elastic deformations significantly influence the bearing
performance under heavy loads.

A summary of the results for the minimum film thicknesses corresponding to
the rigid and elastic cases is presented in Table 3.
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Fig. 7 Pressure distribution and sleeve deformation for low loaded planet gear (3,952 rpm,

1,760 N)
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Fig. 8 Pressure distribution and sleeve deformation for heavy loaded planet gear (3,952 rpm,
5,940 N)

Table 3 Minimum film thickness. Comparison between elastic and rigid gear/sleeve

Speed, rpm Load, N Rypin, Microns Rypin, Microns Ah, %
elastic sleeve rigid sleeve
Star stage 15,960 816 16 15.6 2.45
15,960 7,107 2.97 1.43 108.3
Planet stage 3,952 1,707 5.58 5.10 94
3,952 5,948 2.2 1.14 93

5 Conclusions

The influence of the elastic deformations on the performance of a wave journal
bearing supporting an elastic gear was studied. Low and high loaded running
regimes for a star and a planetary stage of a turbo prop transmission were con-
sidered. The turbulence effects and the effect of the oil inlet temperature were
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introduced in the computations. The numerical simulations showed that at high
loaded regimes the elastic deformations have an important effect on the wave
bearing performance by increasing the bearing minimum film thickness and safety
operation limit.
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Contribution to the Development
of Cylindrical Gears

Gorazd Hlebanja and Joze Hlebanja

Abstract Authors propose S-gears as an improvement with regard to involute
gears. The tooth flank profile of the former is based on the basic rack profile,
defined as an analytic curve and implies the shape of a tooth flank which is the
matter of discussion in the paper. An important feature of S-gears is the convex-
concave contact of a pinion and a gear in the meshing start and meshing end areas
which provides better characteristic as in E-gears. Therefore, the mechanism of
sliding, the oil film build-up and power losses will be demonstrated. In this context
several important features, e.g. curvatures, Hertzian stresses, temperatures, oil film
thickness, velocity circumstances will be also discussed. The S-type gears can be
used in all scales from small to large and in planetary gear trains as well.

Keywords Cylindrical gears - Non-involute gear geometry - Gear contact -
Meshing circumstances

List of Symbols

P; Point on the rack profile

G; Point on a gear tooth flank
U; Point on the path of contact
X, y Cartesian coordinates

a, Size factor

n Exponent

tpis lGi Tangents in point P;, G;

o Pressure angle

AGi Inclination angle in G;
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PGi Radius of curvature in G;

m Module

01, P1 Radii of curvature—gear 1, gear 2
Pred Reduced radius of curvature

F, Tangential force

F, Contact force

oy Incidence angle

b Gear width

E Modulus of elasticity

v Poisson’s ratio

oy Hertzian stress

Vps Vs Absolute velocity—gear, pinion
VP Vis Relative velocity—gear, pinion
VAt Tangential velocity along the path of contact
Vg Sliding velocity

\A Tangential velocity

@up, @us Angular position—gear, pinion
wp, Mg Angular velocity—gear, pinion
g0 m Flash, mass temperature

u Friction coefficient

W Line load

E’ Reduced Young’s modulus

v Poisson’s ratio

A Thermal conductivity

0 Density

c Specific heat

ho Minimal oil film thickness

u Average contact velocity

o Dynamic viscosity (atm. circumstances)
o Pressure viscosity coefficient

K Ellipcity parameter (a, b—ellipse semi-axes)

1 Introduction

Gears are frequent choice for power transmission from fast power sources to
working machines. Transmitted power levels can vary from low in miniature
mechanisms to very high in contemporary wind power plants. Power ranges can
exceed 5 MW in the latter.

Transmission gears from the engine to the drive wheels are also of great
importance in the automotive and truck industry. The overwhelming majority of
gears used in practice are involute. User requirements are increasing, therefore the
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gears should provide more accurate transfer of motion, better endurance, higher
efficiency and the lowest dimensions, which are nowadays the major trends in gear
development, which should be followed by both, the researchers and gear man-
ufacturers, as reported by Blickle (2010), Hirt (2010), Joachum et al. (2010).

The involute gear shape has been in use from the time of Euler and is based on
the mathematical form of the involute function. The involute tooth flank can be put
through the kinematic velocity pole which furthermore resides on the kinematic
circle and divides the tooth flank to the addendum and dedendum part.

The active length of the tooth dedendum of the involute gear is relatively short;
the corresponding curvature radius in the direction of involute starting point is
decreasing to zero. Very high contact loads and sliding arise in this area due to
power transmission from a pinion to a gear, which cause energy losses because of
friction and consequently severe damages of teeth flanks in form of wear, micro
and macro pitting as stated by Butterfield (2010) and Liitig (2007) in his disser-
tation. S-gears exhibit more appropriate shape of tooth flank profile, with higher
loading capacity and lower energy losses in power transmission.

S-gears are illustrated in Fig. 1. The tooth flank profile is based on the basic
rack profile as proposed by Hlebanja (2010). The rack profile is defined as an
analytic curve, Eq. (1), for which the derivatives are also defined.

yri = ap(1 = (1 = xp;)") (1)

where (xp; yp;) are Cartesian coordinates originating in the pitch point C, a,
parameter designating a size factor (in this case with the value a,, = 1,30,267), and
n is the exponent (n = 1,9). Both, g, and n, have decisive influence on expected

basic rack /

tooth profile™g’

Fig. 1 S-gear tooth flank profile creation
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characteristics of the designed gears. Equation (1) defines the addendum part of the
rack profile and the half symmetric counterpart defines its dedendum part.

Furthermore, the tangent tp; is defined for any point P; on the rack profile. Point
U; on the path of contact is defined based on tp;. U; can be regarded as a rack’s
cutting edge generating a gear tooth flank profile point G;.

The rack tooth flank distance from the velocity pole C in point Uj; is P;U;, which
is exactly the arc U;G; length on the reference circle for which the emerging gear
point G; rotates around its axis. The transformations from P; to U; and from U; to
G; are unique and reversible, that is bijective. The path of contact is characterized
by its half symmetry. Properties of S-gears can be illustrated by mating gear and
pinion shown in Fig. 2. The dedendum of one gear is in contact with the addendum
of the other gear during mating which corresponds to a half of the path of contact,
which is unique for a given module regardless of the number of teeth. An
important feature of S-gears is a convex-concave contact of a pinion and a gear in
the meshing start and end areas (in vicinity of points A and E). Another advantage
is minimal teeth number of S-gears, which can be as low as four.

S-type rack differs from involute rack by parabolic shaped flanks. With the
defined rack the same manufacturing technology can be employed in S-gears as in
involute case, however always with appropriate cutting profiles.

Regarding the geometric shape S-gears are usable for small and micro gears in
miniature applications (Hlebanja 2011) as well as for large gears, suitable for high
power transmission.

Details of geometric definitions and manufacturing principles of S-gears have
been disclosed in several recent papers (e.g. Hlebanja 2010, 2011). Therefore,
several important characteristics of S-gears will be revealed and discussed in the
continuation, which prove their advantages, not only in spur gears, but also in

<« driven gear

Op), \\
~+lac Gi
+ G

z1=16

«—Oinggear

Fig. 2 Meshing circumstances and sliding zones
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helical and skew gears as well. S-gear geometry is also appropriate in internal
gears, thus enabling design of planetary gear trains.

2 Important Characteristics

2.1 Tooth Flank Curvature

The tooth flank profile is defined continuously for any point, based on the previ-
ously explained transformations from the rack profile to the path of contact and at
last to the gear tooth flank. Its curvature is mathematically defined by an
expression containing first and second derivative. Knowing tooth profile inclina-
tion angle for any point of the profile implies tangent and thus first and second
derivative in that point (Hlebanja 2010). The curvature is therefore given by a
simple Eq. (2)

1
COS U Gi

PGi (2)

Characteristic of the meshing gears is that both gears dedendum flanks are
partly concave, the rest being convex, whereas both addendum flanks are convex.
Both flanks are convex around the pitch point, with relative high radii of curvature.
Another important observation is that a concave-convex contact appears in the
vicinity of meshing start and meshing end areas, which implies better loading
circumstances there.

In order to evaluate tooth flank durability in a contact point the reduced radii of
curvature p.q are necessary

_P1P2 (3)

Pred =
‘ p1E P2

If the contact between two flanks is convex—convex, both factors of the denomi-
nator should be summed, otherwise (convex-concave case) they should be
subtracted.

Distribution of the reduced radii of curvature over the path of contact dia-
grammatically represented in Fig. 3, reveals some interesting facts. First,
comparatively high values of p.4 are in the zones AB and DE are due to convex-
concave contact, indicating that the contact load is smaller and lubrication
conditions are better; quite so two pairs of teeth are in contact in AB and DE. p .4
changes are small and have a local maximum in the pitch point in the zone of the
single pair contact BCD, which indicates evenly distributed power transmission.
The actual curve depends on geometrical data (number of teeth, module) of a gear
pair and the value in C equals that in involute gear shape.
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Fig. 3 Reduced radii of curvature along the path of contact m = 30 mm, z; = 42 and z, = 12
2.2 Contact Force and Hertzian Pressure

The dedendum part of a tooth flank is the most loaded area in power transmission
from a gear to a pinion, due to negative sliding in that area. This is why this
loading state is of particular importance and discussed in the following paragraphs.
Contact load in a particular time instant appears in the contact spot on the path of
contact and is influenced by the contact force F,, which is acting rectangular to the
teeth flanks in the direction of the kinematic pole C. The situation is illustrated in
Fig. 4 particularly for contact point B. The contact force magnitude along the path
of contact is variable conforming to the incidence angle «; changes, as indicated in
Fig. 5, and defined by following equation

Fy
cos oy

Fy=

“)

Hertzian pressure as a common measure of contact load of mating teeth flanks
is expressed by

Fig. 4 Forces resulting on
teeth flanks
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Fig. 5 Hertzian pressure and contact force along the path of contact m = 30 mm;
b ~ 6,7 m =200 mm; E = 2,06 x 10° N/mm* v = 0,3

However, Hertzian pressure may not exceed maximal allowable limit oz,
The contact force F,, tooth width b and reduced radius of curvature p,.; in Eq. (5)
are those design parameters which decisively influence gear durability. The tan-
gential force F,, transmitted from the driving to the driven gear, is distributed
among two gear pairs in the zones of double contact AB and DE. This is also true
for F;, which is clearly indicated in the diagram, Fig. 5.

2.3 Velocity Circumstances

Velocity circumstances in the gear tooth contact points, appearing along the path
of contact, decisively influence oil film thickness. They depend on the tooth flank
geometry derived from the path of contact, whereas each point on the tooth flank
profile features a unique curvature radius. Absolute velocities, relative velocities of
teeth flanks, and the contact point movement velocity in the tangential direction to
the path of contact can be distinguished with regard to the tangential direction to
the teeth flanks in the contact point. Two critical states are illustrated in Fig. 6,
namely first in the vicinity of the meshing start and then in the vicinity of the
meshing end. The absolute velocity of the pinion tooth flank is represented by the
vector v, and the absolute velocity of the gear by vp. The relative velocities v.g
and v.p act tangentially to corresponding teeth flanks, whereas v, is the velocity
of the contact point in the direction of tangent to the path of contact. Thus,
expressions for vg and vp are

\75:(?)5X?5 and VPZC?)PXFP (6)
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near meshing start

Fig. 6 Velocity circumstances for S-gears /eft—in the meshing start area; right—in the meshing
end area

Velocity components in the direction of teeth flank surfaces influence the oil
film formation; the corresponding velocity of the pinion v.g and the gear v,p are

Vis = Vs — Vg and vp = vp — vy, (7)

The sliding velocity vy is defined as the difference of absolute velocities of teeth
flanks in the contact point or as the difference of both relative velocities.

Vg = 95 — vp andﬁg = grS — V,p (8)

Values of both relative velocities can be calculated from geometric relations.
vep =vpsin(oy; — @yp) + Vi COS oy; tan @y;

Vs =vssin(ay; — @yg) + vy cOS ay; tan @y

©)

The diagram Fig. 7 illustrates functional dependence of relative velocities of
the path of contact and these particular calculations assume the tangential velocity
amounting to 2,26 m/s.

m/s

3

2 |

1]

0 }@._
oPg 7 6 5Ba 3 4Ds 6 7 8Eg

Fig. 7 Diagram of the relative velocities along the path of contact v,,, is aritmetic average of v,g
and v,p
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2.4 Temperatures of Teeth Flanks in a Contact Spot

The contact temperature is a function of the gear bulk material temperature 1), and
the flash temperature 4. The first is a a steady temperature during operation, and
the latter is an instantaneous temperature of the contact appearing due to local
friction heat and reaches its maximal value at the gear meshing point—contact;
afterwards it diminishes. The apparent time of the contact depends on angular
velocities of gears, on actual geometry and surface parameters, it is exceedingly
short in general and thus its temperature contribution is named flash temperature.
The flash temperature is an important influencing factor in emergence of scuffing
and to great extent also of micro-pitting. If angular velocities are rather low then
no high temperature shocks should be expected. The flash temperature functional
dependence on the path of contact is illustrated in diagram, Fig. 8. The Block’s
expression for the line contact (Blok 1963 and Theyse 1967) was employed in
calculations:

. 0,75 ! )0’25 Vg

Up = 0,62u(wn) (pred VBusvrs + /Bupvrp (10)
where E’ = E/(1-v*) and /Bysp = v/Zpc = 12,5[N/mms’ K]. The heat contact
coefficient is material property—the above value is for steel. The other values are
)= 47,5[W/(mK)], p = 7800 [kg/m?], ¢ = 440 [J/(kgK)]. An average value for
the friction coefficient results from data (Nieman and Winter 1989) and amounts to
0,08. All other variables are varying along the path of contact and represented in
preceding figures. The diagram represented in Fig. 8 indicates that thermal load of
the teeth flanks in the zones of double contact is comparable smaller as in the zone
of single contact. This is due to lower teeth load and higher reduced radii of
curvature, whereas in the single contact zone the flash temperature diminishes
towards C, where its value is 0, which is due to lowering of the sliding velocity.

©
©

9°C
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80 |- +— - —-
R + L ~‘ 7(_(,,--
60 —— N =t
double T[T single contact zong™ double T
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Fig. 8 Flash temperature along the path of contact (the bulk temperature should be added to the
above values)
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2.5 Oil Film Thickness

Micro-pitting is fatigue damage of gear teeth flanks where the contact area is
surface-hardened and ground. Emerging micro-damages, lowering transmission
accuracy, evolve into gearing failures. The main cause of micro-pitting is attrib-
uted to insufficient lubrication of the contact surfaces due to slow sliding speeds
and high contact loads—i.e. slow running gears is mixed lubrication (Stachowiak
and Batchelor 2006, p. 311). Therefore, the oil film thickness between the meshing
gear flanks is one of crucial parameters in this context and it should be higher as
roughness. The oil film thickness is influenced by: load, contacting teeth flank
surfaces velocities, sliding velocities, temperature, surface roughness, oil charac-
teristics, material properties, and tooth shape which actually transmits the load.
Another important factor is friction heat governing oil temperature which affects
its viscosity. Dimensioning of gears with regard to micro-pitting is based on oil
film thickness based on elasto-hydrodynamic lubrication theory. Due to EHL
importance, research led to many improvements. However, most of them derive
from Dawson’s and Higginson’s (1977) work. Following equation (Stachowiak
and Batchelor 2006) was used for a general elliptic type of contact in order to get
basic relations:

ho g \ "% 0d0 [ Fp \ 07 3
— = 3,63 (—) (xE")" ( ) (1 = 0,61e7%%%).  (11)

Pred E Pred E/prz'ed

Since the contact surfaces, dealt with here, are cylindrical their contact is the
line contact. Therefore, the longer ellipse axis limits to infinity, so the ellipticity
parameter value is 0. Assuming equilibrium bulk thermal circumstances and given
material, Eq. (11) can be rearranged to

hO _ 37 63’18768(}(0,49E!*07117 uO,éSp/0,466 W_O’O’B. (12)

Variables in Eq. (12) are the average contact velocity, the reduced radius of
curvature and the contact force, whereas the values in brackets are constant for
given conditions. The oil viscosity parameters in calculations are from Stachowiak
and Batchelor (2006, p. 21). Heavy industrial oil was selected having high
dynamic viscosity and the pressure viscosity coefficient values collected in
Table 1. The reduced elasticity module for steel amounts to 206 x 10° N/m>.

Knowing above data and functional values for the average velocity (Fig. 7), the
contact force (Fig. 5) and the reduced radius of curvature along the path of contact
(Fig. 3), a diagram, Fig. 9, can be drawn. The curve in the diagram has been

Table 1 Vi§cosity 9 30 °C 60 °C
parameters for a heavy = —
industrial oil 0 153 x 107 Pa 34 x 107 Pa

o 23,7 x 107° m%N 20,5 x 107° m¥N




Contribution to the Development of Cylindrical Gears 319

hopum
e \ \ \ double
’ N~ \ \ \ gontdct Zone
1,5 —dowble [T~ single contact zone 1 - i
1,0 {— contact zone N >
0.5 1
0.0 %é; I i or

As 76 B4 3 2 1 € 1 2 3 4D5 6 7 8E9

Fig. 9 Oil film thickness course along the path of contact

calculated for operating conditions with the temperature 30 °C. The oil film thick-
ness lowers for about 33.6 % when the temperature is 60 °C. Thus, the minimal oil
thickness in the kinematic pole Cis 0.21 pum. This is the same value as the value in C
for involute gears with the same module and the same gear ratio. Oil film thickness
enlarges considerably in double contact zones near both end contact zones.

Considering, that the potential danger of micro-pitting exist in the zone of
meshing start for involute gears (Hohn et al. 2003), S-gears exhibit advantage in
this context due to the tick oil film in this area, which diminishes possibility of
damage.

3 Conclusion

Solutions for preventing or diminishing micro-pitting occurence are prevailingly
searched for in the direction of better lubrication means, in high quality surface
treatment (super-finishing), in gear tooth flank profile change in meshing start area,
and finally in better materials. This proposal introduces a new gear tooth flank
profile—S-gear tooth flank profile, which assures higher comparative curvature
radii, and thus lower contact load and higher relative velocities of the contact
surfaces which implies better lubrication.

Not only that the curvature radii are higher, the mating gears exhibit convex-
concave contact in the vicinity of the contact start and contact end, whereas slowly
varying curvature is characteristic for the central area.

Due to their S-shape, the velocity characteristics of mating gears are improved,
especially in both external areas with high relative velocities and low sliding
velocity.

The meshing start zone in involute gears represents potential danger of micro-
pitting, whereas S-gears exhibit advantage in this context due to the tick oil film in
this area, which diminishes possibility of damage.

S-gears can be used in a large and small scale application and planetary gear
trains. Comparatively smaller outer diameter of internal S-gears also implies
smaller weight.



320 G. Hlebanja and J. Hlebanja

It is true that special tools are necessary to produce S-gears, however with
contemporary CNC machine tools and technologies this does not denote much of
an obstacle.
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Transfer of Motion by Closed Contour:
Basis of Cvt

Konstantin Ivanov and Elena Yaroslavceva

Abstract Continuously variable transmission contains the closed gear differential
and the controlled device. The elementary toothed continuously variable trans-
mission has form of the gear closed differential with two degrees of freedom. The
gear differential with the closed contour of toothed wheels creates additional
constraint and supports a transition regime of motion from a start-up to bi-mobile
regime with independent stepless regulating. It is necessary to prove that closed
gear differential in itself carry out a function of a controlling device. The equations
of interconnection of power, kinematic and geometrical parameters of transmis-
sion in statics, kinematics and dynamics are searched out. The synthesis of
transmission consists in determination of teeth wheels numbers on a condition of
overcoming the given maximum moment of resistance.

Keywords Transmission - Closed contour - Equilibrium - Stepless regulating
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CVT Continuously variable transmission
H Carrier

F Force

R Reaction

M Moment

s Displacement

v Speed
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@ Instant angle of turn
w Angular speed
a b, c d I, e Sizes of links
r Radius of link

1 Introduction

At last time a continuously variable transmission (CVT) which contains the closed
gear differential mechanism with two degrees of freedom and the controlling
device has been extended and patented. The controlling device imposes an addi-
tional constraint leading to definability of motion and self-regulating. Transmis-
sion has only one input (one engine) and meets the requirement of theoretical
mechanics and theory of mechanisms and machines on Levitskiy and Markeev
(1979, 1990): number of initial links (or input links) of a mechanism should be
equal to number of degrees of freedom.

In designs of Volkov (2004) and Crockett (1990) the engine transmits a motion
to fluid converter which drive two links of gear differential with two degrees of
freedom (Fig. 1). The fluid converter creates an additional hydrodynamics con-
straint which realizes a self-regulating. An output link of the differential has
definability of motion with stepless self-regulating.

However the closed contour of the gear differential mechanism in itself is
capable to impose additional constraint on motion of links. This property is used in
the patent of Harries. The transmission has self-regulation in operating regime

Fig. 1 Continuously
variable transmission with the T 6
hydraulic converter

P—pump; T—turbine
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with two degrees of freedom. However in this transmission the brake of one of
wheels carries out an additional constraint for the start.

The elementary designs of transmission in form gear differential mechanism on
patents of Ivanov and Yaroslavtseva (1996, 2010) create additional constraint by
way of self-braking and inertial properties of the mechanism.

In all patented designs of continuously variable transmission the closed contour
is used. However the theoretical description of interacting parameters of trans-
mission of Volkov (2004), Crockett (1990) and Harries (1991) is executed without
taking into account presence of two degrees of freedom. In patents of Ivanov and
Yaroslavtseva (1996, 2010) an interacting of parameters of gear differential is
presented on the basis of a principle of virtual works. However in them there is no
theoretical substantiation of a technique of research.

Earlier in theoretical works of Ivanov (2007, 2010) the opportunity of transfer
motion in a gear differential by means of the closed contour has been researched.
The analytical description of transfer motion in the gear mechanism with two
degrees of freedom has been executed on the basis of a principle of virtual works.
It has been shown, that the closed contour imposes additional constraint on motion
of links that leads to definability of motion of the kinematic chain with two degrees
of freedom at presence only one input. However in these works there is no the-
oretical substantiation of an opportunity of use of a principle of virtual works.

The purpose of the present work is to prove theoretically a definability of
motion of gear differential with two degrees of freedom at presence only one input
and to create analytical dependences of interconnection parameters of motion of
gear continuous variable transmission with stepless self-regulation.

The research is executed on the basis of laws of theoretical mechanics and
theory of mechanisms and machines.

2 Transfer of Motion in the Closed Differential with Two
Degrees of Freedom

Subject of research is the closed toothed differential mechanism with two degrees
of freedom which represents a continuously variable transmission. The toothed
continuously variable transmission (Fig. 2) has form of the closed differential
mechanism.

Toothed wheels 4-1, 2, 3-6, 5 form the closed contour. On the input carrier H;
the external active motive moment Mpy; acts. On an output link H, the external
active moment of resistance My, acts. In engagement of wheels we shall consider
only horizontal components of reactions as vertical components are perceived by a
frame.

Forces and displacements (speeds) are parallel a horizontal axis Ox.

Let’s accept following designations: rgj, rgpx—radiuses of input and output
carriers, r; (i = 1, 2...6)—radiuses of toothed wheels, My, Mp,—moments on
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Fig. 2 Toothed continuously

variable transmission 0— 3 /_)fé
frame; H;—input carrier; 2— h E
input satellite; /—4—block of 1 C 5
central toothed wheels with 2 K
external teeth; 3—6—block of :[ B :[
central toothed wheels (ring H
wheels) with internal teeth; H, D G 2
S5—output satellite; H,— 0\&4‘4 11 A [wa 4 zé\d
output carrier oA — T
AN
_—

input and output carriers, M; (i =1, 2...6)—moments on toothed wheels,
Fy1 = My, /rgy—input motive force, Ryy = My, /ryo—output force of resistance,
R = M]/l’l, Ry = M3/V3, Ry5 = M4/r4, Rg5 = M6/r6—reactions in kinematic
pairs.

3 Interconnection of Parameters of the Kinematic Chain
in a Condition with One Degree of Freedom

The beginning of motion of the kinematic chain (or start) occurs in a condition to
one degree of freedom. Start is a transition of the kinematic chain from a condition
with one degree of freedom in a condition with two degrees of freedom under act
of the input motive (driving) moment. On start the motion of an input link H;
under act of the input driving moment My at a motionless output link H, occurs.
Input motive force Fr1 = My /rm is transferred on link 2 of the closed contour
from an input link H;. Output force of resistance Ry, = My, /ry is transferred on
link 5 of the closed contour from output link H,.

The closed contour (in difference from open chain) transmits an active input
force on output link in a condition with one degree of freedom.

Transfer of an input motive force Fy; on an output link H, by means of the
closed contour occurs as follows.

Force Fy; creates on a link of 2 reactions R3; = Fy1/2, Ri2 = Fi1 /2.

These reactions are transferred to blocks of wheels 1-4 and 3-6 and will be
converted to the reactions acting on the output satellite 5 Rys = Riory/ra,
Res = Ror3 /16.

The sum of the reactions acting on satellite 5 is equal to reaction transferred by
the output satellite 5 on the output carrier H,
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Rsiy = Ras + Res. Rspn = Fri (r1/ra +1r3/16) /2.

Thus, the input motive force Fpy; is transferred to the output carrier H; in the
form of the reaction Rsy, overcoming the output force of resistance Ryy. Ryy =
R5H2. Or

RH2:FH1(}’1/F4+7'3/}’6)/2. (1)

Let’s substitute the values of the forces, expressed through the moments in this
formula, and we shall gain an output moment of resistance which is overcome by
the input driving moment

My = My T2 (r_1+r_3>' (2)

21‘].1] ra e

As a result all kinematic chain comes to motion only under act of one input
motive force (moment) and passes from a condition with one degree of freedom in
a condition with two degrees of freedom. Reactions R4s, Res on a link 5 create also
the internal driving unbalanced moment Ms = (Ry5 — Rgs)rs = 0.5Fp(r1/rs —
rs / T 6)7‘ 5. Or

Ms = 0.5Mp; > (r—‘ - 9) . (3)
YH1 \T4 76

On conditions of statics the start occurs at accomplishment of conditions of
statics (1) and (3). The unbalanced moment M5 on a link 5 calls a transition
dynamic regime of motion of the kinematic chain with acceleration.

In a transition regime of motion the increase in the input driving moment My
(and force Fy1) by formula (1) will lead to increase in the force Rsy, transferred to
a motionless output link H», up to the value overcoming output starting force of
resistance Ry, and an output moment of resistance Mp,. From the formula (2) we
shall gain the demanded starting value of the input driving moment necessary for
overcoming of a starting moment of resistance Mg

T, Farg
Miis = 2Mpps 2 <7> 4)
T2 \r'ite + 13ry

If My = kt, (k—the set factor of change of the input driving moment on start
in N/s) from (4) it is possible to find a time #g necessary for overcoming of a
starting moment of resistance

TH1 r'476
ts =2Mpyrs—— | —— |- 5
§ HZSer2 (r1r6+r3r4> ( )

The equation of motion of the kinematic chain in a transition regime is reduced

to the equation of motion of a link 5 and looks like M5 = Js dt% or in view of (3)

rs r r3 da)5
05%kt—|——— ) =Js—. 6
rHl (1’4 }"6) > dt ( )
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Here ws—angular speed of a link 5, Js—a moment of inertia of a link 5.
Solving the differential equation of motion (6), we shall find angular speed ws

of a link 5 in the end of a transition period. The beginning of motion of a link 5

occurs from a motionless condition wsy = 0. Then we shall gain value of angular

speed after a time tg
kt2 rs (1 1
ws:_s_S(_l_g) ™
2.]5 rg1 \r4 Ie

4 Interconnection of Parameters of the Kinematic Chain
in Condition with Two Degrees of Freedom

Further motion of the kinematic chain in a condition with two degrees of freedom
occurs. A subject of research basic new, therefore it is necessary to use basic new
approach to research of interconnection of its parameters.

We shall consider all over again equilibrium of the kinematic chain with two
degrees of freedom on conditions of statics. Equilibrium occurs at equality of the
moments of superposed forces

My = My,. (8)

We shall consider equilibrium of the closed contour under act of the super-
imposed forces Fyyy = Mp1/rg1 and Ryy = My /. From the input satellite 2 on
intermediate links 1-4 and 3-6 reactions Ry; = Fyy/2, Ry3 = Fy1 /2 are trans-
ferred. From the output satellite 5 on intermediate links 1-4 and 3-6 reactions
Rsy = Ry»/2, Rs¢ = Ry /2 are transferred. Let’s express force of resistance Ry
through motive force Fy;. From the formula (8) follows Rys = Fyiru1/ru2. Then
Rsy = Fyira1 /2rm, Rse = Friran /2rm.

As a result the link 1-4 will appear under act of the unbalanced moment

Fuy (ruory — rairs
M1_4:R21r1—R54r4:2<>. 9)
TH2

The link 3-6 will appear under act of the unbalanced moment

Fuy (raors — ranrs
M3 _¢ = Ryzr3 — Rsgre = > <r72> (10)
H

Let’s substitute in formulas (9), (10) values rg; = (r1 +1r3)/2, rago = (ra +
re)/2 we shall gain M;_4 = % (%), M;z_¢ = % (%) From here

follows

My = —M; . (11)
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Thus, internal forces are led to unbalanced forces and moments on links 1-4
and 3-6. The condition of equilibrium of internal forces by a principle of virtual
works in view of a time is expressed as

M1,4w1 + M3,6(1)3 =0. (12)

As My_4 = —M3_¢ w1 = w3. In this case angular speeds of all links are equal,
and the kinematic chain is twirled as a single whole without internal mobility of
links.

Thus, the kinematic chain is in the equilibrium representing a special case when
there is no motion of links inside of a contour. Thus equilibrium is carried out both
on conditions of statics, and by a principle of virtual works.

Further we shall consider a common case of motion. It is possible to assume,
that in common case at presence of two degrees of freedom in the kinematic chain
with the closed mobile contour equilibrium by a principle of virtual works also
will occur.

Theorem [f the kinematic chain with two degrees of freedom with the closed
four-bar contour moves under action of the arbitrary driving moment and the
arbitrary moment of resistance for these external moments of forces the condition
of equilibrium by a principle of virtual works is carried out.

We shall use power instead of work in view of a time. Analytical form of the
theorem:

MH]CUH] —|—MH2(UH2 = 0 (13)

For the demonstration of the theorem we shall use the main property of closed
four-bar contour, leading definability of the interconnected parameters. The main
property closed four-bar contour is: all internal reactions in a contour can be
expressed through superposed forces. (For comparison we shall note: it is
impossible to express all internal reactions through the superposed forces applied
to two links of a contour if the contour contains, for example, five mobile links).

Let’s make for each satellite an equilibrium equation by a principle of virtual
works. Each satellite represents scleronomous (hardening) mechanical system as
all the forces acting on the satellite are known. Therefore the valid displacements
of points of the satellite can be accepted for possible (1). We shall gain

Ri25p + R35¢ = Fiss, (14)
R45SG + R()SSE = FHZS[(. (15)

Here s;(i=D, C, B, G, E, K)—the valid linear displacements s; (i =
D, C, B, G, E, K) of points of satellites. Let’s express linear displacements s;
points of satellites through instant angles of turn of links and radi-
usessp = @ ry, Sc = QP3F3, Sp = Qy1TH1, SG = P4ta, SE = QPgle, SK = PyrTH2

@15 O3, Pra, Pu, Ve, @po—instant angles of turn of toothed wheels and carriers.
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The moments on links: Rlzrl = 1‘417 R32}’3 = M3, Fle[.“ :M[.“, R457‘4 =
My, Res r6 = Me, Frarm = Mp».
In view of a time from the Eqs. (14) and (15) we shall gain

Moy + M3 = Myomn, (16)
Myws + Mewg = Mprwgo. (17)

As satellites are a links of the mechanism, we shall sum the made expressions
for satellites. We shall gain a condition of interacting of parameters of all
mechanism as a whole

Mo + M3 + Myws + Mews = Myi1wpt + M ops. (18)

In the left side of an equation the sum of powers (works) of internal forces of a
contour takes place. In the right side of an equation the sum of powers (works) of
superposed forces of a contour takes place. All internal forces are single-valued
functions of external forces. As constraints are ideal and stationary then work of
constraint reactions is equal to null (1)

Miwy + M3ws + Myws + Mgwe = 0. (19)
Let’s substitute this value in the Eq. (18), we shall gain
Myiogr + Mgy = 0. (20)

Thus, for the external moments of forces the condition of equilibrium by a
principle of virtual works, as was to be shown is carried out. In the Eq. (20) one of
the external moments should be a moment of resistance, differently the condition
of equilibrium of the kinematic chain in the form of equality of works of motive
forces and forces of resistance will not be carried out. The kinematic link to which
the driving moment is applied will be an input link. The link to which the moment
of resistance My, is applied will be an output link. Work (or power) a moment of
resistance is negative. Then the Eq. (20) will become

Mpwp = Mpom,. (21)

For the resolution of the Eq. (21) it should contain one unknown parameter. It is
logical to consider: the external moments My, My, and input angular speed wg
are given. Then output angular speed wpy, will be determined from expression
(21). Angular speeds of initial links will be known. Angular speeds of all links of a
contour will be accordingly known. Transition of one of initial links in a condition
of an output link leads to reception of number of input links per unit less numbers
of degrees of freedom of all kinematic chain. However the Eq. (21) characterizes
the additional constraint providing conservation of definability of motion of the
consider kinematic chain. As a result the Eq. (21) means, that statically and
kinematically definable mobile contour is in equilibrium under act of arbitrary
superposed forces (moments). Thus, the patented opportunity of transfer of motion
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from an input link to an output link through closed four-bar contour (3, 4 and 5)
has gained the theoretical acknowledging.

Consequence 1. The kinematic chain with the closed contour provides stepless
regulating of transfer, that is possesses effect of force adaptation.

From the formula (21) it is possible to determine value of output angular speed.

o = Mo [Mps. (22)

According to the formula (22) at a constant input power Py = Mywg; the
output angular speed wy; is in return proportional dependence on a variable output
moment of resistance Mpy,. This dependence expresses effect of force adaptation of
an output link to a variable load.

Consequence 2. In the closed contour circulation of energy takes place.

The Eq. (19) contains positive and negative members and characterizes equi-
librium of works (powers) on intermediate links of a contour.

As 0] = w4, w3 = wg, M; > My, Mg > M3, from the Eq. (19) we shall gain

(M1 — M4)(U1 — (M6 — M3)(U3 =0. (23)

Let’s designate (M| —My) = M _4, Mg — M3 = Mg_3—The moments on
intermediate links 1-4 and 3-6. Then the equilibrium of works (powers) on
intermediate links of a contour will become M;_4w1 = Mg_3ws3.

The Eq. (23) reflects unknown earlier the phenomenon of circulation of energy
inside of a contour during its motion.

5 Kinematics of the Mechanism

We shall determine transfer ratios of links of transfer through numbers of t of
wheels z;i =1, 2, ... 6.
The interconnection of angular speeds of transfer is determined by formulas

W] — Wy (H1)

=u, , 24
o (24)
where u(gl) =—z3/z1-
@) — W2 (H2)
— = 25
w3 — O 46 (25)
where uft?) = —26/24. From (24)
wp = Mggll)(ah — C()Hl) —+ WHT - (26)
From (25)

w] = ufgz)(wg — COH2) “+ wy. (27)
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Let’s subtract (27) of (26), we shall get

“(11311)((03 — oy1) + o) — Milgz)(ws — o) — oy = 0.

From here

(H1) (H2) (H1) (H2)
(”13 — Uy |3 — Uz O F Uy OF2 = OF2 — OFL,

COHz(l — uing)) — WH1 (1 — M(ll»;“))
H1 H2 !
<13 )~ ”4(16 )

w3 = (28)

Formulas (22), (28), (26) determine sequence of acts by definition angular speeds
of links of transfer. Let’s determine the starting transfer ratio. The starting transfer
ratio represents the transfer ratio of the closed differential at the stopped output
carrier H, from the input carrier H; to the output satellite 5: ug_s = g /ws.

Let’s divide numerator and a denominator of expression (24) on w3;. We shall

. (H1)
designate o /w3 = w13 = —26/24, Op1 /3 = Up1—3, U3~ = —23/21.
. _ HI
We shall receive “3—t=s — ;1) "Brom here
1—ug1-3 13
Wy
13 — Y13
Up1-3 = GO (29)
u3 — 1

As UH1—3 = UH]1—6 and Ug1—5 = Ugi1—eUes, where Ups = ZS/Z6~ Then

(H1)
U5 —Ui3

Up1-5 = NGO Ups -
13
Let’s substitute numbers of teeth; we shall gain the starting transfer ratio

7324 — 2621 35

. (30)
7324 + 2124 6

Ugi—5 =

6 Force Analysis of the Mechanism

The force analysis of the mechanism can be reduced to definition of the internal
moments M; (i =1, 3, 4, 6) through reactions in kinematic pairs on the set
external moments My, My;.

M, = Ryiry = 0.5Myr1/rg1, M3 = Rozrs = 0.5My 13 /run,

M4 = R54r4 = O.SMH2F4/I‘H2, M6 = R56I‘6 = 0.5MH2r6/rH2. (31)
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Fig. 3 Continuously variable transmission. Assembly drawing

The developed assembly drawing of the continuously variable transmission
presented on Fig. 3.

Fig. 4 Gear continuously
variable transmission. Acting
example
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The acting example of transmission is presented on Fig. 4. It confirms presence
of effect of force adaptation in the mechanism with the closed contour.

7 Conclusion

The creation of gear continuously variable transmission in the form of the toothed
closed differential mechanism with two degrees of freedom is theoretically proved.

It is proved, that the mobile closed mechanical contour of transmission creates
additional constraint and provides the transition regime of motion translating the
mechanism of transfer from a one-mobile condition at start-up in bi-mobile con-
dition in operating regime of motion. It is proved, that in operating regime of
motion the equilibrium by a principle of virtual works, providing stepless regu-
lating of transmission takes place.

The equations of interconnection of force parameters, kinematic parameters and
geometrical parameters of transmission in kinematics and dynamics are developed.
These equations are mustered by numerical instances, confirmed by skilled acting
specimens and the developed computer animation model. The assembly drawing
of the gear continuously variable transmission is presented.

The found regularities allow synthesizing gear continuously variable trans-
mission on the given operational parameters of motion, to execute the kinematic
and dynamic analysis of transmission and to determine design data of
transmission.

Gear continuously variable transmission in the form of the gear closed differ-
ential mechanism with constant engagement of wheels is the elementary trans-
mission of such type and it has the reliability matching reliability of a gear
mechanism. The specified properties allow using the transmission both in easy
local drives of manipulators, and in heavy drives of transport machines, including
in the motor-wheels.

The gear closed differential mechanism of transmission possesses effect of force
adaptation to variable technological loading. Force adaptation allows creating the
easy and hard loaded adaptive drives of machines with the variable transfer ratio
depending on technological resistance (for velocipede, motorcycle, car, drilling
rig, bulldozer, lorry, etc.).
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Abstract One of the modern trends in transmissions design is the increase in the
number speed ratios. By means of generalized structures method, the gear trans-
mission types (layshaft and planetary) were analyzed with a view to increasing the
number of speed ratios. The analysis showed that the speed ratio increase in the
layshaft and planetary transmissions lead to significant complication and an
increase in the number of clutches. The two-stream transmissions allow obtaining
greater number of speeds with fewer clutches. The two-stream transmissions
synthesis method is proposed. Examples of 8 and 12-speed transmissions synthesis
are presented.
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ino Differential gear ratio of member m to output member O, assuming
member n is stopped

i Differential gear ratio of input member I to member n, assuming member
m is stopped

i Differential gear ratio of input member I to member m, assuming member

n is stopped

li, b, Amount of modes when differential works together with GB1 and GB2
respectively

Ip Amount of modes when differential works independently

1 Introduction

In theory, increasing the number of speed ratios in a transmission results in better
characteristics of operation and fuel consumption in a vehicle. The transmissions
with 3—4 forward speeds were replaced by transmissions with 5 and 6 speeds. The
next generation of vehicles could feature transmissions with 7 and 8 speeds. The
increased number of speeds is aimed at reducing the step size between gear ratios
and improving the shift quality of the transmission by making the speed inter-
changes substantially imperceptible to the operator. The increase in speed ratios
results in design complexity, growth of overall dimensions, weight and cost of
such transmissions.

Automotive transmissions generally consist of layshaft and planetary gears.

Every speed in a layshaft transmissions results from the conversion of the
rotating movement on one or two sets of intermeshing gears. Selectively eng-
ageable torque-transmitting mechanisms (different types of clutches or synchro-
nizers) are engaged to transfer torque to establish the various gear ratios. For
simplicity, we will henceforth refer to all possible kinds of controllable torque-
transmitting mechanisms as clutches.

Dual-clutch transmissions consist of two layshaft gearboxes and two clutches that
alternately connect the engine shaft with the corresponding gearbox. These trans-
missions permit a significant reduction in shift time because the next speed ratio can
be engaged and pre-selected ahead of time (Matthes 2005; Wheals et al. 2007).

The number of speeds in the layshaft transmission is defined by the number of
sets of intermeshing gears. Therefore for speed ratio increases, it is necessary to
add the required number of new gear sets and an adequate number of clutches to
engage the intermeshing gears. The power stream in all layshaft transmissions
passes through one branch only.

The planetary gears have bigger load capability (by reason of incorporating
several satellite gears). The power stream as a rule is divided into two or more
parallel branches because of the links between the planetary gear sets. Therefore
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the load in each corresponding branch is lower. The number of speeds achieved
depends on the number and type of used planetary mechanisms.

The synthesis methods with specified parameters (e.g., type of planetary
mechanisms, velocity and acceleration of members, number of speeds, etc.) allow
the creation, description, and assessment of all possible variants of the planetary
transmission design. But known synthesis methods are complicated in practice,
limited by type and number of planetary mechanisms, number of degrees of
freedom etc. [for example see Kosov (2005) and Raghavan et al. (2007)].

Many modern planetary transmission designs were obtained by combination of
known gear sets: Ravigneaux gear set, Simpson gear set and etc. Transmission
designs obtained by using these gear sets result in desired speed ratios and good
characteristics of weight and overall dimensions (Klaus 2001; Haupt 2004; Kondo
et al. 2007). Attempts to unify the advantages of layshaft and planetary trans-
missions with a view to increasing speed ratios led to two-stream transmissions
creation for examples see Hall (1998), Gitt and Schnitzer (2006).

Two-stream transmissions work in two modes: one-stream and two-stream. In
the one-stream mode the power stream from engine passes through one branch of
the transmission as in dual-clutch transmissions. In two-stream mode the power
stream divides into two branches and passes through in parallel as in planetary
transmissions. The main purpose of this paper is to study features of the double-
stream transmissions and the methods their analysis and synthesis.

Transmission complexity can be defined in different ways. One of the most
complex transmission components are clutches because they require special cal-
culations, materials, conditions control, management programs etc. Here we pre-
sumed: the fewer clutches in transmission the better such transmission.

The method of generalized structures shown by Volkov and Kraynev (1968)
was used for simplification and comparative analysis of the various designs under
consideration.

2 Analysis of Layshaft Transmissions

Amongst layshaft gear sets, the most common are cylindrical (Fig. 1a) and conical
(Fig. 1b) gear sets. These gears have one degree of freedom.

The gears on Fig. 1a and on Fig. 1b as well as other gears with two members
and one degree of freedom can be defined by generalized structure G (Fig. 1c).
Several G-gears connected consequentially with clutches that manage corre-
sponding G-gears and provide several various speeds are defined as internal
gearboxes GB. Then the dual-clutch transmission may be represented by the
structure shown on Fig. 2.

The closed loop of the dual-clutch transmission never works because it does not
have a mechanism that sums up power streams from the both branches. The
branches work alternatively by switching on corresponding clutches cl and c2.
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(a) (b) (c)
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Fig. 1 Structures of the layshaft gears. a Cylindrical gear set. b Conical gear set. ¢ Generalized
structure of the gear with one degree of freedom

Fig. 2 Generalized structure c2
of the dual-clutch
transmission c1 and }— GB2
c2—<clutches that switch on
corresponding internal 1 O
gearboxes

cl

I GBI

The power passes over from I to O always by one stream either through GB1 or
GB2.
N in either dual-clutch transmission is defined by formula (1).

N = Ngg1 + Ngg2 (1)

Total number of clutches that provide N speeds in the dual-clutch transmissions
always is N 4 2. Every additional speed is obtained by means of a clutch addition
in one of the internal gearboxes with respective gear set.

3 Analysis Planetary Transmissions

Complex mechanisms that have two degrees of freedom can be made of mecha-
nisms with three members, where each member’s motion is determined by the
motion of the other two members as defined by the generalized structure shown on
Fig. 3e. That is, the D-mechanism defines planetary gear (Fig. 3a—d) and any other
gearbox that consists of three members. Hereafter, in this paper, we will refer to all
D-mechanism type systems as differentials.

Differentials connect with other mechanisms, drives, transmission units and
fixed members only by means of three members 1, 2 and 3 (Fig. 3e).

Differentials have three work conditions:

1. Reduction or multiplication gear when one member has been stopped.
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(a)

—

Fig. 3 Structures of planetary gear sets. a Simple planetary gear set. b Planetary gear set with
two intermeshed satellites and one sun gear. ¢ Planetary gear set with two intermeshed satellites
and two sun gears. d Planetary gear set with double-pinion satellites. e Generalized structure of
the mechanism with two degrees of freedom

2. Blocked and rotates in direct gear when two members have been connected
with driver.

3. Summing or distributing gear in dependence of connection it members in the
transmission.

Therefore the differential can be depicted by only two structures (Fig. 4) that
differ one from another by the placement of input and output members. And these
members define the differential as summing (Fig. 4a) or distributing (Fig. 4b)
mechanism. The clutches shown on Fig. 4 are appropriately selected for the dif-
ferential’s work condition above. Two clutches can’t engage together. The regime
3 occurs if all clutches are disengaged.

As mentioned by Kudryavcev and Kirdyashev (1977), the total number of speed
ratios (in a planetary transmission that consist of simple planetary gears) depends
on the transmission’s degrees of freedom and number of clutches. For example, in
the transmission with 2 degrees of freedom, each additional speed is obtained by
means of a clutch addition (as in dual-clutch transmissions). If we are to increase
number of clutches from 4 to 5 in a transmission with 3 degrees of freedom, a
transmission with 7—10 speeds may be obtained theoretically. However the designs
may be hard to identify in practice due to the structural complexity and permu-
tations involved. To achieve designs with more than 10 speed ratios it may easiest
to add planetary gear sets to existing 7- and 8-speed concepts.

Fig. 4 Differential’s (a) b
structures. a Differential that I cl (b) cl o
sums power streams. 1 !
b Differential that distributes « " n ——
power streams. cl and o I
c2—clutches that sto

P c3 D D c3

members m and n

respectively; c3—clutch that
connects members m and n

together and blocks I, \ m m/ 0
differential for direct gear c2 c2
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4 Two-stream Structure Synthesis

Differential’s structures (Fig. 4) define two possible two-stream transmissions
structures (Fig. 5). The clutches shown on the Fig. 5 define work modes of the
two-stream transmissions.

If one of the clutches cl, c2 or c¢3 engages the one-stream mode occurs. If
clutches c4, c5 or neither engages the two-stream mode occurs. If clutches ¢3 and
c4 (c3 and c5 or c4 and c5) engage simultaneously the independent differential’s
direct gear occurs. If clutches cl and c4 (c2 and c5) engage simultaneously the
independent differential’s reduction gear occurs.

5 Two-stream Transmission’s Work Modes and Total
Number of Gear Ratios

Total number of speeds in either two-stream transmissions calculates by
formula (2).

N = Ngpi - Nge2 +11 - Ngei +1b - Nge2 +1Ip
ll§37 12§37 lD§3

2)

As seen from (2), the increase in number of speeds in the two-stream trans-
missions can be made with less number of clutches. If for example one extra gear
ratio will be added to GBI then total number of transmission speed ratios will
increase as Ngpa + [;. It is a good result when compared with layshaft and plan-
etary transmissions.

(a) c4 (b) c4
cl cl
GB2 oo~ GB2
1 O I O
c3 D D c3
GBI n m—" GBI
c2 c2
c5 c5

Fig. 5 Two-stream transmissions structures with differential that sums power streams (a), and
with differential that distribute power streams (b). c1 and c2—clutches that stop members m and
n respectively; c3—clutch that connects members m and n together and blocks differential; c4
and c5—<clutches that provide differential’s independent work modes
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Table 1 Two-stream transmission’s work modes in dependence on switching clutches, and gear
ratios calculation’s formulae

Transmission Differential Speed Switched on Gear ratio calculation’s
mode condition clutches formula
For For Fig. 6b
Fig. 6a
One-stream Blocked 1. c3, GB1 iGB1 iGB1
2. C3, GB2 iGBZ iGBZ
Reduction gear 3. cl, GB1 "lng' iGBI - Iy
Om
4. c2, GB2 if:n"z iGpa - i
On
Independent 5. c2, c4 ino in
differential 6. cl, c5 ino i
Blocked 7. c3,cdorc3, c5 1 1
Blocked c4, c5 1 1
Two-stream Adder 8. GB1, GB2 . 1 ,.m iGB1 - iy, + igB2 - Iy
o
9. c4, GB1 — iGB1 " iy + i
’On\ 4 ’-g
'GB1 n
10. c5, GB2 L. if, + iGe2 - iy
B+ g

There is a two-stream transmission structure with the maximum number of
clutches in Fig. 5 that is represented by parameter values [y =, = Ip = 3.
By means of the formulae and structures represented above the two-stream
transmission’s analysis and synthesis can be carried out (Table 1).

6 Two-stream Transmissions Synthesis

The two-stream transmissions designs are obtaining by substituting the kinematic
structures of the appropriate mechanisms instead of the generalized structures. For
example, 8-speed two-stream transmission synthesis of the concept in Fig. 5a may
be carried out according to the following conditions:

DN AW N =

. internal gearboxes GB1 and GB2 have equal speeds Ngg; = Ngp2 = 2;

. reverse gear is in the internal gearbox GB1;

. the differential hasn’t independent modes Ip = O;

. the differential can’t be blocked (clutch c3 on Fig. 5a should absent);

. all used mechanisms have negative gear ratio and the rotation direction of the
input member I coincides with direction of the output member O.

The mechanisms Gm and Gn are necessary for performing the item (5) of the

specification.

The design of the 8-speed two-stream transmission is obtained by Kraynev et al.
(2011) from structure on Fig. 6 and shown on Fig. 7.
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1
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Fig. 6 The structure of the 8-speed two-stream transmission with summing differential c1 and
c2—clutches that stop members m and n respectively; G3, G4, G5 and G6—layshaft gears that
perform forward ratios; GR—Ilayshaft gear that performs reverse ratio; c3, c4, c5, c6 and
c7—clutches that connect G3, G4, G5, G6 and GR respectively with input member

-l urm; T
a-IJ_" —}d_[«-e 1_5_ m\"' JL
( il - =l ; -—|-
LU

ATl [T 0L

Fig. 7 The design of the 8-speed two-stream transmission with summing differential c1 and
c2—clutches that stop members m and n respectively; c3, c4, c5 and co6—<clutches of the forward
speed ratios; c7—clutch of the reverse speed ratio

The gear ratios values of the transmission Fig. 7 are calculated according to the
method shown by Salamandra (2009) (Table 2).

12-speed two-stream transmission synthesis of the concept in Fig. 5b may be
carried out according to the following limitations:

1. internal gearboxes GB1 and GB2 have equal speeds Ngg; = Ngp2 = 2;
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Table 2 The gear ratios values of the transmission Fig. 7

Speed Gear ratio Gear ratio step Clutches condition
cl c2 c3 c4 c5 cb c7
1. 4.533 X X
2. 2.973 1.525 X X
3. 2.103 1.414 X X
4. 1.796 1.171 X X
5. 1.232 1.458 X X
6. 0.963 1.279 X X
7. 0.794 1.213 X X
8. 0.660 1.203 X X
R —3.753 X X
2. reverse gear is in the internal gearbox GBI;

w

. the differential hasn’t independent modes /p = 0O;
4. all used mechanisms have negative gear ratio and the rotation direction of the
input member I doesn’t coincide with direction of the output member O.

The design of the 12-speed two-stream transmission is obtained by Kraynev
et al. (2010) from structure on Fig. 8 and shown on Fig. 9 (Table 3).

GB2

{} G6
c7

{| G7

e
s

I G4
cS5

o : | G5
Czl C8

I GR

. e

Fig. 8 The structure of the 12-speed two-stream transmission with distributing differential c1
and c2—clutches that stop members m and n respectively; c3—clutch that connects members m
and n together and blocks differential; G4, G5, G6 and G7—layshaft gears that perform forward
ratios; GR—Ilayshaft gear that performs reverse ratio; c4, c5, c6, c7 and c8—clutches that connect
G4, G5, G6, G7 and GR respectively with input member



344 A. Kraynev et al.

c3 mEmeaE Siereie e o
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GB2 I + GBIl I

Fig. 9 The design of the 12-speed two-stream transmission with distributing differential c1 and
c2—clutches that stop members m and n respectively; c3—clutch that connects members m and n
together and blocks differential; c4, c5, c6 and c7—clutches of the forward speed ratios; c8—
clutch of the reverse speed ratio

Table 3 The gear ratios values of the transmission Fig. 9

Gear Gear ratio Gear ratio step Clutches condition

cl c2 c3 c4 c5 c6 c7 c8

1. 2.997 X X

2. 2.333 1.285 X X

3. 2.128 1.096 X X

4. 1.798 1.184 X X

5. 1.339 1.343 X X

6. 1.121 1.194 X X

7. 0.977 1.147 X X

8. 0.916 1.067 X X

9. 0.826 1.109 X X

10. 0.586 1.410 X X

11. 0.535 1.095 X X

12. 0.330 1.621 X X

RI -3.0 X X
R2 —-1.2 X X

7 Conclusion

Layshaft, planetary and two-stream transmissions have been studied. The increase
in the number of speed ratios in purely layshaft or planetary transmissions may
result in certain design compromises. By way of comparison, transmissions
obtained by adding 1 clutch to existing designs (plus the requisite gearing) result in
1 additional speed ratio in layshaft designs, 1-4 additional speeds in planetary
designs and as many as 2—-8 additional speeds in two-stream designs.
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Each mechanism in a two-stream transmission takes part in both modes
(one-stream and two-stream) therefore the speed ratios can be significantly
increased. Two possible two-stream transmission configurations were analyzed by
varying the location of the “differential” in the power flow. The transmission
structures and speed ratios were obtained in generic form. Two-stream transmis-
sion analysis and synthesis was then carried out for a specific application and two
samples transmission design with number of speed ratios greater than 8 were
presented.

Using the described here methods for analysis and synthesis of the multi-stream
transmissions it is supposed carry out the research generic characteristics and
number of speeds of the three-stream transmissions that have two differentials.

In addition the prospective way may be applying specified methodology and
multi-stream transmissions in the field of electro-mechanical (hybrid) powertrains.
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Experimental Analysis of a Kinetic
Energy Recovery System Intended
for Small and Medium Passenger Cars

Tiberiu Laurian, Victor G. Marian and Tudor Prisecaru

Abstract This article presents experimental tests on kinetic energy recovery
system (KERS) intended for small and medium passenger cars. The test rig is
composed of an electric motor, a two stage timing belt drive and a high speed
flywheel. The evolution of the rotation speed was measured using a speed sensor
mounted on the flywheel. The flywheel rotation speed was measured during the
first minute of deceleration and the total friction torque was obtained. The mea-
surements were taken for three different maximal speeds of the flywheel. The
friction torque on the deep groove ball bearings was computed and hence the
percentage of the total friction torque was obtained. It is found that the flywheel
presents low friction torque and it is capable to maintain the stored energy for a
sufficient period of time in order to give it back to the wheels or to slowly store it
to an electrical storage system.

Keywords Belt multiplier - High-speed flywheel - Kinetic energy recovery
system - Vehicle braking
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M Torque on the flywheel shaft

n Rotation speed of the flywheel

t Time

w Angular rotation speed of the flywheel

My, Frictional torque of the deep groove ball bearings

M,, Rolling frictional moment of the deep groove ball bearings

Mg, Sliding frictional moment of the deep groove ball bearings
M, Frictional moment of the seals of the deep groove ball bearings

M4,  Frictional moment of drag losses, churning, splashing, etc. of the deep
groove ball bearings

1 Introduction

Reducing fuel and energy consumption for terrestrial vehicles became a very
strong issue, especially because of global warming and fuel price. A lot of energy
is lost when a car slows down or stops because its kinetic energy is significantly
diminished and the difference of energy is transformed into heat by the vehicle
brakes. One way to recover much of the wasted energy is to use regenerative
braking. With regenerative braking, the consumption of terrestrial vehicles could
be significantly reduced (Qin et al. 2007; Xiao et al. 2008; Boretti 2011; Kobayashi
et al. 2009; Clarke et al. 2010; Zhang et al. 2008; Peng et al. 2008; Ahn et al. 2009;
Jang et al. 2001).

Along with other engineering solutions, such as fuel cut mechanisms, stop-start,
downsizing and turbocharging, regenerative braking represents a strategy for low
fuel consumption and low CO, emissions. Braking energy recovery feature is
attractive for mitigating urban air pollution and it is especially useful for city
vehicles. Regenerative braking systems allow the vehicle to recapture, store and
reuse a part of the kinetic energy that would otherwise be lost as heat during
braking. The regenerative and conventional braking can be employed together
when additional braking torque is needed.

Usually, urban driving involves frequent starts and stops which may represent
an opportunity to recover much of the, otherwise lost, braking energy. This
braking energy may be recovered through kinetic energy recovery systems
(KERS).

In the case of flywheel based KERS, besides the actual flywheel, an additional
energy storage system may be required to store and deliver the braking energy.
This can be an electrical battery connected to an electrical motor/generator.

Integration of flywheel energy storage system in a vehicle can be accomplished
in two ways: electrical integration or mechanical integration. In the first method,
the flywheel is connected to an electric motor/generator which is electrically
connected to another motor/generator that is coupled to the powertrain. In the
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second method the flywheel is connected to the driveshaft through a transmission
and one or several clutches. The first method offers more flexibility in locating the
flywheel system in the vehicle, but has the disadvantage of low efficiency because
of the important energy loss in the two motors/generators. The big advantage of
the second method is the large power that can be transferred mechanically from
wheels to flywheel, but the disadvantage is the presence of a clutch which may be a
limiting factor both from the efficiency and durability points of view.

An important issue in regenerative braking is the transfer and storage of the
braking energy which is captured in a short amount of time. High speed flywheels
have the ability of charging in a short amount of time and are clean for the
environment (Lindley 2010; Douglas 2009; Ashley 1993; Liu 2007; Hebner et al.
2002; Gulia 1988; Strofenreuther 1996).

The present article describes experimental tests on a low cost kinetic energy
recovery system (KERS) intended for small and medium passenger cars.

2 Description of the Test Rig Components
2.1 The High Speed Flywheel

A solution for a flywheel using permanent magnetic bearings was designed and is
presented in Fig. 1.

1.Deep groove

ball bearings 2.Shaft

]

K

i
i
\

3.Flywheel

4.Housing

l:l\lII
4 Permanent
magnets

N

Fig. 1 Section of a flywheel supported on permanent magnetic bearings
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The flywheel is supported on the radial direction by two deep grove ball
bearings and in axial direction by two pairs of permanent magnetic rings made of
Neodym.

The construction has the following advantages:

e bearings friction torque reduction

e bearings lifespan increase

e increase of flywheel maximal speed by eliminating the axial force on the
bearings

The mass of the flywheel is 1.5 kg and the maximum supported torque of 3 Nm
is limited by a roller clutch. The calculated moment of inertia of the flywheel is
0.0021 kg m?.

Using the formula:

M=1Ib (1)

we obtain as result a flywheel acceleration from 0 to 18,000 rot/min in 1.3 s.
We can remark the extremely short charging time of the flywheel which makes
flywheels suitable for recovering the braking energy of vehicles.
The energy stored in the flywheel can hence be computed:

I 2
E= % = 13,7297 2)

A vehicle weighing 1,000 kg at a speed of 40 km/h has a kinetic energy of
about 61 kJ, so we can store this energy either using 4 flywheels rotating at
40,000 rpm, either increasing the mass moment of inertia of the flywheel.

2.2 The Speed Multiplier

The speed multiplier consists of a two stage timing belt drive having a total ratio of
12. The multiplier is shown in Fig. 2.

The first stage of the multiplier consists of a type H timing belt with a ratio
i;, = 4, while the second stage consists of a type L timing belt with a ratio
i34 = 3. The nominal torque is 36 Nm for the input and 3 Nm for the output. The
maximum output speed is 18,000 rpm.
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Output shaft

Second stage
timing belt

First stage
timing belt

\ Input shaft

Fig. 2 Cross-section of the multiplier

Fig. 3 Photo of the experimental set-up
3 Experimental Analysis
3.1 Experimental Setup

A photo of the test rig and its components is presented in Fig. 3. The energy source
is a three phase asynchronous electric motor, which is directly coupled to the input
shaft of the speed multiplier. The multiplier is a two stage toothed belt trans-
mission with a total ratio i, = 12. The flywheel assembly is linked to the speed
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Fig. 4 Detail view of the
speed sensor mounted on the
flywheel

multiplier by a roller clutch (one-way coupling) so that the flywheel is allowed to
rotate freely when the energy input (here the electric motor) stops.

One speed sensor, mounted on the flywheel shaft, is used to measure the fly-
wheel speed variation during acceleration and after the input energy removal
(Fig. 4). It is an infrared light sensor which emits and detects the infrared light
reflected by an object. Data are collected by a National Instruments data acqui-
sition device (USB-6008) which is controlled through a program written in
MATLAB. The obtained results, which consist of two different signals for the
reflected and not reflected infrared light, were processed using a FORTRAN
program in order to obtain the rotation frequency of the flywheel shaft.

The acquired speed data offers information about the kinetic energy transferred
from the input source to the flywheel, on one hand, and the energy loss due to
flywheel bearings friction, on the other hand. Actually, the energy loss at the
flywheel site is accounted for three main reasons: the bearings friction, the fly-
wheel-air fluid friction and the roller clutch friction.

3.2 Experimental Results

The variation of the rotation speed function of time for three different tests is
presented in Fig. 5. We can notice that we have two functioning phases for the
flywheel system:

o the acceleration phase where the flywheel is driven by the electrical motor. We
can remark that during this phase the rotation speed sharply increases

e the deceleration phase where the flywheel decelerates constantly. We can
remark that the deceleration occurs at a much lower rate than the acceleration.
The deceleration is due to the friction torque of the ball bearing and to the
friction between the flywheel and the surrounding air. It can be noticed that the
deceleration rate is larger for higher flywheel speeds
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Fig. 5 Variation of the 4500
rotation speed function of 4000 1
time for three tests at different
maximum speeds (red line— T 3500
2,043 rot/min, green line— g 3000
3,518 rot/min, blue line— g
4,349 rot/min) 3 2500
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The experimental curves were fitted using the least-squares algorithm by the
following functions:

n (t) = 0.02073 % — 9.2985 t + 2043.53
ny(t) = 0.06956 t* — 21.5297 t + 3518.05
n3(t) = 0.08729 t* — 26.2158 t 4 4349.94

The origin of time for each curve is taken at the maximal value of the rotation
speed.by using the relation:
do 2ndn

dn
M=I"—=]"""=22.10"*=— 3
dt 60 dt dt (3)

we can compute the friction torque (in Nmm) for the three analyzed cases:

M; (1) = 0.009121 t — 2.0456
M, (1) = 0.03061 t — 4.7365
M;(t) = 0.0384 t — 5.7675

We can remark that the friction torque is higher for higher rotation speeds. The
values of rotation speed and friction torque at initial deceleration point and after
one minute are presented in Table 1.

Table 1 Values of rotation speed and friction torque at initial deceleration point and after one
minute

Time(s) M; (Nmm) n; (rot/min) M, (Nmm) n, (rot/min) M3 (Nmm) n3 (rot/min)
0 —2.046 2,043 —4.736 3,518 —5.767 4,349
60 —1.498 1,560 -29 2,477 —3.434 3,091
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The friction torque of the deep groove ball bearings was calculated using the
new model for calculation of the frictional moment. It enables a more accurate
computation of the frictional moment generated in SKF rolling bearings according
to equation:

Mbb = Mrr + Ms[ + Mseal + Mdrag (4>

For a rotation speed of 4,000 rpm friction torque of the two deep groove ball
bearings computed with the specialized SKF software is 0.746 Nmm. The total
friction torque on the flywheel shaft computed using the fitted function is
5.23 Nmm. In conclusion the deep groove ball bearings have 14 % of the total
friction torque of the system.

4 Conclusions

It is shown that the flywheel represents a reliable and cheap method for storing the
braking energy of a vehicle. The flywheel rotation speed decreased by approxi-
mately 25 % during 60 s. This time could be the time that the car stays during a
red light or at a car queue. Also the friction torque decreases with the rotation
speed. The deep groove ball bearings have 14 % of the total friction torque of the
system.
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of Gravity Position and Effect of Weight
for a Biped Robot

Csaba Zoltan Mate, Erzsebet Faluvegi and Luciana Cristea

Abstract This paper deals with the kinematics solution of biped robots. It debates
the direct and inverse kinematics problems of Leg’s 5-dof biped robot, with which
a leg can accumulate a position by multiple angle combinations. The symbolic
solution for kinematics equations of biped robots is of great importance for the
efficient controllability of these robots, describes explicitly in trigonometric form
the biped robots’ sole’s position and orientation according to the joint coordinates.
Paper aims to present special issues concerning the analysis of mobile robots with
kinematic motion effects on the stability study. In the analysis, the authors used
inverse kinematics, which enables rapid modeling and identifying solutions as
regards the stability of bipedal robots. The symbolic solution for kinematics
equations of biped robots is of great importance for the efficient controllability of
these robots. The following article focuses on the biped robot center of gravity
simulation and control handle with the aid of mathematical modeling methods (in
MATLAB).
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1 Introduction

For a biped robot the sole position and orientation is known, defined within the
domain of exterior coordinates if a ¢ vector is given with join coordinates. In
the case of a robot with n freedom degree, the vector of joint variables is the
following:

q:[qhqb---aqn—l?qn]T (1)

and the vector of unknown exterior coordinates is the following:

Xq = [Xqt,Xq2, - - Xak 1 Xan] 2)

The equation below is the only solution for the so called direct kinematics
problem:

Xq = £(9). 3)

If we know sum of the joint’s setup and from this we define the coordinate
system’s position, according to the sole’s centre point, as well as its orientation,
thus we solved the direct kinematics problem. Inverse kinematics problem means
that if the sole’s expected position and orientation (within the exterior coordinates)
is known, and then with which joint setups can we obtain this. In other words we
can say that we are looking for an optimal solution:

G=1"(xq). 4)

This task is more complex, and for the direct kinematics problem, since it is not
linear, we have to solve equations containing trigonometric functions.

2 The Symbolic Solution for the Direct Kinematics Task

The symbolic solution for kinematics equations of biped robots is of great
importance for the efficient controllability of these robots. In the world of low-cost
computers, the real-time motion control is an increasingly important requirement.
In order to achieve this feature, the lowest computational demand requesting
method has to be used. The use of symbolic solution, opposing to numerical
methods, is important because accelerates the manipulator trajectory control sig-
nals needed to be determined according to the track.

The symbolic form of the kinematics equations describes explicitly in trigo-
nometric form the biped robots sole’s position and orientation according to the
joint coordinates. In this case, the equation in the range of real numbers can be
solved with the minimal possible operations.
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3 Kinematic Modeling

Direct kinematics problem is to define all relationships that end-effector position
(foot of biped robot) based on joint coordinates practically it ensures internal
coordinates conversion (joint) Coordinate external (operational).

Biped robot kinematics equations are (Fig. 1):

€qy - €q5-Cqy —8q; - 8qs —C€q; - 8qs5 - €q; — 8q; - Cq5
8q; - €qs - Cqp +Cqy - 8q5 —Sq; - Sqs * Cqp + Cq; - Cq5

Te =
€qs - Sqp —Sq5 - 8]
0 0
cq; - 8qy
5q; - 8q2
(5)
cqy
0

cq - (2+13-cqu+14-cqs+cqy- (I5+16-cqs)) — 16 -sq; - sqs
sq - (2+13-cqy+14-cqs+cqy- (I5+16-cqs)) + 16 - cq; - sqs
122 + 13 - sin(q,) + 14 - sqps + 15 - 8q, + 16 - ¢qs - Qa4
1

where: cqy = cos(q2 + g3 + q4), sqp3s4 = sin(q2 + g3 + g4), cq; = cos(ql),
sq; = sin(ql), cqs = cos(q5), sqs = sin(q5), cq3 = cos(q2 + q3), Sqz3 =
sin(2 +q3),2=1x2,3=1x3,14=1x4,15=1x5and1l6 =1 x 6.

Convert coordinate joint operational details is done by solving the direct
kinematics problem and coordinate joint operational coordinate conversion is done
by solving the inverse kinematics problem.

Inverse kinematics problem allows the calculation coordinates of the
joints, which provide end-effector in the desired position and orientation, given
the absolute coordinates (operational). When the problem is the inverse kinematics
absolute coordinates (operational). When the problem is the inverse kinematics
absolute coordinates (operational).

When the problem is the inverse kinematics solution, it is the inverse geomet-
rical model. If we cannot find an analytical solution for inverse kinematics problem
(which happens quite frequently) we resort to numerical methods, but whose
weakness is the sheer volume of calculations. The most common method is
Newton—Raphson method. Among these features is remarkable for the way it offers
and Khalil Pieper and Paul’s method. Pieper and Khalil’s method allows solving
inverse kinematics problem regardless of the values of the robot geometrical.
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4 Inverse Kinematics Problem Solving Opportunities

In other word we can say that we are searching for the equations solution, where
¢ the searched joint is coordinates vector, and x4 is the known external coordi-
nate’s vector:

q=r"x). (6)

The solution for the inverse kinematics problem, generally speaking is unclear.
In the case of the so-called cinematically redundant robots (Zoltan et al. 2002;
Christine et al. 2004; Jimmy 2010), where the mobility number is greater than the
dimension of the external coordinates, an infinite number of vector g can be found,
which satisfies the f(f(§) = x,) equation.

In the case of the cinematically non-redundant robots only a finite number of
solutions exist. Easy to imagine, for example, we can approach the same point with
the same hand-coordination with raised and lowered elbow position as well.

Fig. 1 Kinematic model
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Furthermore the possibilities for solving the inverse problem are discussed only for
non-redundant manipulators.

During the solution of the problem, non-linear equations have to be solved. For
the determination of the roots, two modes of approach are found in the literature: a
general numerical solution method is applied (e.g., Newton’s method) and other
techniques the given biped robot in closed form searches for symbolic solutions.

5 Centre of Gravity

During walking, the feet are subjected to the action of forces (Mate and Cristea
2011; Christine et al. 2004; Jimmy 2010; Nakamura et al. 2007) and moments of
inertia and gravity forces. Balancing the forces of gravity is to reduce the
mechanical work consumed for drive motor. The position of equilibrium of a
system subject to stationary and links under the action of forces is given, is called
stable equilibrium, if for a sufficiently small arbitrary variation of the coordinates
of its points and arbitrary speeds sufficiently small print of these points, the system
will move all the time remaining in the vicinity of equilibrium position. To

Fig. 2 Robot model and

polygon by two leg mo .
(mc—weight center) Jointl
1)
Joint6 ml
ms® () [ Joint2
me
() Joint7
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[J Joint3
) Joints D 3
m8 § Joint4
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Fig. 3 Robot model and polygon by one leg

determine the center of gravity G of a facility plan is sufficient to determine the
position vector r, thereof with the relationship:

10
> m; -1
i=0

Fy = =0 ()
> m;
i=0
Fg:xg~f+yg-f+zg-ﬁ. (8)

where: mj; is the mass of the i element; r; is the position vector of center of gravity
of element i.

During walking robot must be stable. This means that its centre of gravity must
fall within the polygon (Fig. 2) which consists of the two legs of the robot. If the
left leg is raised then the centre of gravity must fall within the polygon of the right
leg (Fig. 3). If the projection centre of gravity doesn’t fall within the polygon, the
robot is unstable. Then it is necessary to tilt (Fig. 3) robot to the right. We know
direct and inverse kinematics of the robot and in this way we can calculate the
coordinates of the joints. After calculating the joint coordinates it must be checked
if the centre of gravity falls within the polygon or, if other compensation is needed
for the robot to tilt to the right until the centre of gravity projection falls within the
polygon. Easier to solve the problem can be done with an algorithm based on
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direct and inverse kinematics, with which to verify and ensure the necessary
compensation to realize that the position of gravity centre projection of the robot is
falling inside the stability polygon.

Bipedal walking is difficult when viewed as a general dynamic system. The
dynamics are high degree-of-freedom, nonlinear, under-actuated, naturally
unstable, and discretely change from step to step. These combined characteristics
place bipedal walking control outside the realm of traditional book control tech-
niques. It is in part due to these difficulties that a large number of different control
methods have been developed, and no single method has proven advantageous
over the others.

During walking, the feet are subjected to the action of forces (Mate and Cristea
2011; Christine et al. 2004; Jimmy 2010; Nakamura et al. 2007) and moments of
inertia and gravity forces. Balancing the forces of gravity is to reduce the
mechanical work consumed for drive motor. The position of equilibrium (Fig. 4)
of a system subject to stationary and links under the action of forces is given, is
called stable equilibrium, if for a sufficiently small arbitrary variation of the
coordinates of its points and arbitrary speeds sufficiently small print of these
points, the system will move all the time remaining in the vicinity of equilibrium
position (Fig. 5).
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This means that its centre of gravity must fall within the polygon (Fig. 4) which
consists of the two legs of the robot. We know direct and inverse kinematics of the
robot and in this way we can calculate the coordinates of the joints.

The step (Fig. 4) to raise the left leg or right leg and remains below the leg
centre of gravity must fall within the polygon of the remains below the leg. If the
projection centre of gravity doesn’t fall within the polygon, the robot is unstable.
In Fig. 4, is presented an eight -step motion control of the Humanoid robot until a
stable position. The only engines give last joints position so you avoid the potential
for rollover. The Inverse kinematics solution controlled in path and a direct
kinematics is controlled a center of gravity and stability control. So dynamic
motion control of the robot is standing into leg keep up without having to disrupt
(Fig. 6).

Mathematical analyzes were performed on a humanoid robot, we put some
weights in a hips, thighs, shin such part of it in the right sides of the left. Some
positions of legs examining a center of gravity by a biped robot It examined how
many steps the equilibrium and the following conclusions. When the weights get
as close are symmetrical the shaft is to the XZ plane parallel is level, which at
passing the OgXgYoZq point (Fig. 1), the robot quickly in all the equilibrium
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position of the other one can observe food was when the weight of the ground
space is then also coming soon to reach the stability position.

6 Conclusions

The method described in this paper is well suited to obtain symbolical inverse
functions for the practical relevant redundant kinematics with parallel and/or
perpendicular joint axes. The symbolic solution is derived in a closed form and
contains the parameters of the additional geometrical constraints. They allow a
simple selection of the solution sets, which describe the different possible biped
robot poses. The optimization of these poses to the given biped robots task may be
fulfilled through any criterion, including nonanalytic. If a biped robot’s inverse
kinematics problem is symbolic solved well, then this helps a lot on the stability,
because the well positioned ligament’s overall center of weight has to fall in the
given sole’s polygon, so that the robot wouldn’t tumble over.
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and Study of its Influence on the Value
of the Forces into the Pivot

and on the Strength of the Forks

Peter Nenov, Trifon Trifonov, Dimiter Velchev and Viarka Ronkova

Abstract This study presents a simplified version for load determination in the
limit positions of the forks and the dependencies to specify the forces in the hinges
of the forks at a set angle. It is proven that not always maximum stress values are
caused when operating in two limit positions, and this contradicts the existing
design recommendations in the literature. Difficult to observe special features of
the Hooke’s joint operation under the conditions of variable values of the trans-
mission ratio are illustrated.
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F,F,F, Tangential and axial components of the reactions in hinges (the marks *
at the top show the projections of the forces)

T,P Torque and power transmitted by the shafts

o, The angles between the forces F;; — F,|, and Fyp — F),

1 Introduction: Determination of the Rotation Variability
Through Analysis of the Angles of Forks Rotation

A simple universal joint (known also as Hooke’s joint) consists of a pair of hinges
connected at 90° to each other. The axis of each hinge is perpendicular to the axis
of the shaft to which it connects. The axes of shafts and hinges cross each other at
a point (Fig. 1). This allows the use of universal joints for transmitting torques
between intersecting shafts at angles of 30° up to 45° and for compensating sig-
nificant variations.The problem with them is the irregular speed of rotation of the
driving shaft. A brief description of the classic approach for finding the relation-
ship between the angular velocities of both shafts of Hooke’s joint is given below.
A random position of rotation is selected, and the elements of the joint are
examined in three planes of projection - plane I, perpendicular to the drive shaft;—
plane II—defined by the axes of both shafts;—plane IIl—perpendicular to the axis
of the driven shaft. By rotating and overlaying plane I and plane III on plane II [see
Fig. 1, Reshetov 1989)] also from the animations in Fig. 2 (visualizing the kine-
matics and facilitating the extension of our conclusions) and from A O”A"B" can
be seen that tgp, = A”’B" /0B . Differentiating with respect to time ¢ and its
angles ¢, @, and taking into consideration that d¢, /dt = w; and do, /dt = w, we
obtain (Nenov et al. 2010):

(g, = 8¢,/ cosy,
wy = wjcosy/ (1 —sin®y cos’ @) (1)
and

Womax = CUI/COS Vs ((pl = O)a (2)

Fig. 1 Hooke’s joint
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resp.

®,min = 71 €08 P, @ = 90°. (3)

2 Direct Determination of the Extreme Values of Forces
and Variation Through Power Analysis

2.1 Extreme Values of the Forces in the Hinges

Significant forces with periodic variations exist in the universal joint. Their
extreme values and components are particularly interesting. These can be defined
by equilibration the forks and the cross.

The cross that can be only subjected to forces lying in its plane is under the
action of both forks. The torque 7 is transmitted from the driving fork to the cross
by means of the couple F;; = T1/(2a).

At ¢@; = 0 no other forces or torque are acting on the driving fork, and the
driving fork is not under the action of a bending moment, i.e. M; = 0. From the
condition for equilibrium of the cross-connection follows that (2a)F;; = (2a)F,,
where F, is the couple of forces with which the driven fork counteracts the Fj
forces. The couple F, acts in a plane perpendicular to the axis of the driving shaft
(I plane of projection). The torque 75 creates a couple in a plane perpendicular to
the axis of the driven shaft (III plane of projection). The forces F, decompose into
components. First component Fy, corresponds to the moment 7. The second one,
F,; lies in the plane of the driven fork.

From the above description and Fig. 3 follows that

Fp, =F,cosy = F,cosy
and Fpp = F,siny = Fy; siny

Fig. 3 Determination of the
extreme forces in Hooke’s
joint in its two limit positions
(¢) =05 90°)
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From the equation of the driven fork the equilibration comes out that

T, =2aFy =2aF,cosy=Tjcosy (5)
and My, =2aF,, =2aF, siny = Tjsiny.

When ¢, = 90° (Fig. 3) the plane of the cross is perpendicular to the axis of the
driven shaft and this shaft is subjected only to torsion:

Fop=F,=F;/cosyT, =2aFp =2aF,/cosy=T/cosy. (6)
The driving shaft is subjected to combined torsion including bending:

Fai = Futgy My =2aF, =2aFutgy = Titgy. (7)

2.2 Extreme Values of the Rotation Non-uniformity

The obtained values of the forces F,1, F1, Fqp and F,, can be used for a strength
test of the shafts and the endangered sections of the cross and the forks. Details of
these calculations are given in the (Handbook of Agricultural Machines 1967,
Nenov et al. 2007).

The analysis of forces and moments (Fig. 3) we have made, apart from being
simple and clear, allows additionally an easier and direct determination (compared
with the method of Reshetov) of the extreme values of the speed of rotation. The
logic of the summary is that if losses in the bearings of the universal joint are
ignored, then may be accepted that the input shaft power (P;) is the same as the
output shaft power (P;), i.e.

Respectively

P1 = Pz and T1w1 = Tzwz. (8)

When the forks are arranged in the first specific position (¢, = 0), then torques
T1; T, = Tj cosy and as the angular velocity of the first fork is w;, we got Tiw; =
Trw, = Ty cosy sy, OF W = W1/ COSY = Wymax (it confirms conclusion 2).

In the second specific position (¢, = 90°) the torques are T} ; T, = Ty/cosy
and from Tyw, = Thw, = T/ cos?y is evident that w, = W cOSY = Wy min (it
confirms conclusion 3).

3 Power Components of Load at Any Given Angle
of Rotation of Fork 1

The direction of the resultant force F,; is always parallel to the arm OB . In the
intermediate position it will be parallel to OB,.Their projections F}; and OB" on
HP should also be parallel: F? |[OB". From Fig. 4 MM" L OA,” and F}; LOA, .
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Fig. 4 Forces in the pivot of the ax of the spider jointed it with fork1, and their projections in the
plane of the booth shafts

Therefore angle ¢, is equal to the angle (M * MA1) as angles with mutually
perpendicular arms.

If a straight line ||F7, is drawn through point Ay, it will cross MM* at point
M. Then M**A, = F}; and A;MM™ is equal to ¢, as they are angles with
mutually parallel arms (OA,|[M**A; and of OA| — a mutual arm)

From AMM**A; comes out that
F}, = Fysin¢,. 9)

t

Because F; and F,; are parallel to the axis of Fork I the angle M*N*A* is
equal to (90" — y) or angle N*A*M* is equal to angle 7. From A N*M*A* follows
that F}; /F;, = cosy. Substituting F;, with its value from (9), then for F}, we get

r

FY, = F;sin¢,/cosy. (10)

.
From the same triangle F, = F} siny = F,; sin¢, tgy and as F},||F,, the
magnitude of the axis component is

Fo = F, = Fysing, gy. (11)

a

In Hooke’s joints are acting significant forces with periodic variations.

The schemes and analyzes represented here allow us to determine the forces in
the hinges of the first fork as well as the torque on the first shaft for any random
position of the angle of rotation ¢, using the following formulas:
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Forces and moments applied to the driving fork and driving shaft
T17(p1 aFl‘l = Tl/(za))Fal = Ftl Sin(pl th7Frl =\ Fzzl +F31 aMl = Fu]-za

The forces and moments applied to the second fork and the second shaft can be
calculated without any additional graphic diagrams, using only still available
results. Besides, the requirement on equality of the reactions in both fork hinges
should be taken into account, as well as its compulsory positioning in the plane of
the cross-connection of the hinge.

Forces and moments applied to the driving fork and driven shaft
@, = aTrctg(tgp,/ cosy), wy = wycosy/ (1 —sin’y cos? @,), Fro = Fpy
T, =T, w1/w, Fp =Fy w/wy, Fry =\/F4 +F2 [ Fop=+\/F5 —F}

M2 = Fa2.2a

Table 1 and Fig. 5 display the forces in the joints of both forks, for seven
angles.

Table 1 Forces acting on the hinges of booth forks, at ¢; =0+ 90°

# ¢, (degrees) ¢, (degrees) w; (1/ min) %(l/ min) F; (N) F);_TI'(_) ;_ﬁ(_) ;_flz(_)

10 0 1 (1/cosy) 1 0 (cosy)  (siny)
1.155 0.867 0.500
2 15 17.192 1.129 0.149 0.886 0.488
3 30 33.690 1.066 0.289 0.938 0.451
4 45 49.107 0.990 0.408 1.010 0.382
5 60 63.435 0.924 0.500 1.082 0.280
6 75 76.936 0.881 0.558 1.135 0.148
7 90 90 0.867 0.577 1.155 0
(cosy) (zgy) ~ (1/cosy)

Example: Input Ty, 2a y=30° n oy =mnn; /30

140
120
1,00 ——— ——
0,80
0,60
0,40

0.20 " e
0,00

15 30 45 60 75 0O 15 30 45 60 75 of°
Ft1-Ft2 Fail-Fa2 Fri-Fr2 17,2 33,7 49,12 63,4476,94 p2°

Fig. 5 Loading the forks caused by turning within the range ¢, = 0 + 90°. a Driving fork (fork
1) b driven fork (fork 2) (The load within the other intervals can be determined through mirror
projecting)
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4 Stress Determination in the Bound Positions and at Any
Given Angle of the Fork Rotation

4.1 Model, Forks Fixing and Load Distribution

The strength analysis of the forks is performed by means of the software package
[COSMOS-Works Designer, 2007]. Seven positions of both forks according to the
pre-set angle of rotation of the driving Fork I - ¢, are being examined:

The torque transmitted to the driving Fork [ is assumed for T; = 170 Nm.
Driving Fork I and driven Fork 2 have the same form and sizes. A discretized
model is shown in Fig. 6. The real sizes and shapes of the forks (Nenov et al. 2007;
Solid Works 2006) and second-order tetrahedral finite elements with intermediate
units (Kurowski 2004) are used. The nominal dimension of KE is 10 mm, but at
the areas of stress concentration a local improvement of the net has been

Fig. 6 Discretized model of
the forks

Fig. 7 Load distribution at PSS
the holes of the joints: f(fi) = ’
F.Sin(fi) ’
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von Mises (Nfmm*2 (MPa))
104
94

83.6
. 73.2
62.8
l 524
. 42
316
21.2
10.8

0.379

» Yield strength: 352

Fig. 8 Stressed state of Fork 1, ¢; = 90°

Table 2 Fork 1 - External loading and maximum stresses, (MPa)

¢1,° 0 15 30 45 60 75 90
F.,N 2,073 2,096 2,158 2,239 2,318 2,374 2,394
o,° 0 8.50 16.10 22.21 26.57 29.15 30
Omax 85.0 85.1 95.9 98.6 99.3 100 104

performed, thus KE dimension of 2 mm. The final section is rigidly fixed. This
does not satisfy the real boundary conditions, but our analysis refers mainly to the
stress on the fork, not in the bearing housings and keyhole. In this case the Saint-
Venant’s principle can be used, as the areas under consideration are located far
away from the attachment points. The load is applied to the bearings by using a
special distribution function f(fi), (Fig. 7). For each case the surfaces under
imposed load are different and created by the intersection of the cylindrical hinge
hole with a plane passing through its axis and perpendicular to the direction of the
acting force F, (F)2) (Fig. 8).

4.2 Stresses in the Limit at a Given Positions of the Forks

According to the calculations, maximum stress values in the forks occur not
always when operating in both limit positions (see Table 2, o« at ¢; = 60°), that
may contradict the existing recommendations.
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5 Conclusion

A simplified option of load determination in the limit positions of the forks is

proposed.

e Dependency-related determinations of the forces acting on the hinges of both
forks at each set angle of rotation are derived.

e It is proven through computation that not always maximum stress values occur
at forks when working in the two limit positions (Table 3, o,,x When ¢, = 60°),
which contradicts the current design recommendations in the literature.

e Difficult to observe features in Hooke’s joint operation are illustrated by over-

coming the standard limitations of the 3D-animation systems under the condi-

tions of variable values of the transmission ratios.
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Abstract In our practice The GBC from the type “profile shifts coefficients-centre
distance” are new instrument and style for more effective design of involute
cylindrical gear drive with high level of their parameters for quality. The final
results of the design procedures depend strongly from the correctly finding of the
area of all possible decisions. It’s very useful this area to be completed with some
basic geometrical and kinematic parameters for quality, such as contact ratio,
thickness at the top of the teeth, velocity of sliding on the working profiles and
others. The new high-technologic design strategy concerns especially the design
process of the gear drives, jointed really or conditionally for receiving some
additional advantages.
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1 Introduction: Interconnected Gearings

The design of different gear transmissions, gearboxes, speed reducers, etc., is
hampered by the fact that some of their gears are interconnected. The connection
may be real or conditional (Nenov 2002). Figure 1a shows a version of a machine-
tool unit-head, in which the internal gear ring participates directly and at the same
time in the operation of several internal gearing. For example, in the family of
planetary speed reducers K-H-V (Fig. 1b) each product includes only one internal
gear, operating completely independently of the other representatives from this
type. But for technologic and economic reasons it is expedient that the internal
gear rings of all reducers of the family are identical and they have the same
module, number of teeth, profile shifts coefficient, etc. This makes the ring a
conditional joining component, invariable to the whole family.

The example of Fig. 1c refers to 2 K-H gear reducer, whose branches include
one external and one internal gear mesh. Or the both gearings have the same centre
distances and the satellite gears are common for the external and the internal
meshes i.e., they are practically real connecting components. In other constructions
from the previous type, developed as a family of reducers having different gear
ratios of each member, a conditional (indirect) joins presents, also. They are
imposed by additional requirements, for example for fixed parameters of the ring
gear with internal teeth (Fig. 1d). It is especially important in the given case that
the application of a ring gear with constant parameters assures higher economic
manufacturing indexes. In the same time such requirement significantly compli-
cates the design of the family of speed reducers.

In the engineering practice the design of gear drives for: Norton’s gearboxes of
machine-tools, gearboxes of motor vehicle and different families of cylindrical
speed reducers is based on the idea for their “equal centre distance”.

Our software systems, creating Geometric Blocking Contours (GBC)—type
‘xi-aw’ for external spur and helical gear drives are well known [Fig. 2; see also
Nenov et al. (1988), (2010)]. They provide effective solutions for an independent
gear give, as well for interconnected gears. This paper is focused on developing a

(d)

!,!?‘,-2:,-\\\ ‘ 35

=y g 2
e\= 24~)
¥,
P2 e\

Fig. 1 Gear trains with real and conditional connecting units: a A machine-tools unit-head (the
real connecting unit is the gear with internal teeth-“b”); b A family of planetary gearings K-H-V
(conditional connecting component is a gear with internal teeth “b”); ¢ Planetary gear 2K-H with

three streams (with a real connecting unit—satellite pinion “g”, integrated in the external and

internal gearing); d A family of planetary gears 2K-H (the real connection units—pinions “g
and the conditional connecting component—ring gear “b”)
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(@) First projection (x1-aw) (b) Second projection (x2-aw)
(¢) Colors of limitations:

Undercut-red(1); Pointing-green(2); Overlapping-yellow(3); Interference-blue(4)

Fig. 2 Geometric blocking contours of a cylindrical external gear (z1, 2 = 16, 20)

similar system for internal gearing. The clarification of the characteristics and
capabilities of the system is supported with examples, solving the problems of
specific types of schemes.

2 Parameters of Gear Meshing Quality

The geometric blocking contours created by the new author’s system are based on
the main restrictive conditions, resulting from the quality requirements for internal
gearing. Detailed descriptions are given in the handbooks and standards on
Geometry of involute internal gearing. The version presented here is oriented to
design gear drives without modification of the initial contour.

By developing the program system several requirements are taken into con-
sideration. They can be defined, as follows:

The teeth of the pinion should not be undercut at the fillet or root;

The teeth of the pinion should not be cut at their top;

Provide for radial clearance in the gearing;

Provide for necessary contact ratios;

Provide for a sufficient thickness at the top of the teeth;

Lack of interference at the top of gear teeth, in the time of action;

Lack of interference at the top of the teeth, in case of radial assembly;

8a. Lack of interference at the top of the internal gear’s teeth, during the cutting
process by gear shaper cutter;

8b. Lack of cut-off the teeth of the gear with internal teeth during the gear-cutting

process.

NoaUnAE B -

Table 1 shows the summarized requirements of meshing quality (GOST 16530-
70; GOST 16532-70) in order to clarify the information that is synthesized in the
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Table 1 Provide for quality parameters of internal gearing (excerpt)

1. Requirement of avoid the undercutting: ximin = hj — h, — 2 sin® o + 2 cos p
At x; <Xjmin there are undercutting in the base of the external toothing

2. Requirement of avoid cutting of the teeth of the pinion in their top:

2.1. h1 = (dal —dfl)/ZS (2]’1: +C*)m; or

2.2. pjy = (di/2) sinoy + (b, — by — ¢* +x1)m/sino, > pg = (da1/2) sin o1,
where hj have to be given or assigned as hj = 2h; +c*, or

23l = (0.5 — \ [0} +02543,) >0

3. Checking up the radial clearance in the gear drive

Cl1 = Ay — O.S(daz -+ df]) cp > [C]} Cy) = ay — 05(d,,. + dfz) Ccy > [(,‘2]
4. Finding the transverse (&), overlap (gg) and total (&,) contact ratios:
418y = [2118%1 — 22180 + (22 — 21)180%] /27 &) = [21(tg%a1 — tgoun)]/2m
4.2. ¢ = bwsin f/(nm)
4.3. &y = &y + ep
5. Control on the thickness of the teeth at their outside diameters

5.1. Spa1 = dg1 (L%W + invo, — invocal) cos By Ba = arctg(datgf/dy)

5.2. Sy = dap (M — inva; + invocuz) cos B B = arctg(dotgf/dr)

6. Inspection for interference at the top of gear teeth, in the time of action;

6.1. When 6 = 2 pip,, — arcsin <Z‘ sin ﬂmax) + 712 > 0, there is no interference

Here 7, = inva z1/22 — invagy + (1 — 21/22) invog,

and fi,, = arccos(d2, — d2, — 4a2 /(4a,dar))
7. Inspection for lack of interference at the top, in case of radial assembly;
7.1. Condition for lack of interference: d,p/dy > 1

7.2. Additional condition for lack of interference

. (e /da)*—1 _ &2, —d> —4d*w
I = arceos  [SPU s > Hipgy = ArCCos (72 T
7.3. Condition for lack of interference when u < ..
0 = Uax21 /72 — arcsin(sin pda1 /daa) + 712 >0
7.4. Condition for lack of interference, when 6 <0:
Combinations of 4 value of the auxiliary angle p,., =V, + 7n/z,
calculated for y,, = % + 2)"# + inva, — invay, and 4 integer values of n:
ny =intlz) (W — Y )/m)); mm=nma—1;n3=n+1; ng =ny +2
8a. Lack of interference at the top of the internal gear’s teeth, during the cutting process by gear
shaper cutter: pj, > p,,, where
P = 0.5du0 8in 0t + a0z Sin a0z and ppy, = 0.5dp11801 + @y SN Oty
8b. Lack of cut-off the teeth of the gear with internal teeth during the gear-cutting process. Calcul

oy = arccos y/[(dea/dun)* — 1)/ [(z2/20)* — 1]
where 7, = invo0z0/22 — invagy + invogmn (22 — 20) /22
and aymn = (22 — z0)mcos o, /(2 cos ff oS tpy02)
When 0y = 2oy, /22 — arcsin dgo sin pig, /da + 9, <O “there is no cut-off”
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Minimum vaues of

- ransverse contact ratio: Eamin [12

Al angle 3“D,£gm“].2jal 830, Eg i =1.

Snal/m Sna2/m
- | thick: of the tooth a
m‘”"g nar’mmss Spadm(min] {04 0.4

For case-hardening steel S /m (min) =0.4 ; otherwise S /m (min) =0.3

- 1adhal clearance of the gearing CF [0 25 [F’
between basic and mating profile of the teeth o 0.25 025

Fig. 3 Excerpt from the input information of the system

automatically developed contour of the given gear. However, if additional data is
needed, it can be provided through new modular units supplementing the system’s
project tasks (GOST 19274-73; Bolotovskii et al. 1986).

The great number of the parameters for quality of the gearing and the relatively
complicated mathematical description of a part of them make it difficult to
determine directly the limit for vary with the basic meshing parameters and the
relevant areas of solutions tolerance. Therefore, a pure mathematical summarizing
variant seems to be unreasonably complicated to develop, control the results, and
expand the possibly changes of the solution requirements. The possibilities of
making the follow-up processing and easy use of the results, are also essential. The
data for contours plotting is developed through programme modules that provide
for checking by a particular parameter of meshing quality.

A great number of gearings are checked by the set dialogue figures of limita-
tions (Fig. 3) that are formed with a certain module and within an interval, focused
on covering good project’s solutions.

Limitation data input for the minimum transverse contact ratio &min, the
thickness at the top of the teeth (S, min) and for radial clearance factor c*o.

In the cases, when verification task are performing only, the results of the
follow-up checks on different criteria are compared with the limit values, in a table
format as current data. The approximation to the final solutions looks for an
optimal values, and requires complex assessment of the results of the meshing
quality checks. And it is even more difficult to find good solutions for the inter-
connected gears. That’s why a higher efficiency for assessing the results has been
asked by using their graphical layout. The strength of such analysis comes from
the visual connection between the calculated and the admissible (blocking) values
for a grate number of important indicators.
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3 Creation of GBC for Internal Gearing

The module units used for the quality checks of a gear drive meshings with a
completely familiar geometry are in the basis of the automatically developed
contour. The GBC is creating and developing on the check results of all possible
gears, formed for a sequence of centre distances and admissible for the initial basic
parameters. A package of profile shifts coefficients x|, resp. x, is generating at a
small step, till achieving sufficient remoteness from their zero values in positive
and negative directions. The generating scheme we preferred has elements of
wastefulness, in terms of the volume of calculations, and its rationality could be
disputed. But with the present parameters of the computing equipment the detected
defect slows down the calculation process insignificant. And in the same time this
is strongly balanced by the simplicity of the algorithm provided. Generally, the
creation of contours according to this scheme is reduced to calculation and anal-
ysis of all gearing quality parameters (Table 1) with following visualization
through the GBC (Fig. 4):
Input: o, B, z1, 22, m, distance packet a,, (i), matrix with factors x; (i, j).

o, =arctg(tgo/cos )
Oy (i) =arcos|(zo — z1)mcos o, /(2 cos ff a,(i)]

()

xg (i) = (invou, (i) — invoy) (22 — 21) / (21g20); 20, J) = x< (i) + 210G, J)

The new automatically generated geometric blocking contours for internal
gearings looks like those for external, because of the good results obtained up to
now. The other reason is connected with providing conformability with the GBC

=
<
I
Q
o
<
o
o
/M
o
Q
5,
= 0. max S nal>O na2 Yz Vs min
S
=

KoedunueHt Ha n3MecTBaHe Ha U3X. KOHTYp (Ha rojl. 350HO KOJIENO ), X2

Manks npensk- Hureppepenume -

Fig. 4 Second projection (x2-aw) of GBC of internal gearing. x2 profile shifts coefficient, aw
centre distance [basic parameters of the gearing: m = 2 mm, z1 = 48, z2 (ring gear) = 96]
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(b)

Undercuting Thickness at the top  Insufficient recoverment Interference.

Fig. 5 GBC of internal gearing—projections and analysis, according to the gearing quality
parameters (GQP). a First (x1-aw) and second (x2-aw) projection of GBC of a gearing with ¢ z1,
2 =48, 96. b Information from the second projection for the limits of the basic quality
parameters

of interconnected gearings (which are still in process of development) where one
gear runs at the same time in internal and in external meshing.

It is assumed that everywhere (see Fig. 2) the red areas (1) are indicating
undercut, those in green (2)—pointing, the yellow ones (3)—insufficient over-
lapping factor, the blue areas (4)—interference and/or tooth cut-off respectively.
The lighter color nuances mean disturbed parameters of gearing quality for small
gears, and the deeper color nuances—for big gears.

In the new structure of GBC there is an additional curve with information about
the total (summarized) shifts coefficient xs (see formula 1) as a function of the
centre distance a,. Having in mind that: xy = x, — x; (internal gearing) and
Xy = xp + x; (external gearing), the data for xy available in the coordinate system
with abscissa xj, respectively x, make obvious and the total shifts coefficient,
which is helpful for the final estimation of her quality parameters.

Important information is brought with the curve &, ,x, that indicates the area of
maximum values of the transverse contact ratio for each centre distance in the range
of possible solutions (see the grey—white sections of the contour—Figs. 4, 5; data
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Fig. 6 Second projection of GBC of really joined internal gearings (an aggregate gear-head for
metal-cutting machine tool; ul = 2.00 u2 = 3.00 ul = 4.00)

for the parameter’s values, displayed through the curves, appears at the lower part of
the screen when moving the mouse or cursor).

The third curve displays the areas, where the thicknesses at top of the teeth of
the both gears are approximate the same or are as closer as possible (see Table 1,
p- 5). The fourth curve represents the areas within the range of possible solutions
of GBC, where the maximum speeds of sliding over the working profiles of the
booth gear have a minimum value:
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Fig. 7 Second projections of
GBC of conditionally
connected gearing from a
family reducers K-H-V

(z2 = 100; z1, 2 = 97, 98)

aw=2.0-6.0 mm x2

Vimin[aw (1), x1 /x2(i; j)] = min{[max[Viai (i, /), Vsaa (i, )]}, 2)

where

Vsal (l7 ]) = wZ[tgaal (lv.]) - tg(xtw(i)](ZZ/Zl - l)dbl /21
Viaz(iy ) = on[tgom, (i) — 18042 (i, j)|(z2/21 — 1)dp2 /2,
and dal (17])a Olal (la.])7 Pend duZ(iaj)a O(uZ(imj) u O‘l‘w(i)7

[see (GOST 16530-70, GOST 16532-70; GOST 19274-73)].
Figure 6 presents GBC of gearings with a really joining gear ring “b” (Fig. 1a).
The gear ring “b” is a really joined element in the gear trains on Fig. 1c, d also.
By examining the contours comes out that:

e The profile shifts coefficient x2 of the gear ring b could not be greater than 2.0,
according to the lowest contour;

e The high values of the transverse contact ratio are in the upper part of the
contours; in the same time the profile shifts coefficient x2 have to be bigger than
(—0.2), because in the left positions of the contour the value of ¢, are too small;

e Values of x2 higher than 0.7 do not increase the contact ratio (see upper
contour);

e The thickness of the teeth at the outside circles are almost equal at x2 ~ 0.6.

Figure 7 displays the second projections of GBC of interconnected K-H-V
gearings (see Fig. 1b).

Appropriate values of the profile shifts coefficient x2 of the joining gear are in
the range (—0.5 = 0) while greater center distances are preferable, because of the
high load of the bearings; (the third gearing of the family—see Fig. 1b—requires
certain changes of the tooth proportions).

The raising of the contours by curves, presenting the examining parameters,
together with their values within the whole range of the admissible decisions,
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makes them more clear and usefull. The including into the creating contours some
other data, concerning the power abilities of the designed gear trains extend the
opportunities for optimization on the base of complex criteria.

4 Conclusion

The presented GBC type “x-aw”, for internal gearings, offer new design oppor-
tunities for finding the total range of the admissible solutions, from the point of
view “parameters of quality”. The GBC form a suitable basis calculation and
optimizing of internal gearings on the ground of complex criteria. They could help
designer in efficient projecting of joined internal gear drives.
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Bearings Failure of Gear Drive Unit
Caused by Gear Resonance

Milosav Ognjanovi¢, Milo$ Risti¢ and Sanja Vasin

Abstract Gear transmission units could work properly in the resonance
conditions but they cause very unfavorable effects on other components and the
environment. It is necessary to identify the resonance range, and afterwards to
harmonize design parameters with operating conditions, so as to avoid primary and
secondary resonance. This article presents the procedures for gear resonance
identification and its influence on rapid failure of bearings and other gears of
bucket wheel excavator drive’s gearbox, entitled SRs-1301. Thereafter follows the
correction of design parameters of critical gear pair in order to avoid its resonance
and excitation of natural frequency of gearbox housing. Besides the analysis of
dynamic behavior of gears, this article provides FEM analysis of stiffness of
gearbox components and modal analysis of gearbox housing. Applying new
parameters, calm work of gearbox is obtained, and life cycle of bearings suits
service load.

Keywords Gear transmissions - Gear resonance - Bucket wheel excavators

List of Symbols

T Torque

n Speed of rotation (revolutions per minute — RPM)
K, Dynamical factor

Ka Application factor

Vs Velocity of teeth collision
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f Teeth mesh frequency
fr Frequency of resonance (natural frequency)
Ch Theoretical average specific teeth stiffness

Average specific teeth stiffness

c Real average specific teeth stiffness
c Total average teeth stiffness
Zn Equivalent number of teeth

X Offset factor
fi_, Helical angle

&y Contact ratio

b Face width

J Moment of inertia
m, Reduced mass

M, Equivalent mass

1 Introduction

Gear teeth meshing process is distinguished by many phenomena (Ognjanovic and
Agemi 2010). Resonance is among the most important of them. So far, researches
in the field of gear dynamics have been mainly oriented to sub-critical range of
teeth mesh frequency. The aim of these researches is to determine the influence of
transmission errors on dynamic characteristics (Velex et al. 2011). Researches of
gears behavior in the range of resonance are not frequent. The operation of gears in
resonance frequency range is possible, but undesirable. Additionally, variable
stiffness of gear teeth in mesh produces nonlinear vibrations of gears. This non-
linearity is one of the most common topics in the gear resonance field (Liu and
Parker 2008; Faggioni et al. 2011). The influence of friction and sliding between
tooth flanks on above mentioned nonlinearity is very significant for the behavior of
gears in resonance (He et al. 2008), but stiffness of supports, bearings and shafts
too (Kang et al. 2011). Identification of different types of resonance (Shuting 2008;
Rama Rao et al. 2011) has major importance for recognition of resonance effects.
These effects are important for determining the consequences (Ognjanovic et al.
2010) and coordinating the design parameters (Ognjanovic and Benur 2011).

This article analyses the effects of gear resonance on other components of
gearbox and possibility to design parameters harmonization in order to eliminate
undesirable effects. The case study refers to the input gearbox at bucket wheel of
bucket wheel excavator SRs-1301.
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2 Problem Identification

The traction gearbox at bucket wheel of bucket wheel excavator SRs-1301 has five
stage transmissions with fixed shaft axes. At the second stage, there is a pair of
spiral bevel gears, and all other stages consist of helical gears. The output shaft is
connected with bucket wheel shaft by means of a flange. The bucket wheel shaft is
one of the supports of the gearbox. There is a 3D model of gears of the input
gearbox at bucket wheel of bucket wheel excavator, presented in Fig. 1. The
gearbox is driven by electromotor with the power of 400 kW and n = 1,480 rpm.
Nominal torque at the input shaft is 7; = 2,581 Nm.

In the course of exploitation, the bearings of the second shaft were prone
rapidly to failure. At once, there was even the failure of the teeth of spiral bevel
gears that were torn apart. It was determined by calculation that all of the gears and
bearings shouldn’t fail due to the service loads, even if they were intensively
overloaded. Figure 2 shows the assembly of the second shaft and bearings. The
damage occurred previously at spherical roller bearings. Due to bearings worn out,
internal clearance was extremely enlarged. Axial displacement of the shaft became
huge. All these facts indicated large axial forces with variable direction.

Axial forces applied to the second shaft for a given rotation direction are
directed opposite to each other (Fig. 3a), and their subtraction is directed to axial
bearing at the left support. Due to resonance of helical gear pair, displacements of
these gears are in anti phase. Teeth collide with each other very intensive,
vibrations are intensive as well, and axial force is with alternated direction
(Fig. 3b). Spherical roller bearings are very sensitive to axial loads, and they fail
quickly. Fast failure of bearings is aided by axial supporting of the outer ring,
which enforces bearing to accept axial force oriented to spiral bevel gear. When
axial clearance in spherical roller bearings becomes higher than lateral clearance

Fig. 1 3D model of the bucket wheel of bucket wheel excavator
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Fig. 3 Axial forces at second shaft: a at stationary work, b at resonance

between teeth of spiral bevel gears, axial resonance force from helical gears
becomes accepted by bevel gears. Because of spiral shape of the teeth, axial
resonant force from helical gear pair acts on the teeth of bevel gear pair in
alternative directions, leading to their failure.

Causes of the failure of bearings could be also additional loads induced by
elastic deformations of shaft, bearing supports, housing walls or by natural fre-
quencies of housing. These reasons led to systematic analysis of these components
by FEM. Figure 4 presents a 3D model of shaft meshed by tetrahedron elements,
with extremely enlarged deformations. Figure 6 shows deformations of bearing
nave. Stresses and displacements of all components are determined assuming the
forces on gears that correspond to nominal power increased by the magnitude of
short- time overload (application factor K4 = 1.75). Shaft deformations are very
small (highest displacement is 12 pm), so it could be assumed that those defor-
mations didn’t affect self-adaptive bearings. The way of supporting of the bearing
nave contributes to unequal displacement, which reflects to unequal distribution of
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Fig. 4 Elastic deformation of shaft caused by forces on gears

radial force on two bearings in this support. Analyzing the stiffness and natural
frequencies of housing by means of FEM, it is determined that housing is rigid
enough and is not the cause of bearing failure (Figs. 5 and 6).

3 Gear Drive Resonance Identification

Gear teeth meshing is a dynamical process which generates dynamical excitation
forces, such as elastic variable forces and collision forces (Fig. 7), but also forces
due to sliding and rolling of tooth flanks. When constant load is applied, variation
of gear teeth number in mesh leads to variation of displacement, and consequently
to variation of teeth stiffness in the course of teeth meshing process. Speaking of
helical gears, these effects are reduced by magnitude and steadiness of variation.
Elastic excitation forces change proportionally to variation of the stiffness of
meshed teeth. Above listed changes relate to gears with no geometrical deviation.
Since deviation of shape and pitch cannot be fully avoided, these deviations
contribute to additional increase of amplitude and change of shape of “stiffness
variation-elastic force” function. Another significant excitation during the teeth
meshing is collision of teeth. Due to elastic deformation of teeth caused by load
they transmit, the position of teeth changes, so the contact starts by collision. The
collision speed is proportional to the teeth deformation and the speed of rotation
n. The difference in pitch of meshed teeth could increase collision speed, which is
taken into account by means of dynamical factor K,. The value of this factor
increases proportionally to the increase of gear teeth mesh frequency f. Depending
of the ratio between f and resonance frequency f, it’s been distinguished sub-
critical, critical and super-critical range of teeth mesh frequency. When teeth mesh
frequencies become equal to natural frequency, there comes to a resonance, which
drastically increases the K, factor. According to standards for gear calculations
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Fig. 5 Supporting of nave
and bearing

Fig. 6 Supporting nave
deformation

ISO 6336 and DIN 3990, dynamical factor is determined in a different way for
every of these three ranges.

Gears are specific for their characteristic to work in resonance, unlike the other
mechanical structures whose amplitudes increase so much in resonance that could
lead to failure in a short time. That is possible since teeth could absorb free
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Fig. 7 Gear vibrations; a model of vibration, b lateral clearance out of resonance

vibrations in resonance during their interaction. That’s how both flanks are making
alternating (reverse) contacts (Fig. 7b). One of the signs that gears are in resonance
is the trace of carrying, which could be seen on both flanks of a tooth. Figure 7b
presents the lateral clearance between teeth. In resonance, due to anti phase dis-
placement of gears, teeth alternately collate by left and right flank, generating
intensive alternate forces (Fig. 3b). Regarding the wear analysis of left and right
tooth flank, it is determined that resonances are present at first and second stage of
transmission (Fig. 1).

Basic parameters for calculating the resonance frequencies of meshed gears are
teeth in mesh stiffness and value of the reduced mass. According to DIN 3990 for
helical gear pair at first stage of transmission, theoretical teeth stiffness is:

1 0.15551  0.25791
= 0.04723 + + — 0.00635x; — 0.116542L
Cth Znl n2 Znl (l)
—0.00193x, — 0.24188 % + 0.00529x2 + 0.00182x2
Zn2

Equivalent numbers of teeth and offset factors of these gears are z,;, = 56,
Zpp = 63.4, x; = x, = —0.198. For these values, theoretical specific teeth stiffness
is ¢y, = 17.49 N/pum, mm. The influence of elastic displacements in teeth contact is
included multiplying by 0.8, and influence of helical angle multiplying by cos f3, so
real specific teeth stiffness of full cross-section (without gear hub holes—full hub)
is ¢ =0,8-cy-cosPy_,=0,8-17,49 -cos11° = 13,73 N/um-mm. Average
specific stiffness of mashed teeth is ¢, = ¢/(0,75¢, + 0,25) for e, = 1.88, ¢, =
22.79 N/um, mm. Total average stiffness of gear teeth in mesh is ¢ = ¢, b, for face
width b = 150 mm, it is ¢ = 3,418 N/um.

Rotation mass of the first gear is mass of the gear itself together with shaft,
rotation mass of input clutch with rotor of electromotor, all of them with total
moment of inertia J; = 3.761 kg m?. The second shaft with gears 2 and 3 has the
moment of inertia Ji; = 5.147 kg m?. According to calculation of gear geometry,
the radii of basic circle of gears 1 and 2 are r,; = 177 mm and r;,; = 200 mm, so
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reduced masses at the contact line direction (Fig. 7a) and equivalent mass are
my = J/rpy = 3.761/0.177% = 120 kg, m,, = Jy/riy = 5.147/0.2* = 128 kg

ny1m;n 120 - 128
= - — 62kg. 2
Me = o ¥m, 120+ 128 & )

Natural frequency of the first pair of gears is

1 c 1 3,418 x 106
= —  /— = —4/=2=— " — — 1.181Hz.
Jr 2n\lm, 2mV 62 » 181 Hz (3)

The gear teeth mesh frequency is f; = ny2,/60 = 1,480 x 53/60 = 1,307 Hz.
The ratio between this exciting and natural frequency f/f,; = 1,307/1,181 = 1.1 is
in the range 0.85—1.15, which indicates the full resonance of helical gear pair. For
bevel gear pair, applying the same procedure, natural frequency is obtained:

1 [ 1 [1,562 x 106
= 5ol = 3\ ge = 632H2 (4)

and frequency of gear teeth meshing f;; = n3z3/60 = 1,305 x 23/60 = 500 Hz.
The ratio between exciting and natural frequency fy/f,;; = 500/632 = 0.792 is
close to resonance, since it is close to the lower limit of 0.85-1.15.

In resonance, the intensity of force at the tooth flank increases extremely, which
is taken into account in calculation of forces and stresses by dynamical factor K. It
is not only about the increased magnitude of this force. Due to contact interruption
and anti-phase frequency, it comes to high intensity collision between teeth flanks.
The frequency of collision is two times higher than the frequency of gear teeth
meshing, since during the interruption of contact it comes to collision with both,
left and right flank (Fig. 7b). This process realizes very high level of vibration,
since it brings very intensive disturbance energy.

4 Gear Drive Design Parameters Harmonization

Resonance of the gear pair 1-2 could be avoided if a significantly big difference
were made between frequency of gear teeth meshing and natural frequency of this
gear pair. Natural frequency depends on gear teeth stiffness in mesh and magnitude
of rotation masses. These magnitudes could not be significantly changed at the
present design solution of this gearbox. The frequency of gear teeth meshing
depends on rotation speed and of gear teeth number. The rotation speed also
couldn’t be changed. There is only one possibility left, and that is to change the
gear teeth number (z) and gear modulus (m), so the gear pair center distance and
gear transmission ratio remain unchanged. Increasing gear modulus from 7 to
12 mm and proportionally decreasing the of gear teeth number and helix angle
from 11 to 8.1°, the gear pair center distance of 400 mm remains constant. For
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Fig. 8 Modal shape of natural vibrations with 1,300 Hz

these changed parameters, following the same procedure, it is calculated natural
frequency of f,; = 1,199 Hz and gear teeth mesh frequency f; = 749 Hz. The ratio
between these frequencies is fi/f,; = 749/1,199 = 0.62, which indicates that new
parameters led helical pair out of resonance and led it into sub-critical service
condition.

The original gear teeth mesh frequency of helical gear pair f; = 1,307 Hz is not
only close to natural frequency of rotation masses, but also to natural frequency of
housing, which is 1,300 Hz (Fig. 8). This match of frequencies refers to increased
level of noise, emitted by housing. By decreasing the gear teeth mesh frequency to
749 Hz, this phenomenon is eliminated, gearbox is led into smooth service con-
ditions and service life of spherical roller bearings is extended.

5 Conclusions

Presented research involves the modeling of parts of input gearbox and assembling
them together, development and analysis of dynamic model of meshed gears,
analysis of displacements and stresses at relevant parts of gearbox by means of
FEM and modal analysis of housing and other parts of gearbox. The most
important results and observations are:

e Resonance of gears at the first stage of transmission is identified as a cause of
failure of bearings at the second shaft. Resonance generated alternated forces of
high intensity, which led to progressive failure of spherical roller bearings on
this shaft.
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e Changing design parameters of helical gear pair at the first stage of transmission,
resonance and dynamical loads generated by resonance were eliminated. Also,
matching of gear teeth mesh frequency with natural frequency of housing is
eliminated and smooth work of gearbox is provided.
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The Transmission Coefficient
of Hydrostatic Drives

Mircea Radulescu

Abstract This paper presents some theoretical considerations regarding the
calculus of the transmission coefficient of the pressure energy in hydrostatic
mechanisms. After defining all categories of transmission and efficiency coeffi-
cients, we present the laws of calculus for various combinations of hydraulic
components and formulae of their resultant transmission coefficients. Beginning
with the mathematical model of hydrostatic machines, presented in a generalized
original form, we obtain the calculus formulae for overall transmission coefficients
of a simple hydraulic circuit. These formulae can be useful in scientific researches,
designing the equipment for the hydraulic drives and also in the didactic activity
with students.

1 Introduction

For the purpose of improving the technical—economical performances of
hydrostatic drives, in the designing stage, it is necessary for us to dispose of an
improved mathematical model, which to allow obtaining beforehand some ener-
getic characteristics accurate enough. The transmission of pressure energy is refers
to all processes that occur in hydraulic mechanisms while the source transfers
energy to the receiver. The transmission coefficient is a basic indicator of the
pressure energy and it is defined as the ratio between the amount of the output and
input respectively, of the same size that interferes in the description of a non-
steady or transitory hydro-mechanical process. Except for papers (Blackburn 1962;
Buculei and Radulescu 1993; Prokes 1977), we haven’t found any detailed
approaches on this subject in literature.
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For hydromechanical steady processes, instead of the term “transmission
coefficient”, we use “efficiency”, with a similar definition (Buculei and Radulescu
1993; Prokes 1977). A few methods for the calculation of the energetical char-
acteristics of hydrostatic machines in steady states processes are known:

o the method of the general note of losses, which has a general aspect but it does
not allow the calculation of the losses in the nodes (centers) of the machines
(Thoma 1970);

o the calculation method of the losses in separated nodes (centers) of the hydro-
static machines, which is not universal, but gives the possibility of obtaining
some values of the parameters in nodes on the basis of which the constructive
optimization of the machines would be possible;

e the energetic method introduces the concept of energetic efficiency of a
machine, a complex universal criterion which takes into consideration the level
of utilization of the machine;

e the dimensional analysis theory (Blackburn 1962) which has the disadvantage
that leads to incomplete calculus relations, which will be experimentally
finalized;

e the experimental method which is a safe and relatively precise method but has
the disadvantage that it can not be used in the designing stage.

2 The Transmission Coefficient and Efficiency

We consider a parameter A which characterizes a certain element of the hydraulic
circuit, for example, a generator or an engine. The transmission coefficient of the
parameter 4 is defined by the ratio of the amount of parameter /4, available at the
output terminal and the amount of parameter /; at the input terminal:

L AL
Hi:T:1_7§A)~:Xi_ie>O (H;LSI) (1)
using the following graphical representation:
Ae Ae
—> H, ——> 0

The relations describing the transmission coefficient H is thus similar in form to
commonly used expressions for efficiency, 7. Since the term of “efficiency” is
used only in steady states transmission processes, it is safer to stick to the single
term “transmission coefficient”, which is used to describe only transient states and
non-steady motion of the machinery (Prokes 1977).

Further will be introduced some generalized parameters which characterize the
machines as components of hydraulic drives (generator—pump or motor):
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e displacement:

)

[ x[m], stroke length of the piston, for linear hydraulic machines (L.M.)
1= @|rad), angle of rotation, for rotative hydraulic machines (R.M.)

e cffort:

b= F[N], theforce reduced to the geometrical axis of the piston — for L.M.
"~ | M[Nm], torque reduced to the geometrical axis of the machine — for RM.

3)

e velocity:

wo V= qlm/s|, linear velocity of the piston — for L.M.
| @ = @lrad/s|, angular velocity (motion frequency) — for R.M.

® mass:

mlkg|, the mass reduced to the axis of the piston — for L.M.
M = { J[Nm?s], the moment of gyration reduced to the axis (5)
of the machine — for R.M.

e geometric capacity:

(6)

K= A [m? /m = m?], the piston area of the active chamber — for L.M.
| ¢/2n[m? /rad); q = V,, the displacement volume — for R.M.

Particularly, in view of Eq. (1), for hydraulic drives, we obtain the types of
transmission coefficients and efficiencies presented in Table 1. In problems of
circuit analysis, the hydraulic components of the same or different types appear
frequently and are variously connected. Starting with Eq. (1) we will deduce the
set of rules for the hydraulic components connected in series, in parallel, in
downstream and upstream node and outer feedback, these being presented in
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Table 1 Types of transmission coefficient/efficiency for simple elements

Transmission coefficient, H;, Parameter, / Efficiency, #,

Hy (1) = "r_ét’; =1- AVV(([’)) (L1) Volume (1 — V) ny=1- ATY 1.1)

Ho() =& =1-Fdaz  Flow(1—0) ng =1-4212)

H,(t) = ”“((’; =1 Pressure (4 — p)/water head (A — h) p, =1-254 (1 3’
pilt

Hy (1) = ﬁ_((r’)) =1 Generalized force (effort) (A — ¢) My =1—4 (I 4"
We 1 _ _ M

H (1) =20 =1 -5 ,> (1 5)  Velocity (2 —w) M, =1-22 (15

H, (1) = g{;_((t’; —1- (1 6) Displacement (1 — q) n,=1- M (L6')

Hy (1) = g)) —1- AW (1 7)  Pressure energy (A — W,) my =1 -5 b (17

Hp(r) = 1;8 _ AP t) (I 8) Power (4 — P) p=1- %’ (I.8)

Table 2, obtained as a generalization for the formulae given in the literature
(Buculei and Radulescu 1993; Prokes 1977).

3 The Overall Transmission Coefficient for Interlinking
Components

As an example, beginning with Eq. (1), (I.1)-(I.3) and (I.8), the three elementary
types of hydraulic resistances (Ry, Ly, Cy) (Radulescu 2010), have been analyzed,
taking into consideration the hydraulic characteristic Ap = Ap(Q), on the basis of
which the dependencies H; = H,(Q; p). The results are given in the first part of
Table 3, both for the transient/non-steady state and the efficiency (for the steady
state). We have noted Ry = kR * the value of the resistance to motion in the non-
steady/transient state, which significantly differs from the one established for the
steady-state flows, noted with R . The notation « is a dimensionless adjustment
coefficient, which is computed using formulae indicated in Buculei and Radulescu
(1993), Radulescu (2010). In all the relations in the table, the value of Ry—resis-
tance—must be linear or linearized. In the final part of the Table 3, we have studied
the combination of resistances linked in series, for a pipe with leakage loss, with
concentrated parameters, regarding the calculation of the transmission coefficient of
power (non-steady/transient state).

The values of the simple hydraulic resistances can be computed using practical
formulas presented in a synthetic form in Radulescu (2010), for cylindrical pipes
and narrow slots with various shapes of the cross section profile, as well as for
common types of hydrostatic motors. These formulas have been theoretically
deduced taking into consideration the electrohydraulic analogy (Buculei and
Radulescu 1993; Radulescu 2010). The elementary study of the combinations of
different types of resistances is made in the following stages:



403

The Transmission Coefficient of Hydrostatic Drives

(panunuoo)

d=7100=Y
1= 1=y
7y =2 a =2
r"H - v 4 M v 9pOU WEI)S-UMO(]
1=y
.cs.\ = J\
d=7100=7 1y
10,7 p 2 o=
Oty = My ry apou weansdn
1=y
0L =0
d=7100=7 Z
1=y
1= o] HW =0
0y ="H ) u )
M Mg =... =g =" [errereq
:NM” _\:\@...”NNM” _m
d=viod=y _.g.\,,\H.,\f
1=y T«H\ _
g T = « v = H < "Hree< Y € V<
Iﬂ H =1y Y Ity oy s i SOLIDS
JUQIOYJ0D UOISSIWSURT) [[BIOAQ de[nuLIO} SN[NO[ed Areurwijold UonOAUUOD JO QWAYOS adAy,

sjuouodwod WoISAS UOWWIOd JSOUW Y} JO AJUIIDLFS [[BISAO AY) JOJ JB[NULIOY oY, T d[qeL



M. Radulescu

E(\NvN,(\mm = /)A //)m
F (+)
YooY I
L ey Lt 4 H &
495 14 N = I . e VN
TGN — vy 4 Y X L= \ Youqpasy 1910
JUSIOLJO0D UOISSIWISURT) [[BISAQ Je[NULIOJ SN[NJ[BD ATeUTWI[Ig UOTJOQUUOD JO SWAYOS adAy,
(ponunuod) 7 aqe],

404



405

The Transmission Coefficient of Hydrostatic Drives

. !
¥ =pdz+a'd g+
o

!
+0 0T+ Oy +'d="d

V_anw ”VnNF_\MWN”uN
Omg+0"15+ 0"y =dv

! 1 1= oy Tvput 1o ) oy dp 0<°Z'd ="0v
Q11+ ity )0t |t ="dm ey = (M) 0= ap gy -0 =0 ()0 =0
TS u>1 OpNyg s1ojowrered pojeIUAOUOD
1 1 ¢ —H .
wdogy QNQ_WQIT @ NQE‘NIT ’ |=1u mqk d s mwnoﬁ 0%&&&2 mim
fa ,_\w — rdogyvould gy — Qma@v dg ‘0 = % o 0 o odid e 103 ‘sorras ur payuI[
d 1, : ‘d _ SOOUB)SISAI JO UONBUIQUIOD
d 7 + JOHY = —1=4dg "0 | Ha+ O "1+ 0Hy =dy
{7+ ot~ 1=y o[ 0 O —H—Y
p (Kyoeded
np(n)oV \ =AV onnerply—) = o)
, ! [w/N]a = "> =Ha
(dv,’g —1=%= ()" ‘AVHQ = dy UOTBULIOJOP 0] QOURISISY
(Kyrrqour orneIpAY—py)
gy =4 _ _ _ [qw/sN] - ="1=H
S@ AT =1 =a=0)" (no=0 @tﬂ =dv UONBIS[A00E 0 OURISISIY
(1<) ,yxu=Hy (eouenmusuen
(1<) Tsus1) ﬁ JES&;INV
, 'd 0<?’d—'d=dy QSN _z =y =HY
Cv:®~\.m&mw~ 1= m = ANva :@1% — QQ UONOW 0) JOUBISISTY
(YH) JUAOLYJO0D UOISSTWISULRI) Y], one1 mop pue sdoip
JJe)s Apeo)s-uou/judlsuel], amssard uaam)aq suone[aY Qoue)sisar jo adA,

SUOTJOAUUOD SALISS IIAY) PUB SQOUBISISAI JI[NEIPAY [ENPIAIPUL Pasn AJUOWIWOD I0J JUSIOLYJO0D UOISSIWISURI) Y[, € Qe



406 M. Radulescu

1. After finding the dependence Ap(Q) for each type of resistance, the total
pressure loss is calculated and the Laplace transform is applied, obtaining:

Ap/(s) = Zu()0(s); s = o+ jo; (j= V1) (7)
2. With « = 0, s = jw relation (8) becomes:

Api(jo) = Zy(jo)Qjw) (8)

Zy =Ry +jXu, Zy = \/RY + X} [Ns/m’] (9)

is the complex impedance associated to the series connection (RyLyCy) and:

where:

XH :XL_XC; XL:(,L)LH; XC:(,L)_ICI;I (10)
is the hydraulic reactance (Radulescu 2001).
3. The phase angle between Ap(jw) and AQ(jw) is:

o =ararg (MK 1] (1)

4. Given the total pressure loss:

t

Api(t) = Ru Q1) + Ly O(1) + C;' / O(u)du (12)

0

and the flow loss due to leakages:

AQ\(1) = Zypi(t) [m*/s] (13)
we can write the loss of power between the input and output combination:
AP(I) = P,’([) - Pe(l) = Athi +P:AQs (14)

5. The transmission coefficient of power is obtained by replacing (14) in (1.8),
given the function:
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Hp = Hp(pi; Qi) (15)
which can be regarded as a special case of general dependence:
Hy=H(x); k=1+n (16)
where x; are the n variables on which the transmission coefficient H, depends.

6. If in relation (16) the maximum conditions are imposed:

OH, o°H,

—=0; —<0 17
Ox azxk ( )
we can determine the optimal values of the variables x, which are noted (x;)
and replaced in (16), achieving the maximum values of this coefficient:

opt

(H) o= H3 [ (5 1] (18)
In the final part of Table 3, we have determined by calculation, the dependence

Hp = Hp(p; Q) (19)

for the combination of hydraulic resistances linked in series, with concentrated
parameters, with leakage loss. Then, applying the first conditions (17) we have
obtained theoretical formulae for the optimum pressure and flow calculation and as
a result, formulae for the calculation of the maximum values for the transmission
coefficient:

Hyp,, = Hp (Piop,); Hp, =Hp (Qopt) (20)

4 The Transmission Coefficients of the Commonly
Used Hydrostatic Components

4.1 Energy Losses in Hydrostatic Machines

Beginning from the Navier-Stokes equations, we can deduce the formula for the
flow that travels through a narrow slot with mobile walls, for the stationary laminar
motion of the Newtonian viscous liquids (Buculei and Radulescu 1993; Radulescu
2001, 2010) and the formula for the resultant friction force in the slot:

Q1 = av, + ZLAp; Fr = aiAp + ayv, (21)
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where Ap = p; — p. >0 is the pressure drop between the slot ends and Z; =
KQ53 /u= RZI is the linear transmittance of the narrow slot, where 6 =J /2 =j is
the radial clearance between the fixed and the mobile walls of the slot, u the
dynamic viscosity and K, a structural coefficient, which reflects the size and
configuration of the flow course of the liquid inside the slot.

For some common types of slots this last coefficient can be computed with
some simple equations, such as:

b/12L, for plane — parallel slots (P.P.S.);

n(dy + da)/24L, for narrow concentric ring slots (C.R.S.);

n(dy + da)(1 4 3e/25)/24L, for narrow non — concentric ring slots (C.N.S.);
7n/61n(D/d), for plane slots with rotational symetry (P.R.S.);

n/6(ctgo + ctgf), for narrow tapered slots (N.T.S.);
7/61n[tg(0,/2)/tg(0:1/2)], for narrow spheric slots (N.S.S.)

_fbhj2 L n [ bl forP.P.S.
a= {ndé/z’“2 =Kryi Kr = {ndL, for CR.S. (23)

where K reflects the size and configuration of the solid surfaces in motion.

For linear hydrostatic machines we can compute the volumetric and mechanic
losses by applying Eq. (21), and for rotary machines, considering the generalized
parameters, with (2-6), if v, = A(¢)w (Buculei and Radulescu 1993), we can
deduce the following formulae:

O =a'w+Z'Ap*; ¢" =y'w+ 5" Ap* (24)

where o = a1 Apeq, ¥ and 0% are the losses gradients and Z* is the equivalent
transmittance of a parallel connection of linear resistances.

For deducing the mathematical model of hydrostatic machines we take into
consideration Egs. (21) or (24).

In the structure of the simplified mathematical model of the hydrostatic
machines, the formulas for the flow losses, the mechanic losses respectively,
become:

AQ = aw + fp; A¢p = yw + dp (25)

In Fig. 1 is given the balance of power losses and in Fig. 2 are given the
diagrams of losses for rotary hydrostatic machines (Buculei and Radulescu 1993),
depending on the angular velocity, for different constant values of pressure
(p varies as a parameter), for flow losses (a) and for torque losses (b).
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Fig. 1 Balance of power losses
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Fig. 2 Diagrams of losses for rotary hydrostatic machines a flow losses, b torque losses
4.2 The Mathematical Model of Hydrostatic Machines

These equations are non-linear and can be generalized and applied both for pumps
and motors. Usually, we use a simplified form, which is obtained by ignoring the
flow equation which corresponds to the low pressure part of the two machines.

Further we present the simplified mathematical model for hydrostatic machines,
beginning with the formula obtained in Buculei and Radulescu ( 1993), Radulescu
(2001), which, considering the generalized parameters introduced by Egs. (2-6),
we will write in a generalized (united) form, applicable both for linear-motion and
rotary-motion machines
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4.2.1 The Flow Equations

The actual flow rate of hydraulic machines can be computed using the generalized
formula:

Qs = 0 F (AQ+AQ): Q= Kwi AQ = AQ, +AQ, +AQ.  (26)

with the (—) sign for a generator machine (G—pump) and (+) sign for a motor
machine (M—engine).

In Eq. (26) is the theoretical flow rate of the machine, KQ is the flow pulsation
and AQ, the total flow loss, with its components, AQ,, = aw—the flow loss pro-
portionally to the generalized velocity and AQ, = fp—the flow loss proportion-
ally to pressure (where o = (3(AQ)/0w)|, and § = (3(AQ)/0p)|,, are the gradient
of the flow losses depending on the velocity and pressure) and AQ, is the flow loss
due to the compressibility of the fluid. Returning to (26) we obtain the flow
equation:

0(AQ)
ow

0(AQ)
op

w+

p

Qef =KwF

1 (4] —_—
p—f—E V0+/K(u)du P+ AQ (27)

W
0

In the case of rotary hydraulic machines, Eq. (21) becomes:

Ve 0(AQ)

o(A
Qef:%w:':[ o ( Q)

w +
p 9

B

1 _
p+— V0+/K(u)du p+AQ| (28)
@ 0

4.2.2 The Equation of Motion for Machines

The equation of motion that describes hydrostatic machines can be generalized
with formula:

1 0 —~
5 Ma(@)w? + Myealq) W = ¢+ Ap — Ap — A (29)

where I,.; = M,.4(q) is the generalized mass of the rotary devices of G and the
engine M which entrains it, reduced to the geometrical axis of the hydrostatic
machine.

b — +¢ 4 — acting effort for (G) | | pe —pi > 0, pressure jump for (G)
" | —¢r — load effort for (M) ’ P = pi — Ppe > 0, pressure drop for (M)
(30)

A¢ is the fluctuation of the effort parameter due to pulsation and A¢, the overall
effort loss, with two components:
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Ap = Ad, +Ad,; Ay, = yw; Ad, = oAp (31)
which represent the effort loss proportionally to the generalized velocity and to the
pressure respectively where y = (0(A¢)/dw)|, and 6 = (0(A¢)/dp)|, are the

gradient of effort losses due to coulombian, respectively newtonian frictions.
Replacing (31) in (29) we obtain the motion equation in a generalized form.

1 o AAD)| AP
E‘J.)?’m,(q)w2 + Myea(q)w = ¢« FKAp — o pw + » w—i—Ad) (32)
In the case of hydraulic rotary machines, Eq. (32) can be written as:
1 4 6 AM a AM -
p w

where M* corresponds to ¢* and AM corresponds to &\Z)

Equations (27) and (32) describe the non-linear generalized simplified mathe-
matical model of hydrostatic machines and Eqgs. (28) and (33) correspond to the
particular case of hydrostatic rotary machines.

o
In the steady states <v0v =p= O), those equations become:

Oy = Kw F (aw + fip); ¢y = KAp £ (yw + 5Ap) (34)
v, v,
Oefr :%w:F (0w + fp); Mg :EAp:I: (yo + 6Ap) (35)

The major difficulties arising from the application of these mathematical
models are due to the uncertainty of numerical values for the gradients o, f, 7, 0.

Further we will try to obtain calculus relations for the transmission coefficients
of rotary hydrostatic machines, beginning from the mathematical model shown
above, this model being deduced taking into consideration (Radulescu 2001). In
the Table 4 are also given the transmission coefficients for hydraulic lines with
distributed parameters, taking into consideration their mathematical model
deduced in Buculei and Radulescu (1993), Radulescu (2001).

5 Application in the Case of a Hydrostatic Transmission

Finally, we present an example of the theoretical calculus of the overall trans-
mission coefficient of the simple hydrostatic transmission in a closed-loop circuit
(Fig. 3). The base structure of a circuit with rotary machines consists in a
hydrostatic generator (RHG), a hydrostatic motor (RHM), and the two main pipes
which connect the two machines. The technological object (T.O.) is driven by the
hydraulic motor and the pump drive is made by the acting (prime) motor (A.M.).
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Fig. 3 Overall transmission coefficient of the simple hydrostatic transmission in a closed-loop
circuit

In the figure the common valve block (V.B.) is indicated by a point broken line and
contains, for example, a priming pump, relief valves, coolers, filters, oil tanks etc.

The overall transmission coefficient of power can be deduced from the math-
ematical model of the transmission or considering the partial results presented in
Table 4. Having a limited space for this paper, we have chosen the second variant,
obtaining the transmission coefficient of power (Hp) of each circuit elements as a
product of the transmission coefficient of flow (Hp) and pressure (H,), finally
obtaining the overall transmission coefficient:

5.1 The Overall Transmission Coefficient of the Hydrostatic
Generator

AQs ZsApG
Hp=1-"2—1_ 2P6 36
e MR P v (36)

5.2 The Overall Transmission Coefficient of the Primary
Hydraulic Line

—1 -1
@mz%wmwwﬁ;%w{%wwmmﬂ
(37)
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1 (Ryy Z -
Hr, 9) = Ho, 0, 9) = (143 (524 22 Yohcaam) + 2020 ) (39)
C1 1

5.3 The Overall Transmission Coefficient of the Hydraulic
Motor

Hy(s) = Qi(5)/Qi(s) = | — LyCys* — (RyCyr + LuZs)s — RuZ, (39)
Hy(s) = pe(s) /pi(s) = (1 + LyCus® + (RuCy + LuZy)s + RMZs)_l (40)

- 1-— LMCMS2 — (RMCM + LMZS)S — RMZS

Hp, = Hp(s)H,(s) = 41
Py Q(S) [7(5) 1+ LMCMS2 T (RMCM +LMZS)S + RyZ, ( )
5.4 The Overall Transmission Coefficient of the Secondary
Hydraulic Line
Ry - v/ -
Ho,(s) = | == sh(yh) +ch(yh) | 5 Hp,(s) = | 5=sh(yl) + ch(yh)
ZCZ RdZ
(42)
1 /Ry, Z. -
Hr(9) = Hou Oy ) = (145 (524 22 )shizrmy) + 20m) ) 43
) d>
5.5 The Overall Transmission Coefficient of the Hydrostatic
Transmission
H(S) = HPG (S)HP(-I (S)HPM (S)HP[-z (S) (44)
_ ZAps 1 — Ly Cus® — (RuCw + LuZs)s — RuZs
H( ) _ Kg(¢)owg 1+ Ly Cys® + (RuCwm + LuZs)s +Ru Zy
)= 1 (Ray Zy 2 1 (Ray Z, 2
U3 (34 R2)sh(h) + 25200) 1+ 4 (52 + 52 ) sh(2h) + 252 (312)
(45)

For finding the value of overall power transmission coefficient of the hydro-
static transmission in real time, we apply the inverse Laplace transform in Eq. (45).
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6 Conclusions

The overall transmission coefficient of a hydrostatic mechanism is a very complex
parameter which depends on many other operational parameters (like 7, p, n etc.).
For this reason, an exact analytical evaluation of the time dependent transmission
coefficient of the hydrostatic mechanisms is laborious and very difficult to make.

The transitory character of the hydraulic liquid motion through narrow slots
with mobile walls from inside the machines as well as the major difficulties with
interfere in the accurate calculation of the geometrical elements of the slots do not
allow the theoretical computation. On the other hand, it is necessary to study in
detail the influence of temperature and pressure on the physical-mechanical
properties (p, v, B etc.) of the hydraulic medium, having into consideration the
operating conditions of the hydrostatic transmission. Therefore, it is necessary to
improve the mathematical models of the hydraulic circuit elements and to use
cautiously some correction coefficients for the calculation of non-steady and
transient states losses.

The generalized mathematical model and calculation formulae presented in this
paper offer the opportunity to theoretically calculate the overall transmission
coefficient of power (Hp), but the results we obtain offer only preliminary
approximate values. Some of the formulae deduced here for the transmission
coefficients H; of some circuit elements are consistent with those shown in Prokes
(1977). However, these formulae can be useful in scientific researches, designing
the hydraulic drives and also for students and candidates for a doctor’s degree.
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Design of Loboid Gear Pairs
Using Involute Discretization

Vasilios Spitas and Christos Spitas

Abstract Loboid gears are used in rotary pump applications mainly in positive
displacement pneumatic compressors (i.e. Roots blowers) in which high volu-
metric capacity and smooth running are of major importance. This paper
approaches the problem of numerically defining the meshing surfaces of such
loboid gears using the newly developed theory of involute discretization.
According to this approach, every gear tooth of any form can be discretized in
infinitesimal involute segments therefore rendering the determination of the path
of contact and the geometry of the meshing teeth of the conjugate gears easy and
straightforward, using the well-known properties of the involute. The achieved
savings in programming time and effort are considerable compared to the standard
Theory of Gearing and other form-specific gear tooth geometrical formulae.

Keywords Involute - Discretization - Loboid gears - Cycloidal gears - Roots
blowers
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1 Introduction

A common solution for positive-displacement (PD) gear-pump design is the use of
loboid gears (Townsend 1992). Their important advantage is that they offer high
volumetric displacement capacity and high volumetric efficiency with low noise and
vibration due to the closed form of their path of contact. Therefore, they have
dominated the field of low and medium pressure PD pneumatic pump designs. Due to
their large diameters and the low number of teeth (usually two or three) these gears
are not suitable to be machined with the usual gear generation processes (i.e. hob-
bing), since this would require expensive hob cutters and enormously rigid hobbing
machines to withstand the high cutting forces associated with the removal of so much
material. In order to overcome this discrepancy the trend in modern gear cutting
technology is to rough and finish machine these loboid gears in CNC machining
centers, either with three or more axes (Yang and Blanche 1990; Yao et al. 2005).
Cutting and subsequent grinding after thermal treatment give the most accurate and
silent gears, whereas more productive manufacturing methods such as rolling pro-
duce gears with form and pitch errors and therefore noise.

The CNC machining center cutting of these gears requires accurate modeling of
the working gear tooth flanks since it is a non-generating method as opposed to
hobbing or rack cutting. Therefore, extensive tooth modeling is required and most
often CAD/CAM software is used. Litvin and Feng (1996), Vecchiato et al.
(2001), Demenego et al. (2002) have used the Theory of Gearing (Litvin and
Fuentes 2004) to address the problem of the calculation of loboid gear tooth
geometry, while other existing works have developed geometry-specific methods
(Yang and Blanche 1990; Ye et al. 2006; Shin and Kwon 2006; Stryczek 1990,
1993; Sung and Tsai 1997). The basic characteristic of these theories is that they
offer implicit solutions requiring elaborate numerical methods to solve the com-
plex differential equations and therefore they are characterized by increased
computational time requirements. Moreover, due to the closed shape of the path of
contact of the loboid gears, singular points are encountered requiring special
treatment (Hwang and Hsieh Hwang and Hsieh 2007; Dizioglu 1986).

This paper is based on a new concept in gear flank modeling using the principle of
involute discretisation of the tooth flanks (Spitas et al. 2007). According to this
principle the gear tooth flank is discretised not in straight linear segments but in
involute segments instead. Therefore, it is possible to obtain a closed non-implicit
solution for the calculation of the conjugate profile at only a fraction of the time
needed by the standard conventional methods. The basic advantage of the proposed
new technique is that it offers a substantial reduction of the computational time
needed for calculating conjugate tooth profiles (Spitas et al. 2007) since it does not
have to solve any equations as in the standard theory of gearing. This improvement is
particularly useful in gear optimization algorithms where the computation of the
conjugate profile must be repeated a number of times at each iterative step. The
method is proven to provide good results on closed paths of contact like those of
loboid gear pairs as it was for gears with an open path of contact.
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2 Theory of Involute Discretisation

Consider a two-dimensional gear tooth for which the working tooth profile yg =
G(x) and the rolling circle of the gear r, are given (Fig. 1). The problem of
conjugate tooth geometry is to determine the path of contact yp = P(x), the
geometry of the generating rack yz = R(x) and the geometry of the conjugate
gear yy = W(x). Let us also consider a random point G(xg, yg) on the working
gear tooth profile y¢ = G(x) and the Oxy Cartesian coordinate system, where O is
the center of rotation of the gear and Oy coincides with the tooth centerline. At
point G the tooth profile is approximated with an involute segment with corre-
sponding local pressure angle equal to a,g, such that the local involute has the
same tangent with the actual profile at that point. The normal (&;) to the profile at
point G has inclination equal to —1/(dG/dx) and equation (after Spitas et al.
2007):

XGg — X

T dG]ax,

XG:YG)

y = Glxg) (1)

From the center O of the gear, line (¢;) normal to (&) is drawn, so that it
intersects with it at point A(xs,y4). Since (ez) is parallel to the tangent to the
profile at point G, its inclination is dG/dx]| (xee) @Nd its equation:

dG

= Xx— 2
y = 2)
Fig. 1 Local involute and y
local pressure angle .
o Normal to point G
G
€1
G Gear tooth
A
G(x)
Local base circle
(€2)

I'eG
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Point A(x4,y4) should verify Egs. (1) and (2) simultaneously, thus:

_ Glxg) + x6/(dG/dx)
~ dG/dx+1/(dG/dx)’

Xz ya = x5(dG/dx) 3)
The radius of the local base circle 7, corresponding to the local involute at G
is:
G(xg)dG/d
o = 20 OLxa)dG/dx @)
1 + (dG/dx)*

The local pressure angle corresponding to the local involute at G is:

OoG = cos”! (rgG/r(,) (5)

Expressions (4) and (5) are independent of the coordinate system used.
Therefore, the above equations will remain the same if the coordinate system is
such that axis Oy passes through the point where the rolling circle intersects with
the tooth flank. It is proven (Spitas et al. 2007) that the corresponding point of the
path of contact has the coordinates:

Vé - ”EG I'eG : To :
P =G\ T T - S ) = oG 1| x (6
4 o &

The conjugate rack profile yz = R(x) and the tooth profile of the conjugate
gear (wheel) yy = W(x) are determined from the calculated path of contact
according to the well-known calculation methods.

The method of involute discretisation although it uses local (infinitesimal)
involutes to discretise the actual tooth flank is precise and not approximate. The
theory does not demand that the tooth flank is divided into fixed finite involute
segments, in which case the density of the nodes would affect the precision of the
method, but the coordinates and the tangent at each flank point (x,y,dx/dy) are
sufficient to define the corresponding point of the path of contact in a unique way.

3 Modeling of Loboid Gears
3.1 Cycloidal Loboid Rotors

Consider the two-lobed rotor illustrated in Fig. 2. This is composed of two epi-
cycloidal curves (BC and AD) and two hypocycloidal curves (AB and CD). Point
B is the point of intersection of the hypocycloidal and the epicycloidal curve and
also the rolling point, because r, = r, so the Law of Gearing (Buckingham 1988)
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(Xepi » Yepi)

B
Epicycloidal curve
(Xhyp » Yhyp)
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Hypocycloidal curve Ocpi
Ty C X
A o
o Rolling circle
D

Fig. 2 Geometry of a cycloidal two-lobed rotor

is satisfied. The epicycloidal part begins at point B and ends at point C. It is
calculated by the standard equations (Buckingham 1988):

X, = —r sin((prg1> cosp+ Csing y, = r sin<¢rgl) sing + Ccoso (7)
r r

where C = ri +rg — 1 cos((prgl/rl)7 o= ra/4= rg1/4, ¢ = {0,n/N} and
N is the number of teeth (lobes). The hypocycloidal part begins at point B and ends
at point A and its geometry is given by the following equations (Buckingham
1988):

P Tei
r

X, = rlsin(— )cos¢+Csingo

(8)
= —r sin(— (”rf”') sin ¢ + Ccos ¢

where

C=—ri+rg+n cos(gorgl/rl), rn=r./4= rg1/4 and ¢ = {n/N,2n/N}
After calculating the two curves (Eqgs. 7 and 8) composing one tooth, the flanks

of the other teeth are calculated by rotating the previous by i %, wherei = 0+ N

using the following equation:

'~ veos(i2F) —ysin(i2F). v —wsin(i25) 4 yeos (27} (@
x = xcos| i ysin i~ y =xsin| i~ ycos i~
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3.2 Circular Addendum Loboid Rotors

A two-lobed circular addendum rotor is illustrated in Fig. 3. The geometry of this
rotor is suggested by Litvin and Feng (1996). The addendum of each lobe is a
circular arc of radius p and center (x,4,Y4q). The dedendum is generated by the
addendum of the mating rotor, during meshing.

To model the addendum, point A is calculated. As illustrated in Fig. 3 the
coordinates of point A are:

X4 = rocos% YA =7, sin% (10)

Angle 0, is calculated from the relation:

0 = cos_l%:cos_l<%sin%) (11)

The coordinates of the center of the circle (addendum), point B are calculated:

. it . ™ b
— ) §in —— " — =0 12
Xp psin (COS (p sin 2N>) + r, cos N VB ( )

Rolling circle

0,

(Xads s yads) T,

/2N

/2N

Fig. 3 Geometry of a circular addendum two-lobed rotor
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and the addendum is calculated by the following equations:

xad:PCOSH‘Fx& yadZPSin97 0= {ZN 917 +01} (13)

To calculate the dedendum, the resulting path of contact corresponding to the
meshing action of the addendum is calculated and then the flank of the conjugate
gear, using the equations of the proposed theory Egs. (4) and (5). Then the flank is
rotated about point A by i(2n/N) rad for i = 1 + N to produce the rest of the gear
teeth using the following set of equations:

X = (x—xa)cos(i2E) — (y — yA)SlnElzng (14)

Yie = (x—xA)sm(z—) + (y — ya) cos (i 22

4 Results and Discussion

The above presented non-involute spur gear tooth geometries were generated using
a specially developed computer program in C++ based on the proposed theory.
The input for the algorithm is the following:

e Number of teeth of the generating gear N, and the generated gear N,. If a rack is
to be designed then the number of teeth is fixed to two by default.

e The coordinates of the given tooth flank (for 1 tooth) as (x,y) values with
respect to the center of the gear or the coordinates of the path of contact with
respect to the rolling point (pitch point). The given tooth coordinates should be
specified whether they belong to gear 1, gear 2 or to the generating rack.

e The coordinates of the center point of gear 1 or gear 2 or the coordinates of the
rolling point (pitch point).

The program then uses a B-spline approximation to connect the given points
and calculate the tangent and the normal vector at each point. Then for each point
on the flank the corresponding mating point on the generating rack and the path of
contact are calculated using Eqgs. (4-5) and the corresponding point on the mating
gear is derived from the rack geometry using the Theory of Gearing. The rest of
the teeth of both the generating and the generated gear are plotted by arraying the
basic tooth form in a circular pattern around its center of rotation N; and N, times
respectively. This approach offers good accuracy and faster computing time
compared to the standard Theory of Gearing (Spitas et al. 2007).

The output from the computational program was imported to the AutoCAD
2002 environment using an AutoLISP interface program. Inside the CAD envi-
ronment the gears and the racks are designed as pairs in mesh at the rolling point of
the gear set. Also the path of contact can be automatically drawn.
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Fig. 4 Path of contact of a
cycloidal (left) and a circular
addendum (right) two-lobed
gear pair in mesh

The first step of the present theory for the computation of the mating gear is the
determination of the corresponding path of contact. Although the path of contact of
the examined gears is closed (Buckingham 1988) and therefore the rolling point
(pitch point) is a singular point for the kinematics of the mechanism (i.e., the path
of contact crosses it two times per revolution) the proposed theory did not
encounter any problem and calculated the closed path of contact with good
accuracy. The corresponding path of contact for two-lobed rotors one with
cycloidal and the other with circular arc addendum teeth in mesh is illustrated in
Fig. 4. The path of contact is computed as an intermediate step of the Involute
Discretisation algorithm and has a distinct “8” shape for the circular addendum
gears as opposed to the two circles in contact at the rolling point of the cycloidal
rotors.

5 Conclusion

In this paper the theory of involute discretisation for calculating conjugate tooth
profiles of gears was applied on closed path of contact non- involute gears used in
loboid gear pumps and Roots blowers of either cycloidal or circular addendum
form. By discretising the gear tooth profile into infinitesimal local involutes the
corresponding point on the mating wheel/rack and the relevant point on the path of
contact are calculated using simple, closed analytical formulae instead of having to
solve complex equations which often exhibit branching points.

In the examples presented it was demonstrated that the theory works satisfac-
torily without any special adaptation in the case of cycloidal power transmission
gearing, two-lobed or three lobed Roots blowers either with cycloidal or with
circular addendum teeth. Due to the concept of involute discretisation, branching
and singular points did not pose any problem for the method. The basic algorithm
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was implemented in a computer program in C++ integrated with a CAD
environment through an Auto LISP interface batch program for generating the
mating gear pairs.
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Cams-Software Program to Design
and Synthesis of Cams Mechanisms

Ljupco Trajcevski and Tale Geramitchioski

Abstract In this paper algorithms are developed and implemented in a software
program for kinematic and dynamic analysis of two characteristic cams mecha-
nisms with rotating cam profile and translating follower. The follower configu-
ration is: Flat-Face follower and Roller follower. The name of the software
package is CAMS and it is written in a programming language DELPHI v.5.0. This
software provides us the possibility with the first profiled profile that is based on
the previous given movement trajectory of the follower member of the mechanism,
which indicates the performance of all kinematics and dynamic analysis of the
cams mechanisms. After the performed calculations, the program provides an
entirely graphical visualization of input and output components and complete
animation of the cam mechanisms.

Keywords Cams - Mechanisms - Flat-flower follower - Roller follower

1 Introduction

The transformation of one of the simple motions, such as rotation, into any other
motions is often conveniently accomplished by means of a cam mechanism. A cam
mechanism usually consists of two moving elements, the cam and the follower,
mounted on a fixed frame. Cam devices are versatile, and almost any arbitrarily-
specified motion can be obtained. In some instances, they offer the simplest and
most compact way to transform motions.
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A cam may be defined as a machine element having a curved outline or a
curved groove, which, by its oscillation or rotation motion, gives a predetermined
specified motion to another element called the follower. The cam has a very
important function in the operation of many classes of machines, especially those
of the automatic type, such as printing presses, shoe machinery, textile machinery,
gear-cutting machines, and screw machines. In any class of machinery in which
automatic control and accurate timing are paramount, the cam is an indispensable
part of mechanism. The possible applications of cams are unlimited, and their
shapes occur in great variety.

Cam analysis and synthesis fundamentals are well documented in the literature.
Classical graphical techniques, specialized coordinate system, digital computer
processing, numerical techniques etc. have all enjoyed favor in cam design.

While each of researcher’s analytical techniques has their supporters, it is the
author’s intent to show their extremely important individual efforts. Combining
their contributions takes advantage of the mathematics of kinematics to develop a
consistent, common, design process well adapted for computer programming.

2 Software Package: Cams

The software package CAMS is written in Visual Delphi version 4.0. In addition,
block diagrams are given for kinematic and dynamic analysis of mechanisms such
as cams and synthesis of shore known law of motion of roller follower. Before you
start the program that should be performed numerically solving certain mathe-
matical problems, as a first step, it is good to study numerical methods to be used.
Next step is the organization of programs, the formation of its structure which is a
direct function of the type of calculations to be carried out. For this purpose it is
necessary to systematically define the tasks that are set before the program, which
is a good theoretical knowledge of the problem to be solved.

Tasks set before the program can be systematized as follows:

—It is necessary to allow the assignment of this road you need to perform
translator roller follower; Assignment of geometrical characteristics of cam
mechanisms; Calculation of the stiffness kinematic members who are taken for
elastic; Calculation of the first, second and third transfer function;

Interpolation of all functions in exactly certain points; Solving nonlinear dif-
ferential equation with time dependent coefficients before changing; Numerical
differentiation; Visual presentation of results in the form of diagrams and their
animation. The given review may conclude that it is necessary to perform
numerous and complex mathematical calculations. Schematic representation of the
main menu of the CAMS software package is displayed Fig. 1.

The structure of each program that will solve the problem, made the five
modules that have separate tasks that must communicate with each other. These
modules are:
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Fig. 1 Schematic representation of the main menu-CAMS

Module PROFILE;
Module KINEMATIC;
Module KINETOSTATIC;
Module DYNAMIC;
Module ANIMATION;

One of the most important tasks when we design the cams mechanisms is the
choice of the motion law of the executive member. Basic criteria for selection that
step of the cam design are:

e Consent of the law of motion with the requirements in the technological process;
e Minimum consumption of energy for propulsion of the mechanism and
e Simple preparation of cam plate.

As a means of avoiding infinite jerk (the change of acceleration which is
determined by the third derivative of displacement) and its harmful impact on cam
transmitter, developed a system of cams structures (Kloomok and Muffley) using
three analytical functions:

e Cycloid and half-cycloid
e Harmonic and half-harmonic
e Polynomial of eighth order

All these curves are defined derivatives in all points between and acceleration is
changing gradually and jerk is final. The choice of profile that fits the requirements
is carried out according to the criteria:
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e Gives acceleration to zero at both ends. Therefore it may be linked to dwell on
both ends. Because it is pressure angle of a relatively large and unnecessary
acceleration returns to zero two cycloid should not be linked together.

e Harmonic law gives the smallest peaks of acceleration and angle of pressure is also
the most in terms of the above three types of functions. Therefore better accel-
eration when both ends of which starts and finishes to match the final acceleration
of the adjacent profile. Because the acceleration in the mid-point is equal to zero,
half-harmonic can be associated with half-cycloid or semi polynomial.

e Polynomial of eighth order has not symmetric curve acceleration and gives the
peaks of acceleration and angle of pressure by value between cycloid and
harmonic.

Module PROFILE—This module define the geometrical parameters and
kinematic reviewed the mechanism and to calculate the first, second and third
transmission function.

Also this module aims to project the profile of cams mechanisms depending on
the selected type of mechanisms already known to the law of movement of roller
translator follower. This module perform analytical calculations for the design of
cam profile.

In determining the bend radius of the profile are constructed by using diagrams
and M.Kloomok and R.V.Muffley rather transcendent function is solved in the
program. To find the angle of pressure used diagram that found in the literature
depending on the chosen law of motion but it is solved analytically.

This module consists of several sub-module as sub-module numeric differen-
tiation. If the law of motion is given as a consecutive numerical values can be
calculated velocities and accelerations required to perform numerical differentia-
tion. If the law of motion is given in explicit form, speed and acceleration are
calculated with appropriate mathematical expressions. After calculating the data is
writing in file depending on the type of cams mechanisms.

Block diagram and graphic from profile of cams mechanisms are shown in
Fig. 2.

Module KINEMATIC—This module performs the calculation of velocity and
acceleration at characteristic points of the cams mechanisms. As input data used by
the module PROFILE.

Depending on the selected type of mechanism are obtained velocities and
accelerations in Diagrammatic form with the possibility of accurately reading the
same. These results are recorded in the file. Block diagram of this module is given
in Fig. 3.

Module KINETOSTATIK—This module uses the results of the module and
the module KINEMATIC PROFILES. The results of these modules together with
the fact that there is friction is input in this module.

Depending on the selected type of mechanisms are calculated kinematic sizes or
reactions to touch in Higher kinematic pair and the reaction in the lower kinematic
pair. Before calculating the magnitudes kinematic is calculated on inertial forces,
the force in spring and inertial point if it exists.
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Fig. 2 Block diagram on the module PROFILE

The calculation of kinematic magnitudes is based on analytical expressions.
Block diagram is given in Fig. 4.

Module DYNAMIC—This module solves mathematical model cams mecha-
nisms by solving the nonlinear equation. Nonlinear nature of the differential
equation to solve. difficult analytical equation that applies numerical solution. To
permanently store the same accuracy of results is necessary to introduce adaptive
step and every step to analyze the stability of the numerical solution. To solve the
system differential equations using Runge—Kutta method of 4 order. After the
calculation results are displayed in the form of a diagram. Block diagram is shown
in Fig. 5.
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Module ANIMATION—The task of this module is based on calculations in all
previous modules to give a visual presentation of final results with the possibility
of animation. The module is designed so that the display of results diagram be
animated for better visual appearance, and visualization the way we want to have
cam mechanisms. Charts are presented depending on the angle of rotation of the
cam profile, because thus get a clear picture of the movement in a cycle of his
work. For the best effect in visualization of the results are used by the company
utility subprogram Software Development Lohninger. Graphic presentation is

given in Fig. 6.
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3 Conclusion

This research is a theoretical study on the synthesis of the cams mechanisms.
Developed programs it is a new design strategy, based on a choice of the law of
motion of the executive member using three analytical functions (Kloomok and
Muffley).This software CAMS is a powerful tool to design the cam shapes and
analysis the kinematic, kinetostatic and dynamic of cams mechanisms.
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New Algorithm for Variable Speed Gear
Generation Process

Marius Vasie, Domenico Mundo and Laurentia Andrei

Abstract The paper is focused on the generation process of a particular type of
noncircular gears, i.e. the variable speed gears. A curiosity in the old gear industry,
the noncircular gears have become a challenge and an opportunity for the com-
puter graphics and technology. In the attempt of generalizing the gear generation
process, the Gielis supershape is proposed for the gear pitch curve. Limited to
proper variation ranges, the supershape defining parameters generate symmetric-
asymmetric, convex-concave, close-open pitch curves. Based on the rolling
method, using either a rack cutter or a shaper, the further gear generation is
simulated in AutoCAD environment, importing Matlab data. Original algorithms
are created to configure the main stages of the variable speed gear generation
process: (1) the pitch curve modeling and analysis, (2) the selection of the proper
cutting tool and kinematics, (3) the simulation of the tooth generation.

Keywords Noncircular gear - Variable speed gear - Noncircular pitch curve -
Supershape - Gear generation
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i, 0; Polar coordinates for the driving (i = 1) and driven (i = 2) gears
mys Gear instantaneous transmission ratio
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Wjj Angular speed for gear blank (ij = rr) or shaper (ij = cr)
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Vij Velocity of translational motion for gear blank (ij = rr) or rack cutter
(ijj = ct)

X Yrs Yoo Displacements of gear blank (rf) and rack cutter (ct)

Vr Ve Rotational angles of gear blank (r) and shaper (c)

m Gear modulus

% Number of teeth for the driving (i = 1) and driven (i = 2) gears

1 Introduction

Noncircular gears are a special category of geared transmissions that can be used
in those applications that require a variable output motion. Noncircular gears are
similar to cams, chains and sprockets or linkages, but from other points of view,
they are better (compact sized, there is no gross separation or decoupling between
elements, possibility of rotation in both directions, large variety of shapes) as
mentioned by Dooner and Seireg (1995).

The first manufacture attempts were made with tools that used master noncir-
cular racks, methods that proved to be complex and inefficient. After the envel-
oping method was proposed by Litvin (1994), noncircular gears could be
manufactured like any other gear, performing a pure rolling of the tool’s centrode
over the gear’s centrode. In the design of noncircular gears, some scientists
focused on the synthesis of the centrodes, some concentrated on profile generation,
while others found various applications for this type of gears. Yang and Tong
(1998) generated identical noncircular centrodes, using a monotonically increasing
function for the driving pitch curve. In order to generate teeth for a planetary gear
train, Mundo (2006) used a numerical approach, by integrating a differential
equation describing the contact point displacement along the line of action, during
meshing. Instead of deducing and solving complicated meshing equations specific
to enveloping method, Li et al. (2007) proposed a method for generating noncir-
cular gears’ teeth based on the real shaping process. Jing (2009) introduced a
pressure angle function to characterize the mathematical model for the geometry
and geometric characteristics of noncircular gears’ tooth profiles.

The authors develop a general procedure for the variable speed gear generation,
based on the simulation of the gear cutting process by rolling method. The Gielis
supershape (Gielis et al. 2003) is used for the modeling of gear pitch curve and
requires optimal selection of its six defining parameters, in order to lead to
potential gear pitch curves. Once the pitch curve is modeled, the generation of the
gear teeth follows the traditional algorithm of the noncircular gear cutting process,
simulating the rolling between the gear blank and the selected tool, i.e. a rack
cutter or a shaper, for convex or convex-concave pitch curves, respectively.
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2 Gear Pitch Curve Modeling Process

The noncircular gear generation procedure starts with the design of conjugate pitch
curves that perform assigned transmission function or correspond to predesigned
geometries. The modeling of mating pitch curves manipulates two essential data,
i.e. the constant center distance and the pure rolling motion. As regards to the
hypothesis of desired noncircular driving pitch curve, several designs have been
reported: elliptical shapes (Litvin and Fuentes 2004; Bair et al. 2009), N-lobe and
polinomial smooth profiles (Yang and Tong 1998; Figliolini and Angeles 2005),
deformed limacon shapes (Dawei and Tingzhi 2011) and curves aproximated by
Fourier series (Tsay and Fong 2005) or generated with monotonically increasing
functions.

The authors also developed the modeling process of mating pitch curves,
starting from a desired driving pitch curve. The significant steps considered for the
modeling process are as follows (Fig. 1):

Step 1. Driving pitch curve modeling and analysis. In the attempt of generalizing
the noncircular gear design, the authors propose the Gielis’ superformula
(Andrei and Vasie 2010) for the driving noncircular pitch curve polar
expression:

na

1 n91

ri(0;) = H;'COST L gin™0t

—|—’—-sm

b 4 n3] K (m)

where a, b are the semilengths of the major axes, n—a real number that determines
the number of lobes of the shape; n;, n, and n;—real numbers that leads to pinched,
bloated or polygonal, symmetric or asymetric forms.

Initial data:
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Initial
data:
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Fig. 1 Algorithm of mating pitch curves design
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Analyzing the supershape family, a proper selection for the defining parameters
is imposed in order to generate adequate pitch curves that would not lead to further
undercutting.

Step 2. Determination of constant center distance. Considering the general case, in
which the driving pitch curve performs N; revolutions for one revolution
of the driven pitch curve, in order to get a closed form curve for the driven
centrode, the following condition must be considered (Litvin 1994):

2n 2n 2n
21 1 ri(01) / ri(0h)
T 48, = do, = | ————db 2
N O/mlz(ol) ! O/r2(02) ! / D—ri(0) @)

Equation (2) enables the center distance D to be determined through numerical
integration and iterative procedure. The accuracy for the above calculus is con-
sidered as:

2n
27 ri1(61) 6
A= [ U g9,< 10

Ny /D—r1(91) b= )

Step 3. Driven pitch curve modeling. Based on the driven pitch curve and the
constant center distance, the driven pitch curve is represented by:

r2(02(01)) = D = ri(01) 4)

0, 0,
- 1 o r1(91)
%01) = / m12d01 B /D - rl(ol)del G)
0 0

Using Gielis’ superformula for the pitch curve definition, six defining param-
eters are influencing the shapes of the mating pitch curves. A brief analysis on the
influence the supershape parameters have on the pitch curve geometry and gear
ratio is presented in Figs. 2, 3, and 4. The pitch curves are scaled in order to
correspond to a gear with modulus 2 mm and number of teeth 36. It can be noticed
that:

e as the number of lobes (n) is increased (Fig. 2), the pitch curves change from
eccentric circular shapes (n = 1) to elliptical (» = 2) and rounded polygonal
shapes (n = 3), while the gear ratio keeps constantly its amplitude but gets
periodical variation;

e as the exponent n, is increased (Fig. 3), the shape changes from convex—con-
cave to convex shapes and the amplitude of the gear ratio is reduced; an increase
of 500 % of the n; value leads to a reduction of 88 % of the gear ratio
amplitude;
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a=b=1,n,=2,n,=n3=3

(@ (b)

Fig. 2 Influence of parameter n on pitch curve geometry (a) and on gear ratio (b)

a=b=1,n=3,n,=n3=3

(@ (b)

Fig. 3 Influence of parameter n; on pitch curve geometry (a) and on gear ratio (b)

a=b=1,n=3,n,=2,n,=n3

(a) (b)

Fig. 4 Influence of parameter n, on pitch curve geometry (a) and on gear ratio (b)
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e as the exponent n, is increased (Fig. 4), the shape is changed from convex-
concave (n, < ?2) to circular shapes (n, = 2) and back to convex—concave
shapes (n, > 2). The gear ratio variation is slightly reduced as the pitch curves
get close to circular shapes (no variation for m,, as known) and increased by
high values of n,;

If one of the major axis length is increased, the elliptical shapes are generated
and an increase of their eccentricity is reported.

3 Generation of Variable Speed Gear

The noncircular gears are usually manufactured by a rack cutter, a shaper, a hob, or
by wire EDM. Considering the tooth generation by rolling method, the rack cutter
and the shaper are the most common tools dedicated to convex and convex-
concave pitch curves, respectively. As the authors are using Gielis’ supershape for
the driving pitch curve, the choice of the cutting tools and kinematics is directly
influenced by the supershape defining parameters. The simulation of the gear
generation is developed in AutoCAD environment, using imported Matlab data.

3.1 Generation by a Rack Cutter

To enable noncircular gear generation by a rack cutter, an analysis on pitch curve
convexity is firstly developed. Therefore, the selection of the supershape defining
parameter is focused on the variation/sign of pitch curvature radius, calculated by:

0+ ("53))2]%

2 2
2(0) +2(442) = r(0) 222

p(0) =

(6)

As long as p > 0, the convexity of the pitch curve recommends the gear gen-
eration by a rack cutter. The simulation of the gear generation is based on the
following coordinate systems (Fig. 5):

e a fixed system, O¢X;Yy, with the origin Oy in the initial position of the contact
point, Ty, and with the Y¢ axis along the common tangent, and

e two movable coordinate systems, O;X;Y; and O.X.Y, rigidly attached to the
noncircular gear blank and to the rack cutter, respectively.

The rack cutter, defined by a standard geometry, is translated with velocity v,
along the common tangent (t) to the centrodes. The current position is defined by:

yct(el) = —S(Ql) + r(@l) -cos,u(@l) (7)



New Algorithm for Variable Speed Gear Generation Process 441

Y Y
Y.
v Y. Ty
1
. T
-~ Wrr N Wrr $\ TO - XC
Vet 9 CEZ
Vit X, Vit 0, | " O 3

0]  0=0=T,p X X

¢ f 0 g/b\ X
Xrt(el: 0) T,

xrl(el)

® ©

Fig. 5 Kinematics of noncircular gear generation process by rack cutter

where 1(0;) defines the orientation of the tangent (t) to the gear centrode, at
contact point T,

r(0
u(6y) = arerg S0 (s)

a6,

s(0;) is the rolling distance, respectively the length of the arc T(T:

r(@l)

0
S(@l):TOT:TOC: / m

0,

db, )

The gear is rotated about its center of rotation O;, with the angular velocity w,,,
and is translated along the perpendicular to (t) direction, with velocity v,,. The
current position is defined by:

2(01) = 00+ u(0)) — /2 (10)
x(01) = —r(0y) - sin u(0;) (11)

3.2 Generation by Shaper Cutter

For convex-concave noncircular gears, the generation of the gear teeth is devel-
oped by simulating the manufacture using a shaper cutter. The range of the
supershape defining parameters variation that leads to lobed pitch curves is further
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Fig. 6 Kinematics of noncircular gear generation process by shaper
Step 1: Analysis of pitch curve convexity
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Step 2: Gear generation

Using a rack cutter

Initial data:
a, b, n, kinematics
n, n, n, Egs. (7-11)
m, z, a

Using a shaper cutter
Initial data:
a, b, n, kinematicsa
n,n,n, Eqgs. (12 - 15)
m, z,a

Fig. 7 Algorithm of variable speed gear generation

limited in order to avoid undercutting. Therefore, a new requirement is analyzed,
i.e. the minimum curvature radius at concave sectors should be larger than the
shaper pitch radius. The simulation of the gear generation by a shaper is based on
the following coordinate systems (Fig. 6): a fixed system, O¢X;Yy, with the origin



New Algorithm for Variable Speed Gear Generation Process 443

(a) (b)

Fig. 8 Variable speed gears generated by rack cutter (a) and shaper cutter (b)

in the initial contact point, T and two movable coordinate systems, O;X;Y; and
0O.X,Y,, rigidly attached to the noncircular blank and shaper, respectively.

The shaper, defined by a standard geometry of m modulus, pressure angle
o = 20° and z; number of teeth, is rotated about its center of rotation O, by:

(6 =) (12)

The gear is rotated about its center, O, and translated along the common
tangent (t) and along the perpendicular to (t) direction. The current position is
defined by:

7.(01) = 01 + p(01) — m/2 (13)
Xp(01) = r(61) - sin u(6r) (14)
yre(01) = r(6y) - cos u(6y) (15)

Figure 7 illustrates the algorithm developed for the gear generation, based on
the driving pitch curve defined by Gielis superformula and gears “manufactured”
by a rack cutter and a shaper, as pitch curve shapes required. Pairs of variable
speed gears are presented in Fig. 8.

4 Conclusions

The latest developments in computer graphics and manufacture technologies have
enabled new approaches to noncircular gear design and generation. As a special
type of noncircular gears, the variable speed gears are the main objective of the
paper. Based on the hypothesis of the predesigned driving pitch curve, modeled by
Gielis’ superformula, algorithms for mating pitch curves generation and tooth
manufacture simulation are developed by the interference Matlab-AutoLISP
applications. The generalization of the gear generation process is based on the



444 M. Vasie et al.

proper selection of the supershape defining parameters that lead to suitable pitch
curves and avoid undercutting during the applied process of gear generation.
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Single-Row Planetary Gearbox Gearings
Optimization Using Genetic Algorithms

Ovidiu Buiga and Simion Haragas

Abstract Nowadays huge amounts or positions on market may be lost due to a
slow accommodation at the changing conditions of production. This moment is
favorable to the application of optimal solutions obtained thought optimal design.
Considering these, the main goal of this paper lies in emphasizing once again the
advantages of optimal design of all sorts of products as compared to the classical
design. In this particular case we deal with the optimal design with genetic
algorithms (GAs) of the gearings corresponding to a single-row planetary gearbox.

Keywords Optimal design - Planetary gearbox - Genetic algorithm

List of Symbols

a,, Standardised centre distance, mm

bi23 Face widths of the single-row planetary gearbox wheels (mm)
Csa Clearance coefficient

dan3 Tip diameters of the single-row planetary gearbox wheels (mm)
dwi123 Pitch diameters of the single-row planetary gearbox wheels (mm)
dr123 Root diameters of the single-row planetary gearbox wheels (mm)
F(x) Objective function

gi(x) Constraints

ir Overall transmission ratio

m Module (mm)

ny, Number of planetary pinions

Sal2,3 Outside cylinder circular tooth thickness corresponding to single-row

planetary gearbox wheels (mm)
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S Thickness of the planetary pinions (mm)

X Design variable vector

X123 Tooth addendum coefficients of single-row planetary gearbox wheels

2123 Numbers of teeth on central pinion, on planetary pinions and on
stationary central wheel

Exe.i Radial contact ratio of the external toothing of the wheels 1 and 2, and
of the internal toothing of the wheels 2 and 3

0 Density of gear material (kg/mm?)

Pa123 Curvature profile radii for the single-row planetary gearbox wheels
(mm)

041> Ppo  Curvature profile radii in the first and the last point of contact for
external toothing of wheels 1 and 2 (mm)

Par, Prz  Curvature profile radii in the first and the last point of contact for
internal toothing of wheels 2 and 3 (mm)

PN123 Curvature profile radii in the measurement points of span in radial
' direction, for the single-row planetary gearbox wheels (mm)
oy Hertzian contact stress (MPa)
CHp Allowable Hertzian contact stress (MPa)
OF12 Bending stress on the teeth of the central pinion 1 and on the planetary
pinions 2 (MPa)
Orp Allowable bending stress (MPa)

1 Introduction

Nowadays gears are used on a daily basis and can be found in most people’s
everyday life from clocks to cars rolling mills to marine engines. Gears are the
most common means of transmitting power in mechanical engineering and they do
several important jobs, the most important being that they provide a gear reduc-
tion. This is vital to ensure that even though there is enough power there is also
enough torque. Gear design is a very complex task which arises from strong and
often intractable connections between the design variables describing its subsys-
tems. Also it is known that gear design (involving computations based on tooth
bending stress, Hertzian contact pressure, interference etc.) is an iterative process
in which it is necessary to make some tentative choices and to determine which
parts of the design are critical. Furthermore complex shape and geometry of gears
lead to a large number of design variables which could be integer (e.g. number of
teeth), discrete (e.g. module), and real (e.g. gears width). So, in order to solve such
complex design problem optimal design methodology (conceiving and solving an
optimization program based on the mathematical model of a real engineering
problem, Tudose et al. 2006) seems to be the proper one. Considering these, in this
particular case we deal with the optimal design of the gearing corresponding to a
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single-row planetary gearbox (i.e. are gears that have gear wheels with moving
axes Grote and Antonsson 2009). In the last decades many researchers have
reported solution on this problem of gear optimization. AberSek et al. (1996)
described an expert system to design and manufacture a gearbox. Deb and Jain
(2003) used a non-dominated sorting genetic algorithm (NSGA-II) in order to
solve a multi-objective optimization of a multi-speed gearbox. Del Castillo (2002)
presented two procedures to obtain the analytical expression for the efficiency of
any planetary gear train. Salgado and Alonso (2009) optimised a planetary gear
trains (PGTs) used in mechanical spindle speeders by minimising the volume and
the kinetic energy. Li et al. (1996) carried out a study for minimising the centre
distance of a helical gear using American Gear Manufacturers Association
(AGMA) procedures. Yokota et al. (1998) solved an optimal weight design
problem of a gear with an improved Genetic Algorithm (GA). In the following
sections a detailed discussion about the optimal design of the gearing is presented.
The industrial relevance of the exercise is ensured by the consideration of all
design constraints typically encountered in practice—we bound the design space by
a total of 27 constraints categorized into 10 groups.

2 A Single-Row Planetary Gearbox Gearing Optimal
Design Problem

Consider the following design problem. The gearing corresponding to a single-row
planetary gearbox (see Fig. 1) is to be designed for minimum mass and a service
life of 8000 h, given an input speed of 925 rpm, a power of 2.9 kW and an overall
transmission ratio of 7.6. The gears are based on ISO 53 basic rack profile, and are
made from quenched and tempered 42CrMo4. In the next section the design
variables (or the genes) of the optimization problem are presented.

2.1 The Genes Describing the Gearing of the Single-Row
Planetary Gearbox

The gearing of the single-row planetary gearbox which we are considering in this
work (see Fig. 1) is described by a total of seven genes. The genes are:

o Gene 1: z; representing the number of teeth on the central pinion 1. Integer
values: {21, 22, 23, 24};

o Gene 2: n,, is the number of the planetary pinions. Integer values: {2, 3, 4, 5};

e Gene 3: a,, representing the center distance of planetary gears. Standardized,
discrete, real values, in the range of: {56,..., 315};

e Gene 4: x; is the tooth addendum coefficient of central pinion 1. Standardized,
discrete, real values, in the range of : {-0.5,..., 1};
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Fig. 1 Single-row planetary gearbox gearing

e Gene 5: Y, is the ratio between the central pinion 1 width and center distance.
Real values in the range of: [0.2,..., 0.8];

o Gene 6: Au representing the elative error of the gear ratio. Real values in the
range of: [-0.04,..., +0.04];

e Gene 7: rd representing the round direction. Integer values: {0, 1}.

In the following are presented some remarks regarding the calculation of the
tooth matching number of the stationary central wheel 3. From Grote and
Antonsson (2009) it is known that zz should be calculated by taking into con-
sideration three conditions: coaxiality, mounting, and adjacency, and also
according to the set of transmission ratio. Taking into consideration these, the
expression for calculation of z3 is:

z3 = round|z; (ir — 1)] (1)
The authors of this paper propose a new form for the Eq.1, which is:

{z;—r if (r#0)A (rd =0)
3=

, . 2)
Z+n,—rif (r#0)A(rd=1)

where: z'3 =round[irz;(1+ Au) — 1], r =z + z; — n,, round (%)

w
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By using this equation we succeeded to avoid losing some important values for
z3. In order to exemplify this we present a brief example. Consider the same data
as in our optimal design problem. From Eq. 1 we could determine for z3 a set of 19
values. By using the Eq. 2 the number of possible values for z3 becomes 34,
resulting a set of 15 new possible values.

2.2 Objective Function

The objective of our optimal design is to minimize the mass of the single-row
planetary gearings. The mass is represented in Eq. 3.

. 1 .
Obj: F(x) = an di,lbl + nwdi,zbz + (df3 + 2S)2b3 — di3b3} — min (3)

where: p=785-107% b, = 1.1b, by = A +W,a,, A=5, b3 = ¥.a,,
S =2.2m+ 0.05b3.

2.3 Constraints

There are a total of 27 constraints, which were structured into 10 groups (e.g. the
same constraint applied to central pinion 1, to planetary pinions 2 and to stationary
central wheel 3 constitutes one group; though it is implemented as two separate
constraints in our optimization program). As it will become apparent these con-
straints are all of the inequality type, involving geometrical or structural consid-
erations. The solutions of the optimization problem have to satisfy the following
list of constraints (note that all values of these constraints have to be negative or at
last 0) which should be viewed with reference to the sketch presented in Fig. 1.
CG1. The adjacency, mounting and coaxiality conditions should be satisfied.

g1(x) = 2a, Sinl > dgp 4)
Ny
g(x) = ata_ an integer (5)
Ny
83(x) = |z + 220 — 23| <2 (6)

CG2. The Hertzian contact pressure on external toothing of the wheels 1 and 2
must not exceed a specified value.

ga(x) = oy <opp (7)

CG3. The bending stress on the teeth of the central pinion 1 and on the
planetary pinions 2 must not exceed a specified value.
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gs6(x) = or12<opp (8)

CG4. The teeth on central pinion 1 and on the planetary pinions 2 must not be
undercut.

gr8(x) = (14 — z12) < 17x12 9)

CGS. The top land of the teeth on gears of the single-row planetary gearbox
must not vanish.

89,10, 11 (%) = csam <5412, 3 (10)

CG®6. The contact ratio of the external toothing of the wheels 1 and 2, and of
the internal toothing of the wheels 2 and 3 must be greater than a specified value.

812, 13(X) = €uie < &y (11)

CG7. The addendum coefficients of the planetary pinions 2 and of the
stationary central wheel 3 should be in the range [—0.5, 1].

814, 15()6) = |)C2,3 — 025| < 0.75 (12)

CGS8. Constraints necessary to avoid the interference of the internal toothing of
wheels 2 and 3.

g16(x) = diy + 4a,, sin® o, < d?%, (13)

217,18(%) = 2203 3, S B3P3; 20 (14)

CGY. Measurability constraints for all the wheels of the single-row planetary
gearbox.

819(x) = pa1 < Py (15)
820(X) = py1 < Pay (16)
821(X) = P2 < P2 (17)
82(x) = pn2 < P (18)
823(%) = pa2 < P2 (19)
824(x) = py3 < pg3 (20)
825(X) = pa3 < pu3 (21)

CG10. The numbers of teeth on the gears of external and internal gearings
must be relative primes.
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—1 (21,2, 223) = 1

1 (21,2, 22,3) #1 (22)

826,27 (x) =

2.4 Results

For solving the optimal design problem of the gearings corresponding to a single-
row planetary gearbox a GA was used with a crossover rate of 0.75 and a mutation
rate of 0.01. After optimization the values of the optimal design problem genes are
presented in Table 1.

With these values (presented in Table 1) the mass of the gearings was 7.463 kg.
This solution was very near to eight additional constraint boundaries which are
highlighted with red points in Fig. 2. The blue points represent the values of the
other remaining 20 constraints.

In Table 2, the main characteristics of the gearings (classical and optimal
solutions) are presented side-by-side.

A comparison of the optimal and classical design solutions is shown in Fig. 3
(also in Fig. 3c is presented an overlap image of these two variants).

Table 1 The values of the

e No Genes symbol Genes values
optimization problem genes
] 21 24
2 n, 2
3 a,,(mm) 90
4 X1 1
5 Y, 0.285
6 Au —-0.0268
7 rd 1
Fig. 2 Constraints values for = pressssseee e 30
the optimal dsign solution o
--------------------------------------------------------------------------- ;%25
@ .
o -, 2
£ R
2 .
< *
BT 3115
< e
e -4 10
o)
&) * . ~
--------------------------------------------------------------------- N
.
‘ : : : : —2*10
-6 -5 -4 -3 -2 -1 0

Constraint value
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Table 2 Classical and optimal design solutions

O. Buiga and S. Haragas

No Symbol Classical solution Optimal solution
1 a,,(mm) 90 90
2 m(mm) 2 225
3 21 24 21
4 2 65 58
5 3 154 137
6 by (mm) 30 31
7 by (mm) 27 28
8 b3(mm) 25 26
9 dpy (mm) 47 43.875
10 dp>(mm) 123.081 124.978
11 dp3(mm) 313.163 316.331
12 d,y1 (mm) 48.539 47.848
13 d,»(mm) 131.460 132.151
14 d,,3(mm) 311.46 312.151
15 dy1 (mm) 55.918 53.896
16 dg>(mm) 132 135
17 dy3(mm) 304.081 306.103
18 F(x) (kg) 7.463 8.181
Fig. 3 Optimal and classical 25 26
degign SOﬁltiOl’lS (a), _‘_m" (b)l :—A (©
|
S g
(o] (o]
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Table 3 Two interesting solutions

21 Ty a,, (mm) X Y, Au rd F(x) (kg)
23 2 63 1 0.7906 0.0312 1 7.5988
21 2 100 0.9528 0.2047 —0.0098 0 7.6118

In Table 3 are presented two interesting solutions which are very close to the
optimal one.

3 Conclusions

In this paper an optimal design for the gearings corresponding to a single-row
planetary gearbox was presented. The objective of this optimal design was the
minimization of the gearings mass. The classical method offers a mass of 8.181 kg
while after the optimization the gearings weighted 7.463 kg, i.e. a 8.77 %
reduction. The optimization of the gearings presented in this paper represents only
the starting point for a more complex optimal design of an entire single-row
planetary gearbox (complete with the sizing and selection of shafts, bearings,
housing etc.). Also, other interesting objective functions could also be considered—
manufacturing cost representing a potential example.
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Application of MEMS Technique
for Micro Gear Metrology

Syuhei Kurokawa, Yoji Umezaki, Morihisa Hoga, Ryohei Ishimaru,
Osamu Ohnishi and Toshiro Doi

Abstract We try to measure direct transmission of rotational motion between a
gear pair, which is called transmission error, without knowing the tooth flank
accuracy of each gear. In transmission error measurement, the rotational angle of
the shaft of each gear is measured with a pair of rotary encoders. For micro gear
engagement, the center distance between a pair of gears is very small, so the rotary
encoders have to be small as well as micro gears. A grating disk with a small
diameter for a micro rotary encoder must be designed and manufactured. In
machining process, one of the MEMS technique is applied. Patterning accuracy is
examined in detail.

Keywords Micro gear - Metrology - Nano-manufacturing -+ MEMS - Micro
rotary encoder
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List of Symbols

A; Rotational angle of a driving gear
A,  Rotational angle of a driven gear
TE, Transmission error based on a driver
2 Number of teeth of a driving gear
22 Number of teeth of a driven gear

1 Introduction

It is very important to measure machined parts to check the manufacturing accuracy.
Nowadays, micro machine elements can be manufactured with the MEMS (Bhushan
2004; Johnstone and Parameswaran 2004). Those which have concave parts such as
micro gear surfaces (Horiuchi et al. 2006) should be also measured, but at this
moment, it is not possible because their overhanging part becomes the obstacle
against measurement. For example, a conventional contact type stylus is too large
comparing to concave spaces of micro machine parts so that it cannot reach deeply
inside into a concave space (Fujio et al. 1994; Gao et al. 2004; Okuyama et al. 1994).
A conventional detecting unit for AFM also has the same problem.

On the other hand, non-contact type probe such as a laser light beam would be
an alternative tool, however, it is blocked off or reflects with a very small angle, so
unfortunately the beam cannot come back to a detector in consequence.

To overcome those difficulties, it might be applicable to utilize a small tipped
stylus in a special shape which is preferable for measurement of concave shapes.
Another possibility evaluating gear accuracy is to measure direct transmission of
rotational motion between a gear pair, which is called transmission error, without
knowing the tooth flank accuracy of each gear. In transmission error measurement,
the rotational angle of the shaft of each gear is measured with a pair of rotary
encoders (Kurokawa et al. 2009). For micro gear engagement, the center distance
between a pair of gears is very small, so the rotary encoders have to be small as
well as micro gears. Unfortunately, a commercial high precision rotary encoder
with a diameter smaller than 1 mm does not exist. A grating disk with a small
diameter for a micro rotary encoder must be designed and manufactured.
In machining process, one of the MEMS technique is applied, i.e., the photoli-
thography which utilizes the combination of the electron beam exposure and the
etching process of a silicon chip.

The number of gratings is an important parameter for the resolution of a rotary
encoder. To achieve high resolution, many gratings must be manufactured in small
diameter region. Using photo-lithography technique, radial gratings are patterned
onto the silicon disk. The number of designed grating is 10,000, and an inner half
pitch of the grating disk is corresponding to about 50 nm. Patterning accuracy is
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examined in detail. Measurement ideas and strategy as a micro rotary encoder will
be also described briefly.

2 Evaluation of Gear Accuracy by Transmission Error
Measurement

Transmission error of single flank engagement is defined as the deviation from the
geometrically ideal rotation of a driven gear. When the input rotational speed is
constant, transmission error can be regarded as the variation of output rotational
motion. In the ideal engagement, we write as follows:

A]IAQZZZSZ]OI'AZ'E—Z—A]:O (1)
1

Transmission error (TE) is therefore defined by the following equation.

TE, = Ay -2 — A, (2)
21

TE, is transmission error based on a driver in units of rotational angle.

It is therefore necessary to detect rotational angles of both driver and follower
according to Eq. (2). The easiest way is to implement a pair of rotary encoders. For
conventional-sized gears, a typical transmission error measuring system is like in
Fig. 1 (Kurokawa et al. 2009).

A pair of rotary encoders is installed at the end of each shaft and they are
connected through interpolating units to a personal computer. Sinusoidal waves
from each rotary encoder are divided electrically and transformed into a series of

Rotary encoder

Centering device

Personal computer

Counter board
Interpolator

Fig. 1 Typical illustration of transmission error measurement system
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pulses. The counter board detects the rotational angle of each shaft by counting
those output pulses.

By using a high resolution encoder, which has the number of output sinusoidal
waves per revolution of 225,000, detailed transmission error variation can be
observed. For example, Fig. 2 shows measured TE for a non-modified helical gear
pair under 16 different stages of applied load. According to the load increase, the
periodic wave appears clearly. At the middle range load of 350 N/mm and higher
load, it can be observed that there is local delay near the transit period from triple-
tooth contact to double-tooth contact in every one pitch. The delay gets larger
according to the load increase.

To examine the influence of the measurement resolution, TE under the specific
load of 245 N/mm for the same gear pair is shown magnified in Fig. 3.
Quantisation error is hardly seen in Fig. 3. Maximum peak-to-valley value of
quantisation error of this encoder is below 0.3" (1.4 urad). The local delay near the
transit period from triple-tooth contact to double-tooth contact can be observed in
the magnified figure. From the fact that peak-to-valley value of this TE curve is
about 8", this measuring system has sufficient accuracy to investigate TE in detail.

Fig. 3 Magnified
transmission error for the
helical gear pair with sub-
micro radian resolution under
the specific load of 245 N/mm

Transmission error
10"
[

T

20.0°

Rotational angle of driver
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The target of next measurement here is supposed to be a micro gear pair whose
reference diameter is smaller than 1 mm. For such a micro gear pair engagement,
the center distance will be smaller than about 1 mm. Therefore the diameter of a
designed grating disk of a micro rotary encoder should be also smaller than the
center distance. The smaller the grating disk diameter becomes, the wider the
application for micro gear measurement extends. The authors here try to manu-
facture the grating disk whose diameter is smaller than 1 mm.

3 Design of a Grating Disk

The designed grating disk pattern is shown in Fig. 4. All essential features are
arranged within the field of 1 mm squared. The outer diameter is 950 um, and the
inner diameter is 320 pm.

Each of the radial gratings has the same shape of the trapezoid, and its length is
315 pum in the radial direction. At the center of the grating disk, the cross-shaped
mark is drawn to be recognized easily. This center mark will be useful to adjust the
eccentricity between the center of rotation and the center of the grating disk when
the disk is mounted on a rotational shaft. The width of each radial grating depends

Imm

______

Imm ~

Fig. 4 Example of designed grating disk pattern
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on the number of gratings on a disk, which decide the resolution of the rotary
encoder. That means it will be more difficult to manufacture the grating patterns as
the disk diameter gets smaller. In the case of 10,000 gratings, the width at the inner
end is only about 50 nm. In such a resolution grating disk, the line width becomes
very narrow due to the tiny disk diameter.

To manufacture such a tiny radial grating pattern, the nano-manufacturing
technique is essential. To achieve both the narrow width of the gratings and
homogeneity of it, it is utilized here the combination of electron beam (EB)
lithography and etching technique of silicon substrate.

4 Nano-Manufacturing Process for Grating Disk

Figure 5 shows the illustration of the whole procedure of EB lithography and dry
etching.

Material substrate is silicon (Si), on which EB resist is directly pasted by spin
coating. Hard mask is not necessary this time because the depth of etched grooves in
the following etching process is specified to be shallow (about 30 nm). The desired
pattern is drawn by electron beam on the EB resist, and EB resist is exposed by
electron beam energy. After development procedure, the exposed area is removed,
and the desired pattern of EB resist is formed by the difference of solubility of
exposed and unexposed resist parts. By use of the remained resist as a mask, Si
substrate is etched, and finally, the EB resist is stripped by O, plasma ashing.

Fig. 5 Procedure of EB EB resist
exposure and dry etching ~
process —

Si wafer

e
AR RRRRIZRY’
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The workpiece wafer is 152 mm (6 inches) in diameter and the thickness of Si
substrate is about 500 pum. The thickness of spin-coated EB resist (ZEP520A,
ZEON corp.) is about 50 nm. EB exposure was carried out using a high-resolution
electron beam lithography system. The system is based on an electron gun as
exposure system (JBX-9300FS, JOEL Ltd.). The EB resist of the black drawn area
in Fig. 5 was exposed. Development after EB exposure was carried out by use of
the developing solution (ZED-N50, ZEON corp.) with a rotary spray, and
developing time was about 60 s. After development, a rinse procedure was carried
out for about 60 s by use of the rinse agent (ZMD-B). The dry etching was carried
out using a dry etcher with a reactive ion etching (RIE) by utilizing inductive
coupled plasma (ICP). In the RIE process, the hydrogen bromide (HBr) gas was
used in etching Si substrate and the depth of etched grooves was intended to be
about 30 nm.

5 Results and Discussion
5.1 Results in Nano-Manufacturing

The whole etched image of the radial patterns was captured by the confocal laser
scanning microscope (CLSM) (LEXT OLS3500, Olympus corp.) and is shown in
Fig. 6.

The whole shape of a grating disk pattern seems to be successfully etched, but
any radial gratings cannot be seen due to the limitation of low resolution of CLSM.
The scanning electron microscope (SEM) was therefore used to observe the
details. Figure 7 shows the SEM image of the outer end of the part of radial
gratings, and the inner end are shown in Fig. 8. The etched line width at the outer
end is about 150 nm and at the inner end is about 50 nm as intended. It has been

Fig. 6 Confocal laser
scanning microscope image
of the whole grating disk with
10,000 gratings
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Fig. 7 SEM image of the
outer end of gratings

Fig. 8 SEM image of the
inner end of gratings

manufactured also almost homogeneously with enough pitch accuracy. From those
results, a grating disk up to 50 nm line widths can be manufactured successfully
and accurately. The accuracy of these repeated grating patterns affects the accu-
racy of the rotary encoder directly. The next step is to detect the output signals
with the etched grating disk. Contact methods and non-contact detection will be
considered.

5.2 Measurement Ideas and Strategy

The first approach is to use a contact type stylus with controlled tip radius.
An AFM stylus with dynamic mode will be useful in this case. If the grating disk
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rotates while the AFM stylus taps the surface at the same position without
scanning motion, the detected height variation will be regarded as the output signal
of a rotational angle of the grating disk. To achieve high resolution, it is necessary
that the local peak becomes the smooth mountain shape and its height changes
gradually according to the position. The number of height division in each local
peak improves the resolution. For example, in the case of the grating disk with the
number of gratings of 10,000, if the number of height division in each local peak is
16 (4 bits), the corresponding angular resolution becomes about 8", that is quite
enough for measurement of micro gear engagement. Since an AFM stylus vibrates
at high resonance frequency (up to 300 kHz) in dynamic mode measurement,
signal detection can be realised under the rotational frequency within allowable
limit. If multi-probing system with multi-AMF styli is adopted, the opposite
reading cancels out the influence of disk eccentricity, and self-calibration will be
also possible.

The second approach is non-contact detection. Normal light detection cannot be
utilised because of the limitation of a light wavelength. The authors believe one of
the effective detections will be the use of the evanescent light. If the sinusoidal
output signal is obtained, the conventional signal processing is applicable to
improve the resolution.

It is important to mention that a rotary encoder has the advantage against the
temperature change comparing to a linear encoder. The diameter of a rotary
encoder increases according to the rise in temperature, but the number of gratings,
so the detected rotational angle does not change while the length of a linear
encoder changes proportional to the temperature increase. The robustness will be
remarkable especially in micro and nano-scales.

6 Conclusions

For micro gear measurement, a grating disk for a micro rotary encoder was
designed and manufactured with EB-lithography and MEMS techniques aiming
for practical application of micro gear measurement. The grating patterns, of
which line width is up to 50 nm, were successfully manufactured homogeneously
and accurately on the Si substrate. The developed disk is expected to be useful for
measurement of micro gears from effective approach: angle measurement. Nano-
imprinting techniques could be also applicable for mass production of grating
disks. Since traceability for angle is already established, calibration procedures of
these tools are also significant issues.
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Evaluation and Choice of Conceptual
Solutions for a Universal Geared Engine
Reducer

Sinisa Kuzmanovi¢, Radivoje Mitrovi¢, Milan Rackov
and Dorde Miltenovic¢

Abstract This paper deals with the issues of evaluation and choice of conceptual
solution for a universal motor gear reducer, usually carried out during its devel-
opment. It is a known fact that reducers could be delivered with a motor installed
or in the so-called motorless version. In case of the delivery version with the
motor, they could be equipped either with special reducer electric motors or with
standard (IEC) motors. In case of a reducer intended for the special motor, in
motorless version it has to be equipped with IEC motor adapter, for the customer’s
option to use standard motors, plus it should have a classic input shaft. In case of a
reducer delivered with IEC motor, its motor might be connected indirectly, using
IEC motor adaptor, or directly onto the reducer, without the use of adaptor. In both
cases the reducer has to be delivered with a classic input shaft. This paper conducts
the evaluation of some particular solutions by leading reducer manufacturers, with
the intention to point out the most satisfactory conceptual solution.
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1 Introduction

By the term “universal reducer” we consider all of reducers whose attributes, such
as their shape, connection dimensions and features, as well as mounting positions,
are suited for the most common demands of production line (Kuzmanovié¢ 2009).
As a consequence of such universality, they are somewhat more complex, having
more parts and demanding larger extent of machining, all of which is needed to
fulfill almost all demands of installation; regardless of that, in smaller production
series, they are also cheaper then the so-called “special reducers”, designed for
precisely specified purposes and without nonessential parts or machining.

Of course, for large production series (term “large series” mainly depends on
the size of reducer) the use of universal reducers is not justified in most cases,
mostly because of their high price and relatively great mass, so as a rule in these
cases only special reducers are used, for example in civil engineering and agri-
cultural machines, machine tools, or similar. Manufacturers of universal reducers
always try to provide some extra advantages for their reducers in order to compete
more successfully against the manufacturers of special reducers; when there are no
market demands for additional production of universal reducers they also come
with special reducers of their own, or switch their production to manufacturing
some items for them as subcontractors, for example the gears.

Universal reducers today have the greatest use in mechanical engineering,
thanks to less complicated manufacturing, low price, great factor of efficiency and
the easier maintenance. They are produced in numerous variants, depending on:

the type of connection with driving machine, mostly an electric motor,

the type of connection with working machine,

installation mode,

mounting position,

number of levels, and

special demands (installation of one-way clutch, installation of safety clutch and
today very commonly used regulated drive for motor reducers, usually fre-
quency regulators for the number of revolutions, etc.).

Universal gear reducers are produced as single, double, triple or multi-stage
reducers. Some manufacturers do not produce single-stage reducers, because of
low market demand for them; a similar case is for multi-stage reducers, so they are
usually produced as a combination of lower-stage ones. There are manufacturers
oriented towards the production of multi-stage reducers, which are installed in
special casings for such reducers, but this is a rather rare case.

Universal reducers could be produced as motor reducers, with special reducer
motor and/or standard IEC motor, or as motorless reducers with classic input shaft
and/or adaptor for IEC motors. The use of motorless reducers with classic input
shaft is extremely rare today for the reasons of somewhat complex construction
and more difficult installation. That is because this design requires additional
clutch (for connecting motor to the reducer) and more space for installation
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Fig. 1 Characteristic solutions for motor reducer marked SK with special (reducer-type) motor,
for motorless reducer and for IEC motor adaptor (NORD)

(for the size of this clutch), but there are also problems with centering of input
reducer shaft and the electric motor shaft. Reducer manufacturers have sometimes
such designs in their catalogues (because of occasional market demands and ever-
present competition), but this is hardly a rule.

2 Characteristic Conceptual Solutions of Motor Reducers

Classic conceptual solutions of motor reducers with a special reducer electric
motor, in motorless variant with an adaptor for IEC motors and classic input shaft
are presented in the offers of numerous manufacturers, with NORD company given
as the characteristic representative (Fig. 1).

Company PUJOL produces motor-reducers with standard IEC motors, with
motor connected to reducer via IEC motor adaptor (Kuzmanovi¢ and Rackov
2009a, b); however, at special customer request, PUJOL allows them to do it
themselves, with reducers delivered with classic input shaft (Fig. 2).

Company ROSSI also produces motor-reducers with standard IEC motors,
offering them also with classic input shaft (Fig. 3). They do not deliver motorless
reducers with special adaptor for IEC motors, since they already offer motor-
reducers with such motors; however, in their catalogues they instruct customers on
how to install IEC motors on their reducers.

The same company, ROSSI, has similar reducers (ES) in their product line, also
delivered only with standard IEC motors (Fig. 4), but they make them also in the
version with IEC motor adapters, while motorless variants are not offered.

Reducer designers are always faced with the dilemma—which concept to
adopt?

The analysis of concrete solutions indicates that the first concept, motor-reducer
with special motor, is the most favorable one, since its use could achieve the
greatest transmission ratios, greatest carrying capacity and provide the cheapest
manufacturing (Kuzmanovic et al. 2009). This solution is most suitable for reducer
manufacturers who have an electric motor factory of their own.
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Fig. 2 Characteristic solutions for motor-reducer with IEC motor and for motorless reducer
(PUJOL)

Fig. 3 Characteristic solutions for motor-reducers with IEC motor and for reducer with free
input shaft (ROSSI)

Smaller manufacturers are forced to avoid the use of a large number of various
motors (with different diameters of flanges and shafts), so they employ only the
standard motors. Manufacturers who connect motors via IEC motor adapters also
reduce the number of various motors, but they increase the number of required
adapters, which leads to the additional burden to production. By the use of IEC



Evaluation and Choice of Conceptual Solutions 471

Fig. 4 Characteristic solutions of motor-reducers with IEC motor (ROSSI)

motor adapters they also decrease the number of various gears needed, which is
definitely a great advantage. Beside that, manufacturers who use standard IEC
motors do not have the need to offer IEC motor adapters separately, which also
represents a certain benefit.

The purpose of this analysis is to also determine the justifiability of the
employment of special reducer motors, used by almost all of large reducer man-
ufacturers (Table 1). Based on the data from Table 1, it is noticeable that trans-
mission ratios at two-stage reducers are rather uniform, although it is also evident
that carrying capacities of reducers with IEC motors are somewhat lesser. At three-
stage reducers this difference is more visible. Accordingly, transmission rations
and carrying capacities are smaller. Exceptions are the transmission ratios at

Table 1 Technical characteristics of universal gear reducers of different manufacturers

Manufacturer NORD PUJOL PUJOL ROSSI ROSSI
Model Designation SK IPCM Sp R MR
Axis height h, mm 140 142% 160° 132 140
Transmission ratio iy 26.86 452 48.1 31.9 22.5
Torque T>., Nm 820 265 705 267 597
Transmission ratio i3¢ 395.46 - 467.4 96.4 194
Torque T3, Nm 850 - 700 335 496

# Only double-stage reducers are made in this axis height
" This is the minimal axle height. It is slightly larger than the observed, but it is taken into
consideration because of the value of axis height in triple-stage variant



472 S. Kuzmanovic et al.

manufacturer PUJOL models, where the use of the adapter for IEC motors
achieves all advantages of special reducer motors. Other manufacturers, who
connect IEC motors directly to first gear wheel in order to maintain relatively high
transmission rations, were forced to lower the carrying capacity of their reducers.

The fact that the carrying capacity of a reducer is considerably higher, if this
model is intended for installation with special reducer electric motor, leads to the
conclusion that its high usage is fully justifiable (Kuzmanovi¢ et al. 2008).
However, the question arises about the advantages of IEC motors utilization, who
can use them and why use them at all?

The main advantage of their utilization is in reduction of the number of different
electric motors required to have in factory storage (various motors in the same
power class are used with different flanges), although it is otherwise necessary to
keep a considerably larger number of IEC motor adapters in warehouse. (However,
adapters are much cheaper than electric motors and—if needed—their manufac-
ture is less demanding, faster and easier.) Another advantage is that, quite opposite
to reducers with special reducer-motor, there is no requirement to offer them in
motorless version with adapter for the IEC motor (Kuzmanovié et al. 2010). There
is also the benefit in the reduction in number of different first gear wheel varia-
tions—when used at special reducer motors, these gears have to be manufactured
with different shaft openings to enable the use of every type of motor intended to
connect with the particular reducer.

To conclude, the utilization of standard IEC motors decreases the number of
electric motors required to keep in storage, these motors are easier and faster to
obtain, there is also a lesser number of reducer variants in manufacturer’s offer
(also needed to keep in warehouse), specially if there is an intention to avoid the
offer of motorless reducers with classic input shaft, as practiced by manufacturer
ROSSIL

3 Evaluation Procedure

A more complete evaluation of conceptual solution could be achieved in many
ways by using a simple comparison of particular quality parameters, such as
transmission ratio (i), nominal torque (7y), mass (m) and similar, or with the
introduction of so-called “complex indexes”: the proportion between transmission
ratio and mass (i/m), or between nominal torque and mass (T»/m). To obtain even
more complete evaluation, it is necessary to introduce more complex indexes, such
as the quotient of transmission ratio multiplied by nominal torque and the mass
(i-Ty/m), etc. Special care should be paid to the fact that only the reducers with the
same axis height could be evaluated this way. So, the axis height (%) should also be
taken into consideration to enable more accurate evaluation, i.e., to introduce the
indexes (i-Tn/h) or (i-Ty/m-h), where the values of these parameters should be as
high as possible.
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Fig. 5 Comparison of nominal torque values Ty for universal gear reducers and axis height
h =~ 140 mm. a Double-stage, b triple-stage

Naturally, to conduct a completely high-quality evaluation, it is necessary to
employ the same materials for the manufacture of casings (grey iron, for example),
because if different materials are used, the obtained values are not comparable
(although some obtained evaluations could tell a lot about the benefits of particular
solutions). Consideration should also be given to the manufacturers practices—
some of them go for large carrying capacities and lesser transmission rations,
others are oriented towards lesser carrying capacities with high transmission ratios.
Likewise, some manufacturers offers two gear sets applicable for the same reducer
casing (or different casings with the same axis height), covering this way both
solutions (lesser carrying capacity—high transmission ratio and large carrying
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Fig. 6 Comparison of transmission ratio values i for universal gear reducers and axis height
h =~ 140 mm. a Double-stage, b triple-stage

capacity—lesser transmission ratio) for the purpose of being more competitive to
the other manufactures. Such an approach gives the manufacturers a considerable
advantage on the market, but with the penalty of having somewhat more complex
product line and storage situation (Rackov and Kuzmanovi¢ 2011). The approxi-
mate evaluation of reducer concept solutions are of no benefit if they are not
compared with the market competition, taking into consideration each transmis-
sion ratio achieved for the particular axis height.
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Fig. 7 Comparison of complex index i-Tp/h for universal gear reducers and axis height
h ~ 140 mm. a Double-stage, b triple-stage

4 Evaluation of Characteristic Solutions

This paper will provide the evaluation of technical characteristics of two- and
three-stage universal gear reducers of the abovementioned reducer manufacturers.

Based on the given technical solutions for the reducer axis height of 140 mm, it
could be observed that manufacturer NORD has the largest values of torques (7y)
in double-stage and triple-stage variants (Fig. 5); however, this is not the case with
the transmission ratio (i) values (Fig. 6).

Manufacturer PUJOL has the greatest transmission ratio values, although in the
triple-stage variant only one value is considered, so the results are not fully
comparable.

With the introduction of the complex index i-Tn/h into the surveys, it is possible
to notice that PUJOL has the most suitable conceptual solution in double-stage
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variant, whereas the solution used by NORD is the best in triple-stage variant. The
solution by PUJOL is also high-ranked between the triple-stage variants; however,
it could not be fully taken into consideration because it has considerably larger
reducer size. Nevertheless, the evaluation for PUJOL conceptual solution is made
for the same axis height, so its complex index demonstrates that this manufacturer
has a respectably good solution.

Naturally, many representative indexes might be obtained by taking into con-
sideration the mass of reducers and (specially) their prices, showing the worthiness
of a particular solution. Other factors, like storage costs and reducer delivery time
could also influence the final conclusion.

This kind of evaluation is something principally conducted by the reducer
designers (manufacturers). The reducer customers may draw completely different
conclusions; judging by the stresses in reducer material, they can make a decision
on which one is more reliable or has better quality (Fig. 7).

5 Conclusion

Based on conducted analysis, the main feasible conclusion is that motor-reducers
with special reducer electric motors have the best technical characteristics.
However, reducers manufactured with the standard IEC motors, connected to them
via IEC motor adapters, may have almost the same technical characteristics,
because the inner shaft of an IEC motor adapter could be machined to the identical
diameter as found at special reducer electric motors.

Of course, the IEC motor adapter (always used in this solution) would have the
negative impact on reducer mass and length, leading to more expensive manu-
facturing process; on the plus side, there is a reduction in the number of different
electric motors (with similarly different flange diameters inside the same size
class) needed to keep in warehouse. Another advantage of the manufacture of such
reducers (with IEC motor adapters) is the lack of the requirement for a separate
production of the direct connection with a special motor, making their manufacture
somewhat easier.

This leads to the conclusion that the concept used by company PUJOL is
exceptionally good. The solution used by company ROSSI is somewhat inferior,
because of lesser carrying capacities or transmission ratios, and also because the
first gear wheel is placed directly on the shaft of standard IEC electric motor,
having much larger output diameter compared to the reducer electric motor.

However, even this solution is not to be disregarded, because it avoids the use
of IEC motor adapter, since these reducers are already offered with such motors,
special savings are achieved in cases when motorless reducers are not offered at all
and having classic input shaft. These savings have significant impact on produc-
tion costs, surely compensating for somewhat lower technical characteristics of
such reducers. The mufacturers that use such a concept would confirm that view.
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Design Optimization of High Ratio
Planetary Systems

Athanassios Mihailidis and Cristina Pupaza

Abstract The study deals with the optimization of the rim thickness of the ring of a
high-ratio planetary system with straight gears. In order to reduce the weight and to
increase the maximum transmittable torque a new design strategy is applied. The
geometry of the gears was generated using a numerical procedure which takes into
account the geometrically correct form of the flank. The mesh on the active flanks, as
well as in the area of the tooth foot was fine, allowing the accurate calculation of both
flank pressure and foot stress. The model also included the support conditions
between the ring gear and the housing. Improved solutions were found.

Keywords Optimization - Rim - Thickness - Torque - Gears

List of Symbols

DOE Design of experiments

GDO Goal driven optimization

FZG  Forschungsstelle fiir Zahnrider und Getriebebau/Research Centre for
Gears and Transmissions

1 Introduction

The Planetary gear transmissions are widely used in machine design due to the
internal power splitting and the resulting high load carrying capacity. Aiming to
increase the load carrying capacity a lot of work employing the Finite Element
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Analysis (FEA) has been reported in recent literature. Most of these studies
address two major issues: the geometry of the tooth root fillet (Hebbal et al. 2009)
and the rim thickness (Nan and Zang 2008). Novel gear root fillets were designed
(Kapelevich and Shekhtman 2003) in order to minimize the stress and improve the
strength of the gear. The influence of the rim thickness on the load carrying
capacity has been extensively studied, but only for external gears (Winter and
Podlesnik 1984). Later, the rim thickness of internal gears was considered for
stress calculation (Jahn 1997); (Linke et al. 2005). In order to avoid modeling
difficulties, most authors either consider a simplified tooth profile, or they employ
a rather coarse mesh. The drawback of these simplifications is that the stress field
in the foot fillet area and the pressure on the mating flanks cannot be concurrently
studied. Furthermore, no multi-optimization procedure has been applied, although
FEA is extensively used. On the other hand, stress calculations of the planetary
systems are conducted using formulae developed by the known DIN3990:1987 and
ISO 6336:1996 standards.

The current study presents a combination of multi-criteria optimization tech-
niques employed in order to reduce the weight and to increase the maximum
transmissible torque of a simple high-ratio planetary system with straight gears.
The geometry of the gears was generated using a numerical procedure which takes
into account the manufacturing process. The model of the planetary system also
included the support conditions between the ring gear and the housing.

2 The Planetary System

The high-ratio planetary system used in this study is part of the pre-loading system
developed for the FZG test rig (Mihailidis and Neranzis 2009). It consists of a sun
gear, 3 planetary gears attached to a carrier and a ring gear (Fig. 1). All the

Fig. 1 3D model of the planetary system
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Table 1 Dimensions of the gears

Gear dimensions z [-] m [mm] x [-] b1 b [mm)] d [mm)]
Sun +11 1.25 +0.5 0 20 13.75
Planet +48 +0.30 60
Ring -109 +0.437 136.25
Table 2 Material properties Density [kg/m’] 7850
of the gearings - -
Poisson ratio 0.3
Young module [GPa] 300
Allowable contact stress [MPa] 1,500
Allowable tooth-root stress [MPa] 1,000

gearings were assumed error-free. The carrier was not considered in the model.
Due to the relatively small dimensions, the sun gear was considered that it is
manufactured from a solid disc. This is reasonable for high transmission ratio gear
trains and it also simplifies the analysis. Table 1 contains the main gear dimen-
sions, where symbols are according to ISO 6336:1996 standard. All the gears are
made from case hardened steel. The material properties are shown in Table 2.

3 Finite Element Model

In a non-linear analysis the mesh is particularly important to obtain accurate
results and fast convergence. On the other hand, during the optimization cycle the
model is remeshed several times without user intervention. Therefore mesh con-
trols were combined to obtain a smoothed and good quality mesh: mapped mesh
between contacting flanks—to avoid oscillating contact pressure and the element
size was set lower than 0.08 mm. An appropriate sphere of influence was defined
in the neighborhood of the contact regions. The target was to keep the mesh
configuration constant throughout the optimization cycle (Fig. 2).

Because the ring gear is not fixed in the housing, equally spaced spring ele-
ments were included in the model. The stiffness of the springs was set to 200 N/
mm, a mean value found in the literature for this type of planetary systems.

The model was checked using calculation of the gearings according with the
ISO 6336:1996 standard. The error was less than 5.5 % and this was caused by the
mesh size. In this particular case the element size has to be tuned both with the
contact problem, and with the multiple non-linear loops required by the optimi-
zation procedure. On the other hand, we have to take into account that the ana-
lytical calculations of the foot stress are based on the rack tooth profile. Figure 3
shows a detail with the maximum equivalent stress plot for one of the design
variants.
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Fig. 3 Maximum equivalent stress plot. Detail

4 The Optimization Procedure

The optimization goals were to minimize the total weight for a given power rating
and to determine the minimum rim thickness of the ring gear and of the planets.
Another target was to find the maximum value of the input torque the assembly
can withstand for a given weight. The assumption was made that the initial
transmittable torque was known and for all calculations the safety factor was set to
1, with respect to the allowable stress.

The initial conditions were: the planetary system should withstand a moment of
T = 343.75 Nmm applied on the sun, the maximum Hertzian pressure oy should
not exceed 1,500 MPa and the maximum von Mises stress at the tooth foot o was
set to 1,000 MPa.

The design variables were: the external diameter of the ring gear, the internal
diameters of the planets and the output torque. The objective functions were con-
sidered the maximum equivalent (von Mises) stress in the contact region of the gears,
the maximum equivalent (von Mises) stress at the tooth root and the total weight.

Figure 4 shows the main steps of the optimization procedure. An initial static
analysis was performed, than the relationships between the objectives and the
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Fig. 4 The optimization procedure

design variables were identified using DOE combined with Response Surfaces
techniques.

The DOE was used to generate the sample data and to fit an appropriate model
for each of the output variables. Once the approximation was done the Response
Surfaces were built and the behavior of the model was estimated using them
instead of looping through the FE model.

The main advantage of the procedure is that finding the approximation func-
tions takes fractions of seconds, but a static analysis takes at least several minutes.

This leads to an important reduction of the computation time. On the other hand
multi criteria objectives were imposed. The last step was a constrained, multi-
objective optimization.

Each step of the optimization procedure has its own options and characteristics.
The static analysis is a non-linear analysis on a parameterized model. The DOE
stage uses an optimal space filling strategy, which creates an optimal filling of the
design space with a relatively small number of points, while keeping the dis-
crepancy as low as possible. The samples were generated using Central Composite
Design strategy and the number of cycles was 20. It is an efficient scheme when a
complex Meta Model is used, like Kriging models are. Therefore, according to the
DOE step, the Kriging option was used when building the Response Surfaces. This
interpolation method is accurate and it provides information regarding the good-
ness of fit, or the maximum relative residual.

The GDO was primary performed using the screening method in order to obtain a
draft solution. After this step a genetic algorithm was chosen to refine the search of
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Fig. 5 Maximum output 5 = OutputMoment
moment and total weight of 25 1 [Nmm]
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10 4
5 4
04+ :

Initial DesignA  Design B

the optimum design set. The algorithm incorporates filters, and yields to the global
Pareto front. The best candidate was identified among 10,000 sampled points.

5 Optimization Results

The design parameters were varied continuously over imposed ranges and the
output parameters of the planetary system were examined over these ranges. Two
variants were identified as preferred design solutions.

The external diameter of the ring was decreased from 150 to 143 mm (design
variant A) and the internal diameters of the planets were increased from an initial
value of 27-50 mm (design variant B). Therefore the total weight of the planetary
system was found 16 % lower for design variant A and 57 % for design variant B.
Multicriteria optimization is always a trade-off between the desired objectives. In
fact it is a trade-off between different targets. In our case: the minimum weight, the
maximum allowable stress and the maximum transmissible torque.

The maximum output torque remained nearly at the initial value for variant A,
but decreased for variant B. Figure 5 shows a comparison of the weight and the
maximum output torque for the initial design and the preferred design variants.

6 Conclusion

This research is a theoretical study on the multicriteria design optimization of the
high-ratio planetary systems. Improved solutions were found with a limited number
of performed simulations. It is a new design strategy, based on a geometrically
correct form of the flank. Because the solution is not unique, a “trade off” between
parameters was carried out and improved design variants for the rim thickness of the
ring gear and for the internal diameters of the planet gears were found. The total
weight of the assembly was also reduced. Work is in progress to take into account
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other parameters, too. However, this attempt proved that there are powerful simu-
lation tools that can be applied for high-ratio power transmissions.

This optimization strategy can be applied in the early stage of the design. The
procedure enforces traditional design of planetary-systems. Business today is
racing to improve product quality, to innovate and to minimize the costs of the
products. Multicriteria optimization is a powerful tool to address these challenges.
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The Numerical Calculus of Hobs Used
to Cut W-N Gears

Gheorghe Miloiu

Abstract After a short introduction showing the evolution of Wildhaber—Novikov
(W-N) gears, the evolution of the study of hob geometry is presented, with special
focus on the author’s contribution in the field. Then a general method of study of the
hob geometry is exposed. The calculus model takes into account the hob with non-
zero rake angle, a wide range of re-sharpenings, a generation by relief grinding,
which can easily be customized for the type of abrasive tool chosen, to obtain the
profile of the abrasive tool and the hob profile for various re-sharpenings. The hob
profile deviation is then evaluated in an axial plane. To reduce the cumulated profile
error on re-sharpening, the setting parameters on relieving are modified. The algo-
rithm is developed on matrix basis. In the next part of the paper the customizing of
the general method is presented, for the case of hobs designed to cut gears with
arc-of-circle profile (reference profile with two arcs of circle). This part includes
numerical results presented in tables and diagrams, for hobs in the modulus range
4-20, three values of the rake angle (6, é, 6), three values of the relief for each
modulus and three values of the position angle of the generation rack (around the
value of the angle of the basic helix) and five values of the re-sharpening angle
(6, + é, + 8). The calculi carried out have been the basis for the manufacturing and
inspection of four sizes of hobs—for the moduli 4, 10, 14 and 20. Several details of
the manufacturing of hobs for W-N gears are presented in the end of the paper.

Keywords W-N gears - Hobs - Hob geometry - Hob sharpening - Grind relieving
of hobs
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Relieving depth; arhimedic parameter

Curve; characteristic curve

Plan, surface

Reference system; tool

Deviation; cumulated error

Diametrical hob coefficient

The parameter of the basic profile

Linear parameter by which the profile describes the basic rack

The parameter of the generation of the surface of the abrasive tool
relieving the hob

The parameter of the relative motion rack—worm

The angular parameter of the hob rake surface

The position angle of the hob rake surface

The setting parameters of the abrasive tool used for relieving

The angular parameter of the abrasive tool used for relieving

The parameter of the hob rake surface

The position angle of the basic rack

Square matrix representing the transfer from the reference system b to
the reference system a

Column matrix representing the vector radius of the current point from
the system C, with the components X, y., Z.

The derivative of the matrix X, with respect to the parameter u
Column matrix representing the normal vector attached to the current
point C, with the components ny, Ny, N,

The symbol for the dot product of two vectors. Ex.: A,B is the dot
product of the vectors A and B (column matrix)

The symbol of the vectorial product of two vectors. Ex.: A.B is the
vectorial product of the vectors A and B (column matrix)

The symbol for the mixed product of three vectors. Ex.: A, (B.C) is the
mixed product of the vectors A, B, C (column matrix)

Matriceal product: no sign is applied. Ex.: AB is the product of the
matrices A and B, which can be only done when A has as many
columns as B has lines

1 The Evolution of W-N Gears (In Brief)

W-N gears have arc-of-circle profile and they have been first proposed by
Wildhaber (1923) and Novikov (1956). These gears have been studied in various
centres from Russia: Novikov (1956-1958), Fedeakin and Cesnokov a.o.(1958)
a.0,; Romania: Miloiu (1964, 1965, 1975, 1980, 1990), China (1981-1988), Japan
(1999-2001), USA: Litvin (1985-2009).
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In the 70s the W—N gears have won in the competition with involute gears made
of non-hardened steel: general use gearboxes—in Russia, special gearboxes in the
oil industry—in Russia and China, heavy gearboxes for high capacity belt con-
veyors—in Romania.

After 1985 the situation has changed. The technological progress—heat treat-
ment for hardening plus finishing by grinding at gears with big diameter—has been
used on involute gears, not on W-N gears (Miloiu 1997). Under these conditions
the area of application for W-N gears has been restricted to the gearboxes for
pump jacks, where non-hardened gears, finished only by hobbing, are still used.
Research has followed the same route. Watching the trend in three top interna-
tional congresses one can notice that in 1988 (China 1988) 8 studies were pre-
sented, and in 1999 (Paris 1999) and 2001 (Fukuoka 2001) only one, respectively
three studies on the W-N gears.

A proper answer to the question “What is the future of W-N gears?” can only
be given if high accuracy W-N gears hardened and ground will be manufactured
(Miloiu 1997). Profiled grinding machines are now offering a technological pos-
sibility which has not been capitalized yet.

2 The Evolution of Hob Geometry Research

Three papers appeared in the 7th decade of the 20th century have opened the door
for the research of hob geometry using the methods of differential geometry: Litvin
(1968, which in time has become the monumental work from 2004 to 2009),
Liukshin (1968) and Lashnev (1971). Next are the contributions of: Miloiu (1975),
Bocian (1976) and Gyenge (1979), which present thorough theories of hobs with
arbitrary reference profile and applications for hobs to cut W-N gears, respectively
for hobs designed to cu worm wheels for globoidal gears and Duplex worm (ZA)
gears.

The paper (Miloiu 1975) was materialized in the manufacturing of several
(W-N) hobs of high accuracy with the moduli 4; 10; 14 and 20, verified based on a
method published eventually (Miloiu 1990).

In the years 1976-1978 Bocian and Miloiu have published several papers
regarding the geometry of the sharpening (rake) surface of the hobs. In the years
1979-1987, Miloiu and Visa have refined the sharpening of hobs, establishing the
precision thresholds of the mechanical systems for profiling of the special hob
sharpening machines: Klingelnberg, Kapp, MODUL, 3A 622.

The current paper provides a short look over the author’s papers in the field of
accuracy hobs, published since 1975, but within an environment of small circu-
lation and without an overall view. In two recent studies, Hiltcher a.o. (2006) and
Radzevich (2007) step up the research on the hobs to make located, numerical
controlled contact in helical worms, respectively the geometric optimization of
hobs processing involute cylindrical gears.
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3 General Method for the Study of Hob Geometry

The study steps can be visualised on the scheme in Fig. 1 (Miloiu 1975). Given the
basic rack of the gear for which the hob is calculated (Block B1), the hob envelope
worm is generated for the reference position of the rack (Block 2). Eventually the
rake surface of the hob is defined (Block 3).

Crossing the surface from the blocks 2 and 3, the reference cutting edge of the
hob is obtained (Block 4). In the Block 5 the normal to the reference cutting edge
is established. By imposing the relieving motion and a certain relative position
between the abrasive relieving tool and the hob (Block B6), the reference edge
generates the surface of the abrasive tool (Block B7).

Using the abrasive tool obtained, the hob clearance surface relieved is gener-
ated (Block B8). The next two steps define the actual cutting edge (the Block B9)
and evaluate the hob profile deviation (Block B10) for certain re-sharpenings: the
links AB and CD. The deviation is evaluated in axial plan.

Passing step by step through B2-B10, for the whole hob re-sharpening interval,
the cumulated profile error is established, respectively the interval within which
the actual axial profile fits. To reduce the cumulated profile error, the setting
parameters for relieving and the link EF are modified.

The basic rack (Block B1). It is defined by the vector radius X, = X, (u, p) and
the normal N, = N, (u).

The generation of the hob enveloping worm (Block B2). The equations of the
envelope worm have the form: Xy; = Xy (u, v, AR), where AR is the displacement
of the rack from the reference position: AR = Ha.3. To write Xy, the cinematic
method for the study of mutually enveloping surfaces (Lashnev 1971; Litvin 2009)
is used. The matrix for transfer from the reference system related to the rack S, to
the system related to the envelope worm Sy, (Fig. 2), Ty, the reverse thereof—
Tewm, and the relative speed between Xy and X, Vi, are respectively:

E The generatrix B6| Setting parameters -
surface-reference surface on generation by relieving|~ !

B2| Generation of the < 13_ B7| Abrasive tool E
hob enveloping worm _E surface generation !

M Hob rake surface | C E M Generation of the actual E
1: ! clearance surface relieved '

M The exact hob E E M Actual cutting edge of the '
cutting edge v hob |

B5| The normal to the L _1§_B10 Evaluation of hob | _J:

reference cutting edge <-- D™ profile precision E

Fig. 1 The layout for the study of the geometry of hobs designed for gear cutting
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Fig. 2 The systems of Xen
coordinate axes at the
generation of the hob
enveloping worm Xy

X

—cosvsinf cosvcosl —sinv  Rsinv
T cos 0 sin 0 0 Hyv (1)
MC= 1 _sinvsin@ —sinvcosf —cosv Rcosv
0 0 0 1
—cosysinf) cosf —sinvsinf —Hyvcos0
T _ | cosvcos 0 sin0 sinvcos —Hpyvsin0 2)
o= —sinv 0 —Ccos v R
0 0 0 1
0Tyc

Ve = Teu . Xc
Zen SiN 0 — Rsin 0 + Hy; cos 0

Zen €08 0 4+ Rcos 0 + Hyysin 0
= | —(Kxensin 0 — y, cos 0)[1 — cos v(cos v — sin v)] + z¢, sin v(cos v — cos 0)
“+Rsinv(cos v + cos 0)
0
(3)
From:
Nc(u),VMc(M,V,P) :f(M7V,p) =0 (4)
results a relation between the parameters u, v and p:
p=f(uv) (5)
and from:
Xu = TucXc (6)

we get the equations of the family of envelope worms:
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—(KXensin 0 — y,, cos 0) cos v — (z¢, — R) sinv
X — Kx¢, cos 0 4 ye,sin 0 + Hyv (7)
M= (kxensin 0 — e, c0s 0) sinv — (2, — R) cos v

0

The rake surface (Block B3). The equations of the surface X, (Fig. 3) are:

tsin(y + w +3) — Rycos(y + w + 3)
—H,w
X, = [
v rcos(y +w+3) + Rysin(y +w +3) |’ ®)
1

where: H, = R,/ tg 0,, R, = R,.siny.
The actual cutting edge (Block B4). The edge C, is obtained by crossing Xy
with X, which is analitically equivalent to:

W = yM(ua V, AR) / (_H}’);
C = [, 1, AR) — Rysin(y+w+3) cos(rtw+3) ¢ (9)
xm(u,v,AR) — t sin(y +w+3) + Ry.cos(y+w+3) =0

Considering these relations, the edge C, is:
Xa = Xa(u, 3). (10)

For 3 = 3¢ = 0, (10) defines C,, (of reference).
The normal to reference cutting edge (Block BS). The vector normal on C,, (C,,
is on the surface relieved X,), X, = X, (u;, 3) is defined by the product:

N, = D Xy D Xy(5)- (11)

In which DXa(u) is the derivative along the curve Cao (3 = constant), and
DXwa(3) is the derivative along the relieving directrix. DXa(u) and DXw«(3) are
obtained by the finite difference method.

Fig. 3 The generation of the
hob rake surface (sharpening
surface)
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The setting parameters on generating by relieving the hob clearance surface
(Block B6). The values of the setting parameters Wy, ¥,, W5, dy (Figs. 4 and 5) are
given in the Table 1, corresponding to the relieving with the three types of
abrasive tools known: cylindrical, disc, straight. The following symbols are used in
this table: Ry—the reference radius of the hob; 6—the angle of the reference helix
of the hob; Rg—the abrasive disc radius; h;—the depth of the dedendum of the
generatrix rack tooth do—the reference distance between the origins of the
coordinate systems related to the hob (S,) and to the abrasive tool (Sg).

The abrasive tool surface generation (Block B7). The surface relieved X, in the
relative motion V, given by the law of motion between X si X, generates a
surface X, in the reference system S, the cinematic relation being:

Ns, V= 0 (12)

The revolution surface X of the abrasive tool is determined as a surface tangent
to X, enforcing the normal N, on X, to pass through the tool axis, that is:

j57 (Xs- Nv) =0, (13)

where j, is the matrix of the versor of the axis of the abrasive tool in relation to the
reference system S, and N,—the matrix of the common normal of the mating
surfaces.

The family of surfaces X, in the system Sg will be defined by the equations:

x;gms,u;

v (u, 3, n 14

J(u 3 0) (14)
1

X;(WS»#)Z

The monoparametric meridian curve (u) of the surface X is determined elim-
inating from X’, two parameters, by means of the relations (12) and (13).

From the above mentioned results that in general the characteristic curve [
between X and X, does not coincide with the cutting edge, having in common
only one point. In consequence, the method described can not produce any the-
oretically exact edge.

Fig. 4 The reference
positions for relieving
cylinder and disc abrasive
tools

Axa frezei
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d:du'“ll"

Fig. 5 The scheme of generation of the abrasive tool X by the reference cutting edge of the hob
C, and the generation of the surface relieved X, by X

Table 1 Setting parameters for relieving

Abrasive tool Fig U 12 12 d

Cylinder 4 0 /2 0 Ry + pHp

Disc 4 0 0 0 ~ 0y Ry +\Rg +pHp—h;y
Straight 5 Wl W2 V3 do + pHa

In case an exact edge is imposed, the parameter 3 being constant, the calculus
process becomes over defined through the Eqgs. (12) and (13). This is why the
problem is solved by means of a compromise. Adopting the parameter 3, only the
Eqgs. (13) is considered, replacing N, with Nj, a vector resulting from the vectorial
product of the relative speed vector and the vector tangent to the cutting edge,
DXy, (the Block BS). Considering Fig. 5, from where result the transfer matrices
T, and Ty, and the verso of the axis of the abrasive tool js;, we can write the
following form for (13), the cinematic relation between X, and X:
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F(u, u) = xsng3 — zgng; = 0, (15)

where (X, Vs, Zs) are the components for X, and (ng;, ngp, ng3) are the components
for Ni.

The median curve of the abrasive tool, C,,, has the position vector of a current
point X, and the normal N, :

0 0
X, = Ys Ny, = 2o (16)
X5COS § — Zgsin s Ns1 COS § — g3 Sin §
1 1
where s is:
s = arc tg (xs/ zs) (17)

The generation of the actually relieved clearance surface (Block B8). Imposing
the generation way from Fig. 5, the tool X  generates by relieving the clearance
surface o the hob X,. Since the characteristic I'; and the profile C,,, change their
position and form depending on the parameter 3, profile error occur at the abrasive
tool and at the hob.

Introducing the rotation parameter t, the surface X and the corresponding
normal are written:

XS = Xs(u, T, 30§NS = NS (l], T, Z)o) (18)

Taking into account Ty, and T, (Fig. 5) and (18), the relative speed abrasive
tool—hob is:

Vas = (Tsa Tas) Xs (19)

From the condition of meshing of the surfaces X; and X, results a relation
between the parameters, such as: u = f (7). The surface relieved X, results:

Xy = TpXs = Xot<u777 v, 3) (20>

The actual cutting edge (Block BY). Crossing X, (20) with X, (8), we obtain the
actual cutting edge C*:

X, = Xr(u, ;‘()) (21)

The evaluation of the precision of the actual profile (Block 10). The actual edge
C*, (21) deviates from the exact edge C, (10).

The evaluation of the deviation is done in the axial plan of the hob, for discrete
values of the parameter 3 (re-sharpening). The axial profiles obtained through the
helicoidal projection of the edges C, and C,, C*, and C*,, Fig. 6, have the
equations:
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Fig. 6 The evaluation of hob

precision
0 0
o | Hy - arctg(x,/z,) | . x| Ya~ Hy - arctg(Xa/za) (22)
r /xr2 +Zr2 » Ca T /va +Za2
1 1

The profile deviation is considered perpendicular to the exact profile

4 The Customizing of the General Theory to Hobs for W-
N Gears. Numerical Results

The basic rack is defined by the vectors (Fig. 7):

K{(riky + ryk;) cos, +(xa — u sin y)k, + [aky — (b + 7/2)]ks + (r3sinu — n/2)ky — /2
0
—(riky + r2ks) sinu — (z4 — u cos y)ka + cks + [hy — r3(1 — cos u)ks
1

Xc =

(23)
—(riky + r2k3) cos u + ky cos y — kg + sinu
0
Ne = K[—(rik) + ryks) sinu — ky sin y)ky + kqr3 cos u) (24)
0

in which K = &+ 1: K = + 1 corresponds to the left flank of the rack, and K = —1
to the right flank.
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Fig. 7 The definition of the e
basic rack (type GOST— I r
15023) e A
] u =
4 e Reference
A\ X _ line
a of
: X
-_=
8 f g
v
. ] —— -
tooth line - /R gap oxis

For the numerical definition of a point from the surface X, a discrete value of
the parameter u is considered, contained within the limits u; < u < u,:
U = Umin — (1 +ki + ko + ks + kyg). Au;
Uz = Umax — (1 +ki+ ko + k3 —|—k4).Au,
where u,,,, and u,,;, are extended with 10 % on the branch r; and with about 15 %

on the branch r3; the pitch Au (15 points on the branches I and III, 5 points on the
branches II and IV—Fig. 7):

Au = (umax— umin) / (151(1 + 5k, + 15k; + 5k4)

Several numerical results are eventually given for the hob with the following
parameters:

(normal) modulus m, = 14

diametral coefficient Q= 10;Q = 2R,/ m,
number of grooves 7Zp =8

relief Ka = 12;14;16

rake angle y=0°;3°;6°

position angle 0=45°,5;55°

re-sharpening interval 3 = 0°; £3°; +6°.

The checking (axial) profile of the hob (the envelope worm) is presented in
Table 2; the coordinates are given in 5 points on the branches I and III, respec-
tively two points on the branch II.

Table 3 shows the coordinates of the profile of the cylinder type abrasive tool.
Since 0 # 0, (0, = 5.71°), one profile results for the grinding tool used at the
right flank and another one for the tool used for the left flank. The difference
AO = 0.21° being quite small, the profile differences are very small. On
re-sharpening the hob the profile deviations presented in Fig. 8 appear (evaluated
on the abrasive tool). It is found that these deviations increase with the increase of
the rake angle y, for the same hob re-sharpening interval.

The influence of the basic rack position 0 over the profile deviation is presented
in Fig. 9, for two values of the relief K, and three values of the rake angle y of the
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Table 2 The checking (axial) profile the W—N hob
Branch and profile point HOB:m, =14,Q =10;Zg=8; Ky = 14; 0 = 5,5°

3=0° 3=3 3=06°
Z Yous Ysop 2 Yow: Ysy Z Yo Yo
1 1 82,60 16,88 83,53 16,88 84,47 16,88
4 80,72 15,00 81,65 15,00 82,59 15,01
7 78,58 1343 79,51 1343 80,45 13,43
10 76,22 12,20 77,16 12,20 78,09 12,21
13 73,71 11,34 74,64 11,35 75,58 11,35
- 2 70,89 10,83 71,81 10,82 72,75 10,82
5 67,67 10,35 68,58 10,34 69,49 10,34
I 4 65,12 9,76 66,04 9,75 66,97 9,75
7 62,72 8,78 63,65 8,77 64,58 8,77
10 60,51 742 61,44 742 62,37 741
13 58,55 5,73 59,48 5,72 60,42 5,72

hob. In all cases, the profile deviations are smaller for y = 0, and for 6 angles close
to the angle of the reference helix (0, = 5.71°). As regards K,, the deviations
increase with bigger Ky reliefs (Fig. 10).

The influence of hob re-sharpening on the profile deviation is shown in Fig. 10.
It is found that: at re-sharpening behind the reference rake surface (3 < 0) the
profile errors are positive, and at re-sharpening in front of the reference surface
(3 > 0)—they are negative; the profile deviations on re-sharpening are smaller for
y = 0 than for y = 6° or 3° Fig. 11

From the Table 4, in which the profile deviations calculated and those admis-
sible (DIN 3968) are presented, results that: 1. For the hobs with y = 0 and
re-sharpening 3 = =+ 3°, the theoretical profile precision fits within class A at
m = 4-14, but not also at m = 20; 2. For y = 3° and 3 = & 3°,—<class A at
m = 4-10; 3. For y = 6°, class A can not be obtained at any moduli; 4. For y = 3°
atm = 14 and 20, and at y = 6° for all the moduli, the theoretical profile precision
corresponding to class A is obtained only for re-sharpening within narrower than
six degrees.

5 Researches on the Geometry of Hob Re-Sharpening

Using in principle the study method described in Chap. 3, for the study of the
precision in relieving hobs, in the papers (Miloiu et al. 1980) and (Miloiu 1987) a
general method for the study of the geometry of the sharpening (rake) surface of
hobs with helicoidal grooves and of the abrasive (straight) tool used for sharpening
is presented.

The exact geometry of the abrasive tool has been studied in the paper Bocian
and Miloiu (1977). There are several papers in which results of the numerical
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Table 3 The profile of cylinder abrasive tool for relieving the W—N hob
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Profile point

HOB: mn = 14; Q = 10; Zg = 8; Ko = 14; 0 = 5,5°

Right Left
Y, Z, Y, Z,
Iy 1 15,80 13,16 —15,72 12,73
2 15,08 12,50 —15,02 12,11
3 14,40 11,81 14,35 11,45
4 13,76 11,10 —13,72 10,77
5 13,17 10,36 —13,13 10,07
6 12,61 9,61 —1,58 9,34
7 12,10 8,83 12,08 8,59
8 11,62 8,03 —11,61 7,81
9 11,20 7,22 11,18 7,02
10 10,81 6,39 ~10,80 6,21
11 10,47 5,54 —~10,46 5,38
12 10,17 4,69 -10,17 4,54
13 9,92 3,82 —-9,92 3,69
14 9,71 2,94 —-9,71 2,83
15 9,55 2,05 -9,55 1,96
Straight 1 9,55 2,05 -9,55 1,96
2 9,39 0,99 —-9,39 0,91
3 9,23 0,06 -9,23 -0,13
4 9,07 ~1,11 —9,07 ~1,16
5 8,91 2,15 -8,91 2,19
r 1 8,91 2,15 ~8,91 ~2,19
2 8,76 2,96 -8,76 —3,00
3 8,58 -3,76 -8,57 -3,79
4 8,35 —4,53 ~8,34 —4,56
5 8,07 530 —8,07 532
6 7,76 —6,04 -7,75 —6,06
7 741 —6,77 —7.40 —6,78
8 7,02 7,48 ~7,00 7,49
9 6,59 —8,17 —6,57 -8,18
10 6,12 -833 —6,10 —8.84
11 5,61 —9.48 ~5,59 —9,49
12 5,07 -10,10 —5,05 —10,11
13 4,49 -10,70 —4.48 ~10,71
14 3,88 —11,27 -3,86 —11,29
15 3,23 —11,82 321 11,85

research on the effectiveness of the profiling systems of hob sharpening machines
(Fig. 10) have been presented: Bocian et al. (1977a, b, 1978), Miloiu and Visa
(1983a, b, 1984a, b, 1985, 1987), Visa and Miloiu (1980a, b, 1983b, 1984).

In the Table 5 (Miloiu and Visa 1984b) several numerical results are presented,
which allow the comparison of three systems being used for the profiling of the
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Fig. 8 Profile deviation at the cylinder type abrasive tool used to relief hobs 3 = & 6° against
the profile corresponding to re-sharpening 3 = 0°

Fig. 9 The influence of the mp,=14; Q=10; Z;=8
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abrasive disc, between them and in relation to the tolerances admitted by the
norms. Findings: (1) the smallest deviations are obtained at the elliptical profiling
with three optimising parameters and at profiling by a trigonometric function;
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Fig. 10 The influence of Az=3°
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Fig. 11 The classification of the systems
helicoidal grooves
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Ks=12

K4=14

used to dress the sharpening disc for hobs with

(2) the profiling deviations of the system with elastic blade are 2-3 times bigger
than those of the other two systems; (3) the profiling deviations increase with the
angle of the sharpening helix and with the depth of the surface profiled.



502

G. Miloiu

Table 4 Fitting within class A, DIN 3968, of the theoretical profile errors of hobs used to cut W—

N gears
Hob mn/ vy Profile deviation pm at  Profile Deviation/ The re-
Q/Ka degrees 3 = + 3° tolerance um  tolerance % sharpening
interval for
class A
Degrees mm
4/72/17 0 32 10 32 18,8 14,8
3 7.3 73 82 6,5
6 13,1 131 4,6 3,65
6/18/9 0 5 12 42 14,4 13,6
3 10,8 90 6,7 6,3
6 14 117 5.1 4,85
8/15/10 0 6,4 16 40 15 15,8
3 13,4 84 7,2 7,6
6 23,2 145 4,1 43
10/13,5/ 0 6,5 16 40,5 14,8 17,6
12 3 13,8 86,5 6,9 8,2
6 24 150 4 4,75
14/10/14 0 15 20 75 8 9,8
3 25 125 4.8 59
6 39 195 3,1 3.8
20/8,5/18 0 30 25 120 5 7,5
3 45 180 33 4,9
6 64 256 2,35 35
Table 5 The precision of sharpening disc profiling
Hobs Profiling system Disc and  Optimising Profile
) 0, generation parameters, mm deviation, mm
way
m  Pg .
zg T Dg a=n1 11 I Ar Fin AclFin @)
66,5 6°19'38" Elliptical 200 15° 36,33 8,12 792 12,3 32 38
6 1530 tri-parametric
1 20 With elastic 200 20° 6,89 6,85 - 28 32 73
blade
Trigonometric 200 20° - - - 17 32 53
profile
175 39°3'43" Elliptical 190 30° 42,01 —-9,94 17,31 23,5 40 59
8 600 tri-parametric
16 24 With elastic blade 190 20° 14,44 16,84 - 21,4 40 178
Trigonometric 190 20° - - - 23 40 57

profile
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Fig. 12 Range of hobs used to cut W-N gears made by NEPTUN Campina

Fig. 13 Hob relieving on the
machine HSF—33A—
Klingelnberg
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Fig. 14 Hob inspection on
the device PWF 250—
Klingelnberg

6 Technological Aspects

The author has made at the gearbox factory NEPTUN Campina hobs with the
moduli m, =4; 10; 14 and 20 (Fig. 12). Profile sharpening, relieving and
inspection have been done on Klingelnberg machines—see Figs. 13 and 14. Based
on the coordinate profile (envelope worm) measuring settings have been done at
the relieving machine; finally the hobs fitted within the precision class A to DIN
3968.
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The Optimization of the Straight Bevel
Gears Used in the Mechanical
Transmissions of a PV Tracker

Gheorghe Moldovean, Bianca Butuc and Radu Velicu

Abstract In the context of nowadays economical development of the world,
energy saving and obtaining energy from renewable sources are priority targets of
many governments. As such, using tracking devices to optimise the energetic
efficiency of the photovoltaic conversion systems represents a viable method from
the economical and technical point of view. The efficiency and the durability of the
tracking systems of photovoltaic platforms depend on the characteristics of their
mechanical transmissions. Therefore, the straight bevel gears, as component parts
of the mechanical transmissions of different tracking systems, must be designed
considering the functional and constructive features of the tracking systems. This
paper presents a calculus program, developed to generate the optimum construc-
tive solution of a straight bevel gear of a particularly azimuthal tracking system;
the calculus program is developed based on the indications and relations presented
in the ISO 10300-1, 2, 3 standards.

Keywords Straight bevel gear - Optimization criteria - PV trackers

1 Introduction

The constructive optimization of a product is the process based on which the best
solution for a particular product is determined. This optimization is based on the
objectives to be achieved, on the restrictions and on variables that can be modified.
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A product having all the objectives optimized is not a realistic one due to the
conflicting nature of the objectives to be optimized (Deaky 2009).

The objectives to be achieved in the designing process must be specified based
on the product feasibility research. The non feasible solutions are not taken into
consideration due to the constraints. Considering both the objectives and the
constraints, the technical problem is identified and solved. Many possible solutions
are generated in this way. They are analyzed considering the optimization criteria
and are grouped in three categories of solutions: the accepted solutions, the
rejected solutions and the ones that have to be modified. At the end of the process,
the optimum solution is determined.

The designer has to decide on the optimum solution considering his experience.
The researchers proposed different techniques for solving the multi-criteria opti-
mization (known as multi-objectives optimization). The optimization algorithms
are based on non linear techniques. The multi-criteria optimization are based on
different algorithms: evolutive algorithms (Ghosh and Dehuri 2004), genetic
algorithms (Tudose and Dumitru 2002), artificial intelligence (fuzzy-logical or
neuronal) (Mil¢i¢ and Miltenovié 1999), algorithms based on intervals and criteria
marks (Bobancu and Cioc 2003; Ichida and Fujii 1990). The optimization of the
bevel gears is specified in literature by Rey (2004).

2 Criteria for the Optimizations of the Straight Bevel
Gears

Based on the required input data such as torque transmission, operating speed, gear
ratio and operating conditions, sizing relations for straight bevel gears are fulfilled
by many values of the parameters included. Considering different ranges of these
values, the number of the possible solutions decreases, but remains high enough.
Therefore, the optimum constructive solution—that considers the specific con-
structive, technological and functional characteristics of the bevel gear—is
determined considering one of the optimization methods presented in the branch
literature.

In order to determine the optimum solution for the straight bevel gear this paper
is proposing an optimization method based on certainty decisions. This method is
also used and presented in several papers, such as (Deaky 2009) for cylindrical
gears, and in (Velicu 1999) for pla