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Preface

The field of partial differential equations (PDE for short) has a long history going
back several hundred years, beginning with the development of calculus. In this
regard, the field is a traditional area of mathematics, although more recent than
such classical fields as number theory, algebra, and geometry. As in many areas
of mathematics, the theory of PDE has undergone a radical transformation in the
past hundred years, fueled by the development of powerful analytical tools,
notably, the theory of functional analysis and more specifically of function
spaces. The discipline has also been driven by rapid developments in science and
engineering, which present new challenges of modeling and simulation and
promote broader investigations of properties of PDE models and their solutions.

As the theory and application of PDE have developed, profound unanswered
questions and unresolved problems have been identified. Arguably the most
visible is one of the Clay Mathematics Institute Millennium Prize problems!
concerning the Euler and Navier-Stokes systems of PDE that model fluid flow.
The Millennium problem has generated a vast amount of activity around the
world in an attempt to establish well-posedness, regularity and global existence
results, not only for the Navier-Stokes and Euler systems but also for related
systems of PDE modeling complex fluids (such as fluids with memory, polymeric
fluids, and plasmas). This activity generates a substantial literature, much of it
highly specialized and technical. Meanwhile, mathematicians use analysis to
probe new applications and to develop numerical simulation algorithms that are
provably accurate and efficient. Such capability is of considerable importance,
given the explosion of experimental and observational data and the spectacular
acceleration of computing power.

Our text provides a gateway to the field of PDE. We introduce the reader to a
variety of PDE and related techniques to give a sense of the breadth and depth of
the field. We assume that students have been exposed to elementary ideas from
ordinary differential equations (ODE) and analysis; thus, the book is appropriate
for advanced undergraduate or beginning graduate mathematics students. For the
student preparing for research, we provide a gentle introduction to some current
theoretical approaches to PDE. For the applied mathematics student more
interested in specific applications and models, we present tools of applied
mathematics in the setting of PDE. Science and engineering students will find a
range of topics in the mathematics of PDE, with examples that provide physical
intuition.

Our aim is to familiarize the reader with modern techniques of PDE,



introducing abstract ideas straightforwardly in special cases. For example,
struggling with the details and significance of Sobolev embedding theorems and
estimates is more easily appreciated after a first introduction to the utility of
specific spaces. Many students who will encounter PDE only in applications to
science and engineering or who want to study PDE for just a year will appreciate
this focused, direct treatment of the subject. Finally, many students who are
interested in PDE have limited experience with analysis and ODE. For these
students, this text provides a means to delve into the analysis of PDE before or
while taking first courses in functional analysis, measure theory, or advanced
ODE. Basic background on functions and ODE is provided in Appendices A-C.

To keep the text focused on the analysis of PDE, we have not attempted to
include an account of numerical methods. The formulation and analysis of
numerical algorithms is now a separate and mature field that includes major
developments in treating nonlinear PDE. However, the theoretical understanding
gained from this text will provide a solid basis for confronting the issues and
challenges in numerical simulation of PDE.

A student who has completed a course organized around this text will be
prepared to study such advanced topics as the theory of elliptic PDE, including
regularity, spectral properties, the rigorous treatment of boundary conditions; the
theory of parabolic PDE, building on the setting of elliptic theory and motivating
the abstract ideas in linear and nonlinear semigroup theory; existence theory for
hyperbolic equations and systems; and the analysis of fully nonlinear PDE.

We hope that you, the reader, find that our text opens up this fascinating,
important, and challenging area of mathematics. It will inform you to a level
where you can appreciate general lectures on PDE research, and it will be a
foundation for further study of PDE in whatever direction you wish.

We are grateful to our students and colleagues who have helped make this book
possible, notably David G. Schaeffer, David Uminsky, and Mark Hoefer for their
candid and insightful suggestions. We are grateful for the support we have
received from the fantastic staff at Princeton University Press, especially Vickie
Kern, who has believed in this project from the start.

Rachel Levy thanks her parents Jack and Dodi, husband Sam, and children
Tula and Mimi, who have lovingly encouraged her work.

Michael Shearer thanks the many students who provided feedback on the
course notes from which this book is derived.

1. www.claymath.org/millennium/.
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CHAPTER ONE

Introduction

Partial differential equations (PDE) describe physical systems, such as solid and
fluid mechanics, the evolution of populations and disease, and mathematical
physics. The many different kinds of PDE each can exhibit different properties.
For example, the heat equation describes the spreading of heat in a conducting
medium, smoothing the spatial distribution of temperature as it evolves in time;
it also models the molecular diffusion of a solute in its solvent as the
concentration varies in both space and time. The wave equation is at the heart of
the description of time-dependent displacements in an elastic material, with wave
solutions that propagate disturbances. It describes the propagation of p-waves
and s-waves from the epicenter of an earthquake, the ripples on the surface of a
pond from the drop of a stone, the vibrations of a guitar string, and the resulting
sound waves. Laplace’s equation lies at the heart of potential theory, with
applications to electrostatics and fluid flow as well as other areas of mathematics,
such as geometry and the theory of harmonic functions. The mathematics of PDE
includes the formulation of techniques to find solutions, together with the
development of theoretical tools and results that address the properties of
solutions, such as existence and uniqueness.

This text provides an introduction to a fascinating, intricate, and useful
branch of mathematics. In addition to covering specific solution techniques that
provide an insight into how PDE work, the text is a gateway to theoretical studies
of PDE, involving the full power of real, complex and functional analysis. Often
we will refer to applications to provide further intuition into specific equations
and their solutions, as well as to show the modeling of real problems by PDE.

The study of PDE takes many forms. Very broadly, we take two approaches in
this book. One approach is to describe methods of constructing solutions, leading
to formulas. The second approach is more theoretical, involving aspects of
analysis, such as the theory of distributions and the theory of function spaces.

1.1. Linear PDE

To introduce PDE, we begin with four linear equations. These equations are basic
to the study of PDE, and are prototypes of classes of equations, each with
different properties. The primary elementary methods of solution are related to
the techniques we develop for these four equations.

For each of the four equations, we consider an unknown (real-valued)



function u on an open set U ¢ R™. We refer to u as the dependent variable, and x
= (x;, X,, ..., X,) € U as the vector of independent variables. A partial differential
equation is an equation that involves x, u, and partial derivatives of u. Quite
often, x represents only spatial variables. However, many equations are
evolutionary, meaning that u = u(x, t) depends also on time t and the PDE has
time derivatives. The order of a PDE is defined as the order of the highest
derivative that appears in the equation.

The Linear Transport Equation:
u; + cu, =0. (L.1)

This simple first-order linear PDE describes the motion at constant speed c of a
quantity u depending on a single spatial variable x and time t. Each solution is a
traveling wave that moves with the speed c. If ¢ > 0, the wave moves to the right;
if ¢ < 0, the wave moves left. The solutions are all given by a formula u(x, t) =
f(x — ct). The function f = f(§), depending on a single variable £ = x — ct, is
determined from side conditions, such as boundary or initial conditions.

The next three equations are prototypical second-order linear PDE.
The Heat Equation:
u, =kAu. (1.2)

In this equation, u(x, t) is the temperature in a homogeneous heat-conducting
material, the parameter k > 0 is constant, and the Laplacian A is defined by

1} 82 .
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in Cartesian coordinates. The heat equation, also known as the diffusion
equation, models diffusion in other contexts, such as the diffusion of a dye in a
clear liquid. In such cases, u represents the concentration of the diffusing
quantity.

The Wave Equation:
Uy =c?Au. (1.3)

As the name suggests, the wave equation models wave propagation. The
parameter ¢ is the wave speed. The dependent variable u = u(x, t) is a
displacement, such as the displacement at each point of a guitar string as the
string vibrates, if x € R, or of a drum membrane, in which case x € R2 The
acceleration u,, being a second time derivative, gives the wave equation quite
different properties from those of the heat equation.



Laplace’s Equation:
Ay =), (1.4)

Laplace’s equation models equilibria or steady states in diffusion processes, in
which u(x, t) is independent of time t,! and appears in many other contexts, such
as the motion of fluids, and the equilibrium distribution of heat.

These three second-order equations arise often in applications, so it is very
useful to understand their properties. Moreover, their study turns out to be useful
theoretically as well, since the three equations are prototypes of second-order
linear equations, namely, elliptic, parabolic, and hyperbolic PDE.

1.2. Solutions; Initial and Boundary Conditions

A solution of a PDE such as any of (1.1)—(1.4) is a real-valued function u satisfying
the equation. Often this means that u is as differentiable as the PDE requires, and
the PDE is satisfied at each point of the domain of u. However, it can be
appropriate or even necessary to consider a more general notion of solution, in
which u is not required to have all the derivatives appearing in the equation, at
least not in the usual sense of calculus. We will consider this kind of weak solution
later (see Chapter 11).

As with ordinary differential equations (ODE), solutions of PDE are not
unique; identifying a unique solution relies on side conditions, such as initial and
boundary conditions. For example, the heat equation typically comes with an
initial condition of the form

ux,0)=uyx), xeU, (1.5)
in which u, : U — R is a given function.
Example 1. (Simple initial condition) The functions u(x, t) = ae~‘sin x + be™*
sin(2x) are solutions of the heat equation u, = u, for any real numbers a, b.

However, a = 3, b = —7 would be uniquely determined by the initial condition
u(x, 0) = 3sinx — 7 sin(2x). Then u(x, t) = 3e~tsin x — 7e~* sin(2x).

Boundary conditions are specified on the boundary oU of the (spatial)
domain. Dirichlet boundary conditions take the following form, for a given function
f:0U — R:

ulx,t)=f(x), xe€adlU, t>0.

Neumann boundary conditions specify the normal derivative of u on the boundary:

—x, )= f(x), xe€adU, t=>0,
v



where v(x) is the unit outward normal to the boundary at x. These boundary
conditions are called homogeneous if f = 0. Similarly, a linear PDE is called
homogeneous if u = 0 is a solution. If it is not homogeneous, then the equation or
boundary condition is called inhomogeneous.

Equations and boundary conditions that are linear and homogeneous have the
property that any linear combination u = av + bw of solutions v, w, with a, b €
R, is also a solution. This special property, sometimes called the principle of

superposition, is crucial to constructive methods of solution for linear equations.

1.3. Nonlinear PDE

We introduce a selection of nonlinear PDE that are significant by virtue of
specific properties, special solutions, or their importance in applications.

The Inviscid Burgers Equation:
u, +uu, =0 (1.6)

is an example of a nonlinear first-order equation. Notice that this equation is
nonlinear due to the uu, term. It is related to the linear transport equation (1.1),
but the wave speed c is now u and depends on the solution. We shall see in
Chapter 3 that this equation and other first-order equations can be solved
systematically using a procedure called the method of characteristics. However, the
method of characteristics only gets you so far; solutions typically develop a
singularity, in which the graph of u as a function of x steepens in places until at
some finite time the slope becomes infinite at some x. The solution then
continues with a shock wave. The solution is not even continuous at the shock,
but the solution still makes sense, because the PDE expresses a conservation law
and the shock preserves conservation.

For higher-order nonlinear equations, there are no methods of solution that
work in as much generality as the method of characteristics for first-order
equations. Here is a sample of higher-order nonlinear equations with interesting
and accessible solutions.

Fisher’s Equation:
Mg = Au + f(l/l),

with f(u) = u(l — u). This equation is a model for population dynamics when
the spatial distribution of the population is taken into account. Notice the
resemblance to the heat equation; also note that the ODE u’(t) = f(u(t)) is the
logistic equation, describing population growth limited by a maximum population
normalized to u = 1. In Chapter 12, we shall construct traveling waves, special



solutions in which the population distribution moves with a constant speed in
one direction. Recall that all solutions of the linear transport equation (1.1) are
traveling waves, but they all have the same speed c. For Fisher’s equation, we
have to determine the speeds of traveling waves as part of the problem, and the
traveling waves are special solutions, not the general solution.

The Porous Medium Equation:
u, = Au™). (1.7)

In this equation, m > 0 is constant. The porous medium equation models flow in
porous rock or compacted soil. The variable u(x, t) = 0 measures the density of a
compressible gas in a given location x at time t. The value of m depends on the
equation of state relating pressure in the gas to its density. For m = 1, we
recover the heat equation, but for m = 1, the equation is nonlinear. In fact, m =
2 for gas flow.

The Korteweg-deVries (KdV) Equation:
Uy + Uy, + Uy =0,

This third-order equation is a model for water waves in which the height of the
wave is u(x, t). The KdV equation has particularly interesting traveling wave
solutions called solitary waves, in which the height is symmetric about a single
crest. The equation is a model in the sense that it relies on an approximation of
the equations of fluid mechanics in which the length of the wave is large
compared to the depth of the water.

Burgers’ Equation:

U, + U, =Vi,,.
The parameter v > 0 represents viscosity, hence the name inviscid Burgers
equation for the first-order equation (1.6) having v = 0. Burgers’ equation is a
combination of the heat equation with a nonlinear term that convects the
solution in a way typical of fluid flow. (See the Navier-Stokes system later in this
list.) This important equation can be reduced to the heat equation with a clever

change of dependent variable, called the Cole-Hopf transformation (see Chapter
13, Section 13.5).

Finally, we mention two systems of nonlinear PDE.

The Shallow Water Equations:
h, + (hv), =0,
v, +vv, —gh, =0,

in which g > 0 is the gravitational acceleration. The dependent variables h, v



represent the height and velocity, respectively, of a shallow layer of water. The
variable x is the horizontal spatial variable, along a flat bottom, and it is assumed
that there is no dependence or motion in the orthogonal horizontal direction.
Moreover, the velocity v is taken to be independent of depth.

The Navier-Stokes Equations:
u, +u-Vu=-Vp+4+vAu,
V.-u=0.
describe the velocity u € R?® and pressure p in the flow of an incompressible

viscous fluid. In this system of four equations, the parameter v > 0 is the
viscosity, the first three equations (for u) represent conservation of momentum,
and the final equation is a constraint that expresses the incompressibility of the
fluid. In an incompressible fluid, local volumes are unchanged in time as they
follow the flow. Apart from special types of flow (such as in a stratified fluid),
incompressibility also means that the density is constant (and is incorporated into
V, the kinematic viscosity).

Interestingly, the momentum equation, regarded as an evolution equation for
u, resembles Burgers’ equation in structure. The pressure p does not have its own
evolution equation; it serves merely to maintain incompressibility. In the limit v
— 0, we recover the incompressible Euler equations for an inviscid fluid. This is a
singular limit in the sense that the order of the momentum equation is reduced. It
is also a singular limit for Burgers’ equation.

1.4. Beginning Examples with Explicit Wave-like Solutions

The linear and nonlinear first order equations described in Sections 1.1 and 1.3
nicely illustrate mathematical properties and representation of wave-like
solutions. We discuss these equations and their solutions as a starting point for
more general considerations.

1.4.1. The Linear Transport Equation

Solutions of the linear transport equation,
u, + cu, =0, (1.8)

where ¢ € R is a constant (the wave speed), are traveling waves u(x, t) = f(x —
ct). We can determine a unique solution by specifying the function f : R — R
from an initial condition
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Figure 1.1. Linear transport equation: traveling wave solution. (a) t = 0; (b) t >
0.
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ux,0) =ug(x), —00<x <00, (1.9)

in which u, : R — R is a given function. Then the unique solution of the initial

value problem (1.8), (1.9) is the traveling wave u(x, t) = u,(x — ct). A typical
traveling wave is shown in Figure 1.1.

Instead of initial conditions, we can also specify a boundary condition for this
PDE. Here is an example of how this would look, for functions ¢, ¢ given on the
interval [0, o):

(initial condition) u(x,0) =¢(x), ifx >0,

(boundary condition) u(0,1) = (1), ift>0. (1.10)

The solution u of (1.8), (1.10) will be a function defined on the first quadrant Q,
= {(x, t) : x = 0, t = 0} in the x-t plane. The general solution of the PDE is u(x,
t) = f(x — ct); the initial condition specifies f(y) for y > 0, and the boundary
condition gives f(y) for y < 0. Both are needed to determine the solution u(x, t)
on Q,.

1.4.2. The Inviscid Burgers Equation

This equation,

u, +uu, =0, (1.11)

has wave speed u that depends on the solution, in contrast to the linear transport
equation (1.8) in which the wave speed c is constant. If we use the wave speed to
track the solution, we can sketch its evolution. In Figure 1.2 we show how an
initial condition (1.9) evolves for small t > 0. Points nearer the crest travel
faster, since u is larger there, so the front of the wave tends to steepen, while the
back spreads out. Notice how Figure 1.2 differs from Figure 1.1. The solution u =
u(x, t) can be specified implicitly in an equation without derivatives:

u=ug(x — ut). (1.12)



u4 u(x, £)4

1 u = uy(x) u = uy(x — ut)

|

0 X 0 ¢ %
(a) (b)

Figure 1.2. Inviscid Burgers equation: nonlinear wave propagation. (a) t = 0; (b)
t > 0.
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Eventually, the graph becomes infinitely steep, and the implicit solution in (1.12)
is no longer valid. The solution is continued to larger time by including a shock
wave, defined in Chapter 13.

PROBLEMS

1. Show that the traveling wave u(x, t) = f(x — 3t) satisfies the linear transport
equation u, + 3u, = O for any differentiable function f: R — R.

2. Find an equation relating the parameters k, m, n so that the function u(x, t) =
e™ sin(nx) satisfies the heat equation u, = ku,,.

3. Find an equation relating the parameters ¢, m, n so that the function u(x, t) =
sin(mt) sin(nx) satisfies the wave equation u,, = c%u,,.

4. Find all functions a, b, ¢ : R — R such that u(x, t) = a(t)e>* + b(t)e* + c(t)
satisfies the heat equation u, = u,, for all x; t.

5. For m > 1, define the conductivity k = k(u) so that the porous medium
equation (1.7) can be written as the (quasilinear) heat equation

u, =V - (k(u)Vu).
6. Solve the initial value problem
iy Fdu; =0, —o<xce [0

u(x,0)=1(1 —I—xz)_l, —00 < X < Q.
7. Solve the initial boundary value problem

u; +4u, =0, O<x<oo, t>0,

w(x;0) =0, 0<x <00,
I

u0,t)y=te ', t=>0.

Explain why there is no solution if the PDE is changed to u, — 4u, = 0.



8. Consider the linear transport equation (1.8) with initial and boundary
conditions (1.10).

(a) Suppose the data ¢, g are differentiable functions. Show that the function
u:Q, — R given by
¢o(x —ct), ifx=>ct,
s ) = (1.13)
Yt —x/c), ifx<ct
satisfies the PDE away from the line x = ct, the boundary condition, and
initial condition. To see where (1.13) comes from, start from the general

solution u(x, t) = f(x — ct) of the PDE and substitute into the side conditions
(1.10).

(b) In solution (1.13), the line x = ct, which emerges from the origin x = t =
0, separates the quadrant Q, into two regions. On the line, the solution has
one-sided limits given by ¢, . Consequently, the solution will in general have
singularities on the line.

(i) Find conditions on the data ¢, ¢ so that the solution is continuous
across the line x = ct.

(ii) Find conditions on the data ¢, ¢ so that the solution is differentiable
across the line x = ct.

9. Let f: R — R be differentiable. Verify that if u(x, t) is differentiable and

satisfies (1.12), that is, u = f(x — ut), then u(x, t) is a solution of the initial value
problem

u, +uu, =0, —co<x<oo, t>0, ulx,0)=f(x), —00<x<00.
10. Letuy(x) = 1 — x?if —1 < x < 1, and uy,(x) = 0 otherwise.

(a) Use (1.12) to find a formula for the solution u = u(x, t) of the inviscid
Burgers equation (1.11), (1.9) with —1 < x < 1,0<r <.

(b) Verify that u(1,t) = 0, 0 <1 < 1.

(c) Differentiate your formula to find u (1, t), and deduce that u (1, t) —

— o as r— 1,

Note: u,(x, t) is discontinuous at x = =#1; the notation u (1-, t) means the
one-sided limit: #.(1", )= lim . (x,0) Similarly, + -} means, 1 — !, with ¢ < 1.

X =

1. However, there are time-dependent solutions, for example u(x, t) linear in x or independent of x.



CHAPTER TWO

Beginnings

In the previous chapter we constructed solutions for example equations.
However, much of the study of PDE is theoretical, revolving around issues of
existence and uniqueness of solutions, and properties of solutions derived without
writing formulas for the solutions. Of course, existence and uniqueness issues are
resolved if it is possible to construct all solutions of a given PDE, but commonly
this constructive approach is not available, and more abstract methods of analysis
are required. In this chapter we outline theoretical considerations that will come
up from time to time, give a somewhat general classification of single equations,
and then give a flavor of theoretical approaches by presenting the Cauchy-
Kovalevskaya theorem and discussing some of its ramifications. Finally, we show
how PDE can be derived from balance laws (otherwise known as conservation
laws) that come from fundamental considerations underlying the modeling of
most applications.

2.1. Four Fundamental Issues in PDE Theory

Generally, the theoretical study of PDE focuses on four basic issues, three of
which are lumped together as well-posedness in the sense of Hadamard.!

1. Existence: Is there a solution of the PDE satisfying a specific set of boundary
and initial conditions?

2. Uniqueness: Is there only one solution for a specific set of boundary and initial
conditions?

3. Continuous dependence on data: Do small changes in initial conditions,
boundary conditions, and parameters create only small changes in the
solution? We might say the solution is robust to changes in the data.
Sometimes, this property is called structural stability, or more loosely, stability.

The fourth property is generally separated from considerations of well-posedness:

4. Regularity: How many derivatives does the solution have? We sometimes refer
to this property as the smoothness of the solution.

Well-posedness is a desirable property if the goal is to model a repeatable
experiment, for example. Of the four properties, one could argue that the most
important property is existence. After all, what use is a PDE model if it does not
have a solution? In the theory of ODE, showing the existence of solutions is
generally straightforward, at least locally, based on the classical existence and



uniqueness theorem for initial value problems. In the previous chapter we
established existence by constructing solutions. However, in general the theory of
existence of solutions for PDE is a complex and highly technical subject.

Existence. The approach of this book is to study existence issues only for classes
of equations (and classes of solutions) for which the theory is elementary, such as
classical (i.e., continuously differentiable) solutions of first-order equations. For
second-order equations, we begin by choosing problems for which we can
construct explicit solutions, thus avoiding the technicalities of proving general
existence theorems. Toward the end of the book (see Chaps. 9-11), we introduce
some of the theoretical underpinnings of more general theories of PDE, such as
the theory of distributions, the use of Sobolev spaces, and maximum principles.

Uniqueness. Uniqueness is often the easiest property to establish. Moreover, it
does not require the existence of solutions, as we can state: “There exists at most
one solution.”

Continuous dependence. Continuous dependence can be established using
techniques from analysis that estimate the closeness of distinct solutions with
different data, in terms of the closeness of the data. Closeness of course involves
defining a suitable notion of distance—a metric—on both the space in which
solutions reside and on the space of data. These notions will be formally
introduced as needed.

Regularity. Regularity is generally the hardest property to characterize,
requiring the most delicate analysis. In this text we make observations about
regularity from explicit solutions; regularity more generally and theoretically
involves more technical machinery.

2.2. Classification of Second-Order PDE

When studying ODE, it is convenient to be able to distinguish among different
kinds of equations based on such criteria as linear vs. nonlinear and separable vs.
nonseparable. For PDE, there are also multiple ways to distinguish among
equations, some similar to the criteria for ODE. In the next chapter we discuss
first-order PDE in detail, showing that the theory is linked closely to systems of
first-order ODE.

For second-order equations, there are distinct families of equations,
distinguished by typical properties of their solutions. We identify the class of
hyperbolic equations, with wave-like solutions, and elliptic equations,
representing steady-state or equilibrium solutions. Between these two general
classes are the parabolic equations, which, like hyperbolic equations, have a



time-like independent variable but also have properties akin to those of elliptic
equations. The heat equation, the wave equation, and Laplace’s equation are
second-order linear constant-coefficient prototypes of parabolic, hyperbolic, and
elliptic PDE, respectively. Although this chapter is primarily about linear
equations in two variables, we include some remarks about equations with more
independent variables and nonlinear equations.

2.2.1. Constant Coefficients

To explain how the terms hyperbolic, elliptic, and parabolic come to be associated
with PDE, it is simplest to consider a second-order equation of the form

auxx + 2bbt_r}, + Cl/ty}, = .f’ (21)

where the coefficients a, b, c are real numbers, and the right-hand side f = f(x, y,
u, u, u,) is a given function containing any lower-order derivatives of u. The type
of the equation is determined by the nature of the quadratic form obtained from
the left-hand side of (2.1) by replacing each partial derivative by a real variable.
More formally, we define the principal part of the PDE as the left-hand side of
(2.1). Then the corresponding differential operator with principal indicated by the
superscript (p) is

L3, d,]=ad? 4 2bd,d, + cd_.

Associated with this differential operator is the quadratic form, known as the
principal symbol,

LP[g), &)= all + 2b&E + ¢, (2.2)

in which £ = (£, £,) €R2 The connection between principal part and principal
symbol is the observation

L(P)[ax) av]ei(ilx-f-fz)') _ —L(p)[ép éz]ef(cflx-f-iz)‘)_

This conversion from differential operators d,, d, to multiplication by i&,, i&, is
typical of integral transforms; in this case, the connection is to Fourier
transforms. The vector (&, &,) is the Fourier transform variable, or wave number.
Fourier transforms and their importance for the analysis of PDE are discussed in
Chapter 7.

The quadratic form (2.2) is associated with either a hyperbola (if b> > ac), an
ellipse (if b?> < ac), or is degenerate (if b> = ac). Correspondingly, we say the
PDE (2.1) is hyperbolic if b?> > ac, elliptic if b> < ac, and parabolic if b*> = ac,
provided the equation is second order (i.e., not all of a, b, ¢ are zero).

Example 1. (Classification) The partial differential operator L. = 0%x + ad?y, is



elliptic for @ > 0, hyperbolic for ¢ < 0, and parabolic for a = 0.
2.2.2. More General Second-Order Equations

A similar classification applies to second-order equations in any number of
variables. As usual, write x = (xj, X,, ..., X,) € R". Consider the equation
n

Y @y, = f, (2.3)

i,j=1
where f = f(x, u, u,, ..., u,,). We assume the real coefficients a; in the principal
part L?u (given by the left-hand side) are constant and symmetric in i, j: a; = a;.
(If they were not symmetric, we could rearrange the PDE using the equality of
mixed partial derivatives to achieve symmetry.) The principal symbol is then

n
L= Y a8, E=@E,.... &) (2.4
i,j=1
The type of the PDE depends on the nature of this quadratic expression, which
we can write in matrix form:

where A = (a;) is a real symmetric n X n matrix. If we change independent
variables with an invertible linear transformation B,

y=Bx;

then the chain rule changes the PDE (2.3). It is instructive (see Problem 2) to
work out that the principal symbol now has coefficient matrix BAB'. If B is an
orthogonal matrix, then B-! = B’ so that the linear change of independent
variables corresponds to a similarity transformation of A. Now let’s choose B to
diagonalize A, so that BABT has the n eigenvalues of A on the diagonal and zeroes
elsewhere. This is achieved by letting the columns of B be the orthonormal
eigenvectors of A. The effect on the PDE is to convert the principal part into a
linear combination of pure second-order derivatives, in which the coefficients are
the eigenvalues of A.

We say the PDE is elliptic if the eigenvalues of A are all nonzero, and all have
the same sign. The PDE is called hyperbolic if all eigenvalues are nonzero, and all
but one of them have the same sign. (There is the third possibility that, for n =
4, all but k eigenvalues, with 2 < k < n/2, have the same sign. This case is
called ultrahyperbolic, but it does not occur much, so we ignore it.) Finally, if
there is at least one zero eigenvalue, then we could consider the PDE to be
parabolic. In practice, parabolic equations occur most commonly as time-



dependent PDE like the heat equation, with a single zero eigenvalue. Such
parabolic equations typically have the form

gy=Lu+f,

where u = u(x, t), L is a linear elliptic operator with respect to the spatial
variables, and f = f(x, t, u, u,, ..., u,). In this equation, only one eigenvalue of
the coefficient matrix A is zero.

For each type of linear second-order PDE, we can find a change of
independent variables to transform the equation into a canonical form, in which
the corresponding matrix A is diagonal, so that only pure second-order
derivatives occur (i.e., no cross derivatives). In fact, the change of variables can
be done in general by observing how a linear change of independent variables
corresponds to a similarity transformation of A. Then we can reverse the process
to find the appropriate change of variables from a diagonalization of A.

Let x € R" be the independent variable, and suppose we introduce a linear
change of variables to y, through the orthogonal matrix B defined above, so that
BABT is diagonal:

y = Bx.

In coordinates, this reads v;=3"_ B;x;. If u = u(x), we define w(y) = u(Cy),

s =1

where C = B~1. Then a careful calculation gives

n n
Z Byjlhsai; = Z AWy, v,

i,j=1 i=1
where A, ..., A, are the eigenvalues of A.

Example 2. (Sample PDE operators) Let’s adopt the notation o, interchangeably
with 9/0,;. Here we display a PDE operator, the corresponding matrix A, and the
type of the operator:

j X 1 0
1. L= dy +4dy; A= (
: .0 4

) ; elliptic.
1 0 0
2. L=3 =30, -73;x;, =t X, =XX; =Yy, A=|0 -3 0 [; hyperbolic.

1

Notice that for a hyperbolic equation, the one eigenvalue with a different sign
suggests a time-like direction (associated with the corresponding eigenvalue).
After diagonalizing A, we can scale each independent variable so that in the
new variables, we have



2 2
L=037-) o
j=2

Variable coefficients and nonlinear equations. When the coefficients a; in
(2.3) are functions of x, u, u,4, ..., u,, then the classification can vary with x and
can also depend on the solution. Here are some examples:

1. The Tricomi Equation (related to steady transonic flow): u,, = yu,,. This linear
equation is hyperbolic for y > 0, elliptic for y < 0, and the x-axisy = 0 is
called the parabolic line. We say the equation changes type.

2. The Nonlinear Small Disturbance Equation: (E.f- ~4¢?) +9,, =0. This equation
changes type on the line ¢, = 1.

3. The Quasilinear Wave Equation: u,, = F(u,), is hyperbolic when F'(u,) > 0. To
see that it is hyperbolic, we write the equation as

Uy = FI(M);) Uyy-

However, when F'(u,) < 0, the equation is elliptic. For a given solution, the
change from hyperbolic to elliptic occurs on a curve F'(u (x, t)) = 0, where the
equation is parabolic.

4. The Semilinear Wave Equation: u, = Au + f(u, Vu, u). For u = u(x, t), x € R",
the principal part is linear and hyperbolic, but the equation is nonlinear if f :
R"*2 — R is nonlinear, for example f = flu) = u2

2.2.3. Dispersion Relations

For time-dependent linear PDE with constant coefficients, we can sometimes get
more information about solutions from a dispersion relation, which is connected to
the Fourier transform in the same way as the principal symbol (2.4). It is easiest
to see how this works in one space dimension and time, where u = u(x, t). The
basic idea is to consider a Fourier mode u,(x) = €®* as an initial condition. The
parameter £ = 0 is the wave number; it is the spatial frequency of u,. It is
convenient to use the complex form, because then derivatives are also
exponentials. Solutions will be of the form u(x, t) = e+ for some complex
number 0. But 0 = 0(§) depends on the wave number. This dependence is called
the dispersion relation. In general, o(§) is not a homogeneous function, unlike L®
[€], because o(&) involves the entire PDE, not just the principal part.

For the linear transport equation u, + cu, = 0, we find 0 = —icé.
Corresponding solutions u(x, t) = e**~ of the PDE are traveling waves (which is
no surprise, since all solutions of this equation are traveling waves). The linear



wave equation u, = c%u, has o(§) = *icé, corresponding to the traveling waves
u(x, t) = elfbxen,

For the heat equation u, = ku,,, we have 0 = —k&?. Therefore, every Fourier
mode decays exponentially, provided k > 0, and the rate of decay increases
quadratically with frequency. However, if k < 0, then each Fourier mode has
exponential growth in time, and the growth o(§) is unbounded as a function of
wave number &. This corresponds to ill-posedness, as it implies that a general
initial condition (which involves arbitrarily high wave numbers) will blow up
immediately. The same issue arises for initial value problems for elliptic

equations, such as Laplace’s equation. (See Section 2.3.3.)

The linearized KdV equation u, + cu, + fu,

XX

= 0 is an example of a
dispersive equation. We find that 0 = —iw is imaginary for all wave numbers,
and w = c& — P& The corresponding solutions u(x, t) = X~ gre
traveling waves, but the speed ¢ — B2 depends quadratically on the wave
number. From another point of view, w is the temporal frequency, so that
different Fourier modes oscillate in time at different frequencies. This is
dispersion in the mathematical sense of different spatial wave numbers giving
rise to traveling waves with different speeds and to oscillations at different
frequencies.

The linear Benjamin-Bona-Mahoney (BBM) equation u, + cu, + fu,, = 0 is

also dispersive, but the dispersion relation involves a bounded function w.
Another example of a dispersive equation is the beam equation u,, + k2 = 0.

XXXX

For dispersive equations the traveling wave speed w = w(§) is called the
phase speed or phase velocity. Another speed of interest is the group velocity,
defined as ¢(¢) = {-w(¢). The group velocity of dispersive equations is different
from the phase velocity. For nondispersive equations, such as the linear transport
and wave equations, both velocities are the same as the single traveling wave
speed or transport velocity. The roles of group velocity and phase velocity in
linear and nonlinear wave equations are discussed in detail by Whitham in his
classic text [46].

2.3. Initial Value Problems and the Cauchy-Kovalevskaya
Theorem

Up to this point we have only constructed solutions with explicit formulas. In this
section we outline an approach that constructs solutions as power series, leading
to a version of the celebrated Cauchy-Kovalevskaya? Theorem. We consider initial
value problems in a fairly general context, that of the second-order equation (2.1):



a(x, y)uyy +2b(x, y)uy, +c(x, YIuy, = f(x, y, u, uy, uy). (2.5)

An initial value problem consists of the PDE, together with initial conditions:

u(x, 0) = g(x)

u,(x, 0) = h(x). i)

We assume that all functions a, b, ¢, f, g h are all C~.

In this problem, y is time-like, in the sense that y = 0 is an initial time, and
we want to solve the initial value problem at least for a short time interval. The
analysis of this section applies to both positive and negative y. In this section we
discuss the existence of solutions that can be represented as a formal power series

about y = 0. Such a series would take the form
O

1
ulx,y) = Z Euk(x)yk. (2.7)
k=0 '

Remark. If (2.7) is a convergent series, then u has y derivatives of all orders, and

) = 0l 0 §=0,1.2, . (2.8)

Here the superscript indicates repeated derivatives: d‘u = %—u. Let’s make the key
assumption in (2.5) that c(x, y) is nonzero for all x in some interval I (and all y
near zero).® Then (2.7) can be written (by dividing by c):

dyyit = G (X, y, U, Oy, Oyt Dyylh, Dy, (2.9)

] ;
where G = g (fCe v, uuu)—alx, yw, . —2b(x, yYu,,).
c(x, y ' :

Claim 2.1. For any g h € C=(I), (2.9) plus initial conditions (2.6) uniquely
determine the C~ functions u,(x), k = 0, 1, ....

Remarks. While the claim seems to be a uniqueness result, it is also an existence
result, because it asserts that the functions u,(x) exist.

We are not going to prove the claim, but it is instructive to consider why it is
true. The terms in (2.8) with k = 0 and k = 1 are given by the initial conditions
(2.6). Differentiating these m = 1 times with respect to x gives 4" u(x, 0) = g™(x),
and 9"9,u(x,0) =h""(x). In particular, this gives us G on the right-hand side of (2.9)
when y = 0. Hence we have found d,,u(x, 0), which is u,(x).

To get u,(x) for k = 3, we differentiate the PDE (2.9) with respect to x and y,
successively calculating derivatives of higher and higher order in terms of
derivatives of the functions a, b, ¢, f, g h, and G. For example, to calculate
us(x) =dju(x,0), we differentiate the PDE with respect to y and set y = 0. Then



(from the chain rule) the right-hand side has a term with d,u,(x, 0). But we
already know this from (2.6): 8" d,u(x,0) = h""(x).

2.3.1. Limitations of the Power Series Representation of Functions

To examine the issue of convergence of the series (2.7) to a solution, we focus on
some properties of power series. Taylor’s Theorem with remainder (in one
variable) is the formula
N 1
y — (9 B k
f@y=2 — O —x +

k=0

1

EETLANE 2 A

A stringent condition (see (2.11)) is needed to be able to pass to the limit N — o
and ensure that the infinite series converges.

Example 3. (A function {(x) that is C~, but the Taylor series for ¢ fails to
converge to {(x) except at x = 0) Let

0 ifx <0,
(2.10)

€

C(X)Z{

[

it x == 1.
Note that

é‘(k)(O):O) k=0,1,2,---,

so the power series

converges to zero for all x, but not to the function {(x), which is nonzero for x >
0.

The term real analytic is reserved for C~ functions with convergent Taylor
series: A function f € C~(I) is called real analytic on the interval I if, for every x,
€ I, the power series

o0

1
>, Ef(k)(xo) (x — x0)*

k=0
converges to f(x) for all x in some neighborhood of x,,.

Proposition 2.2. Let f € C~(I). If there exist positive constants C and e such that (for
all x € I)

(2.11)




then f is real analytic on I.

This result makes sense if you are familiar with the root test for convergence
of series of numbers. The converse of the proposition is true with a restriction: if f
is real analytic on I, then the estimate (2.11) is uniform for x (C independent of
x) in compact subintervals of I.

We can extend the concept of real analytic to functions of two variables in an
open set 2 < R2, which will be relevant for the theorem below.

Definition. If u € C~(Q), u is real analytic if for every (x,, y,) € Q, there is a

neighborhood "V(xo,yo) of (x,, ¥,) such that for all (x, y) € J\f( the double series

XoY0)

Z Z —djd\,”(xm Yo) (x — x0) (v — yp)F (2.12)

j=0 k=0 -
converges to u(x, y).
2.3.2. The Cauchy-Kovalevskaya and Holmgren Theorems

These two theorems are part of the classical culture of the study of PDE. The
Cauchy-Kovalevskaya Theorem establishes the existence of real analytic solutions
of initial value problems for PDE (or systems of PDE) with analytic coefficients.
The Holmgren Theorem states that, under the conditions of the Cauchy-
Kovalevskaya Theorem, the real analytic solution is the unique C? solution
locally.

Theorem 2.3. (Cauchy-Kovalevskaya) Suppose that the functions a, b, c in (2.5) are
real analyticin I X (=6, 8), f is real analytic, and g, h are real analytic in I. Assume
(as before) that c(x, 0) = O for x € 1. Then the series (2.7) converges to a real
analytic solution of the initial value problem, for (x, y) in some neighborhood Q of I X

{0}.

Remark. The real analytic solution of the theorem is the sum of the series (2.7),
but it also has a double series expansion (2.12), since it is real analytic in a two-
dimensional open set.

There is only one real analytic solution, since a real analytic function is
determined by its derivatives at one point, and by Claim 2.1, these derivatives
are uniquely determined. The next result shows that even if the analyticity
assumption on solutions is relaxed, the solution is still unique.

Theorem 2.4. (Holmgren) Under the above hypotheses, there is a neighborhood Q2 of
I X {0} in R? with the property that if v € C*(C2) satisfies (2.5) and (2.6), then v(x,
y) is the solution Theorem 2.3.



These theorems are proved elegantly in the classic text of Garabedian [16].
2.3.3. An Important Cautionary Example

Despite its generality, the Cauchy-Kovalevskaya Theorem is of limited utility in
the theory of PDE, because the assumption of real analyticity of the data is too
restrictive. For example, we cannot find a power series solution to solve initial
value problems with the function (2.10) as initial data, because the function is
not real analytic.

However, initial value problems raise other significant issues, connected with
Hadamard’s notion of a well-posed problem, as discussed in Section 2.1. The
following classic example illustrates Hadamard ill-posedness for the initial value
problem for Laplace’s equation:

dyxtt + 0yu =0,

u(x,0) = e_‘/E cos kx,
dyu(x, 0) =0.

Let k > 0 be a parameter that is fixed for now. The parameter k is a spatial
frequency, and in this context is referred to as the wave number. The
corresponding wavelength (of the periodic function cos kx) is 27/k. The Cauchy-
Kovalevskaya Theorem implies there is a unique solution of this initial value
problem, and indeed we can find it using the important technique of separation
of variables. For each k > 0, we have the explicit solution

vk

u(x,y)=e V" cos kx cosh ky.

Now consider the solutions as k — «~. We observe that:

1. The initial condition: ¢ * cos kx — 0 (along with all x-derivatives).

2.Foranyy = O,
Vk

max |u(x, y)|=e V" cosh ky — oc.
X

These two observations mean that there is not continuous dependence of the
solution on the initial data. Moreover, these are the analytic solutions of the
Cauchy-Kovalevskaya Theorem, which guarantees a solution even when the
initial value problem is not well-posed. It is also interesting to note that the
solutions grow exponentially in y for each k > 0, and the rate of growth
increases exponentially with k. In this sense, the general solution is not just
unstable (growing exponentially), but is catastrophically unstable, a
manifestation of ill-posedness.



2.4. PDE from Balance Laws

The theory describing the mechanics of continuous materials, such as solids,
fluids, and gases, is called continuum mechanics. It is based on conservation laws
of mass, momentum, and energy. The independent variables are x, representing a
point in the material, and time t. Typical dependent variables are density,
velocity, stress, and internal energy. They are defined at each point and at each
time in a specified region of space-time.

A balance law is an equation expressing a conservation principle; it equates
the rate of change of a quantity in a region with the sum of two effects: the rate
at which the quantity is entering or leaving through the boundary (the flux
through the boundary), and the rate at which the quantity is being created or
destroyed in the region. The derivation of a PDE from a balance law typically
involves the following steps:

1. Write the balance law in an arbitrary bounded region V with smooth boundary
V.

2. Use the Divergence Theorem to relate the flux through the boundary oV to an
integral over V, and deduce that the sum of the integrands in the integrals over
V must balance. This gives an equation or a system of equations. However,
both the quantity and the flux are unknowns; consequently, there are more
variables than equations.

3. Close the system by relating the variables through additional equations (not
necessarily PDE) called constitutive laws, resulting in the same number of
equations as variables.

Let’s consider a region U < R" (n = 1, 2, or 3, generally), and a quantity
(such as mass, momentum, or energy) that is to be conserved, represented by a
density function u. That is, the quantity is represented by u(x, t) measured at
each point x in U at each time t. For example, the material density u = p is the
density function for mass (since it is the mass per unit volume), u = pv is the
density function for momentum (where v is a velocity), and the temperature u =
6 is the density function for heat energy.

Let V be an open subset of U, with smooth boundary 0V having unit outward
normal v = v(x). The amount of uin V is a quantity that depends on time:

A@) = / u(x,t) dx.
v

The time rate of change of A is then



dA(t) =i] M(X, t) dx=f B_M(X) t) dX.
dt dt Jy v 0t

Suppose the quantity u can flow in or out of V, and can be created or destroyed
within V. Then the rate of change of u in V is balanced by the flux of u across the
boundary oV plus the creation (due to a source) or the destruction (a sink) of u in
V.

The net flux through the boundary is represented by an integral [,, Q(x, t) - v
dS, where the vector-valued function Q(x, t), x € U, is called the flux function.
Note that [,, Q(x, t). v dS > 0 if Q points out of V; this has the effect of
decreasing the amount .A(t). The creation or destruction of u in V is likewise

specified by a function, this time a scalar function f(x, t); the net rate of
creation/destruction is given by [, f (x, t) dx.

Step 1. Now we can write a balance law:

dA _ [ ou Q(x,t)-vdS+ff(x,t)dx.
dt vy ot v 1%

Step 2. Next we apply the Divergence Theorem to convert the surface integral
into a volume integral and combine terms (since they are all integrals over V):

f(?)_u+diVQ_'f) dx=0, forallV CU. (2.13)
174 t

If we assume the integrand is continuous, then (2.13) implies that it is zero
everywhere in U. Thus, we have the PDE

ou
— + di = f.
= ivQ=Ff

In this equation, we regard u = u(x, t) as the unknown, but there are
additional functions Q(x, t) and f(x, t). These must be determined from
additional equations that could specify Q and f as functions of x and t.
However, Q in particular is more often related to u and derivatives of u, or to
additional dependent variables. This leads to the final step.

Step 3. Specify constitutive laws to close the system, as in the following
examples.

Example 4. (Balance laws and the heat and wave equations) The heat and
wave equations are examples of PDE derived from balance laws. Conservation of
heat energy e = pcu relates the temperature u(x, t) to the heat flux Q and source
terms F(x, t). Here, the density p of the material, and its specific heat c are taken
to be constant. The balance law leads to the equation



pcu, +divQ = F(x, ). (2.14)

Fourier’s Law of heat conduction expresses the thermodynamic property that heat
energy flows from higher temperatures to lower. Specifically, this constitutive
law links the heat flux linearly to the temperature gradient:

Q= —«Vu. (2.15)

When the thermal conductivity K > 0 is constant, we obtain from (2.14) the heat
equation with source term f:

u,=kAu+ f(x,t), k=«/pc, f=F/pec.

The same equation also models the diffusion of a solute in solution, with solute
concentration u. In this context, the heat equation is called the diffusion equation.
The proportionality between flux and concentration gradient is then termed Fick’s
Law.

We will derive the one-dimensional wave equation carefully in Section 4.1,
but here is the idea of how the wave equation arises from conservation of
momentum.
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Figure 2.1. Traffic flow: cars traveling on a section of highway.

The balance law equates the rate of change of momentum with the divergence of
the momentum flux:

0

—pu, = —div Q.

o' !
Here p > 0 is the density, which we take to be constant, and «, = 9* is a velocity,
the time derivative of displacement u. In some applications, such as elasticity, a
reasonable constitutive law specifies that the momentum flux is proportional to
the gradient of the displacement: Q = —k Vu, where k > 0 is the constant of

proportionality. This leads directly to the wave equation:
Uy = ctAu,
with ¢z = k/p.

Example5. (Traffic flow) Traffic flow models help to illustrate how the
conservation law and constitutive equation are formulated separately. Since these
models are one dimensional, the Fundamental Theorem of Calculus replaces the
Divergence Theorem in step 2. Consider a single lane highway and let u(x, t) be



the density of cars at location x € R on the highway at time &

u(x, t) = number of cars per unit length of highway.

That is, each time t and every point x on the highway is associated with a traffic
density u(x, t). Suppose the cars are moving to the right, as shown in Figure 2.1.

To formulate the balance law, we consider the number of cars in a section of
highway between fixed locations x = a and x = b at time t:

b
N(1) :f u(x,t)dx.

The time rate of change of N should be equal to the net rate at which cars enter
at x = a and leave from x = b. (We assume no cars are manufactured or
scrapped in the middle of the highway, so there are no source or sink terms: f =
0.) Let Q(x, t) denote the flux of cars past a particular point x at time t:

Q(x, t) = number of cars past x per unit of time.

Then, since cars enter the section [a, b] at a rate Q(a, t), and leave at the rate
Q(b, t), we have

dN ("D
— =f 2 (x, t)dx = Q(a,t) — Q(b,1).
dt a Ot

That is, the rate of change of the number of cars in the region (section of the
highway) is balanced by the flux of cars through the boundary.

Now use the Fundamental Theorem of Calculus to obtain

b
f (8_u+g)dx=0, forall a < b.
a \O0t dx

If we assume continuity of the integrand, then
0 0
o 90 _ &
ot 0x
Equation (2.16) has two unknowns, Q and u, and we need an additional equation.
In traffic flow models, typically we add a constitutive law that relates the flux Q

to the density u. First, it makes sense that Q should be the product of speed and
density, the number of cars per unit time across a fixed location:

(2.16)

Q = speed x density =v X u.

To complete the description of Q as a function of density alone, we need to
specify the speed v as a function of density. We can attempt to fit data from real
observations of traffic, or, as is often done when first formulating a mathematical



model, we introduce a functional form that is consistent with natural qualitative
or physical properties. In the current context a simple model takes the traffic
speed v to be a linear and decreasing function of traffic density:

v=v(u)=,8(l—ﬁ)
o

(see Fig. 2.2). Here the parameters a, f have the interpretation of maximum
density and maximum speed. The equation u, + Q, = 0 is now a single equation
for the unknown u(x, t):

u; + (ﬁu (1 — E)) = {], (2.17)
04 X

Equation (2.17) is known as the Lighthill-Whitham-Richards model. Whitham
[46] identifies various scenarios, such as the timing of traffic lights, in which
solutions of the equation describe the behavior of traffic. Modeling traffic flow
with PDE is of considerable interest, as the equations are easy to work with
numerically. However, there are significant challenges in devising realistic
models that incorporate important behavior, such as multilane traffic and how
traffic divides at intersections or entrances and exits to freeways.

Equation (2.17) is related to the inviscid Burgers equation

2
(5), 0
2 X

0

Figure 2.2. Traffic flow: speed v vs. density u.

in that both have a quadratic flux, but the convexity is different. This difference
in convexity is relevant when considering blow-up of u, (i.e., the steepening
observed in Fig. 1.2). In traffic flow, in which the flux is convex down, there will
be a jam (indicated by blow-up of u, to infinity—the cars get really scrunched!) if
the traffic density u increases ahead (i.e., is an increasing function of x).
However, in the inviscid Burgers equation, for which the flux u?/2 is convex up,



we saw in Section 1.4.2 that there is blow-up of u, (to — <) when u is a
decreasing function of x (see Fig. 1.2).

PROBLEMS

1. (a) Determine the type of the equation u,, + u,, + u, = 0.

(b) Determine the type of the equation u,, + u,, + au, + u, + u = 0 for
each real value of the parameter a.

(c) Determine the type of the equation u, + 2u,, + u,. = 0. Verify that there
are solutions u(x, t) = flx — t) + tglx — t) for any twice differentiable
functions f, g.

(d) The equation (1 + y)u, — x’u,, + xu, = O is hyperbolic or elliptic or
parabolic, depending on the location of (x, y) in the plane. Find a formula to
describe where in the x-y plane the equation is hyperbolic. Sketch the x-y
plane and label where the equation is hyperbolic, where it is elliptic, and
where it is parabolic.

2. Show that with the change of variables y = Bx, the principal symbol of (2.4)
corresponding to (2.3) has coefficients c; given by C = BAB', where C = (c).
One approach to this is to write everything in coordinate form, such as
yi = (Bx)y =3, Buuxn, BA = (bay), bay; =3 Bua;, and use the chain rule to
convert x; derivatives to sums of y, derivatives.

3. For the series (2.7), write formulas for u,(x) and u,(x) in terms of derivatives
of the functions aq, b, ¢, f, g h, and G.

4. Show that € C~(R), where ( is given by (2.10).

5. Find the dispersion relation o0 = 0(§) for the following dispersive equations.

(a) The beam equation u, = —u

xXXxX°

dissipative? What makes this equation dispersive, whereas the wave equation
is not dispersive?

Why is the equation dispersive and not

(b) The linear Benjamin-Bona-Mahoney (BBM) equation u, + cu, + fu,, = O.
Deduce that the equation is dispersive, and show that the corresponding
solutions u = e®**®" are traveling waves. Write a formula for their speed as a
function of wave number . Identify a significant difference between this
formula and the wave speeds of KdV traveling waves.

6. Suppose in the traffic flow model discussed in Section 2.4 that the speed v of
cars is taken to be a positive monotonic differentiable function of density:
v = v(uw).



(a) Should v be increasing or decreasing?

(b) How would you characterize the maximum velocity v,_,, and the maximum

max
density u,,.?

max *

(c) Let Q(w) = uv(u). Prove that Q has a maximum at some density u* in the
interval (0, u

max) *

(d) Can there be two local maxima of the flux? (Hint: Make Q(u) quartic.)

1. Jacques S. Hadamard (1865-1963) is well known for contributions to number theory, matrices,

differential equations, geometry, elasticity, geometrical optics, and hydrodynamics. His papers of 1901 and
1902 discuss ill-posed and well-posed problems, respectively.

2. Augustin-Louis Cauchy (1789-1857) made many contributions to mathematics, including fundamental

developments in real and complex analysis, modern algebra, and the theory of elasticity. Sofia Vasilyevna
Kovalevskaya (1850-1891) made important contributions to analysis, differential equations, and mechanics.

3. Since we shall be discussing solutions only locally in (x, y) we could simply assume c(0, 0) = 0.



CHAPTER THREE

First-Order PDE

First-order equations enjoy a special place in theory of PDE, as they can generally
be solved explicitly using the method of characteristics. Although this method
applies more generally to fully nonlinear equations, such as Hamilton-Jacobi
equations, we will restrict attention to linear and quasilinear equations, in which
the first-order derivatives of the dependent variable u occur linearly, with
coefficients that may depend on u. The method of characteristics reduces the
determination of explicit solutions to solving ODE. We develop the theory in
several stages, with increasing sophistication, but really the idea is the same all
along: first-order PDE become ODE when the PDE are regarded as specifying
directional derivatives in several dimensions.

3.1. The Method of Characteristics for Initial Value Problems

Initial value problems in one space variable x and time t take the form
u, +cx,t,wu, =r(x,t,u), t>0, ulx,0)=f(x). (3.1)

Let’s assume that ¢ and r are given C'(continuously differentiable) functions, and
the initial condition f: R — R is a given C! function. The coefficient ¢ will be

established as a wave speed, and the notation r simply stands for the right-hand
side of the PDE.

We can solve (3.1) at least for a short time interval (and perhaps only locally
in space) using the method of characteristics, which reduces the initial value
problem (3.1) to an initial value problem for a system of ODE. In this method, we
depend on the observation that if {(x(t), t) : t = 0} is a smooth curve, then along
the curve, u(x(t), t) has rate of change

d dx
—u(x(t),t) =u; + —U,, (3:2)
y (x(2), 1) = u, I

given by the chain rule. Comparing (3.2) with the PDE in (3.1), it looks as though
we can make progress by setting %+ =¢ and interpreting ¢ as a speed. The left-
hand side of the PDE can also be interpreted as the derivative of u(x, t), in the
direction (c, 1) in x-t space.!
Now the PDE (3.1) can be replaced by the ODE system

dx du
— — e P, (3.3
dt dt

These ODE are called the characteristic equations. Note that the characteristic



equations are autonomous only if ¢ and r are independent of t.

Initial conditions for the ODE system are derived from the initial condition
u(x, 0) = f(x) for the PDE problem (3.1). To see what the ODE initial conditions
should be, let’s write x(0) = x,, and u(t) in place of u(x(t), t). Then the initial
conditions for (3.3) are

x(0) = xgp; u(0) = f(xgp)- (3.4)

From the theory of ODE, we know that the initial value problem (3.3), (3.4) has a
unique solution (x(t), u(t)), at least locally in time for each x,. To emphasize that
we have a solution for each x,, let’s write the solution as r = i xy), u =ii(r;x,). The
semicolon indicates that x, is regarded as a parameter in the ODE initial value
problem, but now we are going to treat x, as a second variable, so that x and u
are functions of the two variables ¢, x,.

The parameter x, specifies the curve in the x-t plane Cixy):x = i(t, xy), which
we refer to as the characteristic through x = x,, t = 0. As long as curves with
different values of x, do not cross, the family of characteristics fills a region of
the upper half-plane {(x, t) : t = 0}, thereby parameterizing points in the region
with x,, t. At each point P : (x, t) of this region, we know the solution u, since
u=il(t;xy) on each characteristic. Figure 3.1 illustrates the characteristic
originating at x, that passes through point P. Once we have identified the value
of Xo» then u(x, 1) = d(r; xy).

There is a nice physical interpretation of this construction. The parameter x,,
called the Lagrangian variable, labels a material point. Then =iy, is the
Eulerian variable describing the location at time t of that material point. The value
u of the variable can be thought of either in Lagrangian variables, for which
u =i x,), or in Eulerian variables, for which u is observed at a fixed location: u
= u(x, t), the solution we seek.

Mathematically, to get the solution u explicitly at each point (x, t), we need to
invert the change of variables (x,r) = (i(r,x),1). To do so, we eliminate x, and
write v, = ¥,(x, 1) as the solution of the equation x = i(r; xy). Then u(x, ) =a(r; iy(x, 1)
is the solution of (3.1).
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Figure 3.1. Characteristic C(x,) = [(i(r:x,),0: t = 0}, along which « =iw: ), for the

initial value problem (3.1).

For this kind of initial value problem, the method of characteristics is
summarized as:

1. Rewrite the initial value problem (3.1) as a system of ODE consisting of the
characteristic equations (3.3) with initial conditions (3.4).

2. Solve the ODE and initial conditions for x(t), u(t), with parameter x, = x(0) to
get the solution along each characteristic.

3. Solve for x, as a function of x, t. This effectively changes variables from t, x, to
x, t.
4. Write the solution u = u(x, t).

Example 1. (Initial value problem) Solve

Uy +uy, =u, u(x,0) =cosx. (3.5)
In this example, y is time-like in the sense that the initial condition is posed at y
= 0. The PDE written as Vu. (1, 1) = u shows that the left-hand side is the
directional derivative of u in the direction (1, 1). Consider the lines x = y + k

parallel to (1, 1), where the parameter k plays the same role as x, above. The rate
of change of u along each line is

d ou ou
—uly+k,y)=—-14+ —=u.
dy 0x ay
Therefore,
u(y +k,y)=Acke",
where A(k) is an arbitrary function. Thus, since k = x — Yy,
ulx,y)=Ax —y)e’ (3.6)

is the general solution of the PDE, depending on the arbitrary function A(k) of a



single variable.

To complete the solution, we use the initial condition to determine A(k).
Setting y = 0 in (3.6) gives
u(x,0)=A(x)=cos x.
Thus, the solution of the problem is
u(x, y) =cos(x — y)e”’.

Since the left-hand side of (3.5) is a directional derivative, it is an ordinary
derivative in that direction. Thus, v’ = u in this direction, explaining the
exponential growth of the solution along each characteristic x = y + k. Likewise,
the solution would be u(x, y) = cos(x — y) if the right-hand side of the PDE were
zero.

In this example, we found the characteristics before determining the behavior
of u along them. Generally, the characteristics for (3.1) will also depend on the
solution, if ¢ depends on wu.

3.2. The Method of Characteristics for Cauchy Problems in Two
Variables

In this section we present a more general version of the method of characteristics
for first-order quasilinear PDE in two independent variables. First-order
quasilinear PDE in two independent variables take the form

a(x,y, wu, +b(x,y, wu, =c(x,y,u), (3.7)

where q, b, ¢ are given C! functions from R? X R to R. In this equation, neither

of the variables necessarily has a special role, such as time. Consequently, the
notation is somewhat different from the previous section.

Rather than posing an initial condition, we pose a more general side condition
for (3.7) in the form

u=1zq4(s) onthecurve y:x=uxy(s),y=yy(s), (3.8)

where x,, ¥,, 2, are given C! functions on an interval I. This is sometimes referred
to as the initial curve I'. Problem (3.7), (3.8) is referred to as the Cauchy problem.

We shall show that for C! solutions, the PDE is really an ODE in disguise (as
we saw in Example 1). Suppose u(x, y) is a solution of the Cauchy problem. Then
the graph z = u(x, y) is a two-dimensional surface in x-y-z space that includes the
curve I'. Equation (3.7) states that the vector field (a(x, y, 2), b(x, y, 2), c(x, y, 2))
is tangent to the solution surface z = u(x, y), since the solution surface has
normal



Vinlx, v) —=2) =18, Uy, —1).
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z=u(x, y)

(x, ¥, 2)(s, 7)

X

Figure 3.2. Initial curve I', the characteristic curve tangent to (a, b, c¢), and the
solution surface.

The solution surface can therefore be generated by integrating along the vector
field, starting at each point of the curve I' = {(x, y, 2) : x = x,(s) ..., s € I}. (See
Fig. 3.2.) If T is the variable of integration along these integral curves, then the
surface generated is parameterized by (s, T) : x = x(s, T),y = y(s, T), 2 = 2(s, T).
To recover u(x, y), we transform from (s, T) back to (x, y) in z and set u(x, y) =
z(s, T), establishing the existence of the inverse using the Inverse Function
Theorem (see Appendix A).

This procedure to solve the Cauchy problem (3.7), (3.8) is divided into three
steps:

1. Generate the solution surface from integral curves. In this step we solve the one-
parameter family of initial value problems

dx dy dz

e » Yo > - = b y Vo > = = » Vo )

e a(x,y,z) 2 (x,y,2) . c(x,y,z) 59
x(0) = xq(s), y(0) = yo(s), z(0) = zy(s),

for each s € I. Denote the solution (x, y, 2)(s, T). From ODE theory, the
solution exists, is C!, and is unique, at least in a neighborhood of I'. The
solution curves in R?® are known as characteristic curves. We reserve the term

characteristics to mean the projection of the characteristic curves onto the x-y



plane.

2. Apply the Inverse Function Theorem. In this step we solve the equations

% =x08:T);
(3.10)
y=y(s, 1)
for (s, T) as a function of (x, ¥) : (s, T) = (s, T)(x, y). The solution is
guaranteed by the Inverse Function Theorem.

3. Write the solution surface as a graph z = u(x, y).

Now we are able to write the solution as a function of x, y:
I/L’(.X, y) = Z(S()C, y): ‘L'()C, y))
This procedure will work as long as the transformation (3.10) is invertible. We
can guarantee this locally by appealing to the Inverse Function Theorem.
Specifically, let P = (x,(sy), ¥o(So), 2,(s,)) be a point on I'. For (3.10) to be
invertible near (x, y) = (x,(s,), ¥,(s,)), we require the Jacobian matrix d(x, y)/d(s,
T) to be invertible at this point. That is, at P we require

oy
ds 9 x!(s '(s
‘B(x, | _|0ds ds|_ 0(80)  ¥o(s0) L0 o)
A(s, 7) ax oy a(P) b(P)
ot 0T

where we have used (3.8), (3.9). This condition means that the tangent (a, b) to
the characteristic at (x,(s,), y,(s,)) is not parallel to the tangent (x,(sy), y,(s,)) of the
projection y of I' at P onto the x-y plane. Consequently, when (3.11) holds, we
say that the curve I' is noncharacteristic at P. Thus, provided the initial data are
noncharacteristic in the sense of (3.11), we have a unique C' solution u(x, y) of

(3.7), (3.8) for (x, y) near (x,(s,), ¥,(s,))-
Example 2. (A Cauchy problem) Solve the Cauchy problem
uuy +uy, =1, u(x,x)=0.
Herea = 2, b = 1, ¢ = 1, and the initial condition is u = 0 on the line y = x.
We parameterize the initial condition as follows:
Xo(s) =3 yo(s)=s zo(s) =0.
Characteristic equations are
/

¥ /
x =z, y =1, z =1,

with corresponding initial conditions x(0) = s, y(0) = s, 2(0) = 0. Thus, z = T,
so that x’ = z = T. Now we can solve for x and y:



72
x:;—l—s, y=1+ s.

Eliminating s, we get a quadratic equation for r:x — y = = — 7. Thus,

t=1£./1+2x —2y.

But T = z = u(x, y), and to satisfy the initial condition, we have to take the
negative square root:

u(x, y) =1—./142x —2y.

The solution is valid only for 2y — 2v < 1 (ie,y < x + 1). In fact, the solution surface z
= u(x, y) is the lower half of the smooth parabolic surface (z — 1)21 + 2x — 2y,
which has a fold along the line y=x+1,z=1. Since the surface becomes vertical
at the fold, the solution u(x, y) has a singularity on the line y=.x+ 3, where the
derivative u, — u, blows up.

3.3. The Method of Characteristics in R”

In this section we repeat the method of characteristics for a single quasilinear
first-order equation to show how the method works for any number of
independent variables. Characteristic curves are of course one dimensional, and
thus contribute one dimension to the solution surface, which is n — 1
dimensional. The remaining dimensions in the surface are provided by the initial
conditions.

Consider x € R% u = u(x) € R. The first-order equation we consider has the
general form
alx,u) -Vu=cx,u), (3.12)
where a : R™ X R — R", a vector of coefficients, and ¢ : R® X R — R, a scalar,
are given C! functions.

The Cauchy problem involves an (n — 1)-dimensional hypersurface y c R”"
that provides initial conditions for characteristic curves:
X = X,(8), u=uys), se R L, (3.13)

Characteristic curves in (X, 2) space (R"**!) are solution curves of the system

ﬁ = (X, 2), ﬁ = c(X, 2),
drt dt (3.14)

x(0) = xy(s), z(0) = uy(s) foreachs.

Note that for each s, we have existence and uniqueness of solutions of (3.14) for |



T| small, since a and c are C'. Moreover, since the data are C!, the solutions are
C! in s also.

As before, we write the solutions in the form
* =x(8 1), (3.15a)
g = 208: T): (3.15b)

The solution u(x) = z(s, T) is expressed in physical variables x if we can invert
(38.15a) to get s = s(x), T = T(x). This is guaranteed by the Inverse Function
Theorem, at least locally, if we assume the hypersurface is noncharacteristic, i.e.,
0x/d(s, T) is invertible on y (where T = 0), with z = u,(s), and recall that 0x/0T
= a:

0
det [ S0 asy(s) MO(S))} 0, 619
s
In components:
Xy = (xé(sl, NP W\ IR, oy L TN s, )T
a=(@!,...,a"H’
( 3)65 83(5 \
851 Bsn_l
dx?2
0Xg — 0
7| ™
dx; dx; )
\ 8.3'1 aSn_l

Then we have the solution
u(x) =z(s(x), t(x)).

More precisely, the method of characteristics and the Inverse Function Theorem
have been used to prove the following result.

Theorem 3.1. Suppose the data x,, u, are C' in a neighborhood of s = 0 and are
noncharacteristic in the sense of (3.16) at s = 0. Then there exists a neighborhood N
of x,(0) and a C' function u : N — R that solves the Cauchy problem (3.12), (3.13)
in N.

Example 3. (Particle size segregation in an avalanche) Avalanches and rock
slides are examples of granular flow, typically involving particles of different
sizes. In this example, we write a PDE for the transport of two sizes of particles (a



bidisperse mixture) that have the same density. We assume that as the avalanche
flows down the hillside, it establishes a constant depth, and that the velocity
varies linearly with depth. We ignore all but the component of velocity that is
parallel to the hillside. In these circumstances, Gray and Thornton [20]
formulated a model that describes the distribution of particles in the avalanche.

Let x, y denote the spatial variables, and let v(y) = y denote the parallel
velocity. These are shown in Figure 3.3. The dependent variable u = u(x, y, t) is
the volume fraction of small particles. In the flow, large particles tend to rise, and
small particles tend to fall. Gray and Thornton argued that small particles fall at a
speed proportional to the volume fraction 1 — u of large particles, essentially
because they depend on space opened up by the motion of large particles. Then
large particles have to move upward to balance the motion of the small particles.
With these assumptions, the PDE is

u, + yu, +Su(u — 1))}, =, (3.17)
b 4

v(y)=y

X

Figure 3.3. Coordinates and velocity profile v(y) for avalanche flow model.

where S > 0 is a constant of proportionality. Let’s suppose there is an initial
distribution of small particles given by

u(x,y,0) =uyx,y). (3.18)
Characteristic equations for this equation can be written
d d d
*—y, Y_sau-1, Lo (3.19)

dr dt dt



Thus, u = u,(x,, y,) is constant on the characteristic curve through (x,, y,) at t =
0. Consequently,

1
y=S8Qu — )t +k, szS(Zu—l)tz—l—kt—FC, u=ugy(xy, ¥o)-

Att = 0, we have x = x,, y = y,, so that

1
y=8Qu— )t +y,, x= 5S(2u — Dt* + yot + xg.

Thus, characteristics are parabolas in the x-t plane. Now we solve for x,, y, in
terms of u, x, y, t:

1
Yo=Yy — SQu — t, x0=x—|—55(2u—1)t2—yr.

Finally, we have a formula for the solution u = u(x, y, t), defined implicitly by
the equation

1
= u, (x + 8 - D2 —yt,y — SQu — 1):) . (3.20)

This solution technique can be used to study the dynamics of avalanche flow with
various initial and boundary conditions.

3.4. Scalar Conservation Laws and the Formation of Shocks

In this section we consider the initial value problem for the inviscid Burgers
equation. We show that solutions generated by the method of characteristics
typically break down in finite time. This nonlinear wave behavior occurs in such
applications as gas dynamics, combustion and detonation, and nonlinear
elasticity. The breakdown of solutions signals the formation of a shock wave,
across which the solution is discontinuous.

Consider the initial value problem
U, +uu, =0, —-00<x<00, t>0 (3.21)
with initial condition

u(x,0) =up(x), —oo0<x < oo. (3.22)

The method of characteristics of Section 3.1 is applicable here:

dx du

— =1, — =0.

dt dt
Thus, u is constant on each characteristic, and characteristics are therefore
straight lines with speed u:

x =ut + xy, u = constant = uy(xy).



The solution u = u(x, t) is then given implicitly by the equation
u=uy(x —ut). (3.23)

Let F(u, x, t) = u — uy(x — ut). Generally, we cannot solve for u explicitly, but
we can use the equation to prove local existence near any initial point x = x,, by
applying the Implicit Function Theorem to the equation F(u, x, t) = 0. (See
problem 11.)

3.4.1. Breakdown of Smooth Solutions

As we saw in Section 1.4.2, the graph of the solution u(x, t) steepens where it has
negative slope, because larger positive values of u travel faster than smaller
values. For negative values of u, the characteristics travel to the left, but the same
is true: the graph steepens where the slope is negative. Mathematically, we find
u, — — oo at some Xx as t increases to a time t*. The notion that some values of u
travel faster than others, leading to steepening, may be expressed in the following
statement:

Characteristics x = ut + X, that originate at points x, in an interval

where u,(x;) <0 cross one another in finite time.
A

'

0 E

Figure 3.4. Inviscid Burgers’ equation: crossing characteristics associated with
the breakdown of a smooth solution.

In Figure 3.4 we show the characteristics for the solution shown in Figure 1.2
and see that characteristics ahead of the crest of the wave eventually cross one
another. If this first occurs at a time t = t*, then the method of characteristics
gives a multivalued function of (x, t), for t > t* in the region where the
characteristics cross. We say the solution breaks down at t = t*.

Our goal is to make this argument rigorous and to find a formula for the

breakdown time t*. To do so, we derive an equation for u, by taking i of the
PDE, thus deriving an ODE for the evolution of u, along characteristics. First we



differentiate (3.21):
a(uI + Hily) =Wy + ui e e = U,

Let v = u,. Then we have

v, +uv, = —v,

Along characteristics x = ut + x, we get the ODE

dU )
— = —V". (3.24)
dt

This equation (known as a Riccati equation due to the quadratic nonlinearity) is
solved easily. Notice that it states that v decreases in t, and the more it decreases
through negative values, the more rapidly it continues to decrease.

Now we differentiate the initial condition u(x, 0) = u,(x) to obtain a
corresponding initial condition for v:

v(0) = u{)(xo). (3.25)

We solve (3.24), (3.25) to find v along the characteristic x = ut + x,:

u,(x
v = #. (3.26)
1+ uy(xp)t
We distinguish two cases:
1. If uy(xy) = 0, then v stays finite for all t > 0. Consequently, if u, is monotonically

increasing, then u(x, t) is defined for all x, t. Note from (3.23) that u(x, t) only
takes on values of uy(x,), x, € R. Therefore, if u, is bounded by m, M, m <

U(x) <= M, xeR,thenm < u(x, t) < Mforallxe R, t > 0.

2. If u, is not monotonically increasing, so that u;(x,) < 0 for some values of x,,
then

>0

U ——00 d81—— 7

e,

in (3.26). Thus, the solution breaks down (u, — — ) at different times t on
each characteristic (depending on x,). Consequently, the solution u(x, t) of the
initial value problem breaks down at the earliest such time t = t*:

1 1
t*= min {— :u’o(x)<0}=—

—00<X <00 g (x) min, u’o(x)'

Note that the minimum is achieved where u, has minimum slope, which will



be at an inflection point if u, is C%

To continue the solution beyond t = t*, we define weak solutions, in which the
function u(x, t) is allowed to be discontinuous. We pursue this topic in Chapter
13, after first considering solution and analysis techniques for second-order
equations.

PROBLEMS

1. Use the substitution v = u, to solve for u = u(x, y):
Uyy = Sily, u(x,x) =20, u_},(x, 1) =2,
2. Solve for u = u(x, t):
(1+ rz)uf +u, =0, u(x,0)=sin x.
3. Solve for u = u(x, t):
u, +u, +3u=e*"",  u(x,0)=x.

4. Solve (3.5) using the general method of characteristics. You will need to set up
the initial condition with a parameter s. Show that the initial curve I is
noncharacteristic.

5. Verify that u(x, t) constructed in general in Section 3.1 is indeed a solution of
(8.1). Start by working out what calculation you have to do to carry out this
check. You will have to use the chain rule repeatedly to check carefully.

6. Take an alternative direct approach to Example 1, reversing the roles of x and
y, by setting y = x + k. The PDE then becomes the ODE {u(x,x+k) = u along

characteristics. Solve and incorporate the initial condition, finally obtaining the
solution u(x, y).

7. For the avalanche flow equation (3.17), suppose an initial distribution of
particles is given by
ux,y,0)=uglx,y)=x+y, 0<x, O<y<l,
and an inlet boundary condition is specified by
u0,v, )=y, 0<y<l, t>0.

Find the solution u(x, y, t), 0 < x, 0 < y < 1, t > 0 by the method of
characteristics. (The side conditions and hence the solution do not obey the
physical constraint 0 < u < 1, and hence are not intended to be physically
significant. This problem is an exercise in using the method of characteristics.)

8. (a) Use the method of characteristics to solve the initial value problem



ur+tux=u2, —x<x<o, O<t<l,

u(x,0) = —00 < X < 00.

1+ x2’
(b) Show that the solution blows up as t — 1:

lim max u(x, t) = oo.
f—1- X

9. Sketch the graph of the traffic flow flux Q (see (2.16), (2.17) in Chapter 2) as a
function of density u. Explain each zero of Q in terms of the physical model.

10. Formulate constitutive laws for the traffic flux Q (see Example 2 in Chapter
2) as a function of density assuming that traffic speed v(p) is a quadratic
decreasing function of density p. How many parameters are there in the model?
Is it possible to make the flux nonconcave as a function of density?

11. Write the details of how to use the Implicit Function Theorem on (3.23) to
prove: If u, is smooth and bounded on (— «, =) then for each x, € R, there is an

interval I ¢ an interval I ¢ R containing x, such that the solution u(x, t) exists, is
C', and is unique for all x € I and all small enough t.

12. Let uy(x) = H(x)x? where H(x) = 0 for x < 0 and H(x) = 1 for x = 0 is the
Heaviside function. Write the solution u(x, t) of (3.21), (3.22) as an explicit
formula for t > 0.

13. Get the answer (3.26) by differentiating the implicit solution (3.23):

i (u — uo(x — ut)) , withu = u(x,t).
ax

(This simpler approach depends on having the implicit equation for u available,
which is not the case for systems of equations.)

14. Use the method of characteristics to prove global (for all t > 0) existence of a
smooth solution of (3.21), (3.22) when the initial data are given by a strictly
increasing but bounded C! function u,,.

15. Carry through the analysis presented in Section 3.4 for a general scalar
conservation law

up+ f(u), =0,

where f : R — R is a given C? function. Derive an implicit equation for the
solution u(x, t) of the Cauchy problem, and formulate a condition for the solution
to remain smooth for all time. Likewise, if the condition is violated, find an
expression for the time at which the solution first breaks down.




1. Strictly speaking, the direction is i+, 1)/+1 + ¢ ; the magnitude ./} 2 sets the parameterization to be
by t rather than by arclength.



CHAPTER FOUR

The Wave Equation

The wave equation
Uy = ctAu

is the prototype for second-order hyperbolic PDE, modeling the propagation of
sound waves; electromagnetic waves, such as light; and waves in elastic solids.
We show in detail how the wave equation describes the deformation of one-
dimensional elastic solids, specifically, thin rods and elastic strings.

Central to the study of the one-dimensional equation is d’Alembert’s solution,
an explicit formula for solutions of initial value problems. The method of
spherical means provides a corresponding explicit formula in two and three
dimensions. In three dimensions, this formula embodies Huygens’ principle of
light propagation. From the wave equation we derive an energy principle in
which the total energy (the sum of kinetic and potential energy) is conserved.

4.1. The Wave Equation in Elasticity

We introduce the wave equation with a simple derivation from one-dimensional
elasticity theory. The derivation illustrates the basic notions of conservation laws
and constitutive equations introduced in Chapter 2. Then we discuss a second
application, to an elastic string vibrating in a plane. Conservation of momentum
leads to a system of nonlinear PDE. Considering small-amplitude vibrations near
a stationary string, we linearize the equations, thereby deriving two wave
equations with different wave speeds. One equation represents longitudinal
motion along the string, and the other represents transverse motion—the
vibrations seen in a guitar or violin string.

4.1.1. Longitudinal Motion of a Thin Elastic Rod

Consider a thin elastic rod undergoing only longitudinal deformation (extension
or compression), with no bending.

We label locations of cross sections in the rod by using points in a reference
configuration, an interval, say 0 < x < 1. (See Fig. 4.1.) The physical configuration
is also an interval 0 < u < L, depending on the deformation. The cross section
labeled x in the reference configuration has coordinate u(x, t) in the physical
configuration at time t. It is convenient, but not essential, to think of the
reference configuration as being the rod in equilibrium, with no forces acting on
it. The function u is called the displacement; it is the unknown, or dependent



variable. We assume the density p (mass per unit volume in the reference
configuration) is constant, and that the cross-sectional area A of the rod is
constant along its length.

u(e, 1)

Figure 4.1. Deformation u in a one-dimensional rod. (a) Reference configuration
(Lagrangian variables); (b) physical configuration (Eulerian variables).

—F(a, 1) F(b, t)
—f

l | g

a b

=Yy

u(a,t) u(b,t)
(a) (b)

Figure 4.2. Forces on a small section of the rod. (a) Reference configuration
(Lagrangian variables); (b) physical configuration (Eulerian variables).

Consider forces on a cross section labeled x, in the rod, at a specific time t.
The part of the rod with x > x, exerts a force F(x,, t) on the part with x < x,,
and the part with x < x, exerts an equal and opposite force —F(x,, t) on the part
with x > x,, so that across each cross section, forces are balanced (see Fig. 4.2).
However, the variation of these forces along the rod means that the net force
acting on a segment of rod may be nonzero and induces a change in momentum.

In our formulation of the equation of motion, it is convenient to express the
force distribution as a function of Lagrangian variable x rather than Eulerian
variable u, even though we think of the force acting in the physical domain
rather than the reference configuration. In fact, if we were to label forces in the
physical domain as f(u, t), then F(x, t) = f(u(x, t), t). Moreover, it is convenient to
consider the stress o, which is force per unit area, rather than force F. In the
present context F = Ao.

Since u, is the velocity of a point (i.e., cross section) in the rod, the
momentum density (meaning momentum per unit volume) is the quantity p u,.
Now consider a short segment of the rod a < x < b. The momentum of this
section is [”pu,(x,1) Adx. The balance law states that the rate of change of

momentum is equal to the net force:

b
i/ pu,(x,t) Adx = F(b,t) — F(a,t).
dt Jy



Notice that if u,(x, t) is constant in x, then this is precisely Newton’s law:
mass X acceleration = force,

where mass means the mass of the little section of rod.

As in Chapter 2, we can now derive a PDE from the balance law by writing
both sides of the equation as integrals over a < x < b:

b b b
f D Wye (X5 L) Adx=f F.(x,t)dx =f Ou(xs £)s Adx.
a a 4]

Thus, provided u,, o, are continuous, we have the PDE
Pl = G (4.1)
which expresses conservation of momentum.
To this equation we add a constitutive law, an equation that relates o0 to u in a
different way. In elasticity, this constitutive law states that the stress o is a

function of the strain. The strain is the deformation gradient; in the one-
dimensional context of the rod, we have

strain = u .
In engineering, it is common to define strain to be u, — 1, so that zero strain

corresponds to no deformation: u(x, t) = x. In both cases, elasticity is expressed
by a functional relationship between o and u,:

o=o0(u,).
Substituting into the PDE (4.1), we obtain
pityy =0 (Uy),.
As we observed earlier, this equation is hyperbolic if 0’(u,) > 0, in which case,
stress increases with strain, but it is elliptic if 0’(u,) < 0. The hyperbolic case is
more significant, especially for small deformations (more precisely, for small

strains), but the elliptic case is also important for large deformations; it is
associated with an effect called strain softening.

Perhaps the most important form of the constitutive law is Hooke’s law, which
states that increases in stress are proportional to increases in strain. This is
expressed in the formula

o(u,) =k(u, —1). (4.2)

Note that this can also be stated as stress is proportional to strain if we define the
strain to be u, — 1.

Substituting (4.2) into (4.1), we obtain the one-dimensional wave equation



2
Uy = C Uy (4.3)

in which ¢*= £,

Remarks on Hooke’s law. The constant k > 0 is a constitutive parameter called
the elastic modulus that depends on the elastic properties of the material; it can be
measured in experiments. The same experiments assess the range of strains in
which Hooke’s law is reasonable.

The parameter ¢ has dimensions of a speed, that is, L/T, where L and T are a
typical reference length (perhaps the length of the rod) and a typical time scale,
respectively. Correspondingly, density (mass per unit volume) has dimensions
M/L3, where M is the mass of the rod. It follows that k has dimensions LM/T?,
that is, the dimensions of mass X acceleration, the same dimensions as force.
Note that this is consistent with (4.2), since both u and x have dimensions of
length, so that u, is dimensionless.

Hooke’s law is familiar from elementary mechanics or the study of ODE. It
arises in relating the extension of a spring to the tension in the spring. To see the
connection with the rod, consider a uniform deformation given by u(x) = Lx.
Then o(u,) = k(L — 1). But L — 1 is the extension (if L > 1); the stress o is
constant and corresponds to the tension in the spring. Thus, the tension is
proportional to the extension. Indeed, just as for springs, the constant k in
Hooke’s law can be found by performing simple extension experiments.

4.1.2. The Vibrating String

Consider a thin elastic string, such as a guitar string or bungee cord, which we
treat as a one-dimensional curve. For simplicity, we assume that the string moves
only in two dimensions, and that the tension in the string is high enough that we
can ignore gravity. Another scenario with no effect of gravity would be an
experiment with a string constrained to a horizontal frictionless table. The
effectively one-dimensional elastic body is called a string when we assume that it
can be bent with no resulting force. Then we say there is no resistance to bending.
Let’s consider the motion of a point on the string labeled by x € [0, 1]. At each
time t, this point will be located in the plane at (r;, r,) = r(x, t) € R? (see Fig.
4.3). Then the tangent to the string is r (x, t). Since there is no resistance to
bending and no gravity, the only force on the string is due to the tension 7,
which acts tangentially and is the only nonzero component of the stress. If the
string has a uniform cross-sectional area A and constant density p (gm/cm?), then
the equations of motion (Newton’s second law, or conservation of momentum)
are
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Figure 4.3. The elastic string; one-dimensional string deforming in two
dimensions.

Now we make the constitutive assumption that the tension j depends only on
the strain |r,| and write 7/p = 7(Jr,|). Thus, the string equations are

Ty = (T(Irxl)r—x) , O0<x<l1, t>0. (4.4)
X

x|
Suitable boundary conditions, in which the string is fixed at two locations, are
r(0,1) =0; r(l,7) =(L,0). (4.5)

With these boundary conditions, there is an equilibrium solution r, = (xL, 0) in
which the string is stretched between the two fixed ends, as in a guitar string
before it is plucked or strummed. We assume that the tension at equilibrium is
positive: T (L) > 0, and also that it is increasing with strain: T(L) > 0.

Now consider small deviations (u, v) from the equilibrium solution, and write
r = (xL + u, v). We aim to find equations for the new variables u, v as functions
of x, t. Of course, we can simply substitute this expressi on into the string
equations and get exact equations for u, v. However, we want to take advantage
of the smallness of u, v. To do this, we substitute into the PDE system (4.4) and
then use a Taylor expansion about the equilibrium solution, which is now u = v
= 0.

When we substitute into (4.4) and expand each term as a Taylor series in u, v
retaining only constant and first-order terms (linear in u, v), we get a lot of terms.
For example, we need

5\ 1/2

2
u v
|rx|=\/(L-|—ux)2—|—v)2C=L (1+Z") +L—“‘; =L+u,+ho.t.,

where h.o.t. represents the remaining higher-order terms in the Taylor series;
specifically, h.o.r. = 0@’ + v?). Similarly,



T(r,)) = T(L) + T"(L)u, + h.o.t.,
L+ 1
s S ( o ) (L+u) ' +hot.= ( ) + h.o.t.
r,| Uy v/ L

( T(L)+ T'(L)u, )
+ h.o.t.
T(L)v,/L

Thus,

T(r, )% =

(4.6)
|

Finally, the equation (4.4) becomes a pair of wave equations if we retain only
terms linear in u and v; that is, drop the h.o.t. terms in (4.6):
2

Upp = CUxx>
5 (4.7)
i = 85
In these linear wave equations, ¢=/7'(L) is the longitudinal wave speed, and

§ = E@ is the transverse wave speed. It can be argued that the longitudinal
motion represented by u is smaller than the transverse motion if the string is
displaced laterally. Thus, a good approximation is to take the equation for v alone
and represent the string simply by the transverse displacement v(x, t), 0 < x <

1.

This is a useful way to think of solutions of the wave equation; for each fixed
time t the graph of v(x, t) represents the string. As time varies, the graph evolves
as a string in motion.

4.2. D’Alembert’s Solution

In 1747, d’Alembert! published a paper on vibrating strings that included his
famous solution of the wave equation in one space variable x and time t:

2
Wiy =l T (4.8)

The first, and fundamental, step in deriving d’Alembert’s solution is to show that
the general solution of (4.8) is

u(x,t)=F(x —ct)+ G(x + ct), (4.9)
where F and G are arbitrary C? functions. The lines x — ct = const., x + ct =
const., where F(x — ct), G(x + ct) (respectively) are constant, are called
characteristics.

Since ¢ > 0 is constant, we can factor the partial differential operator > — <%’
and write the PDE as

3, —cd,) (3, + cd,) u = 0. (4.10)



Then since (9, + cd,) F(x — ct) = 0, and (9, — ¢cd,)G(x + ct) = 0, we see that
(4.9) is a solution.

It will be useful when discussing solutions of the wave equation to interpret
(4.9) as the superposition of two waves: the graph of F(x — ct) as a function of x
for various times t is a wave traveling with speed c to the right, and G(x + ct)
represents a wave moving to the left with speed c. Thus, the wave equation (4.8)
models waves of speed ¢ moving in both directions, to the left and right, just as
the linear transport equation models waves of speed ¢ > 0 moving to the right
only. We can add the two waves in (4.9), because the PDE (4.8) is linear and
homogeneous.

To see that every solution can be represented in the form (4.9) for some
choice of functions F, G, we introduce characteristic variables suggested by the
factorized equation (4.10):

¢ =x+4ct, n=x—ct,
and write z(§, n) = u(x, t). Then we have
0z d¢ 0z dn 0z dz 0z 0z
Ll = = e e = e = Col =6— +¢—,
ac ot dn ot d¢ an a¢ an

Adding and subtracting as in (4.10), the equation becomes

(—Zci) (20i) Ze= —éjlczi iz ={).
an ¢ an ¢

Integrating over n, we find
5 =80
for some function g (which is constant with respect to n).
Thus, 2(§, n) = G(&) + F(n), where G(§) = [ g(&) d&, and F is another
arbitrary function. Back in the original variables, we arrive at
ux,t)=z(x+ct,x —ct)=F(x —ct) + G(x + ct).
4.2.1. Initial Value Problem (Cauchy Problem)

We use the general solution (4.9) of the wave equation to solve the Cauchy
problem

Uy :czuxx, —<x<oo, t>0,

ux,0)=o(x), —o00<x<o00, (4.11)

u,(x,0)=v(x), —oo<x<o0.



Just as for ODE, since the PDE is second order in t, to have a well-posed problem
(cf. Section 2.1) we have to specify both the initial displacement u and the initial
velocity u,.

Theorem 4.1. If ¢ is C?> and y is C*, then the unique C? solution of (4.11) is given by

x+ct

u(x,t):% (gb(x—i—ct)—l—qb(x—ct))—l—if Y(y)dy. (4.12)

Proof. The general solution of the PDE is
ux,t)=F(x —ct) + G(x + ct). (4.13)
Then the initial conditions give
u(x,0)=F(x) +G(x)=¢(x),
i, (x,0)=—cF'(x) + cG'(x) = ¥ (x).

Integrating the second equation yields —Fix)+ Gy =1 [ vr(v)dy + A.

J0

Now we can solve for F and G, leading to (4.12). We leave it as an exercise to
verify that the initial conditions are satisfied.

It is clear from (4.12) that u(x, t) is a C? function. Uniqueness is a
consequence of the fact that F and G in the general solution are determined by
the initial condition.

|

Formula (4.12) is known as d’Alembert’s solution. Note that since  specifies u,
at t = 0, it is consistent that it should be integrated in a formula for u. In

integrating , we gain a derivative. Thus, we have the following regularity of the
solution:

If ¢ is C", and ¢ is C" 1, for somen > 2, thenu is C".

In other words, the solution inherits regularity from the initial data. There is no
gain or loss of regularity, a property typical of hyperbolic PDE. In fact, (4.12)
makes sense even if ¢ or @ are less regular than in the theorem; the
corresponding function u(x, t) is then known as a weak solution, even though the
derivatives of the solution seemingly required by the PDE may not exist.

D’Alembert’s solution allows us to establish another part of well-posedness,
namely, continuous dependence on the data.

Proof of continuous dependence. Let u = u,, u = u, be solutions of problem
(4.11) with initial data ¢,, y,, k = 1, 2, that are bounded and uniformly close in
the sense of continuous functions:

|Pp1(x) — Pr(x)| < €; |Yr1(x) — Yr(x)| <€, —00<x <00,



where € > 0 is small. From (4.12), we have
g (x, 1) — up(x, )| =
=131 = $D(x + ) + 31— ) (x = et) + 5 [T W1 = ¥2) ()
< 3¢y — ¢2)(X +ct)| + 31(dy — ) (x — )| + 5 f**” (Y1 — ¥ ()| dy
2 —e+ 6+ 20te—(1—|—t)e

In this calculation, we have used the triangle inequality and the integral estimate

|J fOdx| < [ |fGo)|dx.

It follows that if |¢, — ¢,| and |@, — w,| are uniformly small, then |u,(x, t) —
u,(x, t)| is small at each x, t < oo. Note that the estimate gets worse with
increasing time, so that to make u; — u, uniformly small in x and t, we have to

take a finite time interval, unless we include [ [¥,(y) — ¥»(y)|dy in the smallness
condition.
N
¢l\
1 -
| >
0 1 2 3 X

Figure 4.4. Initial displacement ¢(x).

Example 1. (Representing d’Alembert’s solution graphically) For simplicity,
let’s take the initial velocity to be zero, @(x) = 0, choose ¢ = 2, and take the
support of ¢ to be the interval [1, 3]. The support of a function ¢ is defined to be
the closure (including boundary points) of the set where ¢ is nonzero. Thus, supp
d={x:dix) =0}

The solution of (4.11) in this example is
1
u(x,r) = i—(qb(x + 2t) + @ (x — 2t)). (4.14)

The initial data are piecewise linear, with changes in slope at x = 1, 2, 3 (Fig.
4.4). Correspondingly, the solution (at a fixed t) will be piecewise linear, with
changes in slope expected at values of x for which

ke =7 — W b ¥4 i =2 rEldl=3



The graph of ¢(x + 2t) as a function of x has the shape of a triangle moving to
the left with speed 2, and ¢(x — 2t) has the same shape and speed, but moving
to the right. The solution (4.14) is the average of these two graphs.

We can represent the solution in the x-t plane, as shown in Figure 4.5. The
leading edge of the left-moving triangular wave lies on the characteristic x + 2t
= 1; it gets to x = 0 when 1 = J. Starting at x = 1, and moving left with speed 2,
the wave takes until =} to reach O.

Domain of dependence and region of influence. The structure of the
characteristics in the x-t plane in Figure 4.5 suggests how the initial data
propagate and influence the solution. Likewise, we can consider the dependence
on the initial data of the solution at a point (x, t).

The backward characteristics through a point a point (x,, t,) with t, > 0 are the
lines

xtcet=xpxcty, 0=<t=t,.

The backward characteristics intersect the x-axis at x = x, * ct,; the solution of
the Cauchy problem at (x,, t,) depends only on the initial data in the interval
between these points. The interval is referred to as the interval of dependence of
the point (x,, t,). More common terminology is to refer to the triangle with base
given by the interval of dependence and sides given by the backward
characteristics as the domain of dependence of the point (x,, t,).

3

{4
u=20 | _
1 3 %

Figure 4.5. The x-t plane for Example 1. Note that the slope of the characteristics
is the reciprocal of the wave speed.
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Figure 4.6. (a) Domain of dependence (x,, t,) and (b) region of influence of [q,

=

blfor the wave equation.

The region of influence of a point (x,, t,) is the set bounded by the forward
characteristics:

XEct=xqEcty, t=>t,.

We can also speak of the region of influence of a subset of the x-t plane, but more
commonly we refer to the region of influence of an initial interval a < x, < b,
with t = 0. The region of influence of the interval [a, b] on the x-axis is the set
bounded by characteristics x + ¢t = a, x — ct = b.

These notions give us a graphical means of understanding how initial data
propagate forward in time, as shown in Figure 4.6. In particular, if the data have
compact (i.e., bounded) support in an interval [a, b], then the solution is
necessarily zero outside the region of influence of the initial interval [a, b], as
can be seen by drawing backward characteristics from any point outside this
region of influence. We say that initial disturbances (meaning where ¢ or g are
nonzero) propagate with finite speed c.

4.2.2. The Wave Equation on a Semi-Infinite Domain

The Cauchy problem shows how initial disturbances propagate as waves in free
space. To describe how these waves are reflected at a boundary, we formulate
and solve an initial boundary value problem on the quarter-plane {(x, t) : x > 0,
t > 0} with a single boundary.

Consider the initial boundary value problem
ul,zczuﬂ, x>0, t>0,
u(0,1) =0, T =),
ux,0)=¢(x), x>0,
el U) =ofri)s 20

(4.15)

The boundary condition specifying u(0, t) means that the end of the string is held



in place. We could instead specify the slope u, (0, t), which would mean the stress
is specified. In particular, the boundary condition u, (0, t) = O is referred to as a
stress-free boundary condition.

For x > ct, we have d’Alembert’s solution (4.12)

Xx+ct
WG T) = %[qb(x +ct)+¢d(x —ct)]+ i f Y(y)dy, (4.16)

X—ct
with ¢, p evaluated only for positive values of their arguments.

To obtain an expression for the solution in the region 0 < x < ct, we have to
use the boundary condition, since (4.16) does not apply for x — ct < 0. Notice
that characteristics with positive speed ¢ propagate into the domain from the
boundary x = 0 as t increases (see Fig. 4.7). These characteristics carry
information from the boundary condition. Moreover, each point in the quarter-
plane also has a characteristic moving left with speed c that originated on the
initial line x > 0, t = 0. Therefore, the solution for x < ct will involve both the
initial condition and the boundary condition.

The solution can be found from the general solution (4.13), obtaining
expressions for the functions F, G from the initial and boundary conditions, much
as was done in the proof of Theorem 4.1. The result of this calculation is

x+ct

ulx,t) = % (d(x + ct) — d(ct — x)) + i [ Vivldy, 0% < 6l

I—x
(4.17)

Observe that this formula satisfies the boundary condition u(0, t) = 0. Formula
(4.17) can be interpreted as the solution of the Cauchy problem with initial data
on the entire real line obtained by extending both ¢ and y to be odd functions, so
that ¢(—x) = — @), W(—x) = —w(x), x > 0. Then (4.17) uses the oddness of
the extension to express the solution entirely in terms of the given data on the
positive x-axis.

Moreover, there is another interpretation of this construction. The solution of
the Cauchy problem with odd initial data involves waves moving left and right in
the upper half-plane. Those with x < 0 and moving right have the property that
along the line x = 0 (the t-axis), they exactly cancel waves moving left. This
cancellation explains how the boundary condition u(0, t) = 0 is satisfied.



Figure 4.7. Characteristics for the quarter-plane problem.

Example 2. (Representing a quarter-plane solution graphically) Let’s suppose
supp ¢ < [a, bland supp ¥ < [a, b]. The solution is represented in the x-t plane in
Figure 4.7, where we have drawn forward characteristics from the boundary of
the support of the initial data, including their reflections from the boundary x =
0. The reflected characteristics record the switch from x — ct to ¢t — x in the
solution; equally, we can think of the reflected characteristics as originating from
the x-axis and carrying information from the extended initial data. Finally, the
reflected characteristics carry information from the boundary (specifically, the
boundary condition) into the interior of the domain. This last point of view is
helpful when considering nonzero boundary data. In Figure 4.7 the domain is
divided into sectors in which we can write the solution in more detail. For
example, the solution is zero in three of the regions. In each of the other regions,
we use backward characteristics to see which part of the support of the initial
data is used in calculating the solution.

For (x, t) in the triangular region labeled A in Figure 4.7, the backward
characteristics hit the x-axis at x — ct and x + ct, both of which lie in the
interval [a, b] Thus, there is no simplification, and u is given by d’Alembert’s
formula (4.16).

In region I, x — ¢t < a, and ct — x < a, while a < x + ct < b, so that both
(4.16) and (4.17) reduce to

1 1 xX+ct
u(x,t)=5¢(x4rcf)+2—cf V(y)dy,



which is a wave traveling to left, a function of x + ct.

In region II, u(x, t) is likewise a function of x — ct; the graph is a wave
traveling to the right.

In region III, part of the wave is reflected by the boundary and interacts with
the wave traveling toward the boundary. In fact there is just enough cancellation
so that the boundary condition is satisfied at x = 0. The reflected wave emerges
as a function of (x — t) in region IV. Thus in region III, where both waves are
present, and a < ct — x < x + ct < b, u(x, t) is given by the full formula (4.17).

In region IV, after the left-moving wave has been fully reflected and is now
moving to the right, we have x + ct > b, and thus

1 O
u(x,r)=—5¢<cr—x>+§f v () dy.

In region V, x — ct and ct — x are less than a, while x + ct > b. (This case is
also shown in Fig. 4.7.) Therefore, there is no contribution from the initial
displacement ¢, and the contribution from the initial velocity is constant:

1 b
u(x,r)=2—cf V(y) dy.

Similarly, in the region between IV and the t-axis, we find u = 0. We see this by
noting that both x + ct and ct — x are larger than b. Equivalently, since x — ct
< —b < b < x + ct, we find that u is the integral of the odd extension of g from
—b to b and hence is zero.

It is instructive to graph the solution carefully for various values of t, say, for
Example 2, with ¢ triangular (see Fig. 4.4) and y zero.

Example 3. (Nonzero boundary condition) Consider the initial boundary value
problem with nonzero boundary condition
Uy = czum, x>0, t>0,
u0,t)=nh(@), >0,
i O =dix), xz=0;
el Q) =rix); =10

(4.18)

The solution is similar to (4.16), except there is an additional term that
propagates the boundary data into the domain x > 0. To derive the additional
term, first observe that if ¢ and y are zero, then the string is initially horizontal
and at rest. The displacement h(t), specified at the boundary, propagates into the
interior, and induces motion of the string. Consequently, this disturbance



propagates as a wave u(x, t) = F(x — ct) with speed c. Setting x = 0 in this
solution, we match the boundary condition: F(—ct) = h(t). Consequently, F(§) =
h(—&/c), for & < 0, and the solution

e, )= h (C‘ _x)
C

follows immediately. The full solution is obtained by simply superimposing the
solution with h = 0. Note that right-moving characteristics carry only half the
information of the solution for the Cauchy problem, but they carry all the
boundary information, since the boundary data travel only to the right in the
physical domain x > 0.

4.3. The Energy E(t) and Uniqueness of Solutions

In this section we define an energy function for the wave equation, show that
energy is conserved for the Cauchy problem (4.11), and use this property to
establish uniqueness of solutions of the Cauchy problem.

Let’s assume that u = u(x, t) is a smooth solution of the Cauchy problem and
the derivatives u,(x, t), u (x, t) are square integrable (i.e., in L>(R)) for each t = 0.

Then the total energy defined by
o0 2
1 ,,¢ 5
E(t) = —u + —u’ | dx
" f_oo (2 b2 )

Note that E(t) is the sum of the kinetic and potential energies. The potential
energy PE() = [~ <u?dx is the energy stored in the string due to tension, and the

is finite.2

kinetic energy KE() = /" ju;dx is akin to the quantity Ilm»* in classical
mechanics of a rigid body with mass m and velocity v.

To see how E(t) is connected to the one-dimensional wave equation (4.8), we
multiply the PDE by u, and integrate by parts:

o0 o)
e s 2 _
[ By Wy dx_[ c“u,, U dx.
—00 —C0

o0 8 M2
/ — L dx=¢? U, U;
—o0 Ot 2

Thus, we have




That is,

M | c?

Therefore, we have conservation of total energy: E(t) = constant, from which we
deduce

o

1
E(t)=E(0)= 5/

— 00

(W(X)z . qb’(x)z) dx, t>0.

This identity is an important tool for existence and regularity of solutions, but
also for uniqueness of solutions, as we now discuss.

Uniqueness of solutions. Consider the Cauchy problem

u,lzczu”—{—f(x,t), —0<x <00, t>0, d15)
ux,0)=¢(x), u,x,0)=v(x), —o0<x<o00, '
in which the inhomogeneity f(x, t) is a specified function representing a time-
dependent distribution of force along the one-dimensional elastic body. For
example, if the PDE represents small transverse vertical vibrations of an elastic
string, then f(x, t) = —g could be the force distribution due to gravity. (Note that
the density p has been absorbed into c2.)

We can use the energy calculation to prove uniqueness of C? solutions of
(4.19). Consider two C? solutions u,, u, with the same data ¢, g, f. To prove
uniqueness, we show u; = u,. Define u(x, t) = u,(x, t) — u,(x, t). Then u satisfies
the homogeneous version of (4.19), with zero initial data:

Uy = Czuxp
u(x,0) =0, u,(x,0)=0.
Since E(t) = E(0) = O for this problem, we have

(1, &,
/ —u; + —u dx = 0.
g Y2 2

Therefore,

Thus, u is constant in x and t. But u(x, 0) = 0, so the constant is zero. Hence u =

4.4. Duhamel’s Principle for the Inhomogeneous Wave Equation

Duhamel’s principle is used to solve inhomogeneous initial boundary value
problems when we have the solution of the homogeneous problem in hand.



Consider the initial value problem

u, =cu,, + fx,t), —oco<x<oo, t>0, i)
u(x,0)=0, u;(x,0)=0, —oo0o<x<o00. '

To solve (4.20) using Duhamel’s principle, let i(x,;5) be the solution (for each s

> 0) of

2~
Uy, t>8, —00<X <00,

g =t
u(x,s;s)=0, (4.21)
w:r, 53%) = f(x, 5).
To understand why i might be helpful, consider the special case in which f(x, t)
= F(t) is independent of x, and we seek a solution v(t) independent of x. Then we
have

V() = F(t), v(0)=0=1'(0).

Integrating twice and reversing the order of integration, we see that
1
v(t) = f (t —s)F(s)ds.
0

But for each s > 0, w(s, t) = (t — s) F(s) solves the x-independent version of
(4.21), namely,

w,, =0, w(s,s) =0, w, (s, s) = F(s),

and v(r) = ,l'“r w(t, s) ds.

This calculation suggests that u(x,1)= f i(x,1,5)ds solves (4.20). To complete

0
the solution, it remains to find &. But @ satisfies a Cauchy problem for the

homogenous wave equation with initial condition at time t = s. We can adapt
d’Alembert’s solution by translating t by s in d’Alembert’s formula, with ¢(x) =
0; w(x) = f(x, s). This gives a formula for a:

x+c(t—s)
&(x,t;s):—/ f(y,s)dy.
2c x—c(t—s)

Now let u(x, 1) = /" i(x, 1, s)ds. That is,
Jo
1 I px+c(t—s)
u(x,t)=—f f f(y,s)dyds.
2¢ Jo x—c(t—s)

The double integral is an integration of f over the triangular domain of
dependence of (x, t) shown in Figure 4.6.



Claim 4.2. The function u(x, t) satisfies (4.20).

Proof. Let (x,, t,) be fixed with t, > 0. The proof involves integrating the PDE
(4.20) over the domain of dependence A = {(x, t) : x, — c(t — t,) < x < x, +
c(t — t), 0 <t < t,} and using Green’s theorem in the plane (see Appendix A).
With the exact differential du = u,dx + udt, the integral on the boundary is
reduced to u(x,, t,).
|
It is straightforward to use this procedure to solve the more general initial
value problem in which the initial data can be nonzero:

u, =cu,, + f(x,t), —oco<x<oot>0,

u(x,0)=d¢(x), u,(x,0)=v(x), —oo<x<oo.

We solve this problem by considering each of f, ¢, @ separately, setting the others
to zero; the solution is then the sum of the corresponding solutions:

1 t px+c(t—s)
u(e, 1) = - f f (v, $)dyds
2¢ Jo Jx

—c(t—s)
X—+ct

+1(¢(x+cr)+¢(x—cr))+if Y (y)dy.
2 20 t

X—C

4.5. The Wave Equation on R? and R3

The method of spherical means uses the rotational and translational invariance of
the wave equation to find solutions that are the analog in R%, n = 2, of
d’Alembert’s solution in one dimension. The resulting formulas allow us to
understand the Huygens principle of wave propagation. Huygens originally
expressed his principle geometrically, using spheres centered at points of a
wavefront with radius given by an incremental time and arguing that the
intensities would cancel except along the expanding surface formed as the
envelope of the overlapping spheres.

Here we show briefly how to derive an explicit formula for the solution of
initial value problems in R? and R3. It is in fact easier to start with R3. Suppose

u(x, t) is a solution of the wave equation
Uy = AAu, xeR? >0,

with Cauchy data u(x, 0) = ¢(x), u(x, 0) = w(x). For r > 0, define the spherical
means vi(r, 1) =ulr, 1) =fg, ux,)dS, where S(x, r) denotes the sphere with center
x and radius r. (See Appendix A for the integral average notation f.) If we can
find v(r, t), then we recover u(0, t) = lim, _ , v(r, t) But this will give a formula



for u(x, t) for any x, t, by centering the spheres at a general point x € R3 instead
of at x = 0. Here are the main steps in constructing the formula.

1. Observe that v(r, t) is a rotationally invariant solution of the wave equation

2 2
Vyy =¢C Upr Sl Uy )
r

with initial data given by the averages of the data for u: v(r, 0) = ¢(r), v,(r,0) =¥ (r).
Notice that v(r, t) is symmetric about the origin, but we could equally well have
centered the spheres at any point x in space, taking integral averages over the
resulting spheres S(x, r), leading to the same statement of the Cauchy problem for
v, but with different ¢, .

2. Let w(r, t) = rv(r, t). Then w satisfies the one-dimensional wave equation

W, = czw,,,,, r>0, t>0,

with initial data wir, 0) =ré(r), w,(r,0) =ri¥(r), and boundary condition w(0, t) =
Consequently, d’Alembert’s solution can be used to solve this quarter-plane
problem, effectively using the even extensions of ¢(r), (r) or equivalently, the
odd extensions of r@(r), rif(r).

3. Since we are interested only in u(0, t) = lim v(r, t) = lim, _ , w(r, t)/r, we

r—20

write the solution with r < ct:

1 ct+r 91 ct+r
w(r,t)=— f sw(v) ds + —— sp(s)ds. (4.22)
20 Ja ot 2

t—r C Jet—r

Notice that we write the final ¢ term as the derivative of an integral, which

turns out to be more convenient than the equivalent form used in Section
4.2.1.

4. Now we compute the limit as r — 0:
0
(0, 1) = lim w(r, 1) /r = 220, 1),
r—0 ar

since w(0, t) = 0. Computing this derivative using (4.22) and including the
formulas for the integral averages (see Appendix A), we find

wo.n=t § wipas+={e f swas

S(0,ct) S(0,ct)

5. Finally, we observe that by translation invariance, the corresponding formula
applies by centering the spheres at any point x € R3:



0

ulx,t)=t ][ w(y)dS+§ t f o(y)dS ¢ . (4.23)

S(x,ct) S(x,ct)

Solution in the plane (n = 2). The formula (4.23) can be adapted to find the
solution of the wave equation in two space dimensions. The idea is to consider
solutions v(x;, x,, t) = u(x;, x,, X;, t) that are independent of x, Then v satisfies
the wave equation in two dimensions and in three dimensions. Since initial data
@, y are in two dimensions, we consider them as functions of x;, x,, x; but
independent of x,. Then we calculate the integrals in (4.23) by representing the
spheres over the projections onto the x; — x, plane, which are disks. This process
gives the formula

1 Y (y)

v(x, 1) = —
2mce JB(x,ct) [62r2 = &= Y|2]1/2

9 1 @ (y)

ot 2mc B(x,ct) [Cztz — |x = Y|2]

2 dy. (4.24)
Everything here is to be interpreted in two dimensions. Thus, x = (x;, Xx,), y =
(v1, ¥,), B(x, ct) is the two-dimensional disk centered at x, and with radius ct, and

dy = dy,dy,.

Because of the way (4.24) in two dimensions is related to (4.23) in three
dimensions, it is not surprising that the integrals are over the disks B(x, ct).
However, this has a profound consequence, because now the solution depends on
values of ¢ and y inside the disk B(x, ct), in contrast to the three-dimensional
case, in which the dependence is only on values of the data on the expanding
sphere S(x, ct). Thus, the Huygens principle does not hold in two dimensions. For
example, waves generated by dropping a stone into the flat surface of a body of
water generates not just a circular expanding wave, but also lots of concentric
ripples behind the leading wave.

PROBLEMS

1. Consider the initial value problem

Wps = U —ppaxrpy F=0
wiz; ) =@lx); —08<X<00;
(X5 0) =r(x); —0e <% < 00

Let ¢(x) be the function with graph shown in Figure 4.4, and @(x) = 0. In the x-t
plane representation of the solution in Figure 4.5, we find u = 0 in the middle
section, with 1> 1. Show that if we keep the same ¢ but make y nonzero, with



supp ¢ = [1, 3], then u will still be constant in this middle section. Find a
condition on  that is necessary and sufficient to make this constant zero.

2. Consider C® solutions of the wave equation
w,, = cu,. (4.25)
For ¢ = 1, define the energy density e¢=l(u;+u}), and let p = wuu, (the
momentum density).
(a) Show thate, = p, p, = e,.
(b) Conclude that both e and p satisfy the wave equation.
3. Suppose u(x, t) satisfies the wave equation (4.25). Show that:

(a) For each y € R, the function u(x — Yy, t) also satisfies (4.25).
(b) Both u, and u, satisfy (4.25).

(¢) For any a > 0, the function u(ax, at) satisfies (4.25). Note that the
restriction a > 0 is not necessary.

4. (a) Let u(x, t) be a solution of the wave equation (4.25) with ¢ = 1, valid for
all x, t. Prove that for all x, t, h, k,
ux+h,t+k)+ulx—h,t—ky=ulx+k,t+h)+ulx—=~k,t—nh).

(b) Write a corresponding identity if u satisfies (4.25) with ¢ = 2.

5. Consider the quarter-plane problem
Uy =4u,,, x>0, t>0,
u(0, ) =0, t>0,
HE Q) =giX): X0
u;(x,0) =v(x), x=>0.

Let ¢(x) be the function with graph shown in Figure 4.4, and let w(x) =
Sketch the solution u(x, t) as a function of x for 1= 1,2, 3.1, 2

o

6. Consider the quarter-plane problem with a homogeneous Neumann boundary
condition

Uy = Ux x>

u,(0,1)=0, t >0,
ulx,0)=¢(x), x>0,
u,(x,0)=v%(x), x>0.

Suppose supp ¢ = [1, 2] = supp Y.



(a) Solve for u(x, t), x = 0, t > O.
(b) Where can you guarantee u = 0 in the first quadrant of the x-t plane?
(c) Consider ¢ = 0; write a formula for u.

(d) If 0 is in the support of ¢ or Y (e.g., if lim, _ ,, $(x) = 0), write conditions
that guarantee u is (a) continuous and (b) C!. Explain your answers in terms of
the behavior of the data around the boundary of the domain. (Any
compatibility condition will be effectively at the origin, but you will need to
match u, u,, and u, across x = t.)

7. Consider problem 6, but in the more general case in which u (0, t) = h(t) is
not identically zero. Here, the general solution can be employed with the
boundary condition to find F(§) for £ < 0 in terms of G(—¢&) and h. Using this
approach, derive the solution

—x X+t
u(x,r)=—f0 h(y)dy+%(¢(x+z)+¢<t—x))+%f Sy

for x < t. Derive a suitable compatibility condition at the origin that ensures the
solution is continuous when the data are continuous. What about the first
derivatives across x = t?

8. Consider the wave equation that includes frictional damping:

2
U T Uy = CTU s

in which u > 0 is a damping constant. Show that if u(x, t) is a C? solution with u,
— 0 as x — oo, then the total energy E()= /" i(u;+c’u})dx is a decreasing
function.

Incidentally, can you devise a C? function f(x) with the property f(x)
approaches a constant as x — = oo, but f(x) does not approach zero?

9. Consider the quarter-plane problem (4.15).

(a) Formulate the mechanical energy E(t) for solutions, and show that it is
conserved. Specify any assumptions you need on the initial data.

(b) For the nonzero boundary conditions (4.18) of Example 3 evaluate E’(t) in
terms of the data ¢, y, h.

10. Let f(x, t) be a continuous function, and let A(x, t) denote the domain of
dependence of the point (x, t) for (4.25). Use the Fundamental Theorem of
Calculus to show directly that «(x,1) = 5- [ [, ,, f(v, 1) dvdr satisfies

Uy = czu” + f(x, 1), ulx,0)=0=u,(x,0).



11. Consider the wave equation in three dimensions, with initial conditions in
which ¢(x) = f(|x|) is rotationally symmetric, the function f satisfies f(r) = 0, r
0. Show that the solution u(x, t) is (a) rotationally symmetric, and

> ¢ and Y =
(b) zero outside a circular strip centered at the origin and having width e.

1. Jean le Rond d’Alembert (1717-1783).
2. Since the constant density p has been absorbed into 2, the physical energy is actually pE(t).



CHAPTER FIVE

The Heat Equation

The heat equation
u, =kAu

is the prototype of parabolic PDE and models diffusion processes, including heat
flow and the spread of a solute in a fluid. The heat equation also plays a
significant role in models of combustion, fluid flow with temperature dependence
(for example, when density depends on temperature), and population dynamics.
In chemical and biological systems, diffusive processes are commonly modeled by
random walks and Brownian motion, which are closely related to the heat
equation.

The heat equation has the remarkable property that even for rough initial
data, solutions are immediately smoothed. This property is in contrast to
hyperbolic equations, such as the wave equation, for which rough initial data
remains just as rough through its evolution. Solutions of the heat equation also
exhibit infinite propagation speed, meaning that a change in temperature in one
location is immediately detected everywhere. (But the effect decays exponentially
with distance from the source of the change.) Since characteristics are defined
only for hyperbolic equations, the method of characteristics does not apply to the
heat equation. Instead, we introduce several new PDE techniques that are
applicable in general to linear PDE.

The fundamental solution lies at the heart of the theory of infinite domain
problems. On bounded domains, the fundamental solution is adapted to take
account of boundary conditions. The adapted functions are called Green’s
functions.

The maximum principle applies to the heat equation on domains bounded in
space and time. This important property of parabolic equations is used to prove a
variety of results, such as uniqueness of solutions and comparison principles.

The energy method for the heat equation has a few key differences from the
method for the wave equation. For example, the physical heat energy is not very
useful, and instead we introduce a mathematical energy function. Typically, this
energy is not conserved and decays in time. The decay of the energy leads to
straightforward uniqueness results, just as for the wave equation. The energy
decay is also useful for obtaining estimates that are part of the existence and
regularity theory for solutions of parabolic equations.



Separation of variables is a procedure for solving certain initial boundary value
problems. The procedure is straightforward for the heat equation, and with small
modifications it also applies to the wave equation and Laplace’s equation. The
method yields solutions represented as infinite series of eigenfunctions associated
with the PDE and boundary conditions. We first demonstrate the technique on
specific examples. More generally, in the next chapter we analyze eigenvalue
problems for ODE and PDE, and the convergence of Fourier series.

5.1. The Fundamental Solution

The fundamental solution is important for problems on infinite domains. In this
section we define the fundamental solution ®(x, t) and show how it is used to
solve the Cauchy problem:

u,=ku,,, —oo<x<oo, t>0,
ulx,0)=gx), —oc0<x<ox.
To derive the fundamental solution, we use the scale invariance property of the
heat equation. Let a > 0 be a constant and introduce the change of variables

i=a%, ¥ =ax. Then the heat equation is unchanged but is expressed in the new
variables:

M}' = kuﬁ

This scale invariance suggests that we seek solutions of the self-similar form

u(x,t) =t%v (%)

for some a € R. Substituting into the heat equation, we see that whatever the
value of a, the function v satisfies an ODE with nonconstant coefficients:

1 1 %
kv"(y) + =yv'(y) + =v(y) =0, wherey=-—. (5.1)
(y) 57 () > () y 7
To select a, we introduce the property of conservation of heat energy, which
we wish to have satisfied by our solution. Suppose u is a solution of the heat

equation with the property that | /™_u(x,0)dx| < o0, and u(x, t) = 0 as x — =* oo,
Then, integrating the PDE, we find

d o0

— u(x,t)dx =0,

dt J_

so that the total heat energy is conserved:

o0
/ u(x,t) dx = const. (5.2)

—C0



However,

b=

o0 X o0
/;oov(ﬁ) dx =t f_oov(y)dy,

which suggests we should scale the function v by

u(x,t)= i v (i) (5.3)
v\t |

that is, choose « = —3. With this scaling, heat is conserved in the sense of (5.2).

Now we solve (5.1). Since it is a second-order equation, there will be two
independent solutions. First rewrite the ODE as

1
kv (y) + g v(y) =0.
Thus,
1
kv'(y) + >y v(y) = const.

Since we are really only seeking one solution, it is convenient to set the constant
to zero, resulting in a homogeneous first-order equation that has general solution

2
v(y) = Ae %,

Converting back to (x, t), with v = j, we obtain the similarity solution

1 x2
u(x,t)=A—e %, (5.4)
t

Usually, we choose a particular value of A so that the constant in (5.2) is one;
for this choice of constant, we have the fundamental solution of the heat equation:

1 x2
CD()C,I)Z e 4kt

Akt

(see Fig. 5.1). In higher dimensions, x € R", the fundamental solution takes a

similar form:

d(x,1) = ;e—lﬂz/(fﬂd).
(4 kt)n/2

Then u(x, t) = O(x, t) satisfies u, = kAu.
Properties of the fundamental solution ®(x, t).

1. d(x,t) > Oforallx e R:, t > 0.



2. 0isC~in(x, t),t > 0.
3. [p®(x, t)dx = 1forallt > 0.

| I | l | | -
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Figure 5.1. Graph of the fundamental solution ®(x, t) for the heat equation, with
t > 0.

Properties 1 and 2 follow directly from the formula for the fundamental solution.
For n = 1, property 3 is verified by direct calculation:

o0 1 oo x2
D(x, t)dx = [ e i dx
[oo Varnkt J—oo

_ 1 /OO e_yzdy (lety . dy = ax )
VT J—so Jakt 4kt
=1.

For n > 1, property 3 follows from .-’ — ¥/, ... ..

From properties 1 and 3, we see that ®(x, t) is a probability distribution. In
fact @ is a normal distribution for each t > 0 with interesting dependence on t in
the limits t — « and t — 0. The area under the graph is 1 for all t > 0, yet as t
— oo, max, ®(x, t) — 0; the tail spreads out to maintain [ & = 1. As t — O the
maximum (at x = 0) blows up like f, but the integral remains constant. We also
observe ®(x, t) = 0 forx = 0,ast— 0" .

5.2. The Cauchy Problem for the Heat Equation

We are now ready to solve the Cauchy problem
u, =ku,,, —00<x<o00, t>0, (5.5a)

ux,0)=gkx), —oco0<x<o00, (5.5b)

using the fundamental solution



which satisfies (5.5a) for t > 0.

By translation invariance, ®(x — y, t) is a solution of (5.5a) for all y. Thus,
O(x —y,1)g(y)
is also a solution of (5.5a).

By linearity and homogeneity of the PDE, we can take linear combinations of
solutions, which suggests that

uuﬁ=[ S — y, Hg()dy 66)

— 00
should be a solution. Moreover, properties of @ suggest that as t — 0%, u(x, t) —

g(x), since ®(x — y, t) collapses to zero away from y = x and blows up aty = x
while preserving [ ® = 1.

Because of the exponential in ®(x, t), the integrals for u, u, u,, all converge
for t > 0 provided g € C(R) is bounded. Then

0P R
U =f (x =y, 0)g(y)dy, Uy =f — (x =y, 08(y) dy,
—00 ar —00 Bx

so that u satisfies the PDE for t > 0.

It is more complicated to prove rigorously that the initial condition (5.5b) is
satisfied, since t = 0 is a singular point for ® (in that ®(x, t) is not defined at t =
0). To get a rough idea of how (5.5b) holds as a limit as t — 0%, let’s fix x. Then,
for§ > 0,

f O(x —y,1)g(y)dy

—00

:[ |3¢u—yJMWMy+[ O(x — y, Dg(y)dy
x—y <<

x—y|>8
A [ D(x —y,1)g(x)dy.
lx—yl<8

The second line has two integrals. In the first integral, g(y) = g(x) for small §
since g is continuous. The second integral approaches zero as t — 0%, because ®
— 0 uniformly and exponentially away from y = x as t — 0*. In the following
theorem we state this limit carefully and prove it by estimating the integrals. The
final integral gives g(x), since it is independent of y, and the integral of ® over a
small interval around y = x becomes unity as t — 0", since ® approaches zero



sufficiently fast elsewhere.

Theorem 5.1. Let g € C(R) be bounded, and let u(x, t) be given by (5.6). Then
l.uis C~in (x, t) for t > 0; and

2. u satisfies the heat equation u, = ku,,, x €R, t > 0; and

3 (e, 1) —ling.m ory =800 for all x, € R.

Proof. Property 1 follows because @ is C~ for t > 0, and since derivatives of ®
all decay exponentially as |x| — oo, the integrals converge. Property 2 follows
from ®, = ko, t > 0.

X0

To prove property 3, we consider the difference |u(x, t) — g(x,)|, and estimate
the integrals, guided by the discussion above. This is the first time we have
encountered these kinds of estimates, so we provide the details.

Let ¢ > 0. We wish to show |u(x, t) — g(x,)| < e for (x, t) close to (x,, 0).
Since [ ® dx = 1, we can express the number g(x,) as an integral, so that

lu(x, 1) — g(xp)| =

f O(x —y,1)(g(y) — g(xp)) dy|. (5.7)

Let § > 0 (we choose § below), break up the integrals in (5.7), and use the
triangle inequality:

|M(x>f)—8(x0)|5fl P63 0(E0) ~ )y
xXo—yl<

T fl - D(x —y, 1)(g(y) — glxp)dy|. (5.8)
Xo—YI=

Now we use § in two ways to show the two integrals are small.

In the first integral, by continuity of g we can choose § > 0 small enough that
|g(y) — g(x,)| < efor |x, — y| < &, which is the domain of the integral. We are
left with an integral of ®(x — y, t), which is bounded uniformly by 1, even
though ®(x — y, t) blows up ast — 0.

In the second integral we observe that [, , _;®(x—y,1)dy— 0asr — 0, provided

v — x| < 5, while g(y) is bounded. To make this observation more precise, we
write the right-hand side of (5.8) as I; + J;. Choose § > 0 so that |g(y) — g(x,)|

< efor |y — x,| < 8. Then



Lsffl O =30l — sl

56[ ®(x —y,t)dy <e.
lxg—yl<é

The integral J; is somewhat trickier. Since g is bounded, there is K > 0 such that
1g)| < K, for all y. Thus,

Iy < f| G = Dlg0) — gl ldy
) e

<2K f 1 _(X*k)’)z d
< e 4kt V.
lxo—y|=6 4kt
Consider x satisfying |+ — x| < 4. (Recall that we are considering the limit as x —
X,.) Then |x — y| = { in the range of integration |x, — y| > 8. However, this is not

a good enough estimate of the exponential, because we would still be left with an
integral over an infinite interval of a small but positive quantity. To get a more
useful estimate, we observe (see Problem 1) that in the region of integration,
lx —¥|= %|_1.' - Xgl. Then

(JC()*.‘»*‘)2

16k1 dy

(= f. . 7

<C f e dz<e¢
|z]>—2—
4kt

for t > O sufficiently small. Here we have used the change of variables z =
(v — xp)/(4/kr) and the constant ¢ — 4k /7. Now it follows that |u(x, t) — g(x,)| <
2¢ for |x — x| < §, r = 0 sufficiently small. This proves property 3 and completes the
proof of the theorem.
|

The solution (5.6) is a convolution (®(C, t) * g)(x) for each t > 0. For
integrable functions ¢, ¢ on R the convolution product of ¢ and y is a function ¢
* (Y defined by

b % ¥ (x) =f B — Y)Y dy.

The convolution product provides a useful construction of the product of two
integrable functions. It is used widely in signal processing and Fourier analysis.
Property 3 of the theorem shows that ®(,, t) * g — g as t — 0. In this sense, the
functions ®(, t) converge as t — 0 to a generalized function § defined informally



(6 % g)(x) = f 5(x — y)g(y) dy = g(x).

R

We make this precise in Chapter 9, where § is defined as the Dirac delta function, a
distribution.

Recall that for first-order equations and for the wave equation, solutions
propagate with finite speed, meaning that the region of influence of any point is
bounded over finite time. However, the heat equation has the property, typical of
parabolic equations, that solutions propagate with infinite speed: the region of
influence of a point is immediately all of space.

To make this concept a bit more precise, consider an initial temperature
distribution u(x, 0) = g(x) that is nonnegative and has compact support (see
Appendix A). An example is the function g(x) = ¢(x) in Figure 4.4 that we
considered for the wave equation. For the wave equation, such an initial
disturbance propagates with finite speed, the wave speed. But for the heat
equation, the solution u(x, t) is immediately positive everywhere, meaning that
for all t > 0, no matter how small, u(x, t) > 0 for all x € R. You can see this

directly from the solution (5.6). Thus, the initial data, confined to a bounded set,
has induced a positive temperature everywhere immediately. Of course, the
temperature drops off exponentially with distance from the support of g and is
tiny outside the support for small t, but nonetheless, the initial temperature
distribution has propagated with infinite speed.

This is pretty clearly not physical (we cannot have signals propagating faster
than the speed of light!) and is a limitation of the heat equation, and in particular
of Fourier’s law of heat transfer. From a different point of view, it is a
consequence of taking a finite speed effect, namely, the exchange of thermal
energy between molecules, and describing the process in a continuum in a
seemingly natural way that introduces this anomaly. Nonetheless, the heat
equation is an extremely useful PDE that describes heat transfer accurately in
many situations.

5.2.1. Using the Fundamental Solution to Solve Quarter-Plane Problems
To introduce a boundary condition, consider the quarter-plane problem
u;,=ku,., x>0, t>0, (5.9a)
u(0, 1) =0, t>0, (5.9b)
alx: 0] =eglx), x>0, (5.9¢)



As in the strategy for the wave equation, we reflect the initial data, so the
solution satisfies the boundary condition. Let g(x) be the odd extension of g(x):

. g(x), x>0,
glx) =
_g(—)C), X < O;
and define
o0
u(x,t) =/ O(x —y,1)g(y)dy. (5.10)
— XD
Then
Uy = kuxx’

u(x,0)=gx)=gkx), x>0,
o0
00,0 = [ @Cy080)dy=0, >0,
—C0
since ®(y, t) is an even function of y, and g is an odd function. Note that u(x, t) is
an odd function of x € R. That is, the symmetry in the initial data is carried
through to the same symmetry in the solution.
Now replace z(v) with g(y) using g(y) = —g(—y) for y < 0. Then

o0 0
u(x,r)=/0 D (x —y,f)g(y)derf O(x —y, )(—g(=y)dy

= /O (D(x —y, 1) — DX +y,1))g(y)dy.

For a quarter-plane problem with a homogeneous Neumann boundary
condition, corresponding to an insulated end at x = 0, the calculation involves
the even extension of the initial data:

Re=kit ., x>0, t=>0,
u,(0,1) =0,
u(x,0)=g(x), x>0.

The solution is obtained by extending g using the even extension g, so that the
first derivative is zero at x = 0. Then

u(x, 1) =]0 (@ =y, 1) + DCx + 3, 1) g(y) dy

satisfies the heat equation. To check the boundary condition, we calculate
w (0, 1) = [5(d (—y, 1)+ D (v, 1) g(y)dy. Now D(y, t) is even in y, so O, (y, t) is odd.
Thus, u (0, t) = 0, as required.



5.3. The Energy Method

In this section we show the sense in which heat energy is conserved on both
bounded and unbounded domains. The function H(t) = [ u(x, t) dx is
proportional to the physical heat energy when u(x, t) is the temperature
distribution. We also consider a mathematical energy integral E(t) = [ u?(x, t) dx,
which is useful for the heat equation, just as the mechanical energy was for the
wave equation. The treatment of energy integrals is very significant for the study
of PDE, especially nonlinear PDE, where estimates of mathematical energies help
establish existence and uniqueness.

Consider a C? solution u(x, t) of the heat equation on a bounded interval:

u,=ku,,, a<x=<b, t>0. (5.11)

The heat energy #(:) = [ u(x,1) dx satisfies

b b
H'(t) = [ u,(x,t)dx = / ku, dx =ku,(x,t)| .
a

a

Thus, the evolution of heat energy is controlled by the heat flux —ku, through
the ends x = a, b. If the ends are insulated, then u, = 0 there, and the heat
energy is constant.

On an unbounded domain, the calculation works similarly, except it is natural
to assume there is no heat loss at infinity and that the temperature u(x, t) is
integrable as well as smooth. Suppose u, = ku,,, — < x < o, t > 0. Let
H(1)= [~ u(x,1)dx. Then

o0 o0
H’(r):f Kl G = Kl (5 1) = 0.
— 00 —00
To analyze the mathematical energy Er) = [ Ju’(x, 1) dx, we multiply (5.11) by
u and integrate over [a, b]:
b b
[ Ui, dxzkf Wl gy A%
4] 4]
Therefore,
d (1 b b
— —uldx = kuu, —kf u% dx.
dt a 2 a a )
Thus, the energy integral £()= [ Lu?(x, ndx is decreasing in time t if wu, |} <0. For

example, if either u or u, is zero at each end point x = a, x = b, then the energy
integral E(t) decreases in t. In this case, we have the important comparison to the



initial data:
E(t) <E), t>0. (5.12)

That is,

b b
f uz(x, Hdx < / uz(x, 0)dx, t=>0. (5.13)
a a

On an infinite domain, we assume the solution u(x, t) is square integrable, so
that £(1) = [ u#’(x,1)dx is defined. Then, since it is reasonable to assume u(x, t) —
0 as x —= *oo, and u, is bounded in x, we obtain E’(tf) < 0. Once again the
energy is decreasing, and we have the comparison (5.12) to the initial energy.

5.3.1. Using the Energy Method to Prove Uniqueness
Decay of the mathematical energy allows us to prove uniqueness of solutions of
the initial boundary value problem
u, =ku,, + f(x,t), O0<x<UL, t>0,

u(0,1) =g(t), u(L,t)=~h(), t>0, (5.14)

e N =plx) Nan=xl;
where f, g h, ¢ are given functions. Because the following result and proof are
very similar to the uniqueness argument for the wave equation, we demonstrate

the method for the initial boundary value problem rather than for the Cauchy
problem.

Theorem 5.2. If u,, u, solve (5.14) and are C? functions, then u, = u, everywhere.

Proof. Let u = u, — u,. Then u satisfies (5.14) with zerodata: f = g=h = ¢ =
0. Thus, from (5.13),

L L
05/ (u(x,t))zdng u(x,0)?dx =0.
0 0

Therefore, u = 0, so that u; = u,.

5.3.2. The Energy Principle in Higher Dimensions
The same argument works in the more realistic context of higher dimensions but
uses multivariable calculus. Consider a bounded open subset U of R" and the
initial boundary value problem
u,=kAu, xelU t>0,
ulx, 1] =0, xedlU, >0,
iz 0l =glx): x€L,



We begin by defining the energy integral as in one dimension:
1
E(t) == / u(x, 1)? dx.
2 Ju

Then

E’(t)z/ uuldx:k/ ulAu dx
U U

=kf uVu-ndS—kf Vu -Vu dx
oU U

= —k/ |Vu|?dx < 0.
U

In conclusion, the mathematical energy E(t) decreases in time unless the
boundary conditions inject energy into U. In particular, with either homogeneous
Dirichlet or Neumann boundary conditions, E(t) is decreasing in time.

5.4. The Maximum Principle

Maximum principles provide a powerful alternative to the energy method for
analyzing parabolic equations. We prove the maximum principle for the heat
equation, noting that similar ideas apply to more general linear and nonlinear
second-order parabolic equations, but not in general to systems of equations, nor
to higher-order equations.

The maximum principle states that the maximum of any (smooth) solution of
the heat equation occurs either initially (at t = 0) or on the boundary of the
domain. For a time interval [0, T] with T > 0 and a spatial domain U c R* we
use the notation U, = U X (0, T], shown schematically in Figure 5.2. Note that
U, includes both the interior and the top portion of the boundary U X {t = T}.
The part of the boundary of U, defined by

r=U;—U;r=@U x [0, T))UU x {t =0}
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Figure 5.2. Domain U, for the maximum principle.

is known as the parabolic boundary. Here, oU denotes the boundary of U.
Solutions of the heat equation should have two spatial derivatives and one time
derivative, so we define the appropriate space of functions on U,:

CiUp) ={u=u(x,1):u,u;,du, 8’ u € CUr),i,j=1...,n}.

To compare values of u in U, with values on the boundary, in the following
theorem we require that u should be continuous on .

Theorem 5.3. (The Maximum Principle) Let u = C(Uy) N C}(Uy) satisfy
u, =kAu, (x,t)eUr.

Then maxg u(X, 1) = maxp, u(x, 1),

Remarks. Suppose u has a local maximum at (x, t) € U X (0, T). Then (by
calculus) u, = 0, V,u = 0 and Au < 0. If we knew Au < 0 at (x, t), then the PDE

would immediately give us a contradiction:
0 = = kAn-< 0.
Although this is not a proof, since we have to handle the degenerate case in

which Au = 0, it has the main idea. The actual proof merely perturbs u to
remove a possibly degenerate maximum.

U, is closed and bounded, so the continuous function u achieves its maximum

somewhere in U/,. That is, there is an (x,, t,) such that u(x,, t,) = ]}’f}_‘“ Ux, 1)

Proof of Theorem 5.3. Let M = maxu(x.1), Our goal is to prove that u(x, t) < M

for all (x, t) € U,. To deal with the possibility Au = 0 at a maximum, we perturb
u a bit. Let v(x, t) = u(x, t) + €|x|% € > 0. Then (recalling that x € R"),

v, —kAv=u; — kAu — 2kne <0, (5.15)



since u, — kAu = 0.
Suppose v has a local maximum in U,, at P, = (x,, t,) with t, < T. Then v, =

0, Vv = 0, and Av < 0 at P,. But this contradicts (5.15), so v cannot have a
maximum in the interior of U,.

Now suppose v has a maximum on the line t = T, at P, = (x;, t = T). Then
Vv = 0, Av < 0, and v, = 0 at P,.! Now we have v, — kAv = 0, again
contradicting (5.15).

Therefore the maximum of v on U, occurs on ' 7V 1) = I}_”,‘I"_f_’i"-.-f vyt for all

(x,1) € U;. We have proved

u(x,t) + €lx|* < max (u(y,t) + €|Y|2) <maxu +€C forall (x,¢) € UT,
(y.0)el'r I'r

where € = s ¥I", Thus,
¥e

u(x, 1) <M +e(C — |x|?)
<M+ €C.

Since ¢ > 0 is arbitrary, we have u(x, t) < M for all (x,1) € U,.
N

Remarks. The weak maximum principle is easy to prove. The related strong
maximum principle is somewhat harder to prove. The strong maximum principle
states that, provided U is connected, the maximum of u is achieved only on the
parabolic boundary, unless u is constant throughout 7/, [12].

By applying the maximum principle to —u, which also satisfies the conditions
of Theorem 5.3, we see that there is a corresponding minimum principle:
min u(x, ) = min u(x, r).
Ur Lr

5.5. Duhamel’s Principle for the Inhomogeneous Heat Equation

Duhamel’s principle gives a formula for the solution of an inhomogeneous PDE
using solutions of the homogeneous equation. For the heat equation on the whole
real line, Duhamel’s principle utilizes the fundamental solution.

Let f(x, t) be a given function representing a heat source or sink, and consider

the initial value problem
u;=ku,, + f(x,t), —co<x<oo, t>0,

(5.16)
ux,0)=0, —o0<x<o0.

The fundamental solution ®(x, t) of the homogeneous heat equation satisfies u, =



ku, for t > 0. But then for any y € R and s > 0, the shifted function ®(x — y, t

— s) satisfies the equation for t > s. We can multiply by an amplitude f (y, s), so
that we have a collection of solutions ®(x — y, t — s) f(y, s) of the heat equation,
with y €R and t > s. Summing (i.e., integrating) these solutions over y € R with

s fixed, we have that

Et(x,r;s):f Px—y;t—8)f(y;8)dy

—00
is a solution for all t > s, satisfying ii(x, =s;5) = f(x, s).
Now the idea is to integrate i(x,s;s) with respect to s from O to t. Define
ol
uix, )= / ilx, t, s)ds. Then
J10

f
w, —ku,, =iu(x,tt)+ [0 (,(x,t;8) — ki, (x,t;5))ds
= f(x,1).

In this calculation we differentiated under the integral sign, ignoring the
singularity of ®(x — y, t — s) at x = y, t = s on the boundary of the domain of
integration. However, this singularity can be handled with the appropriate limit,
and the result is the same. (See Evans [12], p. 50 for the details.)

Finally, we observe

ux,0=0, —-oco<x<o.

In summary, the formula

u(x,r)zf /OO O(x —y,t—s5)f(y,s)dyds
0 J—oc

solves the initial value problem (5.16). General initial conditions can be
incorporated easily, just as for the wave equation.

In this chapter, we have constructed solutions of initial value problems for the
heat equation; derived some basic principles, such as the maximum principle; and
examined certain properties, such as uniqueness of solutions. The solution of
initial value problems is described using the fundamental solution of the heat
equation, whereas for the wave equation, the solutions are given by propagating
disturbances with waves, expressed through d’Alembert’s solution. Using the two
formulas, we can make some comparisons, which are a good guide to the
differences between solutions of hyperbolic equations and those of parabolic
equations.

Solutions of hyperbolic equations preserve the regularity of the initial data,



propagating disturbances and singularities along characteristics, which have
finite speed. By contrast, solutions of the heat equation and other parabolic
equations immediately smooth initial data, and information is propagated with
infinite speed.

Nonlinear equations may have different properties. For example, the porous
medium equation u, = A(u™) is degenerate at u = 0 for m > 1, a consequence
being that initial data with compact support spread but with finite speed; the
solution u(x, t) continues to have compact support for each time t > 0.

PROBLEMS

1. Fill in the following details used in the proof of Theorem 5.1, property 3.

(a) Use the triangle inequality to prove that if § > 0, and x, x,, y € R" satisfy
ly — x| = 4, [x — x| <%, then |x—y|=lly—x/. (Hint: Draw a picture in the one-
dimensional case, n = 1, to visualize how the argument works.)

(b) Prove that lim, ... [~ e dz=0.

2. Show that A¢(r.1) =¢,, + “=1¢,. Consequently, the heat equation for rotationally
symmetric functions u(x, t) = ¢, ), r = |x|, is

¢t =k (¢rr + n__1¢r) .

r

3. (@) Let g: [0, ) — R be a bounded integrable function. Prove directly that

u(x, 1) =]0 (Px =y, 1) = Px + y,1))g(y)dy

is an odd function of x € R for each t > O.

(b) Let h: R — R be an odd bounded integrable function. Prove that
. o]
ue)= [ @G = y.0h0)dy
—00
is an odd function of x €R for each t > 0. That is, the symmetry in the initial
data is carried through to the same symmetry in the solution.

4. Write the solution of the Cauchy problem for the heat equation

u, =ku,,, —0o<x<oo, t>0, (5.17)

with initial condition u(x,0) = !{(H(x + 1) = H(1 - x)) in terms of the error function

Erf(x):%f e’ dy.
0

T



5. Solve the heat equation (5.17) with initial condition u(x, 0) = e»™, wherep >
0 is a constant. You can use the identity /™ e ¥ dx = /7.

6. Solve the heat equation (5.17) with initial condition u(x, 0) = H(x)e .

7. Prove the energy inequality for u, = V - (k(x, u)Vu), where k = k(x, u) € R is
a given positive function.

8. Consider the Cauchy problem for (5.17), with initial condition u(x, 0) = x2.

(a) Show that if u(x, t) is the solution, then v(x, t) =
equation with v(x, 0) = 0.

(x, t) satisfies the heat

uxxx

(b) Find u(x, t) as an explicit formula.
9. Consider the initial value problem
u, +du=ku,,, —-oo<x<oo, t>0,u(x,0)=g(x), —00o<x <00
(5.18)

with constant d, and given integrable function g.

(@) Use the change of variable u(x, t) = e %(x, t) to find u using the
fundamental solution.

(b) What is the effect of the constant d?

(c) Suppose d = d(t) is a given continuous function. What would be a suitable
change of variable to solve the problem?

10. Devise a change of variable corresponding to a moving frame of reference to
solve the initial value problem for the convection-diffusion equation with
constant speed c

u, +cu, =ku,,, —oo<x<oo, t>0, u(x,0) =gx), —00<x <o0.
(5.19)

11. Formulate and prove a statement regarding conservation of energy for the
wave equation on a bounded domain in R™

u”:czAu, xeU,t>0,
u(x, 0) =¢(x), u,(x,0)=vx),xelU,

under homogeneous Dirichlet or Neumann boundary conditions.

1. The final inequality is easily proved by contradiction: if v, < 0 at P;, then v(x;, ) > v(x;, T) fort < T
close to t = T, contradicting the assumption that v has a maximum at P;.



CHAPTER SIX

Separation of Variables and Fourier
Series

In this chapter we find explicit solutions of the heat equation and wave equation
on bounded domains using the powerful method of separation of variables. The
method allows us to express solutions of constant-coefficient equations as infinite
series of functions. Recall that infinite series of functions were used for the
Cauchy-Kovalevskaya Theorem of Section 2.3, where solutions were expressed as
power series. In this chapter the solutions are series of trigonometric functions of
the spatial variable x with coefficients that depend on time t. Such series are
called Fourier series. We introduce them here, show how they relate to the
method of separation of variables, and study them more extensively in the next
chapter.

Fourier series solutions have several advantages over power series. Fourier
series can be used to represent functions that are not analytic, for example,
continuous functions. Moreover, solutions expressed as Fourier series are
typically designed to have each term in the series satisfy both the PDE and the
boundary conditions, provided the boundary conditions are homogeneous.
Consequently, the only issues with such an approach are: (1) how to construct
the series and (2) convergence. We deal with the construction in this chapter, and
give rigorous convergence results in the next chapter.

6.1. Fourier Series

In this section we introduce the notation and basic formulas for Fourier series.
Consider a continuous function f : R — R that is periodic with period 2L. Then f

can be represented by a Fourier series, which takes the form:

oo
, dy nITX . [ nmx
X)=—+ a,cos| — | + b, sin | — . (6.1)
T =5 X_;[ ( L ) ! ( L )}

An important property of the trigonometric functions in this series is that they
are orthogonal on the interval x € [—L, L]. Thus, forallj, k = 0,1, 2, ...,

L .
k
/ COS (m_x) sin (ﬂ) dx =10, (6.2)
~1 L L

and



Y f=ik
where 5,;:{(} oy
' » JFk

is the Kronecker delta. By multiplying (6.1) by one of the sine or cosine functions
and integrating, the coefficients a, b, are readily obtained from f, in the Euler

formulas:
a 1 (L cos (2%£
( ”)=_/ f(x)( . (mfx)) dx, (6.4)
by LJ-L sin (T)
withn = 0, 1, 2, .... The coefficients a, are called Fourier cosine coefficients, and

the b, are Fourier sine coefficients.

For an odd function f, all the cosine coefficients are zero, and the sine
coefficients are

2 L
bnzzfo f(x) sin (m;x) dts =D L2 in (6.5)

The resulting series of sine functions is called the Fourier sine series of f. Note that
the coefficients (6.5) are defined even if f is specified only on the interval [0, L].
Then the Fourier sine series is the Fourier series of the odd periodic extension of f,
wherein f is extended to be an odd function 7 that is 2L periodic and such that 7
() = f(x), 0 < x < L.

Similarly, if f is an even function, then it has a Fourier cosine series, in which
all the sine coefficients are zero, and the cosine coefficients are given by integrals
over the interval [0, L]:

oA nmwx
G = — xjcos | —— ] dX, B=0,1,2 .0 (6.6)
=2 [ e cos (22

If f is an integrable function on [—L, L], then the Fourier coefficients are well
defined, and we say that f has a Fourier series. The series may converge to f only
in a weak sense that we make precise in Chapter 7, where the convergence of
Fourier series is discussed in detail.

6.2. Separation of Variables for the Heat Equation

The method of separation of variables works most simply for the heat equation in
one space dimension with homogeneous Dirichlet boundary conditions. If you
follow the method in this case, then using separation of variables in other



circumstances becomes a matter of changing some details.

Consider the initial boundary value problem with homogeneous Dirichlet
boundary conditions and initial data given by a continuous function f : [0, L] —

R,
u, =ku,,, O<x<L, t>0,
u0,1)=0=u(L,t), t>0, (6.7)
u(x,0) = f(x), 0<x<L.

We summarize the method in two steps. In the first step, we seek solutions in
the special separated form

u(x, 1) =vlx)wr),
a function of x times a function of t. Substituting into the PDE and the boundary

conditions, we obtain ODE for the functions v, w with corresponding boundary
conditions. This step leads to a family of solutions {u,(x, t),n = 1, 2, ...}.

In the second step, we write a linear combination of the u, (actually, an
infinite series):

u(x, 1) =Y byu,(x,1).

n=1

This series is a representation of the general solution of the PDE and boundary
conditions. It remains to choose the coefficients b, € R, n = 1, 2, ... to satisfy the

initial condition.

Claim 6.1. This process leads to the series solution of (6.7):

>0
7 . o nmwx
u(x,r):anun(x,t), u,(x,t)=e Ml gin -
n=1 (6.8)
n’m? NI X
A, = T f(x) sm—dx

Proof. As indicated above, the proof is organized around constructing the
solution in two steps.

Step 1. Substitute u(x, t) = v(x)w(t) into the PDE:
v()w'(t) = kv (x)w(t).
Dividing by kv(x)w(t) and simplifying, we get
w'(t)  v'(x)

= = —A, (6.9)
kw(t) v(x)




a constant. Note that physical constants such as k are always included with the
time portion, so that the spatial piece becomes a standard equation. Also, the
minus sign on the right-hand side of (6.9) is included so that values of A all
turn out to be real and positive.

From (6.9) we have two ODE for v(x), w(t), with an additional unknown,
the parameter A

w'(t) + kaw(t) =0, (6.10a)
v”(x) + Av(x) = 0. (6.10b)

To summarize, u(x, t) = v()w(t) satisfies the PDE if and only if v(x), w(t)
satisfy (6.10) for some A € R.

Now we substitute into the boundary conditions for u, and note that to get
solutions u that are not identically zero, we must have corresponding boundary
conditions on v. For example, u(0, t) = 0 = v(0)w(t), so that either w(t) = 0
for all t (implying that u(x, t) = 0) or v(0) = 0. Incorporating boundary
conditions at both x = 0 and x = L completes the eigenvalue problem to be
solved for v(x):

v (x) + Av(x) =0,
v(0) =0, wv(L)=0.

(6.11)

The eigenvalue/eigenfunction pairs for (6.11) are

I’lzﬂ'z nmwx

Ay = 72 v,(x) =sin 7
With these eigenvalues, we turn to (6.10a) for w(t), setting A. = A,. The general

solution of this simple first-order ODE is an arbitrary multiple of
—kA,t

w=w,(t)=e
Note the important property that all the w, decay in time, because the
eigenvalues are real and positive.

Now we complete step 1 by settingu = u,(x, t) = v,w,(t),n = 1, 2, ....

Step 2. To satisfy the initial condition, we form the series

u(x, 1) =Y by, (x,1).

n=1

Substituting t = 0 into the series and using the initial condition in (6.7), we
get



0. ¢] O
Y bu, )= b, sin ””zx — f(x), 0<x<L. (6.12)

n=1 n=1

Now we can extract the formula for b, from the Euler formulas (6.4).
N

Having completed a procedure to generate a formula, it is natural to ask
whether the formula in the claim really solves the initial boundary value
problem. In particular, we have not proved that the series converges, or indeed
whether all initial functions f can be represented by a Fourier sine series. Even if
the series for u(x, t) converges, we need to know whether the limit is sufficiently
differentiable to be a solution of the heat equation. We postpone these important
considerations for now, with the remark that the rapid decay of the coefficients

. . . . . .
b,e~*t of sin ”!—k asn— oc for t > 0 implies that the series converges uniformly to

a C= function, and differentiation term-by-term can be used to verify that u(x, t)
does indeed solve the problem.

It is worth noting that the boundary conditions are satisfied for t > 0, even
though they may not be satisfied by the initial data. For the wave equation such a
discontinuity is propagated along characteristics, but for the heat equation the
discontinuity is immediately smoothed and does not propagate into the interior
of the domain.

We next illustrate the method of separation of variables with two worked
problems. In the first problem we set the constants k, L. and choose the initial f to
show that the infinite series may have only a finite number of nonzero terms.

Example 1. (Homogeneous Dirichlet boundary conditions) Solve the initial
boundary value problem
Uy = Tl O=<x=<] £>10
u(0,t) =0=u(l,1t), t >0,
(% 0)=3siigx —7siNdEx; D=<x<l

Separation of variables with these homogeneous Dirichlet boundary conditions
and L = 1 gives eigenfunctions sin nywx. Therefore, since k = 7,

252
u,(x, 1) =e """ sin nwx; u(x,t) = Z bu,(x,1).

Now we choose the coefficients b, so the series agrees with the initial condition
when t = 0. Since the initial condition is a Fourier sine series with just two
terms, the series for u(x, t) also has only two terms. Let

b, =3, bs = —7, b; =0, for other values of i.



Then

—175721

_ — 7%t . .
u(x,t)=3e sintx — 7e sin 5T x

is the solution.

Example2. (Homogeneous Neumann boundary conditions) In this example
we change the boundary condition and consequently get different eigenfunctions.
Consider the initial boundary value problem, in which we have L = 7, k = 4:

u, =4u,.,, O=xx =, £0;
A0 £) =0 =wmlm; £); >0, (6.13)
wix; ) = x5 0= x <m

Recall that in the first step of separation of variables, we consider the PDE
and boundary conditions only; then in step 2 we form a series of separated
solutions to satisfy the initial condition. Neumann boundary conditions support a
constant solution, which differs from the Dirichlet case: a nonzero constant does
not satisfy the homogeneous Dirichlet boundary conditions.

Let u(x, t) = v(x)w(t). The ODE for v, w with boundary conditions are now

w'(t) + 4 w(t) =0,
v (x) + Av(x) =0,
V'(0) =0="1'(m).

We solve the eigenvalue problem for A = A, v = v,. First note that A, = 0 gives
v’(x) = 0, so that v is linear. But v/(0) = 0 = v/(;t) implies that v is flat at the
ends, so it must be flat everywhere. That is, v is constant:

U:U(]()C):l; )L:)LO:O

For A > 0, the general solution of the ODE is a combination of sines and cosines.
Using the boundary conditions, we arrive at

v=1v,(x) =cosnx, A, =n?.

The time-dependent part of the solution is the same as for Dirichlet boundary
conditions, since the eigenvalues are the same, except that the constant solution
is included here as well:

2
w=uw,()= e 4 p>0.

To complete the separation of variables step, we form the solutions

4

a2
u=u,(x,t)=e "' cosnx, n=>0.

Now we can form the series solution of the PDE and boundary conditions:



A
u(x,t)— +Zae 7 cos nx.

n=1

Finally, we satisfy the initial condition by determining the coefficients a, using
orthogonality of the eigenfunctions. Setting t = 0 in the series, the initial
condition becomes

u(x, 0)—x——+2a COS nx.

n=1

Multiplying by cos mx and integrating both sides from 0 to m, we see that all
terms become zero, except where m = n. Consequently, integrating by parts and
using cos nit = (—1)", we have

2 (7 i 2 i
ay= — XEy =Ty a, = — X cosnxdx = 2—(1— (=D"),n > 1.
T Jo T Jo n-m

Thus, the solution is

oo
7T 4 —4(2k—1)2z
u(x,t) = — — — cos(2k — Dx, (6.14)
(x. 1) 2 an:;(Zk—l)2 ( )

in which we have written n = 2k — 1, k = 1. We discuss convergence of Fourier
series comprehensively in Chapter 7, but it is easy to show that the specific series
(6.14) converges.

Claim 6.2. The series (6.14) converges uniformly for t = 0.

Proof. To prove the claim, we estimate the kth term of the series:

1 —4(2k—1)21 1
— CcOS 2k — Dx < —
‘ (2k — 1)2 (« )%) | - (2k — 1)2

: : .
Since ) i ls a convergent series of constants, the Weierstrass M-test (see

Appendix B) implies the series (6.14) converges uniformly in x for each t = 0.
|

To examine whether the series satisfies the PDE, we need to be able to
differentiate term by term. For t > 0, the coefficient of the kth term in the series
decays exponentially in k, since the exponential e~*2-12t js multiplied only by a
rational function (a ratio of polynomials). The same is true of the coefficients
after differentiating any number of times in x and t. Consequently, from the
standard result on uniform convergence and differentiating series of
differentiable functions term by term, the series converges uniformly to a C~
function.



The situation at t = 0 is rather different. While the Fourier series converges
uniformly for each x € R to the continuous even periodic extension of f(x) = x,

this function has jump discontinuities in the derivative. Consequently, the series
differentiated with respect to x does not converge uniformly at t = 0, and the
twice differentiated series converges only in a much weaker sense, specifically, in
the sense of distributions (see Section 9.2).

Because Neumann boundary conditions correspond to insulated ends, heat
energy is conserved, which we can see explicitly in the series solution. The heat
energy at time t is proportional to

o LY = fn u(x,t)dx.

0

Then we have

dH ™0 i =
= ﬂa/;c=/0 du,, dx =4u,

et =0
dt o Ot

x=0
from the boundary conditions. Therefore,

31'2

H(t)=H(0)=/ﬁu(x,0)dx=/ﬁxdx=?.

0 0

. a .
Now, as t — oo, the series converges to a constant: « — ;'. From conservation of

energy, we calculate

2 T
T
H(r)=——>[ a—odx:@nastéoo.
2 o 2 2

Therefore,
dog=17T.
This conclusion agrees with the calculation of a, from orthogonality.

6.2.1. Robin Boundary Conditions

Robin-type boundary conditions relate the normal derivative of the function on
the boundary to the function itself. We relate the analysis of these boundary
conditions to physical considerations, such as the direction in which heat is being
transported across the boundary. Consider the following problem:

.=k, U<z <l F>0,
u, —agu =0, x=0 =0
u,+a,u=20, x=Ls >0
w(xs 0y = fix);, U=z < lL.



The physical interpretation of the boundary conditions depends on the signs of
the coefficients:

radiating boundary conditions: ¢y > 0, a; >0,

absorbing boundary conditions: ¢y < 0, a; <0.
Since heat energy flows from warm to cool, at x = L if u > 0, a radiating
boundary condition will give u, > 0, so that heat will flow out of the boundary
(the heat flux is negative), whereas for an absorbing boundary condition, u, < O,
and heat will flow into the domain through the boundary at x = L. Consequently,
for radiating boundary conditions, all eigenvalues are positive, because heat is

transported out of the domain. For absorbing boundary conditions, there may be
one or more negative eigenvalues.

Separation of variables leads to the eigenvalue problem
v/ +Av=0, 0<x<L,
v' —apw=0, x=0, (6.15)
vV+a,v=0, x=L.

We consider the implications of radiating and absorbing boundary conditions
separately.
Radiating boundary conditions a, > 0, @, > 0. For positive eigenvalues A =
> > 0, the general solution of the ODE is

v(x) = A cos Bx + B sin B x.

Now we use the boundary conditions to find equations for A, B, and f3:

B
x=0: BB —ayA=0, thus,A=—8.
Ay

x=L: —ABsinBL+ BBcosPL+a;AcosBL+a;BsinB=0.
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Figure 6.1. Plots of tan L (solid curves) and (a, + a,)/(f*> — a,q;) (dashed
curves) withL = m, a, = 1, q, = 2.

Dividing by cos L and substituting in for A, we find either B = 0 or
tan ﬁL — WO_"'aL))

(6.16)
— dopdy,

which is an equation for 3, since all the other constants are given. We reject B =
0, because it leads only to the trivial solution u = 0.

From Figure 6.1, we observe that there are solutions ;, < 8, <
[ [
—(n—-—1)<B,<—02n—-1), ftorB, > ./amay.
L( ) < By 5 L( ) Bn \03
As n — o the f s are approaching the lower limit to leading order:
i
B, ~ z(n, — 1).

Thus, as n — < the eigenvalues 4, =g approach the eigenvalues ; — "7 that

I2
we found for either Neumann or Dirichlet boundary conditions.

The corresponding eigenfunctions are given by

v=uv,(x)=p,cos B,x +a, sin f,x.

Absorbing boundary conditions. In the case of absorbing boundary conditions,



a, < 0, a, < 0, heat energy is absorbed through the boundaries. Consequently,
we might expect the temperature to rise when both boundaries are absorbing.
Correspondingly, at least one eigenvalue should be negative. Positive eigenvalues
A = p? satisfy (6.16) and can be represented as intersections of the graphs of tan
BL and the right-hand side of the equation, similar to Figure 6.1.

The issue is less clear when one boundary is absorbing and one is radiating, a
situation explored in the exercises.

6.2.2. Inhomogeneous Boundary Conditions

Up to now the method of separation of variables has relied on homogeneity in
boundary conditions and in the PDE. Here we consider a sample initial boundary
value problem showing how to handle inhomogeneous problems. Consider the
initial boundary value problem
u;=u,, + f(x,t), 0<x<m, t>0,
u(0,1) =uy(t), u(@m,t)=u,(t), t>0, (6.17)
ux,0)=¢x), O0<x<m.

The strategy is to first ignore the inhomogeneities f, u,, u, so that we can identify
suitable eigenfunctions v (x). Then we form a series >.,_, w,(Hv,(x) with time-
dependent coefficients w,(t) that are determined in a new way to accommodate
the inhomogeneities.

From the homogeneous version of problem (6.17), we know that the
eigenfunctions are sines, due to the boundary conditions. Thus, we consider the
Fourier sine series for u:

oo
iy, £) = Z w,(t) sin nx. (6.18)

n=1

To satisfy the PDE, we also expand f(x, t) as a Fourier sine series:

fx,t)= Z £,(t) sin nx,

n=1

where the coefficients are defined by
T
ful®) = 2 / f(x,t)sinnx dx.
T Jo

The series (6.18) apparently does not satisfy the inhomogeneous boundary
conditions, because when evaluated at x = 0 or x = x the series gives the value
zero. However, we shall see in the next chapter that Fourier series can converge
to a function that is discontinuous. Where the boundary condition is nonzero, it is



satisfied by the series (6.18) in the sense that u(x, t) approaches the specified
value (u,(t) or u,(t)) as x approaches the boundary:

lim wu(x,t) =uy(t), lim wu(x,t) =u,(1).
x—0+ X—TT—

To find the coefficients w,(t), we could substitute the series (6.18) into the PDE
and equate terms. However, this procedure would omit the effect of the boundary
conditions, so instead, we use the Euler formulas for the coefficients w,(t):

2 i g
w, (1) = — f u(x,t)sinnx dx. (6.19)
0

Guided by the expectation of an ODE for w,(t), we differentiate and then use the
PDE:

y 2 (7 : 2 [T :
w, (t) = — u, sinnx dx = — U, sinnx dx + f,(t)
T Jo T Jo

2
= =1’ wy () + fu(6) + ~{=n(=1)"uz () + nuy(1)},
integrating by parts twice. We can rewrite this as an inhomogeneous ODE,
2
w! (1) = —n*w, (1) + F,(1), (6.20)
where F,(t) = f,(t) 4 %{ n(—=1)"u, (1) + nuy(r)). Setting t = 0 in (6.19), we obtain the
initial condition

2 a
w,(0) = ; [ ¢(x)sinnx dx. (6.21)
0

The solution of the initial boundary value problem (6.17) is given by the series
(6.18), where the coefficients w,(t) are obtained by solving the ODE initial value
problem (6.20), (6.21).

6.3. Separation of Variables for the Wave Equation

Separation of variables works for the wave equation on bounded domains in
much the same way it works for the heat equation. Differences arise because the
wave equation has two time derivatives, rather than the one time derivative that
appears in the heat equation. Previously we emphasized the traveling wave
structure of solutions of the wave equation through d’Alembert’s solution,
whereas separation of variables highlights the role of vibrations, which are time-
periodic solutions. The typical physical context for these solutions is a vibrating
string of finite length, where the eigenfunctions for the wave equation are modes
of vibration for different frequencies.



Consider the initial value problem for the wave equation

unzczum, D<x <L, t=0,

u0,t)=0=u(L,t), t=>0, (6.22)
ux,0)=¢x), u;(x,00=v(x), O0<x<L.

We solve this problem by following the separation-of-variables procedure used
for the corresponding initial boundary value problem (6.7) for the heat equation.
Because there are two t derivatives in the PDE, we need two initial conditions
instead of one. Also, the constant k > 0 in the heat equation is replaced by the
constant ¢ > 0 in the wave equation.

Claim 6.3. The solution of (6.22) is the series

e.@]
niwct nmct niTXx
il B = a, COs + b, sin sin —, (6.23)
0 Z ( " L " E ) E
n=1
with
2 L 5 L,
ay = — f o) sin Zldx, b= —— | w(x)sin Zdx. 624
L Jo nmc Jo L

Proof. We substitute u(x, t) = v(x)w(t) into the PDE and boundary conditions,
and divide by c?w(t). This leads to

U)H(f) B UH()C) B
cw() vx)

which is a constant. Now we have two ODE for v(x), w(t), with an additional
unknown, the parameter A.:

bl

w” (1) + aw () =0, (6.25a)
v"(x) + Av(x) =0. (6.25b)

Just as for the heat equation, the PDE boundary conditions become boundary
conditions for v(x):

v(0) =v(L) =0. (6.26)
We already know the eigenvalues A and eigenfunctions v for this problem:

2.2
nem . RTX
)\':A‘n:?’ U:UH(X):SII] T
The difference between the heat equation and the wave equation solutions is in
the time-dependent part w(t). The ODE (6.25a), with A = A, has the general

solution



nmw . [ nm
w = w,(t) =a, cos TCt + b,, sin Tcr :

Now we let u,(x, t) = v,w,(t), n = 1, 2, ..., which is a family of solutions of
the PDE and boundary conditions. Next we form the infinite series

0.0

ix, t) = Z u,(x,t),

n=1

and it remains to show how the coefficients a,, b, are determined from the initial
conditions.

The initial condition u(x, 0) = ¢(x) is
— nTXx
Zansin T =g(x);, Dxxxlk,

n=1

leading to the expression for a, in the claim.

Similarly, the initial condition u/(x, 0) = @(x) leads to the formula for b,
since (differentiating the series with respect to t),

(0. 0]

nic niTx

b sin =(x), O<x<lUL.
ZnL ==V ()

Thus,

nic

b,— j Yr(x) sin —dx,

from which the formula in the claim follows.
n

The form of these solutions of the wave equation leads us to note several
differences between solutions of the wave equation and those of the heat
equation:

1. The individual terms in the series for the wave equation oscillate in time.
Indeed, this is the behavior of the solution as a whole; it is periodic in time,
with period 2nL/c.

2. Using trigonometric identities, you can write (6.23) in the form u(x, t) = F(x
+ ct) + G(x — ct). After all, we know that every solution of the wave
equation in one dimension is of this form. It is a good exercise to find F and G
in terms of ¢ and y, and their periodic extensions.

6.4. Separation of Variables for a Nonlinear Heat Equation




Separation of variables is very useful for linear equations. However, for nonlinear
equations, it is not nearly as useful, partly because the technique depends on
linear combinations of solutions also being solutions, which is not the case for
nonlinear equations. Although there generally will not be solutions in which the
independent variables are separated, the porous medium equation has a structure
that admits separated solutions (See Evans [12], p. 170.). This equation is a
simplified model of fluid flow in a porous medium, such as compacted sand or
soil.

Letm > 1 be a given constant, and consider the porous medium equation for
the unknown functionu = u(x, t) > 0, x € R, t > O:

u, = AW™).
Let u(x, t) = v(x)w(t). Then
v()w' () = (w(r)" A (x))",
and therefore,
w'(t) A" _ 1L = const.

(w()™ v(x)

Note that the function F(u) = u™ is homogeneous of degree m, meaning F(au) =
a"F (u), for a > 0. The homogeneity allows us to separate variables. We thus
obtain the pair of equations

w'(t) = p(w ()", (6.27)
A (x)™ = pv(x). (6.28)

Jd—=m

To solve (6.27), we integrate once to get = ut + k. Hence,

| —m

w(t) = (u(l —m)r + 1)V,
in which A, u are constants; we need A. > 0 to ensure that w(0) is defined.

Next, we find spherically symmetric solutions of the v equation (6.28).
Consider v(x) = r% r = |x|, with a a constant to be determined. Then

n_

Ly'(r)
7 4

A@™) = AGC"™) =¢"(r) +

- n— -
mo 2_|_ marma l=[,L}"a

r

=ma(mo — 1)r

(where ¢(r) = r™). Equating powers of r yields



2 (6.29)
o=—,
m—1
Equating coefficients results in
u=ma(mo+n—2)>0. (6.30)

Finally, combining v and w gives

u(e, 1) = (u(1 — m)t + 1) & x|,

where a, u are given by (6.29), (6.30), but A > 0 is a free parameter. The
solution u(x, t) is well defined as t — 0+. However, as t ir}creases, the negative

fractional power means that u blows up as t increases to =0, sincem > 1.

plm — 1)

6.5. The Beam Equation

The beam equation
Uy = _Guxxxx + q(xa t) (6.31)

is a fourth-order PDE for the deflection of a homogeneous beam under an applied
external load distribution qg(x, t). The beam equation is written here in
nondimensional form, in which the dimensionless parameter G = EI/p > 0 is
related to the elastic modulus E, the bending modulus I, and the density (mass
per unit length) p. This equation models small deflections from a straight beam
and is based on assuming that cross sections bend around the center line and
exert forces on one another due to bending, leading to compression on one side
of the center line and stretching on the opposite side.

The dispersion relation is obtained by seeking solutions related to the Fourier
transform of (6.31). Let ¢ = 0 and u = exp(iwt + ix). Then

602 s 13 64
gives the temporal frequency w as a function of the spatial frequency ¢&.

However, it is somewhat more informative to consider the full separated
equations, as we did in Sections 6.2 and 6.3 for second-order equations.

Let u(x, t) = v(x)w(t). Substituting into the beam equation (6.31) and dividing
by vw, we get two ODE:

w’(t) + o*w(t) =0,
v (x) — ptu(x) =0,

where w? > 0 is constant, and i’ = w//G. Thus w(t) = A cos wt + B sin wt, and
the general solution for v(x) is



v(x) =a cos(jux) + b sin(ux) + ¢ cosh(ux) + d sinh(ux), (6.32)
with arbitrary constants a, b, c, d.

Since the equation is fourth order in space, we need four boundary conditions,
and two initial conditions are also needed, since the equation is second order in
time. For example, for a beam fixed at both ends x = 0, x = L, the boundary
conditions are

u(0,t) =u,(0,¢) =0, u(L,t)=u,.(L,t)=0.
These clamped-beam boundary conditions translate to the four boundary conditions
on v(x) that require v and v’ to be zero at each end. Then by processing the
conditions on v given by (6.32), we find the spatial wave numbers y = u, n =
1, 2, ..., are determined from the equation
cos(uL) = sech(ulL).

It is easy to see that u, € ((n — 1)m/L, nn/L), and (since sech § — 0 as § — o),
U, ~ nwasn— oo,

A cantilevered beam is taken to be clamped at one end x = 0, and free at the
other. The boundary conditions are

u0,t) =u,(0,¢) =0, wu. (L,t)=u,. (L, t)=0.

In this case, we also find (see problem 8) u, € ((n — 1)n/L, nn/L).
In this chapter we have seen how to implement the method of separation of
variables in several example problems. In the next chapter we place the method
in a rigorous theoretical framework. In particular, we explore eigenvalue

problems and prove results on the convergence of infinite series of
eigenfunctions, including Fourier series.

PROBLEMS

1. Solve the initial boundary value problem

Uy =4u ., Dxx<ms £ >0

w0 t) = 0= ulam; L) t >0,
u(x,0)=sinx —3sin5x, O0<x <.
2. Solve the initial boundary value problem
Wy = My D=x <l >0,
l0s 1) =0 =ull; L) f =0,
u(x,0)=2sin(wrx) +7sin(3rx), 0<x <1,

u,(x,0)=2sin(wx), D<x <l



3. Consider the eigenvalue problem (6.15) with Robin boundary conditions.
Suppose A. = 0 is an eigenvalue.

(a) Find the eigenfunction.
(b) Find a necessary condition on the coefficients a,, q;.

(c) Prove that this condition is also sufficient to guarantee that A = 0 is an
eigenvalue.

4. Consider the eigenvalue problem (6.15) with Robin boundary conditions.

(a) Prove that there is at least one negative eigenvalue in the absorbing case a,
<0,aq <O.

(b) Find a condition on a,, a, that is necessary and sufficient to have two
negative eigenvalues.

5. Consider the eigenvalue problem (6.15) with Robin boundary conditions. In
the radiating case a, > 0, aq, > 0, prove the properties shown graphically in
Figure 6.1. (Hint: As in the text, it is easier to let A = f32. You can also use tan(ns
+ 0) = tan 6.)

(a) There are an infinite number of eigenvalues A, n = 1.

(n — ?x? | (2n — 1)°n?
(b) — e S A < ”—1-

(C) Ay — mf# — Dasn — no.
@Iifp, = n - Dn/L + 6, with 6, = 0 as n — o, find the leading-order
behavior of 6, : 6, = A/n + O(1/n?).

6. This problem is a graphical summary of problems 3-5. Sketch the hyperbola
a,q, L. + a, + a, = 0 in the a,, a; plane, showing the asymptotes. In your sketch,
label the (three) regions corresponding to values of (a,, a;) for which there are
two, one, or zero negative eigenvalues. Label the point corresponding to
Neumann boundary conditions. Where in the plane are Dirichlet boundary
conditions represented?

7. For constants 0 < m < L, let

px) = {

P x<m ry o x<m

, r(X)={

Py x>m r, x>m’

where p, r, j = 1, 2, are positive constants. Assuming that eigenfunctions are
continuously differentiable, find an equation for the eigenvalues A for the
eigenvalue problem



(pOVY +xr(x)v=0, 0<x <L, v(0)=0=v(L).
You may assume that the eigenvalues are real and positive.

8. The beam equation is associated with eigenvalue problems for the fourth-order
ODE

v®(x) — Av(x) = 0.

Using the general solution (6.32), find an equation for the positive eigenvalues A
= u* for the cantilevered beam, with boundary conditions

v(0) =0v'(0)=0, V'(L)=v"(L)=0.

From this equation, or using a graph, show that there are an infinite number of
positive eigenvalues A, corresponding to

2k — Dr/L < py < 2k — D) /L,
(2k — %)R’/L <Uy_1<2k—VDm/L, k=>1.

State the leading-order dependence of A, onnasn — oo.

9. (a) Calculate the Fourier series of the function f(x) that is odd and 2 periodic,
with flx) = 1,0 < x < m.

(b) Assuming the series converges to f(x) = 1 at x = /4, calculate the sum of
the series



CHAPTER SEVEN

Eigenfunctions and Convergence of
Fourier Series

In the previous chapter we used the technique of separation of variables to solve
a variety of initial boundary value problems for the heat and wave equations. We
showed how the technique leads naturally to eigenvalue problems for the spatial
dependence of the solutions. The resulting eigenfunctions (sines and cosines in
the previous chapter) are then combined into infinite series with time-dependent
coefficients to represent the solution of the PDE and its initial conditions.

In this chapter we show that the technique can also be used for nonconstant-
coefficient equations, such as

u; = (p(xX)uy) +q(x)u,

in which the coefficients p, q are specified functions. However, the eigenvalues
and eigenfunctions are generally not available explicitly for such equations.
Nonetheless, with the aid of the Sturm-Liouville Theory of eigenvalue problems
in Section 7.1, we place on a firm footing the method of separation of variables
to construct infinite series of functions representing solutions of the PDE and its
boundary conditions. There remains the issue of convergence of the infinite
series, even for the explicit series of the previous chapter. For example, so far we
have examined convergence of such a series in just one example. In Section 7.2,
we introduce notions of pointwise, uniform, and L? convergence, proving typical
convergence results in subsequent sections. Finally in Section 7.6, we introduce
the Fourier transform, and show how it is related to Fourier series before
demonstrating the use of the transform in PDE, and discussing its utility in a
range of areas.

7.1. Eigenfunctions for ODE

Consider the following ODE eigenvalue problem, known as a Sturm-Liouville
problem. Let p, g, r be given real C? functions on the bounded interval [a, b]. We
assume p(x) > 0, r(x) > 0, a < x < b. The eigenvalue problem consists of the
ODE

d d
- ( (x)_v) +qg(x)v=Ar(x)v, a<x<b, (7.1)
dx dx

in which A € C is a parameter, together with linear and homogeneous boundary
conditions. The treatment of eigenvalue problems in the previous chapter



corresponds to the special case p = 1, ¢ = 0, r = 1. In this section we derive
properties of the eigenvalues A and eigenfunctions v that help make the method
of separation of variables work for linear PDE with variable coefficients. In
particular, we show that the orthogonality of the sine and cosine eigenfunctions
in the previous chapter was not an accident and can be established easily in the
more general context of (7.1).

We define a differential operator £ by Lv(x) = —{% ( m.w%) +¢(v)v. Then for any
v € C?[a, b], Lv is a new function (in C[a, b]). To write (7.1) as an eigenvalue
problem
Lv=Arv,

we restrict the domain of L to functions that satisfy the boundary conditions.
We consider complex-valued functions, so as to include the possibility of

complex eigenvalues A. In this context, we need the weighted L? space of square-

integrable complex-valued functions, with weight r(x) and inner product defined
by

b
(u,v) = f u(x)v(x) r(x)dx. (7.2)
a
The corresponding norm (see Appendix B) is

111 = (f, F)2.

For simplicity, we assume r = land leave to problem 2 the consideration of more
general functions r(x) > 0.

Notice that £ has a special form, in which the first- and second-order

derivatives are combined into a single term that can be integrated. This allows us
to use integration by parts as follows. For u, v € C?[a, b],

b
(Lu,v) = | (=(p)u") +qx)u)vdx

a

b
= [—pu'v + pu?']’ + / (= (pv)u + quv) dx 73)
a

= [p(uv’ — u’i]lz + (u, Lv).
If the boundary conditions are such that the boundary term vanishes:
[puv’ — u'v)]” =0, (7.4)

then we have the identity



(Lu, v) = (u, Lv). (7.5)
In this case, we say £ is symmetric. Notice that this depends on two properties,

namely, the special form of the second-order differential operator and condition
(7.4) on the boundary conditions.

Theorem 7.1. Let L be symmetric. Then
1. all eigenvalues of L are real, and

2. eigenfunctions of different eigenvalues are orthogonal.

Proof. The proof is the same as the proof of the corresponding properties of a
symmetric matrix. It depends on the calculation (7.3) formalized in (7.5) and
elementary properties of the complex inner product.

1. Suppose Lu = Au, u = 0, and suppose u satisfies the boundary conditions.
Then
Mull? = Au, u) = O, u) = (Lu, u)
= (u, Lu) = (u, Au) = M(u, u) = A|ul?
But ||ul]| = 0, since u = 0, so we must have ; — . Therefore. A is real.

2. Let u, v be eigenvectors for different eigenvalues A. = u: Lu = Au, Lv = Uv.

Then
Au, v) = (Au, v) = (Lu, v) = (u, Lv) = (u, pv) = u(u, v).

Therefore, (. — W)(u, v) = 0, so that (u, v) = 0.
|
Remarks. For the eigenvalue problem to make sense, the boundary conditions
have to be linear and homogeneous. Clearly, both homogeneous Dirichlet or
Neumann boundary conditions are symmetric. We leave as an exercise the
property that Robin boundary conditions of the form
u' —agu =0, atx=a,

; (7.6)
u +au=0, atx=»~

are also symmetric.

As we noted earlier, an important property of eigenvalues for the heat
equation is that they are positive, except possibly for a finite number of them. For
symmetric Sturm-Liouville problems we can find a sufficient condition for all the
eigenvalues to be nonnegative.



Suppose Lu = Au. Then

b
A||u||2=(£u,u>=—pu’u|’;+f (p(u’)2+qu2) dx >0,

a
if
—pu’u|‘2 >0 and ¢g(x)>0, a<x <b. (7.7)

For Dirichlet or Neumann boundary conditions, the first of these conditions is
satisfied, but it need not be for Robin boundary conditions (7.6) without
restrictions on the coefficients a,, a;,. However, if both coefficients are positive,
then the boundary term in (7.7) is nonnegative, so the eigenvalues are
nonnegative (providing the second condition g(x) = 0 is satisfied.)

In Chapter 6, Claim 6.2, we proved uniform convergence of the Fourier series
solving an initial boundary value problem for the heat equation. In the next three
sections we prove more general convergence results for series: pointwise
convergence, uniform convergence, and mean-square convergence.

7.2. Convergence and Completeness

Before proving results on the convergence of Fourier series and other series of
functions, we introduce some general concepts of convergence and completeness,
and discuss their significance for PDE. The convergence of a sequence {v;};*, in R"
to a limit v means that ||v, — v|| — 0 as k — . Here, ||x|| denotes the usual
Euclidean norm of the distance of x € R" to the origin. The idea of convergence
of a sequence of numbers carries over naturally to functions. If (/. (x)), is a
sequence of functions defined on a set S, then the sequence converges pointwise on
S to a function f if the sequence of numbers {f;};*, converges to f(x) for each x €
S. In this definition, the functions can be vector valued, so that f, : S — R", and
they can be defined on a multidimensional set S = R™

We also need to introduce convergence in norm in the sense that ||f, — f|| = 0
as k — oo, where ||f || denotes an appropriate norm on a space of functions. For
example, if C[a, b] denotes the space of continuous functions f : [a, b] — R on a
bounded interval [a, b] c R, then one norm on C[a, b] is the sup norm ||f ||,... =
max,_._, |f(x)|. This is also called the uniform norm, because ||f, — f ||,x — O
means f, — f uniformly, in which case f € Cl[a, b], a fundamental result in
analysis. More generally, a sequence (f;};°, in a normed space X is a Cauchy
sequence if ||f, — f,|| = 0 asj > k — o (uniformly in j), so that for every ¢ > 0,
there is N > 0 such that if ||f, — f;|| < efor all j, k > N. If X has the property



that Cauchy sequences converge to a limit in X, then X is complete. Complete
normed vector spaces (such as R", and C[a, b]with the sup norm) are called

Banach spaces. In a Banach space, a sequence converges if and only if it is a
Cauchy sequence.

"o . .
Another norm on Cl[aq, b] is the L?> norm || s||, = ( f;.h f(x)? “r_‘-)i. This norm is more

closely analogous to the Euclidean norm, if you think of f(x), a < x < b as a
vector in an infinite-dimensional space, and the norm as the square root of a sum
of values f(x)?, thus measuring the distance of f from the origin f = O.
Incidentally, the analog of the sup norm in R" is the norm ||x||,, = max{|x], j
= 1, 2, ..., n}. Interestingly, all norms in R" are equivalent, so that convergence

are equivalent. In contrast, the sup norm

[ Imax

in the Euclidean norm and in || -
and the L? norm on C[q, b]are not equivalent. The following example shows how
convergence in these two norms is different and moreover that the space Cla, b]
with the L2 norm is not complete.

Examplel. (Pointwise and L? convergence but not uniform) Let f, : [0, 1] —
R be the sequence of continuous functions defined by

1—kx, 0<x<41

Je(x) = ¢

0, otherwise.

Then, as k — oo,
I =0,
fr(x) — f(x)={0’ ieg<i
pointwise, and ||f, — f||, — 0. However, f, does not converge to f in the uniform
(sup) norm, since sup,_,., |f;,(x) — f(x)| = 1 for all k.

Example 2. (Pointwise but not uniform convergence) The sequence of

continuous functions g(x) = x* on [0, 1] converges pointwise to the
discontinuous function
_ . 0 0<xxl;
g(x)= lim x" =
X0 s =l
Consequently, g, cannot converge uniformly on [0, 1]. In fact, P 1505 = §(x)|

= 1 does not go to zero as n — oo. For the same reason, the convergence also
fails to be uniform on the open interval 0 < x < 1, even though the limit is
continuous there. However, the convergence is uniform on the interval [0, a], for
any a € (0, 1), since |x"| < a* = 0 asn — oo,

When dealing with PDE, we often work in spaces of functions that are not



necessarily continuous, such as L? spaces. Since spaces of continuous or
continuously differentiable functions are surely better suited to finding solutions
of differential equations, it is natural to ask “Why bother?” Moreover, for elliptic
and parabolic equations, the solutions tend to be very smooth, having even more
derivatives than the equation would seem to require.

The short answer to this question is that existence of solutions is much easier
to prove in the weaker L? spaces. A longer explanation is that, at least for the
beginning theory, existence results and proofs rely on having a space that is
complete in a norm with a corresponding inner product. Such a space is called a
Hilbert space. Spaces of continuous functions on bounded closed sets are complete
in the sup norm, but this norm does not have a corresponding inner product. In
contrast, L2(U) is a Hilbert space with inner product (7.2). Having established the
existence and uniqueness of weak solutions in such a space, then regularity
results for the weak solution are established separately.

The precise definition of L?(U) as a Hilbert space requires some measure
theory. In particular, the Riemann integral is not sufficiently general, and a more
sophisticated theory of integration, based on Lebesgue measure, is most suitable.
In this theory, the Riemann integral is generalized to enable some irregular
functions to be integrable in the Lebesgue sense. Functions that are Lebesgue
integrable are called measurable. More precisely, all measurable functions are
Lebesgue integrable (see Appendix B).

For the L?(a, b) norm to make sense, we need to clarify how the property ||f ||
= 0 = f = 0 is to be understood. This relies on the notation of sets of measure
zero. A set S — R has measure zero if for every ¢ > 0, S can be covered by a

countable family {I;: j = 1, 2, ...} of open intervals with lengths (i.e., measures)
m,j = 1,2, ..., such that Sc U/, and }>.°,m; <. For a measurable function f :
[a, b] — C, we say f(x) = 0 almost everywhere if there is a set S < [a, b] of
measure zero such that f(x) = 0 for all x € [a, b] with x &S.

A key property of the Lebesgue integral applies to L? functions: If f € L?(a, b),
then ||f || = 0 implies that f(x) = 0 almost everywhere in [a, b]. The space of L2
functions is then defined by identifying functions that are equal almost
everywhere (meaning that their difference is zero almost everywhere). This can
be formalized by making this identification into an equivalence relation and
defining L? to be the set of equivalence classes. Then the norm is defined on an
equivalence class by defining it on any function in the equivalence class. Similar
considerations apply to the L? spaces and Sobolev spaces introduced in Chapter
10.



The properties of L?(a, b) that we need can be summarized in the following
theorem, which we state without proof. The theorem is proved in Rudin’s text
[38], where a more extensive treatment of Lebesgue integration can also be
found.

Theorem 7.2. The following properties hold for the L*(a, b) norm:
1. L%(a, b) is complete in the L? norm, and

2. every L?(a, b) function f can be approximated in norm by continuous functions.
That is, there is a sequence {f,} of continuous functions on [a, b] such that ||f —
fill = 0ask — oo.

o
A series ) f,(x) of functions converges pointwise in an interval I if the partial

n=]|
N

sums Sy(x) =Y _ f,(x) converge as a sequence of numbers,

n=1

Jim Sy () = S(x)

for each x € I. The convergence is uniform on I if

lim sup |Sy(x)— S(x)| =0,

that is, ||Sy — S||.x — 0 as N — oo. Note that if Sy, — S uniformly, then S, — S
pointwise.

The series converges in L? if ||Sy — S||, = 0 as N — oo. This is also called
mean-square convergence.

7.3. Pointwise Convergence of Fourier Series

A classic result in Fourier analysis is the proof of pointwise convergence for the
full Fourier series (Chapter 6) of a 2m-periodic function f. To start, let’s assume f
is C! on R. Then we want to show

oo
fx)= % + Z(an cos nx + b, sin nx),

n=1

in which the coefficients are given by the Euler formulas (Chapter 6):

s 1 % cos nx
( ):— f(x)( )dx, n > 0.
B T J_x sin nx

To prove pointwise convergence of the series, we fix x € [—m, ], and
consider the partial sums:



N
dy .
Sy(x)=—+ a, cosnx + b, sin nx).
N ( ) 2 Z( n n )
n=1
We insert the Euler formulas for the coefficients and manipulate the finite sum:

T

Sy = | f@wae
21

—7
1 <L [T 7
+ = Z (/ f(t) cosnt cos nxdt —I—f f(¢) sin nt sin nxdt)
T - .
n=1
1 [T r 1 il
= — f(t)*~—E—Zcosntcosnx+sinntsinnx dt
L =% L2 n=1
1 (7 (1 &
= — ft) | —~—E—Zcosn(t-—x) dt.
T —& \2 ]’l:l

To make progress with the integral, consider the sum
N 1
—I—Zcosn@z —+cos@ +:--+cosNO, O=1r—x. (78
2

n=1

Py(0) =

DO | =

It is convenient to use complex exponentials (recall that e** = cos & = isin &):

1 N . : 1 N .
Py (0) == (l—l— Z (emQ +e—m9)) =~ Z oinf
n=1

n=—N
This is a partial sum of a geometric series with ratio e, so that
1 (eiNE? _ ei(N—H)B) 1 sin(N + %)9

Py(0) = - ,
VO = ] — el 2 sin6)2

The Dirichlet kernel is defined to be )= 1 py(#). Considering the form (7.8)
for P,(0), we deduce the following properties:

1. D,(0) is even and 2w periodic,
2. fﬂ Dy(@)do =1, and

3. Dy(0) = (N + 3).

From these properties, as N — oo, D,(0) — o= while the area f ' D,(#)dé remains

constant. We found similar behavior in Section 5.1 for the heat kernel D(x, t) ast
— 0. Consequently, as N — -, we might expect that D,(0) approaches the Dirac

delta function. If so, then for a continuous function f,



T

Sy = | f@ODyG —x)dt

— fn f(x+60)Dy(O)dO — f(x) as N — oo.

However, in contrast to the heat kernel, D,(6) does not approach zero for 6 = 0,
as N — oo, Instead, to take the limit, we appeal to the Riemann-Lebesgue Lemma.

Lemma 7.3. (The Riemann-Lebesgue Lemma) If f € L*(a, b), then

b
f f(x)sinBxdx — 0 asp — o0.

When f is C! on [a, b], the result follows easily by integration by parts, since
both |f| and |f’| are bounded, and integrating sin Sx introduces a factor of 1/p.
The proof is completed by approximating f by smooth functions, as in Theorem
7.2. Details can be found in many analysis texts [38].

Proof of convergence of S,(x) to f(x). Returning to the partial sums S,(x), we
use property (2) of D,(60) to write

Sy (x) — £ ()]

[ (f(x+0)— f(X))DN(H)dQ‘

T
o |2 [ g(0) sin(N + 1)0d6| , (7.9)
T J—x
where
J(x+0)— f(x)
, 0F#0,
g(0) = 25in 6/2 # (7.10)
f(x), 0 =0,

from L’Hépital’s rule at & = 0. Since g is continuous, we can apply the Riemann-
Lebesgue Lemma 7.3, which establishes that [Sy(x) — f(x)| = 0 as N — oo,
|

With a bit more care, we can prove pointwise convergence for piecewise
smooth periodic functions. These are periodic functions f that, in every bounded
interval, are continuously differentiable apart from a finite number of points
where either the function or its derivative has a jump discontinuity (meaning the
left and right limits exist but are not equal).

Theorem 7.4. Let f be piecewise smooth and 27 periodic. Then the Fourier series for f
converges at each x to the average of the left and right limits of f:



(fxDH+ fx7)) = ? - Z(aﬂ cos nx + b, sin nx),

n=1

a, 1 [F CosS nXx
( ):—/ f(x)( _ )dx, n=>0.
by 7T J_n sin nx

Note that at points x of continuity, the theorem guarantees that the series
converges to f(x).

1
2

where

Proof. Using the notation defined in the theorem, we estimate the error made by
the Nth partial sum. Let x be a specific point, —mt < x < m. Then

1
[Sn(x) — E(f(x+) + f(x))]

0

< (f(x+0)— f(x7))Dy(0)do
+ f (f(x+0)— f(x+))DN(9)d9|
0
=1 +1,.

In this calculation, we have split the integral, and used the fact that P,(6) is even
in 0, followed by the triangle inequality. Note that the integrand in each integral
is continuous at 8 = 0.

To show that each integral approaches zero, we use the Riemann-Lebesgue
Lemma 7.3. Mimicking the development of (7.9) and (7.10), we have to check
that the corresponding g(0) here satisfies the conditions of the lemma. Consider
the first integral. Paralleling the f € C' case, we let

fx+6)—fix7)
g(0) = 2sinf/2 ’
(x™), B =0
Then g is piecewise continuous, and hence integrable, on —t < 6 < 0. A similar
construction applies to the second integral, I,.

—m <6 <0,

7.4. Uniform Convergence of Fourier Series

Theorem 7.4 shows that a Fourier series can converge pointwise even if the
function it represents is not smooth everywhere. This can be important for the
study of PDE. For example, solutions of the wave equation describing the
vibrations of a violin string that has been plucked at one point are continuous but



not differentiable. Discontinuities in the derivative propagate along
characteristics and are reflected at the ends of the string. Such a solution can also
be represented by a Fourier series that converges pointwise.

In this section we prove in Theorem 7.5 that the pointwise convergence of the
previous section is in fact uniform if f is sufficiently smooth. This result uses
Bessel’s inequality, which will also arise in the context of L2 convergence Let
{v,};2, € L*(a, b) be a set of orthonormal functions, meaning that (v, v,) = §,, j, k
=1,2, ...

For f < L*[a, b]and {¢,}>2, a sequence of real numbers, the mean-square error Ej
obtained from approximating f by the linear combination 3"  ¢,v, is defined to

be
N

En=I1f—)_ cuvall®

n=

Then

0<Ey=|If- chvll—(f chvn,f chvn)

n=1 n=1

=|I£11” —2Zc (f, vn)+Zch ¢j (0, ;)

1—11_1

N
=|If17 =2 cu(frv) + Zcﬁ
n=1 n=1

Completing the square, we find

N N
Ey=1fIP+Y((frv) =) = Y (frv)
n=1

n=1

Consequently, E, is minimized by choosing the coefficients c, to be the Fourier
coefficients, defined in this general context by

cp = (f> vp). (7.11)

With this choice, and since E,, = 0, we also conclude:

N
> (v <R (7.12)

n=1

which is known as Bessel’s inequality. In terms of the coefficients of (7.11),



N b
> e 5/ f?dx =111
n=1 ¢

Thus, the infinite series "> ¢ is convergent and the limit is no larger than ||f | |2
In particular, we have the important result that

(f,v,) — 0, asn— 00,
a result closely related to the Riemann-Lebesgue Lemma 7.3.

We are ready to prove the following theorem on uniform convergence of
Fourier series for smooth functions f. The essence of the proof is to apply Bessel’s
inequality to get a bound on the Fourier coefficients for the derivative f. This is
enough to give a strong uniform estimate on the Fourier series for f.

Theorem 7.5. Let f : R — R be a C'2n-periodic function. Then the Fourier series of f
converges uniformly.

Proof. Since f' is continuous, it is integrable on [—um, x]. Therefore, f has a
Fourier series. Moreover, since f is periodic, the constant term in the series for f
is zero. Thus,

o
f(x) ~ Z(A” cos nx + B, sin nx),

=1

and we have Bessel’s inequality (7.12):

. @] 1 T
Y
Y Ar+BY=— [ f) dx, (7.13)
n=1 T J—n
Therefore, >)_,(1A,1> +1B,1*) — 0as p, ¢ — oo,

Not surprisingly, the Fourier coefficients a, b, of f are related to the
coefficients A, B, of f by integration:

1 (7 1 sin nx d 1 [* ., _sinnx
a, = — f(x)cosnx dx =— fx)yl —-— f(x) W
(7.14)
so that
1
a,=—-B,, n=>1,
n

and similarly,



To show uniform convergence, we verify the Cauchy criterion, for which we
estimate how close the partial sums become:

q

q
il
<Y a,l+ b)) =) =(1A,1 + B,]).

n
n:p :

q
Z(an cos nx + b,, sin nx)
n=p

Using the Schwarz inequality, we can make this sum small as p, g — oe:

1
Y —(A,l+1B,D
n:pn’
p 3
<\/"(Z ) (Z(|A| + |B,| )) — 0, asp,q— oo.
n
n=p n=p

Remark. The integration by parts in (7.14) to relate Fourier coefficients of the
function to those of derivatives generalizes to higher derivatives when they are
available. Since each integration pulls down another factor i, we see that the
regularity of the function is closely linked to the rate of convergence of the
Fourier coefficients.

7.5. Convergence in L2

For PDE, it is often natural to work in L2 spaces, using both the inner product and
completeness.

Lemma 7.6. Let f € L*(a, b), and suppose (v,>*, is an orthonormal set in L*(a, b).
Then the series > - ,(f,v,)v, is convergent in L? and

Y (f5 vdv,

n=1

= Il

Proof. From Bessel’s inequality, we see that the series of coefficients
oo
: 2
> (v
n=1

is convergent. Thus, the series satisfies the Cauchy condition for convergence, so
that using orthogonality, we have

q 2 4
Z(f, vV, | = Z(f, v,)> =0 asp,q— .
P P

That is, sy, =3" (f,v,v, is a Cauchy sequence in L?*(a, b). Completeness of the

ot =



space means that the series converges to an L?(q, b) function. Moreover, applying
orthogonality and Bessel’s inequality again, we have

s 2
Y (s vy

N
_ 1 Y 3 -
= = lim [[Sy]] —Nh_glooz(f,vn) <IIfI% =

Now that we know the infinite series > - (f,v,)v, is convergent, we would like
to know whether it converges to f in L?(a, b). A necessary condition is that if f is
orthogonal to all the v, then f = 0. That is, (f, v,) = O for all n implies f = 0. In
fact, we can now provide a simple proof that not only is this condition necessary
and sufficient, but it is equivalent to having equality in Bessel’s inequality.

Theorem?7.7. If {v,}}-, is an orthonormal set in L?*(a, b), then the following three
conditions are equivalent:

1. If (f, v,) = O for all n, then f = 0.
2. For each f € L*(a, b), =" (f,v,)v,.

n=|

3. Parseval’s identity holds for every f € L*(a, b):

AP =D (> v (7.15)

n=1
Proof. We write the proof in three parts, showing condition 1 = 2 = 3 = 1.

Condition 1 = 2: Let f € L?(a, b). Then Lemma 7.6 shows that

Y (v,

n=1

converges. To see that it converges to f, consider the function

g=/f—=Y (fsv)v,.

n=l

Then g is orthogonal to every v,:

(& v) =(f,v) — Z(f, v,)(v,, v;) =0,

n=l1
Thus, by condition 1, we have g = 0.

Condition 2 = 3: Suppose f =3 (f,v,)v,. Then orthogonality of {v,} implies

=1

N
D (f v,
n=1

2

I1FI1? =

lim
N—oo

N oC
= lim > (f, 00" =) (f, v’
n=1 n=1



Condition 3 = 1: Suppose Parseval’s identity holds for f € L?(a, b). If (f, vy) =
O for all n, then ||f || = 0, which implies f = 0.
n
>, is complete if any of the three
conditions of the theorem hold. In this case, condition 2 means that the set is an
orthonormal basis for L?(a, b).

A given orthonormal set of functions (v,

Example 3. (An orthonormal basis) The set (-, = cosnx, —=sinnx)®, is an

orthonormal basis for L?(—m, m). This can be proved by approximating f €
L*(—m, ;) by a continuous function h on [—um, wt]. Then h is approximated
uniformly by the partial sums of its Fourier series, hence also in L2. Using
orthogonality and the triangle inequality, we can show that f is approximated by
the partial sums of its Fourier series.

7.5.1. More General Result for Sturm-Liouville Problems

It is convenient to state (without proof) two further properties of the eigenvalue
problem, in addition to those of Theorem 7.1. Recall that L is the differential

operator associated with the Sturm-Liouville problem of Section 7.1.

Theorem 7.8. Let L be symmetric. Then

1. The eigenvalues form a countable set that is bounded below but not above:

B iy s A 2, L,

Each eigenvalue has finite multiplicity, A, is a simple eigenvalue, and A, — < asn

—> OO,
2. The eigenfunctions v, can be chosen to form a complete orthonormal set on L*(a, b).

For a proof of this result, see Strauss [45]. Note that part 2 of the theorem
tells us that Fourier series of L?(a, b) functions converge in L2.

Parseval’s identity establishes that the correspondence between the L2
function f and its sequence of Fourier coefficients {c,}, is an isometry, in the sense
that the mapping f — {c,} preserves the norm.

7.5.2. Gibbs Phenomenon

The Fourier series of a discontinuous function does not converge uniformly, even
though it converges pointwise. The Gibbs phenomenon' is the observation that at
each discontinuity, the Fourier series overshoots the function by roughly 9%. The
overshoot appears as a persistently excessive maximum in the oscillating partial
sums of the Fourier series.



Without loss of generality, we can look at this phenomenon by considering a
simple discontinuous function, namely, a step function. Although this seems like
a special example, it in fact embodies the essence of how the Gibbs phenomenon
is manifested. This is because a piecewise continuous function can be written as
the sum of a smooth function and a weighted sum of a finite number of Heaviside
functions.

Let f be the 2m-periodic extension of the function

1, i1 < x < m,
fx)y=3 -1, if—-7r<x<0,
{5 ifx =0.

Since f is odd, it has a Fourier sine series, which we easily calculate, and by the
pointwise convergence theorem, we have

e, @]
f(x):ansinnx, —nT <X <T,

n=1

where b, = (2/nm)(1 — (—1)9),n = 1, 2, .... Thus,

4 1
f(x)=— Z —sinnx, —T<xXx<T. (7.16)

P R

We get a good idea of the Gibbs phenomenon by graphing the partial sums S,/(x)
for moderately large N. (See Figure 7.1.) Note that the graph y = S,(x) (N odd)
crosses the line y = 1 exactly N + 1 times in the interval (0, ), and the
maximum appears to be at approximately xy =z /(N + §) (and at @ — Xx,.) In fact

1 (™ sin 6
SN(xN)—>—/ S”; d6 ~1.18 as N — oo
T

-
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Figure 7.1. The Gibbs phenomenon. The partial sum S,,(x) of Fourier series
(7.16) is shown.

(see Strauss [45]). Thus, S,(x) overshoots f(x) = 1 by 0.18, or approximately 9%
of the jump in f(x) across x = 0. Incidentally, this example shows the danger in
reversing the order of two limits:

lim lim S =1#40= lim lim S .
xggwgnoo N (x) # Ngnmggg n(x)

7.6. Fourier Transform

Fourier transforms and other transforms, such as the Laplace transform, are
useful tools to transform equations or data into forms that are easier to analyze
or solve. In this section we explore some of the properties of the Fourier
transform, drawing comparisons to Fourier series and showing how the Fourier
transform is used to solve certain PDE.

The Fourier series of a periodic function, say of period 2w, decomposes the
function into pieces each with a different integer frequency k, with the Fourier
coefficients being the amplitude at that frequency. This point of view is clearest
in the complex form

o 9]
fo= Y g™, (7.17)

k=—o00

with the (complex) amplitudes c, given by



i ™ ... e
Cp=— fx)e **dx. (7.18)
2 J_x
Of course, for a real-valued function f, & =c¢ ,. We can regard c, as a function

from the set Z of integers to C, the complex numbers. The periodic function f has
been transformed into the sequence {¢;}™_. Then the series (7.17) is the inverse
transform; it gets us from the sequence {¢,}™_ back to f. We have seen how this
transform to Fourier coefficients and back again is useful when solving PDE on
bounded domains. The Fourier transform is a similar technique for functions on
unbounded domains.

The Fourier transform of a function f: R — R that is absolutely integrable,

f F 0B dx < oo,

—0Q

is a function /.r - g that looks a bit like (7.18):
o0
flw) = f f(x)e " dx. (7.19)
—0

Thus, f(w) is the complex amplitude contribution to the function f at frequency w.
We reconstruct the function f from these amplitudes with the inverse transform:

f(x):i f h f(w)e'™ dw. (7.20)
2 J o0

Notice that the infinite sum in (7.17) has been replaced by an integral. In the
Fourier transform, the frequency is a continuous variable w, and there is a sign
change in the exponential between the transform and the inverse transform.

We have also placed the factor 1/(2m) in the inverse transform rather than in
the transform. A more symmetric placement commonly used is to have a factor of
1/v2r in both the transform and its inverse. It is also consistent to have the
1/(2m) in only the transform. Of course, just as for the convergence of Fourier
series to the periodic function f(x), the identity (7.20) requires proof. You can
find the proof in standard texts on Fourier analysis (for example, see Stade [44]);
our purpose in this section is to illustrate how the transform is used. Along the
way, we find some interesting properties.

One more bit of intuition about the Fourier transform. Consider an
experiment that is performed over a long time, and the result is a measurement
ft), t, < t < t, (known as a time series) that is very noisy. The measurement will
be at discrete values of time t, but for the purpose of discussion (and you can
imagine how to make sense of this), we regard f as a function of t, and extend f to



the whole real line. Now take the Fourier transform to get a new function f(w),
and plot the graph of 7. Recall that the transform records the amplitude of f at
each frequency, so if the graph of ; shows clear maxima at a finite number of

frequencies w, n = 1, ..., N, then the function is dominated a combination of
periodic functions at those frequencies, with the amplitudes given by
fw,),n=1,...,N. This is a central idea in signal processing, where some sense can

be made out of a noisy signal—the time series—by investigating the Fourier
transform.

Another transform you may be familiar with is the Laplace transform, which
is most useful in the context of initial value problems for ODE and PDE, because
it is defined for integrable functions on the half-line [0, o). Other transforms are
useful for different contexts. For example, the Radon transform of functions in
two or three dimensions is used in tomography to express the function (typically
a density) in terms of scattering data that might come from a scan, such as an x-
ray, ultrasound, or magnetic resonance imaging.

Example 4. (Computing a transform) To show how the transform is computed
in a simple example, let f: R — R be defined by

I, |x|<a,

f(x):{

0: || =a
Then
» a g
f(w) :/ e 'Y dx = —sinwa.
- w

To apply the transform to differential equations, we transform derivatives
using integration by parts and observing that f(+ ) = 0 (since |[f | is integrable
on R), to eliminate the boundary terms:

df

dx
Example 5. (The Cauchy problem for the heat equation) Consider the Cauchy
problem for the heat equation

(w) = L / /e dx = (i) f (o).
21 J—s0

U, =kity,, —oo<x<o0o, t>0, u(x,0=f(x), —oo<x <o00. (721)

The solution u = u(x, t) was obtained from the fundamental solution in Section
5.2. Here we show how the same formula can be obtained using Fourier
transform in x for each t.

The solution of (7.21) by Fourier transform depends on some further



properties of the transform. If f, g are in L?(R), then

frg="f&. (7.22)
The compactness of this formula is the reason for putting the 1/(2x) normalizing

factor in the inverse rather than in the transform. The proof of (7.22) involves a
simple change of variables z = x — y:

frglw) = f fxgx)e " dx = f f fNgx — y)e " dy dx

= f f F()g2)e %™ dy dz = f(w)§(w).
We also have

e::wcz(w) Z/OO e—axze—iwx dx:foo o —a(x +ia)/(2a))ze—a)2/(4a) A%

—0oC —0
- 5 5 5 {7.23)
=if eV gy @ /(a) _ [T ~0’/(4a),
Va J_co a
We transform everything in (7.21) with respect to x, using i,(w,1) =i, (w,1) to
transform u,:
(0, 1) = —koi(w,1);  i(w,0)= f(w).
Thus, j(w, 1) = f(w)e k@’t. Let a = 1/(4kt) in (7.23). Then (7.22) and (7.23) imply
that
1  _(x — y)?/4kt
i) = [T ) gy,
vVamrkt J-o
This is exactly the formula that we found in Section 5.2.
PROBLEMS

1. Let Lu(x) = a()u”(x) + bOu'(x) + c(x)u(x), where a, b, c are given C?

functions on the interval 0 < x =< 1. Consider C? functions u, v on [0, 1]
satisfying Dirichlet conditions u = v = 0 at x = 0, 1. Find an ordinary
differential operator L* such that

(Lu, v) = (u, L*v).

2. Letr: [a, b] — (0, ) be C?, and consider the eigenvalue problem (7.1). Using
the weighted L? space with inner product (7.2), prove that eigenvalues are real
and the corresponding eigenfunctions are orthogonal.

3. Let the piecewise continuous function f : R — R be defined by



| x = 0
X 0<x <3
flx)=

e ", 3<x <4,

0, e

Write f(x) as a sum of a continuous function and a linear combination of
Heaviside functions.

4. Fill in the details of Example 3 in Section 7.5: prove L? convergence of the
Fourier series of an L? function, using approximation and uniform convergence.

5. Let f, g : R — R be differentiable and have the property that they and their
first derivatives are absolutely integrable over R. Prove that

(f*)'=fxg+ fx*g.
6. Consider the Fourier transform of a band-limited function f(x), in which
fﬂifu] =0, |w|=m.
(a) Show that f(w)=3""_ fme " for |w| < =

(b) Hence deduce that f(x) only depends on the sequence {f(n)} of sampled
values of f:

(0.0)

fo == 3 fo=E

n=—0co

sin(x — n)

X —n

7. The pointwise convergence of Fourier series can be used to deduce the sums of
certain kinds of infinite sequences.

(a) Start with calculating the Fourier series of the even 2m-periodic function
f(x) = | sin x|. Use the Fourier series to calculate the sums
Yoy Lok

— 42— 1 4n? —
(b) Choose a suitable even 2-periodic function f(x) whose Fourier series allows
you to determine the sums

00 1 00 1)”
> Z

n=1

1. Josiah Willard Gibbs (1839-1903) made many contributions to thermodynamics, statistical mechanics,
and other areas of science and mathematics, including vector analysis. The Gibbs phenomenon was
discovered and explained by the English mathematician Henry Wilbraham in 1848; nearly 50 years later it
was found independently by Gibbs.



CHAPTER EIGHT

Laplace’s Equation and Poisson’s
Equation

In this chapter we consider Laplace’s equation and its inhomogeneous
counterpart, Poisson’s equation, which are prototypical elliptic equations.! They
may be thought of as time-independent versions of the heat equation, with and
without source terms:

Au(x) =0 (Laplace’s equation),
—Au(x) = f(x) (Poissons equation).

We consider these equations in a domain U < R® n = 2, but also on all of R

Applications of these equations include the classical field of potential theory, of
importance in electrostatics and steady incompressible fluid flow. In
electrostatics, f(x) in Poisson’s equation represents a charge density distribution,
inducing the electric potential u(x). In two-dimensional steady fluid flow, u is the
velocity potential or stream function, both of which satisfy Laplace’s equation.

Several properties of solutions of Laplace’s equation parallel those of the heat
equation: maximum principles, solutions obtained from separation of variables,
and the fundamental solution to solve Poisson’s equation in R™.

8.1. The Fundamental Solution

To solve Poisson’s equation, we begin by deriving the fundamental solution ®(x)
for the Laplacian. This fundamental solution is rather different from the one for
the heat equation, which is designed to solve initial value problems, and
consequently has a singularity at the initial time t = 0. The fundamental solution
for the Laplacian, being time independent, is used to represent solutions in space
alone. To do this, ®(x) is chosen to have a singularity at a point X, in the domain;
since the Laplacian is translation invariant, we can take x, = 0. Moreover, the
Laplacian is invariant under rotations, so we can seek a rotationally invariant
fundamental solution.

Motivated by this discussion, we seek rotationally symmetric solutions u(x) =
v(r), r = |x|, of Laplace’s equation. Then we have

n—1

Au(x)=v"(r) + v'(r) =0.

Therefore,



Integrating, we obtain log v = —(n — 1) logr + C. That is, v'= -, where A =
log C is the constant of integration. Integrating again, we get a two-parameter
family of solutions

a
—2

") - +b, ifn>3,
vir) = r

alogr +b, ifn=2.

The fundamental solution ®(x) is defined by setting b = 0 and choosing the
constant a to normalize ®(x) depending on the volume a(n) of the unit ball:

1 1

5> ifn >3,
i) = | 10— Decln) Il
1 .
—— log |x]|, itn =2,
2

The purpose of the normalization is to make the formula for the solution of
Poisson’s equation on R" as simple as possible. (See (8.1).) Note that although ®
has an integrable singularity at the origin (® is integrable on bounded sets, even
though it is not defined at x = 0), we will see that the singularity of —A® is not
integrable, and is in fact the singular distribution §, which we define carefully in
Section 9.2.

We say a function u is harmonic in an open set U c R" if u € C?(U) and Au(x)

= 0 for each x € U. By construction, ®(x) is harmonic in every open set not
containing the origin.

8.2. Solving Poisson’s Equation in R"

In this section we establish a formula for the solution of Poisson’s equation in all
space R" using the fundamental solution, much as we used the heat kernel to

solve the Cauchy problem for the heat equation.
Let f € C*(R") have compact support and define
w0 = @+ N = [ Sx=y)fdy, 2
Rn
the convolution product of ® with f.

Remark. Note that Ad(x) has a nonintegrable singularity at the origin.
Therefore, we cannot differentiate under the integral sign in this formula. If we
could, we would have Au(x) = O, since ® is harmonic away from the origin.



However, as we now show, the nonintegrable singularity makes the convolution
product work to solve Poisson’s equation.

Theorem 8.1. If f € C*(R") has compact support and u(x) is given by (8.1), then
—Aux) = f(x), xeR".

Proof. Changing variables in (8.1), we have
u(x) =[ O(y)fx—y)dy.
Therefore,

Au()f)zfnq)(ymxf(x—y) dy:f P(y)A, f(x —y)dy.

n

In this integral, and in subsequent calculations, we use subscripts to indicate the
variable of differentiation or integration. Thus, A, indicates that the Laplacian is
taken with respect to the y variables. We would like to integrate by parts to put A
back on ®(y). However, ®(y) has a singularity at y = 0, so we have to treat the
integral as an improper integral. For ¢ > 0, let v, =®" - B(0,¢), where B(x, r)
denotes the open ball of radius r centered at x € R™. Then

Au(x) = f C(y)A f(x —y)dy+ f (y)A,f(x —y)dy.
B(0,¢) U

€

The first integral approaches zero as ¢ — 0, since @ is integrable at the origin. We
use Green’s second identity on the second integral, observing that (since f has
compact support) the integrand is identically zero outside a large enough ball
centered at x. Thus,

fU S(NA,f(x — y)dy

€

aof 0P
= f (@(y)—f (x—3) — flx - y)—(y)) ds,
dB(0,€) av, v,

y J

+ [ aomIfe-ndy

Ue
Incidentally, there is no contribution from the boundary of the support of f, since
the integrand is zero there. The final integral is zero since ® is harmonic in U..
The integral on the boundary has two terms. The first term converges to zero as ¢
— 0, since ® is integrable at the origin. We need to prove that the second
integral converges to f(x).



Since the unit normal v is outward with respect to U, on the sphere dB(0, ¢)

we have v = —Yy/e. Therefore, since ®(y) is a function of r = |y]|,
0P 0od 1
— ) ===0) =1
v or yl=e no(n)et

Figure 8.1. A bounded region U.

Note that this formula holds for n = 2 even though the formula for @ is different
for n = 2. Thus,

9D 1
. f(x—y)—(y)ds,:—f Fx—y)dS,—,
/aB(o,e) dvy ’ 9B(0,¢€) "10B(0, €)]

where |0B(0, €)|] = na(n)e*~! denotes the measure of the sphere in R" This
integral converges to f(x), because f is continuous.

8.3. Properties of Harmonic Functions

In this section we state and prove the mean-value property of harmonic
functions, and use it to prove the maximum principle, leading to a uniqueness
result for boundary value problems for Poisson’s equation. We state the mean-
value property in terms of integral averages.

Theorem 8.2. (Mean-Value Property) Suppose u € C?(U). Then u is harmonic in U if
and only if it has the mean-value property:

(%) = f u(y)ds = ][ u(y)dy,
dB(x,r) B(x,r)
for every ball B(x, r) < U.

Proof. Suppose u is harmonic. Then, for B(x, r) c U (see Fig. 8.1),

8 _
0 :[ Au(y)dy :/ ‘—udS :] Vu(y) - J dev.
B(x,r) dB(x,r) OV IB(x,r) r :




Now let

b= | utas, 2
dB(x,r)
Since lim, _ , ¢(r) = u(x), we complete the proof by using (8.2) to show that ¢(r)

is constant. To do so, we calculate directly that ¢’(r) = 0. Lety = x + rg, 2 €
B(0, 1), to facilitate differentiating the integral. Then

<f>’(r)=i ][ u(x +rz)ds,
dr

dB(0,1)

= ][ Vu(x +rz)-zdS,
3B(0,1)

_ ][ Vu(y) - 22 ds, =0,
r

dB(x,r)
by (8.2). Thus, ¢(r) is constant, so that ¢(r) = lim, _ , ¢(s) = u(x).

We use this result to obtain the integral average over the ball B(x, r):

-
| way= [ uwyasde
B(x,r) 0 JoB(x,p)
r
= u(x) f no, p" tdp = a,r"u(x).
0
Conversely, suppose u has the mean-value property. Then, as above, we get

r
¥ =" ][ Au(y)dy =0,
B(x,r)
since ¢(r) = u(x) is constant. Thus, f,  ,, Au(yidy =0, and letting r — 0, we obtain

Au(x) = 0, since Au is continuous in U.
[

The mean-value property of harmonic functions is peculiar to solutions of
Laplace’s equation and has no counterpart for more general elliptic equations.
However, it simplifies the proofs of key results that do generalize, in particular
the maximum principle, which we now state in both weak and strong forms.

Theorem 8.3. (The maximum principle) Let U < R" be open and bounded, and
suppose u e C*(U) N C(U) is harmonic in U. Then

1. Weak form: E:‘i:_:-: ix) = :n?;x u:.x'}.



2. Strong form: If U is connected, then either u = constant in 7/, or

u(x) < max u(y) forallxe U.
yeal

Proof. We prove the strong form first. The weak form then follows easily.
Suppose U is connected and there is a point x, € U such that
u(xp) =maxu(x)= M.
xelU
Choose r so that B(x, r) < U. Then by the mean-value property,

u(xg) =M= ][ u(y)dy.

B(XO,F)

But u(y) < M everywhere, so equality implies that u(y) = M throughout B(x,, ).
Thus, the set S = {x € U : u(x) = M} is nonempty and open. However, S is also
relatively closed in U: Let x, € S converge to x € U as n — <. Then, by
u(x,) = M, so x € S. But the only
nonempty open and closed set in U is U itself, so we have S = U, implying that u
is constant in 7. The weak form 1 follows from 2.

continuity of u, we have u(x) = lim

n — oo

Remarks. The corresponding minimum principle follows by applying the
maximum principle to —u.

If U is not connected (i.e., U = U, U U, with U,, U, disjoint open sets in R"),
then the weak maximum principle holds, but the strong maximum principle
breaks down. To see this, define u(x) = k, for x € U,, k = 1, 2. Then u(x) is
harmonic but fails to satisfy either conclusion of part 2 of Theorem 8.3.

We can apply the maximum principle to the Dirichlet problem, which is the
following boundary value problem on a bounded open set U c R™
Au(x) = 0, xeU,
ulx)=g(x), xeal.
Theorem 8.4. Suppose g is continuous and u e C*(U)nC(U) is a solution of the

Dirichlet problem. If U is connected and g satisfies g(x) = 0 for all x € oU, and g(x)
> 0, for some x € dU, then

u(x)>0 forallxe U.
Proof. From the weak minimum principle, we have ming « =min;; ¢, But the strong

version gives either u(x) > min,; g, for all x € U, or u(x) = constant. In either
case, the conclusion follows.



8.3.1. Uniqueness of Solutions of Boundary Value Problems

As with the heat equation, we can prove uniqueness of solutions of boundary
value problems from the maximum principle or from energy considerations. Let U
c R" be open and bounded. Consider the boundary value problem with Dirichlet

boundary conditions:

—Au=f inU,
(8.3)
u=g onadU,
where f € C(U), g € C(oU).
Theorem 8.5. There is at most one solution »  c*(yn c(U) of the boundary value

problem (8.3).

Proof. Let u,, u, both be solutions. Applying the weak maximum principle to u,
— u, and to u, — u,, both of which satisfy (8.3) with f = 0, g = 0, we deduce
that u, = u,.

|

Alternatively, the energy approach sets u = u;, — u, and applies a version of

0=quudx=[ u—dS /quI dx.
U

Thus, Vu = 0 in U, so that u is constant. Since u = 0 on 0U, we conclude that u
= 0in 77, so that u; = u,.

Green’s identity:

8.4. Separation of Variables for Laplace’s Equation

If the domain U < R" has special geometry, then separation of variables can work

on Laplace’s equation. Examples include rectangular, spherical, and cylindrical
domains. Here we treat two examples to illustrate the differences from the heat
and wave equations. We then make some remarks about other domains.

Of course, if the boundary conditions are homogeneous, then u = 0 is a
solution, generally the only solution. So it is more natural to consider linear
boundary conditions au + ﬁ-‘_-i”- = ¢ on JU that are inhomogeneous over at least part

o

of the boundary. If @ = 0, then the energy method discussed in Section 8.3 above
can be used to prove that this problem has at most one solution.

8.4.1. Laplace’s Equation in a Rectangle

We consider Laplace’s equation Au = 0 in a rectangular domain U = (0, a) X (0,
b) < R? with a mixture of Dirichlet and Neumann boundary conditions,

representing parts of the boundary where we specify either the temperature u or



the heat flux, which is proportional to the normal derivative.

In this problem we can formulate an eigenvalue problem if boundary
conditions on opposite sides of the rectangular boundary are homogeneous. We
use this observation to implement a solution strategy. We split the boundary
value problem into four problems, setting the boundary condition to zero on
three sides in each problem. To illustrate the process, consider the example in
Figure 8.2. For j = 1, 2, 3, 4, let (P)) be the problem with f, = 0, k = j, and let u;
be the solution of (P,) Then by linearity, the solution of the full problem is

U=uy+uy+u;+ uy.

We solve (P,) in detail to illustrate this approach.

yll
U _
v /2
b
u=f Au=0 u=fy
0 >
u=f a x

Figure 8.2. Example of a boundary value problem for Laplace’s equation.

Let u = u, = v(O)w(y). From the boundary conditions, we guess v(x) = sin
nmx/a, so that u,(x, y) = sin(nnx/a) w(y). Then Au(x, y) = 0 leads to an ODE for

w(y):

nmw

2
w”(y) — (—) w(y) =0,
a

with general solution
w, (y) = A, cosh LD 2 B, sinh Lty
a a

We need to satisfy a homogeneous boundary condition at y = b,

0 b b
2 (x, by =0: w’ (0) = T (An sinh 22 4+ B, cosh ﬂ) = (.
dv a a a

Thus,

B, = — tanh @An.
a



Now we can form a series to satisfy the nonzero boundary condition at y = 0:

o0}
b
Uy(x,y) = Z A, sin m;_x (cosh ”aﬂ — tanh nZ sinh m:—zy) . (8.4)

n=1
Ony = 0,

l’lTL’X

u(x, 0) = fu(x) = ZA sin —

n=1

from which we get formulas for the coefficients A, :

/ fa(x) sin @ dx.

The solution u, is then given by the series (8.4). Similarly, we can obtain u,, u,,
u,, and finally put these series together to get the solution u of the original
problem. Note that the series for u, is a sine series like (8.4), but the series for u,
and u, have the form

Ty
u(x) = Z v, (x) sin (n + ) 7

n=0

because of the combination of homogeneous boundary conditions at y = 0, b.
8.4.2. Laplace’s Equation on Spherical and Cylindrical Domains

In spherical and cylindrical domains, it is natural to use curvilinear coordinates
(i.e., polar coordinates and cylindrical coordinates, respectively). Since the
Laplacian in these coordinates has nonconstant coefficients, the ODE that result
will also have nonconstant coefficients. Moreover, the dimension of the space
makes a difference to the type of equation that results. This leads to the study of
special functions, specifically, Legendre functions (solutions of Legendre’s
equation) and Bessel functions (solutions of Bessel’s equation). These special
functions are typically expressed as series solutions of ODE, using the method of
Frobenius. Some details may be found in the PDE book of Strauss [45], in
engineering mathematics books, such as Jeffery [26] and Kreyszig [30], and in
texts that typically have “PDE” and “Boundary Value Problems” in their titles.

Here we give the detailed solution of Laplace’s equation in a disk, leading to
Poison’s formula, a representation of the solution as an integral, which we
eventually interpret in terms of Green’s functions. The disk has the advantage
that we do not need special functions to solve the eigenvalue problem.

Consider the Dirichlet problem in a disk of radius a > 0:



Au=0 inU = B(0,a) C R?,
u=Jf ondl.
In plane polar coordinates,
X =rcosf, y=rsin6,

we have the following problem for u = u(r, 0):

Upp + —U, + —ugg =0, 0<0<2m, O<r<a,

r r2 (8.5)
ua,0)= f(@), 0<6 <2m.

The boundary 9U is the circle r = a, whereas the boundaries for the variables r, 6
also include r = 0, 6 = 0, 2m. At the disk center, r = 0, we exclude nonphysical
solutions by insisting that solutions remain bounded as r — 0*. The boundaries 6
= 0, 2m represent the same line in the disk, across which the solution should be
as smooth as elsewhere in the domain. These boundaries are accommodated by
making the solution 25 periodic in 6. Similarly, the boundary function f is treated
as a 2m-periodic function of 6.

Let
u(r,0)=R(r)H ().
Substituting into the PDE (8.5), we obtain
r2(R"(r) + + R'(r)) LH'O)
R(r) H(O)

b

whence, separating r from 6,

H'O) _ . RO+ R

b

H®©O) R(r)

We then have an eigenvalue problem for H, in which the boundary condition is
that H(O) is 2w periodic:

H"(6)+1H(O)=0, H(0)=H(Qm). (8.6)
The corresponding equation for R(r) is

r?R"(r) + rR'(r) = AR(r). (8.7)

We can solve the eigenvalue problem (8.6), with the result H = H, = A,/2
const., for A = 0, and

H=H,(0)=A,cosnd + B, sinnf, n=1,2,..., withi=2x,=n>

Note that each eigenvalue A,, n = 1, has two independent eigenfunctions. Setting
A = n?in (8.7), we get



r’R"(r)+rR'(r)=n*R(r), 0<r<a. (8.8)
For n = 0, the general solution of (8.8) is
R(r)=Cy+ Dylog r.
However, we seek solutions that are bounded as r — 0 so we set D, = 0 and
consider only the solution
R=Ry(r)=1.

The arbitrary multiple C, will be incorporated into A,

For n = 1, we seek solutions R(r) = r® Substituting into (8.8), we find a =
+n. However, r " is unbounded at the origin, so we retain only

R,=r", n>1

Again, the arbitrary coefficient multiplying this solution will be incorporated into

H,(6).

So far, we have solutions
A
ug(r,0) = ?0, u,(r,0)=r"(A, cosné + B, sinnf), n> 1.

These functions are harmonic in the ball B(0, a), and they reduce to functions of
0 alone forr = a.

—

We form a series u=3"" u,:

. I
u(lr,0)=—+ r'"(A, cosnf + B, sin no), (8.9)
(r,0) 5 E (A, n )

n=1

and set r = a to satisfy the boundary condition u(a, ) = f(6). Thus,

Ay —
0)=—+ ) a"(A, cosnb + B, sin no).
f0) 5 E ( )

n=1

Consequently, a"A,, a"B, are Fourier coefficients of the 2m-periodic function f:

A, 1 2 cos no
( ) = f f(0) do, n=>0. (8.10)
B, aw Jo sin no

If we substitute the coefficients given by (8.10) back into the series (8.9), we get
the solution u in terms of the data, and we can sum the series, just as we summed
the series to get the Dirichlet kernel in proving pointwise convergence. Thus,




0

27 o0 n
wir,0) = ﬁ f (o) (1 + 2 Z (2) (cos n6 cos ng + sin né sin nqb)) deo
n=l1

1 2w

o0 . n
=5 /. f(¢) (1+2;(5) cosn(@—d))) do.

After some manipulation of the sum of the geometric series

(0. 9] % n
Z (_) em(()—(p)’

a
n=—00

we obtain Poisson’s formula for the solution of the Dirichlet problem in a disk:

u(r,0) = — do. (8.11)

(r,6) 2 fo a? — 2ar cos( — @) + r? (@) d¢

This integral has the form of a convolution product of the Poisson kernel
1 a’ — r?

P(r’w):

2 a* — 2ar cos Y + r?

with the boundary data f(¢) = u(a, @). The formula reduces to the mean-value
property of harmonic functions when r = 0. In the special case f = 1, we have
the solution u = 1, from which we conclude that

2w
f P(r,v)dy =1.
0

Note that you could also have guessed this by integrating the series term by term.

Just as for fundamental solutions, which are singular integral kernels, the
Poisson kernel, P (r, 6 — ¢) is singular at the very place the function u(r, 6) is to
be evaluated on the boundary: r = a, 6 = ¢. The singularity is needed for the
convolution to converge to the boundary data: for f continuous,



Figure 8.3. Geometric interpretation of Poisson’s formula.

lim u(r, ) = .
e I (r,0)=f(¢)

A more geometric interpretation of Poisson’s formula generalizes to higher
dimensions. Consider polar coordinates for

x = (rcosf,rsinf) € B(0,a), and x = (acos¢,asin¢d)c IB(0,a).

Then we have @> — r* = |x'|* — [x[?, and |x" — x|> = r* + a* — 2ar cos(6 —
@) (see Fig. 8.3). Thus,

12 2
x| —|x
u(x) = ][ Mu(x’)ds(x'), x| < a.
X' — x|?
Ix'|=a

The Poisson kernel is an example of a Green’s function, which we study in
detail in the next chapter.

PROBLEMS

1. Prove the weak maximum principle (Theorem 8.3, part 1) using an argument
similar to the proof used for this principle for the heat equation (Theorem 5.2).

2. Prove the weak maximum principle (Theorem 8.3, part 2) from the strong
form.

3. Consider Poisson’s equation on a bounded open set U € R" with Robin
boundary conditions

Aulx)= f(x),xe U, g—u(x)—l—au(x)=g(x),X68U.
v



(a) Prove that if @ > 0, then the energy method can be used to show
uniqueness of solutions u € C*(U/) N C(U).

(b) For a = 0, show that solutions are unique up to a constant.

(¢) Design an example to show that uniqueness can fail if ¢ < 0. (Hint:
Choosen = 1.)

4. Derive Poisson’s formula (8.11) by summing the series for u(r, 6). Provide the
details.

5.InR*let V, = |B(0, r)| = a(m)r", S, = |0B(0, r)|. Explain why

AL
n

6. Suppose u € C?(U) has the mean-value property:

For all x € U, ") = }[ uly)dSy for all r > 0 such that B(x, r) c U. Write a

dB(x,r)

careful proof by contradiction that Au = 0 in U.
7. Suppose U c R"is open, bounded, and connected, and « € C*(U/) n C(U) satisfies
Au=0 inU, ulyy = g.
Prove that if g € C(0U), g(x) = O for all x, and g(x) > O for some x € dU, then
u(x) >0 forallx e U.

1. Pierre-Simon Laplace, 1749-1827, made many contributions to mathematics, physics, and astronomy.
Simeon Denis Poisson, 1781-1840, was a mathematician and physicist known for his contributions to the
theory of electricity and magnetism.



CHAPTER NINE

Green’s Functions and Distributions

Green’s functions, integral kernels that allow linear boundary value problems to
be expressed as integral equations, appear in many contexts.! The theory and
construction of solutions for the basic linear PDE of mathematical physics use
Green’s functions or fundamental solutions. For example, in linear elasticity, a
Green’s function is the displacement of the elastic material (such as rubber) due
to a point force, whereas in electrostatics, the Green’s function relates an electric
field to a point charge. Numerical analysts use Green’s functions as a convenient
way to convert PDE into integral equations that can be solved with numerical
integration.

In this chapter we show how the Green’s function is a solution of a PDE only
in a generalized sense. This sense is elegantly expressed in terms of the theory of
distributions, which we introduce in this chapter as a separate topic, before
returning to the construction and properties of Green’s functions for the
Laplacian and other linear differential operators.

9.1. Boundary Value Problems

We would like to study boundary value problems, such as the following:
—Au=f inU,

(9.1)
u=g onadl,

where U < R" is open and bounded with smooth boundary oU.

From Section 8.2 we see how to solve Poisson’s equation on all space by
writing the solution as a convolution with the fundamental solution ® (see
Theorem 8.1):

H{x) = f ®(x—vy)f(y)dy. (9.2)

R

The purpose of Green’s functions is to find a similar formula that takes the
boundary conditions into account. An immediate difficulty is that we have no
reason to suppose that (9.2) will satisfy the boundary condition u = g on oU. The
idea is to first modify the fundamental solution so that a formula similar to (9.2)
yields a solution of the inhomogeneous PDE that satisfies homogeneous boundary
conditions (i.e., with g = 0), a construction we explain in Section 9.3. As a
second step, we find a smooth solution of the homogeneous PDE (i.e., with f = 0)
that satisfies the inhomogeneous boundary condition u = g on 9oU. Finally, we put



the two pieces together, relying on linearity, to give a solution of the boundary
value problem (9.1).

v 4

0 X
Figure 9.1. Area of integration. The diagonal line is z = y.

Let’s start with problem (9.1) in one dimension with homogeneous Dirichlet
boundary conditions:
o _ ’ 0 1,
u (x)= f(x) e Iy g ©3)
i) =0, u(l) =0.

We solve this problem by integrating twice:
X X 4
—u'(X)=f f(y)dy+C, —M(X)=[ f f(y)dydz+Cx + D,
0 0o Jo

where C, D are constants of integration.

The boundary condition u(0) = 0 leads immediately to D = 0. The boundary
condition u(1) = O then gives an equation for C. It is convenient to simplify the
double integral by reversing the order of integration in the shaded region of
Figure 9.1.

fff(y)dydz=f f f(y)dzdy=f = FQ) dy.
0 Jo 0o Jy 0

ulx) =-— f x—=yf(y)dy—Cx. (9.4)
0

Then



G(x, )]

x(1—=x)p-—-=---=-=—-———-

0 % 1 y
Figure 9.2. The integral kernel G(x, y).

The boundary condition at x = 1 becomes

1
C = —f i ) T
0

Substituting back into (9.4) and rearranging terms, we arrive at

X 1
u(x)=f0 (y—X)f(y)derfO x(1=y)f(y)dy

X 1
=f y(1—x) f(y) dy+f x(1—y)f(y)dy.
0 X

We can write this formula in the compact form

1
M(X)=/ G, y)f(y)dy, 0=x<=1, (9.5)
0

using the integral kernel
y(l—x), ify<ux,
G(x,y) = _ (9.6)
x(1—y), ifx =<y.
The graph of G(x, y) for fixed x € (0, 1) is shown in Figure 9.2.

Equation (9.5) defines an integral operator G:

1
(Qf)(X)=/0 Gix,y) f(y)dy, 0=x=1L

The differential operator £ = —‘T : X — €0, 1] operates on functions u in the space

X of C? functions that satisfy the homogeneous boundary conditions. The integral
operator G : C[0, 1] — X goes the other way; it acts on continuous functions and

gives twice-differentiable functions that satisfy (9.3). In this sense, the integral
operator is the inverse of the differential operator. In fact, G is the Green’s



function for the boundary value problem, because (9.4) satisfies (9.3). Observe
that (9.5) has some similarity to (9.2).

Here are some properties of G : [0, 1] X [0, 1] — R:
1. G is nonnegative: G(x, y) = 0;
2. G is symmetric: G(x, y) = G(y, x);
3. G is continuous; and

4. G is differentiable, except on the diagonal x = y. On the diagonal,%“ has a

) .,
dy X=y

where the bracket notation [F] means the jump in a function F, or difference
between the right limit and left limit. While these properties are specific to the
Green’s function (9.6) for problem (9.3), they have their counterparts for
different differential operators L.

jump discontinuity:

Now %% =0 except on the diagonal, where ¢ may be thought to have infinite

oy

negative slope. We write

392G
———((x,y)=6(x — V),
8y2( y)=206(x —y)

where 8(x) is the Dirac delta function. The function §(x) is a measure that assigns
mass one at x = 0 and zero mass elsewhere. We shall treat § as a distribution, or
generalized function, which leads us to the theory of distributions, a useful
framework for considering PDE and Green’s functions, such as G(x, y).

It is also useful to relate the Green’s function to the fundamental solution
®(x, v) = —1x — y|. In fact, if we write

G(x,y)=—3lx — y| + ¢ (x),

then —ﬁq&-‘ (x) =0 for each y € [0, 1]. We write the superscript y in the function ¢

(x) to indicate that y is a parameter. Moreover, since G satisfies homogeneous

boundary conditions, ¢” satisfies the boundary conditions (for each y € [0, 1]):
¢’(x)=—P(x—y), x=0andx=1L (9.7)

Thus, to modify the fundamental solution to obtain the Green’s function, we
construct for each y a solution u = ¢” of the homogeneous equation u”(x) = 0
that satisfies the boundary conditions (9.7).



9.2. Test Functions and Distributions

In the previous section we constructed a Green’s function that is not twice
differentiable in the classical sense but has a generalized second derivative that is
a delta function, an example of a distribution. The space of distributions, defined
in this section, is used to broaden the notion of solutions of PDE, especially linear
PDE. We discuss distributions in a variety of contexts in the next couple of
chapters, but this narrative begins with a space of smooth functions known as test
functions. Test functions are instrumental in defining distributional solutions of
PDE by using integration by parts to transfer derivatives from distributions onto
the test functions.

9.2.1. Test Functions

To study test functions, we introduce some new notation and terminology. For
simplicity, we start by considering smooth functions on R. Let P = () denote

the space of C~ functions ¢ with compact support, supp ¢. Then D is the space of
test functions, with a specific notion of convergence defined as follows.

We denote the jth derivative of ¢ by ¢%. A sequence {¢,} converges to ¢ in D
asn — oo if

1. there is a compact (closed and bounded) subset K of R such that supp ¢, = K
for all n, and supp ¢ < K; and

2. p!/' — ¢!/l as n — oo, uniformly on K, for each j = 0:

sup |¢]gj)(x) — ¢(j}(x)| — 0, asn— oo.
xek

Similarly, the space D(R") of test functions on R" is defined by replacing ordinary
derivatives by partial derivatives in the definition of convergence.

Example 1. (A test function) Let’s consider an example of a test function in R”"
that we will refer to repeatedly.

Let
. 1
1—|x2 i
n(x) — Ce x| s 1f|X| < 1,
0, otherwise,
where c =1/ [ e <7 dx is chosen so that

[n n(x)dx=1.
R



To see that n is a test function, we note that it has compact support {x : |x| < 1},
and it has continuous derivatives of all orders, even where the definition is split
at |x| = 1. For example, with n = 1, the derivatives approach zero at x = 1. To
see this, observe that every derivative is the product of a rational function and
the exponential ,-1/1-+%; the exponential dominates the rational function as x —
1, sending the derivatives to zero.

It is sometimes useful to rescale n using a parameter ¢ > 0:

1
n°(x) =—n (E) - (9.8)
e €

Then the support is scaled by ¢, while leaving the integral unchanged: supp n¢ =
{x:|x| = €}, and [ n“(x) dx = 1. The function n¢ is called a mollifier, because it can
be used to smooth rough functions. The next lemma shows us how this works
using the convolution product.

Lemma 9.1. Let f € C(R"), and define, for ¢ > 0, f{(x) = n°f¢ * f(x). Then fc € C~,
and f{(x) — f(x) for all x, as ¢ — 0.

Let r'¢(r") denote the space of locally integrable functions on R™:
g€ LIIOC(R”) if / |g(x)| dx < oo for any compact K C R".
K

Then f* is defined and is C~ for ferl*. In that case, it takes a little measure

theory (the Lebesgue-dominated convergence theorem) to prove that ff — f
almost everywhere (see Evans [12], Appendix). Thus, the convolution of the
mollifier n¢ with the only-once-differentiable function f(x) provides an infinitely
smooth function f(x).

9.2.2. Distributions
Now that we have established properties of the space D of test functions, we are
ready to define distributions. Each distribution f is a function on D, meaning that
f(¢) is a number for each test function ¢.

Specifically, the space of distributions D’ is defined to be the space of
continuous linear functionals on the space D of test functions. That is, f € D’

means f : D — R, and f has the following properties:
1. fis linear: f (a¢, + b¢,) = af (¢,) + bf (¢,) for each a, b € R, ¢,, ¢$, € D; and

2. f is continuous: ¢, — ¢ in D implies f(¢p,) — f(P) (as a sequence of numbers).



The space of continuous linear functionals on a given topological space X is
called the dual space of X and is typically denoted X’. Thus, D’ is the dual space

of D. Following the usual custom, we denote f(¢) by (f, ¢). The notation should
not be confused with the L? inner product of integrable functions.
Not every functional is a distribution. For example, if we define f : D — by

() = ¢(0)? then fis a continuous functional, but since it is nonlinear, it is not a
distribution.

Example 2. (Four distributions) Here we provide four examples of
distributions. For each j in D/, j = 1, ..., 4, test functions ¢ € D are assigned to

numbers (j, ¢):

L (fi, #) = fr () dx.

2. (fnd)= [y $(x)dx

3. (fs ) = (S, ) = ¢(0).
4. (s @) = ¢7(0).

We leave to the problems verification that these examples are well defined,
linear, and continuous.

Many distributions are associated with locally integrable functions. The first
distribution f, is associated with 7, which is not integrable on R, but it is in

L'“(R). Then (f,, ¢) = [; filx)p(x)dx.
The second distribution f, is associated with the Heaviside function:
- 0, ifx <0,
fHLx)=H(x) = _
1, ifx>0,
which is in L&) and (f;, ) = [, fr(x)d(x) dx,
More generally, we have the following lemma.
Lemma 9.2. If ¢ € L'*(®"), then g defines a distribution g € D’ by
n
@ #)= [ g dx

R

Proof. Linearity of g follows from the formula in the lemma; continuity follows
from the formula and an estimate:

(8> @) — (&, )| =

]é(qb—d)n)dx Sf |8 (x)[ dx sup [¢p — p,| = 0
K K K



as n — oo, where supp ¢, supp ¢, < K.

We say a distribution f is regular if it has an L' representative f:
n
(f>) =/ fx)p(x)dx forallp € D(R").
R

Thus, regular distributions can be thought of as functions. For example, f, is a
regular distribution; it can be identified with the Heaviside function.

However, not every distribution defines an L™ function. A distribution f is
called singular if it is not regular. There are many singular distributions; even the
delta function f, = § is singular, as we now show. It will then follow that f, in
Example 2 is also singular.

Lemma 9.3. The delta function is a singular distribution.

Proof. Suppose 4§ is regular, so that there is g e L' such that

(6, @) = fn g(x)p(x)dx forallp € D(R"). (9.9)

R
Now define a one-parameter family of test functions with parameter e,
specifically, ¢<(x) = n(x/e):
1
exp 1 —
o) =1{ P 1= (x[/en

0, if |x| > €.

}, if x| < e,

We calculate the effect of § on ¢¢ in two ways. First, from the definition of §:
(8,9 ) =9 (0) =e".

Second, using the assumption (9.9):

(8, 6°) = f 2()¢€ (x) dox.

R

However, then

e 1=

/ g(x)p*(x) dx

R

< f ROl
|x|<e

Since the latter integral approaches zero as ¢ — 0, we can choose ¢ > 0 small
enough that the integral on the right is less than e~!, contradicting the inequality.
|

We next discuss several general properties of distributions that are useful in
the analysis of PDE, both specific ones (such as Laplace’s equation) and in the



general theory of PDE, including both linear and nonlinear equations.
Convergence of Distributions

We observed in Chapter 5 that the heat kernel ®(x, t) converges to §(x) as t —
0*. Here we make this convergence precise by defining what it means for a
sequence of distributions to converge to a limiting distribution.

Let {f;);=, c D'(R") be a sequence of distributions, and let f € D’(R"). We say f,
— fin D’ in the sense of distributions if (f,, ¢) — (f, ) as k — oo, for all ¢ €

D(R™).

Example 3. (Sequence of distributions) Let n = 1, and define, fork = 1, 2, ...:

; ]
k, if|x| < 5%

0, otherwise.

Je(x) = {
Then, for ¢ € D(R),
1

£ 2k
Got)= [ fiwswrar= " kowar= { swas

2k 1

2k

— ¢(0) = (6,¢) ask — oo.
Thus, f, — J in the sense of distributions as k — .

Example 4. (Convergence of heat kernel ®(x, t) as t — 0) Let (x, t) =

%(“” xeR,r >0, Then ®(x, t) = 6(x) ast — 0 means (O(x, t), ¢(x)) — ¢$(0)
ast— 0".

Distributional Derivatives

Let f € CY(R". Then f is differentiable, and each partial derivative is locally

integrable and therefore defines a distribution. We have

(id)) =[ a—f(xw(x)dx:—f #6022 ) ax
R 8Xf

8)(,'1' R Bxi

__ (¢ 22
B (f)axf).

This calculation suggests that for any distribution f we define its distributional
derivative df/dx; to be a distribution given by



 N—_(f 3
(Bx,-’qb)_ ("Bxi)’ forall ¢ € D.

Then every distribution is differentiable in the sense of distributions, and hence has
derivatives of all orders. It is not hard to show that df/dx; is indeed a distribution
by checking directly that it is continuous and linear.

Example 5. (Distributional derivative with n = 1) Consider the Heaviside
function H(x). As we saw earlier, H is in L', and it acts on test functions by

(H,d) = [ ¢(x) dx. Thus, for any test function ¢,

(H'(x), ¢) =—(H,¢") = — [ ¢'(x) dx = ¢(0) = (8, ).
0

Therefore,
H =5,
We can also differentiate the § function directly from the definition of
distributional derivative:
(8", ) =—(8, 9" ) =—¢/(0).
In fact, this is related to example f, in Example 2.
As another example, let f(x) = |x|. Then because
y -1, ifx <0,
fx)= _
Is it =D

is an L' function, it defines a distribution. In fact, f = 2H — 1; consequently, f”
= 20. Here we have used the fact that differentiation is a linear operation on
distributions, just as it is on differentiable functions.

Translation by y € R" The delta function §(x) is a distribution that places unit

mass at x = 0. To place the mass at a point y, we define a new distribution with
the notation §(x — y). In general, we can translate any distribution f by a
constant y as follows. We define the translation of f € D’, by y € R%, as a new

distribution g € D’, for which

(8 ¢)=(f, ¢,
where ¢~ € D is the test function defined by ¢~V (x) = ¢(x — y). To see that

this makes sense, we simply check that it is consistent for any f e L)*:

(8 ¢) = (f, ¢P) = [R F )¢ —y) dz= [R £+ 1) x) dx.



Then we can associate the distribution g with the translation f(x + y) of the L!*
function f(x) by y.
An example where this translation is useful is the § function. We often write

d(x — y) to mean the distribution §, translated by —y, and it is common to leave
x in the arguments of both the distribution and the test function:

6x—y), d(x) =o(y).
To multiply a distribution f € D’ by a function ¢ € C~, we define cf € D’ by

(cf> )= (f,cd),
noting that c¢ is a test function. Again, this definition is motivated by the case of

a regular distribution f, in which case the formula makes sense interpreted as
integrals.

The next two examples illustrate the connection between properties of
distributions and differential equations.
Example 6. (Multiplication by a C~ function) Consider c(x) = x, f = § in R.
Then
(x8(x), p(x)) = (6(x), xp(x)) =0,
so that x§ = 0. Since § = H’, we can interpret x§ = 0 as saying that y(x) = H(x)
is a distribution solution of the differential equation
d
x= =
dx

In fact, the general distribution solution of this equation (which is singular at x =
0) is

0.

y(x) =aH(x)+b,

for arbitrary constants a, b. Thus, we have a two-parameter family of
distributional solutions for the first-order equation. This highlights a danger in
enlarging the space of functions in which to define solutions, namely, that
uniqueness of solutions may be lost in the larger space. Uniqueness can be
restored by adding suitable boundary or initial conditions.

Example 7. (Application to shock wave solutions of conservation laws)
Shock waves, introduced in Chapter 2, are in fact distributional solutions of PDE,
which we illustrate in this example for the scalar conservation law

u, + f(u), =0, (9.10)

in which f: R — R is a given C! function. When we interpret (9.10) in the sense



of distributions, it allows us to give meaning to shock wave solutions, which are
discontinuous. The equation simply states that if u € D’(R?) and flu) can be

interpreted as a distribution, then the combination of distributional derivatives
on the left-hand side of the equation should be zero on every test function. Thus,
for a test function ¢(x, t):

(u, ) + (f (), ) =0.

In this way, we can define distribution solutions of differential equations, even
nonlinear equations. To see that this interpretation has some substance, consider
a jump discontinuity

n_, ifx-<st,

wixs F) = {

uy, ifx > st,
where u, and s are constants. Then

f(u_), ifx < st,

f(u)(x,t)Z{

fuy), ifx > st

We rewrite these functions using the Heaviside function:
ux,t)=Wwy —u_)YH(x —st)+u_,
J)x, 1) =(fuy) — fw))H(x —st) + fu_).
Thus,
ou

’ d /
— =(ug —u_YH (x —st)(—=s); —fw)=(f(uy)— fu_))H (x —st),
ot dx

and H” = 4. Equation (9.10) becomes
(=sCuy —u) + fluy) — f(ul)) 8(x —st) =0,

in the sense of distributions. But then the constant —s(u, — u_) + f(u,) — f(u_)
must be zero:

—s(uy —u_)+ fluy)— fu_)=0.

This equation is the Rankine-Hugoniot condition for shock wave solutions of
(9.10). It is useful because it relates the shock speed s to the one-sided limits u,
of the solution on either side of the discontinuity. We will derive it for more
general discontinuities in Chapter 13 on scalar conservation laws.

Distributions on Open Subsets of R”

It is straightforward to formulate the above ideas for distributions on subsets of
R, The key step is to define test functions appropriately and to use integration by



parts. Let U < R" be open. Then we can define the space D(U/)=cC>) of test

functions on U (i.e., the C~ functions on U that have compact support in U). Then
D’(U) is the space of continuous linear functionals on D(U). Now letu: U — R

be in L'U). Then u defines a distribution in D’(U). In particular, u is

differentiable in the sense of distributions:

(a—u,qb):—f ua—¢ dx.
Bx,; U 8)(1'

i
ix;

We say u has a weak derivative if the distributional derivative is a regular

distribution. Recall that this means it is represented by a locally integrable
function: 7 € L(U). In this way, we distinguish between the weak derivative

and a distributional derivative.

9.3. Green’s Functions

In this section we return to Green’s functions, first giving a general framework
within the theory of distributions and then showing how this applies to the
Laplacian. The primary use of distributions here is related to the delta function
and the notion of fundamental solution for a differential operator. Green’s
functions provide a means to invert the differential operator for boundary value
problems.

9.3.1. General Framework
Consider a linear partial differential operator £ (L = — A for example), that acts

on functions u : R®™ — R. As we introduced for one dimension in Section 9.1,

Green’s functions enable us to provide an integral representation for solutions of
boundary value problems

Lu=f inU,

(9.11)
Bu=g onoU.

Here f is a given function on U, and g is a given function on 9U, but note that U c
R™ may be unbounded. The term Bu represents a linear combination of u and

derivatives of u of lower order than the order of the partial differential operator
L. Associated with £ we have the fundamental solution ®(x, y), which is

required to satisfy
LO(x,y)=68x—y), x,yeR"

in the sense of distributions. To see why this is helpful, consider ® to be locally
integrable in y for each x € R" and let f € D(R"). Then (using the L? inner



product notation, since ® and f are integrable)
n
v(x) = fR O (x,y) f(y) dy = (P(x,y), f(y)) (9.12)

satisfies Lv = f in R" because

Lu(x) =L@, y), f(y) =(LP(Xx,y), f(y)=06E—y), f(y)=[f(x).
That is, the fundamental solution is the key to solving the inhomogeneous PDE.
However, (9.12) does not generally satisfy the boundary condition By = g. To

satisfy the boundary condition, we add a solution w of the homogeneous equation
Lw = 0 so that u(x) = v(x) + w(x) satisfies the boundary condition Bu = g. But

then w must satisfy the boundary condition Bw = g — Bv. Thus, provided we
have the fundamental solution ®(x, y), the boundary value problem (9.11) is
reduced to solving the problem

Lw=0 inU, Bw=g— Bv onadU.
The boundary condition for w is a bit clumsy; it relies on applying the boundary
operator to the integral (9.12) and restricting it to the boundary. The way to

express this more smoothly is to introduce the Green’s function for the
differential operator £ with boundary operator B. For clarity, we consider £ and

B to have independent variable x e/, and we let yc U be a second independent
variable, which is treated as a parameter for now.
The Green’s function G = G(X, y) is defined as the solution of the problem
LG(x,y)=46(x—y), xeU,

(9.13)
BG(x,y) =0, xeolU,
for each ye .
We construct G using the fundamental solution, by defining a function ¢Y(x):
G(x,y) =d(x,y) — ¢ (x).
Then ¢¥(x) satisfies
LY (x) =0, xinU,
(9.14)
B¢Y(x) = BP(x,y), xinaU.

Now we can express the solution of (9.11) asa sum u = v + w, where v(x) = [,
G(x, y) f(y) dy, and w(x) satisfies
Lw=0 inU, Bw=g ondlU. (9.15)

This formulation is useful even when we do not have the Green’s function



explicitly, since estimates on the Green’s function can be used to obtain estimates
on the solution u. In special cases, we can complete the solution as an explicit
formula by finding the Green’s function and solving (9.15) for w(x). We next
demonstrate this for Poisson’s equation, where £ = —A.

9.3.2. Green’s Functions for the Laplacian

We apply the ideas just developed to the Dirichlet boundary value problem for
Poisson’s equation:

—Au=f inU,

. (9.16)
u=g inadlU.

Here U is open and bounded, with piecewise smooth boundary oU; and f, g are
continuous on U, dU, respectively. In terms of the previous section, L = —A, and

the boundary operator B is the identity: Bu = u.

The fundamental solution for —A is a function ®(x — y) of x — vy, since the
Laplacian A is translation invariant. (More generally, the fundamental solution
for any constant-coefficient PDE operator £ will be a function of x — y.) The

Green’s function G(X, y) = ®(x — y) — ¢¥(x) is then expressed in terms of the
solution of the boundary value problem

A¢Y(x) =0, xeU,
P'x)=D(x—y), xe€aU.

In particular, ¢¥ is a harmonic function in U. In the proof of the following
theorem, we use the symmetry property ¢¥(x) = ¢*(y), which follows since ®(z)
is an even function of z. With this construction, we can write a formula for the
solution of the boundary value problem (9.16).

Theorem 9.4. If , = ¢*(U) solves (9.16), then

u(x)=[ G(x,y)f(y) dy—f ?—G(x,y)g(y) dSy. (9.17)

U ou vy

Proof. As explained above, the first integral in (9.17) solves the inhomogeneous
PDE, with homogeneous boundary condition, so it remains to prove that the
second integral is harmonic and satisfies the given boundary condition. The
second integral is harmonic in x, since G(X, y) is harmonic in x € U for each y €
oU, and the second term involves differentiating and integrating only with
respect to the parameter y € oU. To verify the boundary condition, we effectively
show that the normal derivative acts like a delta function as x approaches the
boundary. To do this, the proof uses the Divergence Theorem to recover the



boundary data.

Recall that G(x, y) has the same singularity at y = x as does the fundamental
solution. In the verification of the solution of Poisson’s equation on all of space
(Section 8.2), using the fundamental solution, we excluded a small ball around x
€ U and integrated on the domain

V.=U — B(x, €).

We do the same thing here to accommodate the singularity in G(x, y). To start,
we work with @ and a function « € ¢*(U) (not necessarily a solution). Then, using
Green’s identity, we have

f () A (x — 3) — D(x — P)Au(y)) dy

€

Z[BV (u(y)m_(b(x—y)au(y)) dSy.

0 Vy d Vy

Since ®(x — y) is harmonic away from y = x, the first term on the left-hand side
is zero. On the right-hand side there are two terms, but there are also two parts
of the boundary, namely, oU and 0B(x, €). We now show that the contributions
from 0B(x, €) approach zero as ¢ — 0. Let

od
Iezf u(y)—(x—y)dSy.
IB(x,€) dvy
As with the solution of Poisson’s equation, I, — u(x) as ¢ — 0 (see Section 8.2).

Similarly, let

ou(y)
4:/ b (x — y) Y
IB(x,€) dvy

We assume in the theorem that u is continuously differentiable. Since ®(x — y) is
constant on 0B(X, ¢€), proportional to In e for n = 2, and to e ™2 forn > 2, we
conclude that [J| — 0 as e = 0.

ds,.

Letting ¢ — 0, we now obtain

_ fU ®(x — y)Auly) dy

0D 0
=u(x)—|—[ (u(y)—(x—y)—d)(x—y)ﬂ) dSy.
U 0 0

Vy Vy

The next step is to use a similar argument, in which we replace ®(x — y) by



the harmonic function ¢*(y) in the calculation. Since ¢* has no singularity at x =
y, and ¢*(y) = ®(x — y) for y € oU, we have

. 0
- [ omaumav= [ (u(y)a‘p Y oy ”(Y)) sy,
U U v 0

Y Vy

Rearranging, and using G(x, y) = ®(x — y) — ¢*(y), we obtain

—f G(x, y) Au(y) dy=u<x)+f w1 2E (=, y) ds,
U U dvy

Finally, when u is a solution of (9.16) we obtain (9.17), and the proof is
complete.

9.3.3. The Method of Images

Theorem 9.4 gives a formula for the solution of (9.11) that relies on Green’s
functions. Here we show how the Green’s function for the Laplacian can be
calculated from the fundamental solution in special cases when the domain U has
symmetry. The general idea is to construct image points = outside U for each x €
U such that the function @(C(x —y)) exactly cancels ®(x — y) on the boundary oU,
for some scale factor C, possibly depending on x. Then the new function is
harmonic with respect to y € U (since the Laplacian is invariant under scaling
and translation by a constant), so we can set ¢*(y) = ®(C(x — y)).

xil

n

/x

y Xy eeus X,y

X
Figure 9.3. Method of images to derive Green’s function for a half-plane.
We demonstrate this construction, which is known as the method of images,

in two examples. In the first example U is a half-space, and in the second
example U is a ball.



Example 8. (Method of images (half-space)) Let U = {x € R": x, > 0}. For x

= (xy, -.-, X,) € U, define the image x = (x;, ..., v,_1» —%,) (see Fig. 9.3), and let
Gx,y)=dx-y)—PE-v), x,>0, y,>0.

Since x ¢ U, it follows that ®(x —y) is harmonic with respect to y € U (for x € U).

Then G(x, y) will be established as the Green’s function if we can show G(x, y) =
0 fory, = 0,x, > 0. For y, = 0, we have

n—1
y—xI= > (;—x)*+x2=1y—il.
j=1

Therefore, ®(x —y) = ®(x —y), as needed.

Example 9. (Method of images (unit ball)) Consider U = B(0, 1), the unit ball
in R™ Here, the image x includes a scaling, in addition to reflection through the
boundary. (See Fig. 9.4.) We define x = x/|x|>, and let

Gx,y)=d(x—y) — O(x|(x —Y)). (9.18)

(Note that |3| = 1/|x].) To prove that G(x, y) = O for x € U, y € 0U, we need to
show that if 0 < |x| < 1, x=x/|x?, and |y| = 1, then

x||x —yl=I|x—y|

Figure 9.4. Method of images to derive Green’s function for the unit ball.

But this follows because

2
X
— — xly| =|x* -2y -x+1=|x—y|~

23 2
x["lx —yl"=
x|

Consequently, G(x, y) given by (9.18) is the Green’s function for the unit ball
with Dirichlet boundary conditions.



In Chapters 4-9 we have considered all three canonical second-order linear
constant-coefficient PDE, emphasizing explicit solutions. In the next two
chapters, we introduce more theoretical approaches to general linear elliptic
equations.

PROBLEMS

1. Consider the boundary value problem
i = flx)s Q<5<
u'(0)=0=u'(1),
in which f: [0, 1] — R is a given continuous function.

(a) Prove that there is no solution unless

1
f fx)dx=0 (9.19)
0

(b) Assuming (9.19), prove that solutions are unique up to a constant. In other
words, if u, v are two solutions, then

uix) —oix)=0C, O<x=xl
for some constant C.

(c¢) Write the solution u(x) in the form
1
() = f NG ) £() dys
0

write a formula for the Neumann function N(x, y).

2. Write an explicit formula for ¢7(x) for Gx,y)=—1|x —y[+¢'(x), where G is
given by (9.6), to verify that ¢?(x) is linear for each y.

3. Calculate the fundamental solution u € D’(R) for the differential operator

L=+ +c¢, where ¢ € R and ¢ = 0, satisfying lim,, u(x) = 0. That is, solve

i — oo

du 4+ cu = 5. (Note: The sign of ¢ will affect your solution.)

4. Compute g * f for the functions

I, if0<x<l, x, if|x] <1,

fx) = { g(x) = {

0, otherwise, 0, otherwise,
and graph the convolution product g * f.

5. Verify that the examples of distributions f,, f,, f;, f, in Example 2 satisfy the
conditions that define a distribution.



6. Prove that n¢ — § in the sense of distributions, as ¢ — 0. (See (9.8).)

7. (a) Let u(x, y)  Ll**(R?). Define the distributional derivative ““.

dx
(b) Let H: R — R be the Heaviside function. Prove that u(x, y) = H(y)

. e i . . . .
satisfies ;_ =0 in the sense of distributions.
i x

8. Letk > 0.
(a) Prove that G,(x, y) = C,e~ ¥ is a fundamental solution for the equation
—u" +k*u= f(x), —00<x <00,
for some C,. Find a formula for C,.
(b) Find the Green’s function for the boundary value problem
—u"+ku=f(x), 0<x<oo, u(0)=0, lim u(x)=0.
X—>00
9. Find a fundamental solution ®(x) depending only on r = |x|, x € R3, for the
equation
—Au(x) + kKux) = f(x), xeR,
satisfying lim, _ _ ®(x) = 0. Instead of having a delta function (on the right-hand

side of the equation defining ®), use the source condition

lim —dS=-1.

(Hint: Use a change of variable u = rv.)

10. Let u(x)=|x{+x™, X = (x;, X,) € R2 For what values of a is u in L%(B),
where B = {x: |x| < 1}? Explain your answer.

11. Consider f € D’(R), g € C~(R).

(a) Derive the formula (gf)’ = gf + gf in the sense of distributions.
(b) Hence prove that
g(x)8'(x) = g(0)8'(x) — "M (x).

12. Let u € C(U) satisfy the mean-value property in a domain U c R™

ux) = ][ uds,

dB(x,r)

provided B(x, r) c U. Letuc = n_ *x uin U, = {x € U : dist(x, oU) > €}, where
dist(x, S) denotes the shortest distance between a point x and a set S. Then u¢ €



C~(U). Prove the surprising result that u¢ = u on U. Consequently, u € C~(U)
and is harmonic in U. In particular, harmonic functions are C=! (Hint: You will
need a change of variables in the formula for u¢ to write the integral over B(x, ¢)
in polar coordinates (dx = r"~!'drdS) to take advantage of this version of the
mean-value property.)

1. George Green, 1793-1841, was a self-taught British mathematician and physicist who made
fundamental contributions to the theory of electricity and magnetism. Several theorems and functions
related to these topics now carry his name.



CHAPTER TEN

Function Spaces

In this short chapter, we introduce function spaces that are used extensively in
the analysis of partial differential equations.

10.1. Basic Inequalities and Definitions

Much of the theory of PDE relies on a variety of estimates, like the energy
estimates we encountered in Chapter 5 for the heat equation. Estimates are used
to establish all aspects of well-posedness and regularity. PDE estimates routinely
use the inequalities that we introduce and prove in this section, including some
basic inequalities for function spaces, in particular, I? spaces and Sobolev spaces.

10.1.1. Inequalities on R

We begin with several inequalities between numbers, which form a basis for
inequalities and estimates of functions.

Cauchy inequality. By rearranging (a — b)? = 0, we arrive at the inequality

ab < %(a2 +b%) foralla, b eR.

Sometimes it is useful to weight the terms differently, as in the ¢ > 0 version of
the Cauchy inequality:

2

b
ab < ea® + i forall a, b € R. (10.1)
b

Proof of (10.1). Apply Cauchy’s inequality to av2e - —.

W

o

Young’s inequality. This relation is a different generalization of the Cauchy

inequality. For p > 1, define g by | + - =1; we say q is dual to p. Then
al b4
ab< —+ — foralla >0,b > 0.
p q

This inequality is the Cauchy inequality whenp = q = 2.

e : ¥ b .
Proof. Minimize f(a.b) =+~ —ab. We leave the details to Problem 2.
Pooq

10.1.2. Function Spaces and Inequalities on Functions

Now we are prepared to define the function spaces we shall use. For each space,



we define a norm, and an inner product where possible.

For 1< p < oo, define LP(U) to be the space of (measurable) functions whose
pth power is integrable over U c [, R": |u[? dx < . We define a norm on L? by

Hullpr@wy = (/;J lu|? dx) ’ :

As discussed for L? spaces in Section 7.2, this defines a norm only if functions that
are equal almost everywhere are considered equivalent. Then L7 is defined to be
the space of equivalence classes, with the norm of an equivalence class defined as
here, in which u is any element in the equivalence class. Sometimes we
abbreviate the subscript and write ||u|, for the L norm.

The space L~(U) is defined as the space of (measurable) functions that are
essentially bounded over U, with norm given by the essential supremum (see
Appendix B):

[lu]| ooy = ess sup [u(x)| < oo,
U

Of the following three defining properties of a norm, only the triangle
inequality requires proof, as the first two follow directly from the definition of
norm in I7:

1. ||u|| = 0, with equality only for u = 0;
2. ||au|| = |a| ||u|| for all @ € R; and
3. [lu + v|| = ||ul| + [|v|| (the triangle inequality).

The proof of the triangle inequality employs a further inequality involving
integrals of functions.

Lemma 10.1. (Hélder’s inequality) Let u € IP(U), v € LY(U), where 1 < p, g < oo
are dual: | + - =1. Then

1 1
[|uv|dx§([ |u,|f’dx)’ ([ |v|qu)q. (102)
U U U

Proof. Since Holder’s inequality is homogeneous, it is enough (and simpler to
write) if we take ||u|[, = 1= [|v||,. Then we apply Young’s inequality to u(x)v(x)
and integrate over U:



f|mxwuNdxs]"(1munp+3mmww)dx
U U\p q

1 1

=—+ —=1=lull,llvll4.

2

The following case p = q = 2 is important enough to have its own name.

Theorem 10.2. (The Cauchy-Schwartz inequality) Let u, v € L*(U). Then

: :
/ luv| dx < (/ |u|? dx) ([ v|? dx) . (10.3)
U U U

Now we can prove the triangle inequality for the [? norm.

Proof of the triangle inequality. Let u, v € LP(U). Then

||u —i—vllp:f lu 4+ v|P dx
U

s/ﬂu+m“%mernm
U

S(/ |u+v|pdx)7 (/ Iulpdx)g—l—(f Ivlpabc)E
U U U

= [lu + vllP = (lull + ]I
The triangle inequality now follows by dividing by ||u + v||P~1.

Recall that L? is special because it has an inner product
(f,g)= / f(x)g(x) dx, for f, g e L*(U)
U

consistent with the L? norm ||f ||z, = (f, AY2 For the inner product (as for
Holder’s inequality), we allow for the possibility of complex-valued functions.
However, from now on unless otherwise stated, functions will be real valued.

It is sometimes helpful to think of I? functions in terms of Fourier series. In
the specific case of L%[0, ], we can explicitly and easily make the connection to
the space £? of sequences that are square-summable:

o0
5 ) 2
C=1{{b;}°:b; €R, Y b% <00}
j=1

with inner product and norm defined by:



=) x5y lxlle=Vxx)= Zx ,

7=l j=1

respectively, where x = {x;}, y = {y;}. In fact, Cauchy sequences in /> converge,
and their limits are in /2. Thus, the linear inner product space [? is complete,
making it a Hilbert space.

To establish the connection between L2[0, ] and /2, let u € L?[0, it]. Then
o0
w=p (wuuj,
j=1

where (.,.) is the L? inner product, and the sine functions «, = \; sin jx, j = 1, 2,
.. form a complete orthonormal set. Now let bj = (u, u). Then Bessel’s inequality
(7.12) implies that the sequence {b;} is in £?, and moreover, Parseval’s identity is

> br = | u(x)*dx. More concisely,
116} ez = [lull 1210, 7).

A fancy way to say this is that the mapping J : L?[0, t] — {* given by J (u) = {b;}
is an isometric isomorphism.

Integrable functions are not necessarily continuous or even bounded. In the
following examples, we examine the constraints between the nature of a
singularity and the dimension of the space and the exponent p in order for the
function to be in L?. The first example examines the kind of singularity allowed in
I? functions. The second example is more sophisticated and shows that integrable
functions can be very singular.

Example 1. (A singular function) Let U = B(0, 1) < R Consider the function

u(x) =

W, |X|>0,

in which f > 0 is some constant, and u(0) = 0 (In fact, u(0) does not have to be
specified, since L? functions need only be defined almost everywhere.)

To work out the values of n, 3, p for which we have u € L[P(U), we need to
understand when v is integrable. Note that u has a singularity at x = 0. To
resolve this issue, we calculate |, — 4+, and find precisely when it is finite. For

example, forn = 1, [, — dx = [; - dx < o if and only if fp < 1. Now we have to
work out the effect of changing n on this condition. But in R" we have



n—1
— ' di d S,
-/U |X|ﬁp [dB(O 1)[0 rbp

and this is finite precisely when the inner integral is finite, namely, when (as in
the n = 1 case) the power of 1/r is less than unity: fp —n + 1 < 1:
B < E.
14

Example2. (A very singular integrable function) Let {4;];2, be an enumeration
of the (countable) set of rationals in the interval [0, 1]. Define

where 0 < 8 < 1. Then the Monotone Convergence Theorem (Appendix B)
implies that the series converges in L![0, 1], but u is unbounded in every
neighborhood of every point. Hence, although u is Lebesgue integrable, not only
is it not Riemann integrable, it is chronically unbounded!

10.2. Multi-Index Notation

To further discuss function spaces, we use multi-index notation. This notation is
also a convenient way to represent PDE of arbitrary order and with unspecified
coefficients. A multi-index, a = @, ... a,, is a sequence of nonnegative integers.
We write the multi-index length as |a| = a; + ... + a,. Ifx = (x,, ..., X,) € R,
we write x* = (x}",...,. v, and

D* — (i)al (i)a
- dx,  \ax, ’

a differential operator of order |a|. Be aware that for x € R, the notation |x| =

(F.; .x‘?)‘l is still the Euclidean norm. The multi-index length |a| is reserved for

multi-indices.

Multi-index notation is useful for writing a polynomial of degree k in n
variables x as 2, _, a,x* = 0, with constant coefficients a, € R. Correspondingly,

the notation allows us to write a general quasilinear PDE of order k as

Z Bl =

lo| <k

for theoretical purposes, where the coefficients a, and right-hand side f are
functions of u, derivatives of u, and of x € R In this form it is convenient to
place assumptions on the coefficients (such as ellipticity of the PDE) to capture



whole classes of equations.

If u has a weak derivative D%, then

/D“wdx:(—l)'“'f uD%} dx
U

U
for all ¢ € D(U), the space of test functions.

Although multi-index notation is useful in some general contexts, such as in
the next section, it is often simpler to use more conventional notation, such as ;-
in place of D°'° in R®. Even a simple PDE like the wave equation u,, — u,, — u,
= 0 looks ugly in multi-index notation:

D200, _ 020, _ 002, _ o
10.3. Sobolev Spaces W*P(U)

When studying solutions u of kth-order PDE, we need derivatives of u of order up
to k. Sobolev spaces W*P(U) consist of functions with weak derivatives up to order
k, but with the additional requirement that the derivatives are in L?; that is, their
pth powers are integrable. Thus, W*?(U) is defined to be the space of functions u
such that Du € LP(U) for all a such that |a| < k. Sobolev spaces are used in the
theory of PDE, for example, elliptic PDE in Chapter 11.

The norm in W*?(U) is defined for 1 < p < < by

lullye ey = | 3 [UIDO‘ulpa’x

lo| <k

r

For p = o, we define
el i, oy = Z ess sup |D%u.
jor| <k ¢

Just as we did for L? spaces, we can ask when a function with an algebraic
singularity is in Wx?,

Example 3. (Another singular function) Consider the example u(x) = |x|75, x
€ U = B(0, 1), x = 0 (see Example 1). Then

a_u = — Px; (10.4)

dx;  |x|P+2’ |

which has a singularity like —+. Referring back to Example 1, in L?, we deduce

that {% € L"(U) if and only if (8 + 1)p < n. Thus, u € W'»(U) if and only if



p<l 1.
P

When we study elliptic equations with homogeneous Dirichlet boundary
conditions in the next chapter, the boundary conditions are built into the Sobolev
spaces as follows. The space w)*’(u) is the completion of ¢>(U) in the W&r(U)
norm. That is, every element of w)”(v) is the limit of a Cauchy sequence of
smooth functions with compact support in U. In this sense we can think of w* ")
as the space of W¥? functions that are zero on the boundary oU. This notion is
made precise with trace theorems, which are developed in Evans [12].

In the important case of p = 2, we write H(U) = W*%2(U). This space is a
Hilbert space, in that it has an inner product and is complete (with respect to the
norm defined by the inner product; see Appendix B). The inner product (-,-) on
HX(U) is given by

(U, V) gy = Z f DuD%v dx,
o <k 7V

and the norm is |ju||, ,, = (u, u rf“ e We generally work with H'(U), for which the

inner product is
(u, U)HI(U) = f (uv + Vu - Vo) dx.
U

Moreover, we use the space #'=w,* with the same H' norm.

Sobolev spaces are the natural environment in which to study general elliptic
and parabolic PDE. In the next chapter we give a flavor of the theory of elliptic
equations. A more extensive introduction to the subject is given in Evans [12].

PROBLEMS

1. Let X be a vector space with norm || - ||.

(a) Prove that for all u, v € X,
| el = [[v]] | < [lu —v]].

(b) Show that the function f: X — R given by flu) = ||u|| is continuous but
not linear.

2. Prove Young’s inequality.
3. Use Holder’s inequality to prove the following.

(a) The generalization of Holder’s inequality to three functions u € LP(U), v €
Li(U),we L'(U), withp ' + gt +r !t =1:



f juvwldx < [lull,||v]lglwl],.
U

(b)Ifp < g <rand1/q = A/p + (1 — A)/r, then for u € L'(U),
luellg < Neel % ael ]}~

4. The partial derivative in (10.4) is not a function of r alone, so the calculation
we did in Example 1 does not apply directly. Using coordinates x = rw, |w| = 1,
do the integral that completes the argument to characterize when u € W»(U).

5. Let u“(x) = |x|(sin |x|)% x € R3. Find the precise range of a € R in which u®
€ H'(B), where B = {x € R?, |x| < 1}.



CHAPTER ELEVEN

Elliptic Theory with Sobolev Spaces

We use Poisson’s equation as a starting point to prove the existence of solutions
of a boundary value problem in an appropriate Sobolev space. Then we show
how a similar approach can be used for general linear second-order elliptic PDE.
The structure of the more general results and their proofs provides insight into
the techniques at the heart of the modern theory of elliptic PDE [12].

11.1. Poisson’s Equation

Our previous approach to Poisson’s equation involved finding the Green’s
function. Again we let U c R" be open and bounded, let f € L*(U), and consider

the boundary value problem
—Au=f, inU,

11.1
u=0, indU. LLd

The approach of finding the Green’s function explicitly works only for special
choices of U. Instead of relying on the shape of U, we can use functional analysis
to establish the existence of a solution indirectly. The remainder of this section is
devoted to using this approach to prove the following existence and uniqueness
theorem.

Theorem 11.1. For each f € L?(U) there is a unique weak solution of (11.1).

In this statement, note that f € L? is no longer required to be smooth.
Moreover, the theorem refers to weak solutions rather than classical solutions. A
weak solution of (11.1) is a function « € H!(U) such that

[Vu-Vvdx:f fvdx (11.2)
U U

for all v e H!(U).1fu € C*(U) N C(U) satisfies (11.1), we say that u is a classical solution
of (11.1). In this case, u satisfies (11.2) for every v e C*(U), as is easily checked by
integration by parts. Since functions in H'(U) are approximated in the H! norm by
smooth functions (see Section 10.3), so (11.2) makes sense as a definition of
weak solution.

Weak solutions have the advantage that they require less regularity (one weak
derivative rather than two classical derivatives), and moreover, we can look at
weak solutions in a space of functions that has an inner product and is complete,
which is not possible with smooth functions.



Since the proof of Theorem 11.1 involves several subsidiary results, we
outline the steps that make up the proof. The theorem establishes both existence
and uniqueness of weak solutions of (11.1) satisfying (11.2). In this section we
prove this result using the Riesz Representation Theorem. We first identify the
left-hand side of (11.2) as an inner product in #/!(v), thereby defining an
equivalent norm for #/)(U/). Second we verify that the right-hand side defines a
bounded linear functional on #/(t/). We accomplish both using the Poincaré
inequality. Then the conclusion of the Riesz Representation theorem is the
existence and uniqueness of « € H!(U) satisfying (11.2). This completes the proof
of the theorem.

11.1.1. The Poincaré Inequality

The Poincaré inequality is an example of an estimate in a function space that
allows a norm of a function to be estimated by the norm of a derivative of the
function. The specific estimate in the Poincaré inequality bounds the L? norm of
an H, function by the L? norm of its derivative, a crucial step in establishing the
left-hand side of (11.2) as an inner product.

Lemma 11.2. (The Poincaré inequality) Let U c R" be open and bounded. There
exists a constant C, depending only on U, such that

el 2y = CHIVUll L2y
for all u e H)(U).

Proof. We use the approximation idea here for the first time. We prove the
lemma for « € ¢>(U) and then argue by taking limits of sequences that it holds for
u e Hj(U). The proof is simple in one dimension and is very similar in R". Let U =

(a, b) ¢ R, and suppose '« € C*(U). Then u(a) = 0 = u(b). Now we calculate

b
117200 ) = / u(x)* dx
a

b
— xu(x)2|z — [ x2uu’ dx (integrating by parts)

b
§C‘[ uu’dx‘ (where C =2 max(|al, |b]))

=< Cllull 24, || |22(a,b) (Cauchy-Schwartz inequality).

Dividing by ||u||,:(a,b) completes the proof in one dimension.
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Figure 11.1. The domain U bounded by two hyperplanes.

In higher dimensions, we simply integrate by parts in one of the variables,
say, Xx,. So, suppose U lies between the hyperplanes {x, = * M}, for some M > 0,
as illustrated in Figure 11.1. (This suggests that U could be unbounded, and
indeed the Poincaré inequality is often stated for domains bounded in some
direction, but not necessarily bounded in R™) Mimicking the calculation above,

let u e C™*(U). Then
Nl 2, = fU u(x)* dx

= / 2xu g_u dx (integrating by parts in x,)

<2M’[ u—dx

u
EC”””LZ(U)Ha_

L2(U)
= C||u||L2(U)||DM||L2(U)'

The second inequality relies on the Cauchy-Schwartz inequality with C = 2M.
This proves the inequality for v e C>(U).

Now let {u,} c C*(U), u,, — ue H)(U). (Such a sequence exists from the definition
of Hj(U) as the completion of (V) in the H' norm.) Then ||u,||.:0xy = ||t||zz0)
and ||Du, ||z, = ||Du|| 2w, from which the lemma follows.

11.1.2. An Equivalent Norm on Hj(U)

We define the new norm



|’u||1,2: ||DM||L2(U), for u € HOI(U):

where the subscript 1, 2 refers to one derivative of u in I? with p = 2. The new
norm is useful because the weak formulation (11.2) only involves the gradient on
the left-hand side, which will now be the inner product corresponding to this
norm. For bounded U and « € H!(U), the Poincaré inequality implies the new norm
is equivalent to the H norm:

||M,||1’2 = ”u”HOl(U) = C1||M||1,2-

The latter inequality involves a small amount of manipulation:

2 2 3
||u||H1(U)=(/ u dx—|—[ | Du| dx)
2 U U

< lull 2y + 1 Dull 20y
< Cl|Dull 2@y + [|1Dull 2y = Cillully, .
Because the norms are equivalent, we conclude that H,() is a Hilbert space with

the new inner product given by the left-hand side of (11.2).

To apply the Riesz Representation Theorem (Section 11.1.3), we need to show
that f € L%(U) defines a bounded linear functional on #!(v). This allows us to
equate the right-hand side of the weak formulation (11.2) with a bounded linear
functional.

Lemma 11.3. Let U c R" be open and bounded, and let f € L?(U). Then the linear
functional F : H!(U) — R, defined by

F(v)=/ fvdx, veHyU)
U

is bounded, meaning there is a constant K > 0 such that

F@) < Kl for each v € Hy(U).

fU fvdx

< Ifllz2anllvllz2@y (Cauchy-Schwartz)

Proof. Let v< #!(t). Then

|F(v)| =

= Clifll2@)llvll2 = K1l g1y

Hence F is bounded.

11.1.3. The Riesz Representation Theorem



To complete the proof of Theorem 11.1, we show that for each f € L%(U) there is
a unique w e Hj(U) such that (11.2) holds; that is, (u, v),, = F(v) for every
ve H(U). This follows from the following Riesz Representation Theorem for a
general Hilbert space X with inner product (:, -). We only consider Hilbert spaces
over the reals, but the result can also be stated for complex Hilbert spaces.

Theorem 11.4. (Riesz Representation Theorem) Let X be a Hilbert space, and let F :
X — R be a bounded linear functional on X. Then there exists a unique u € X such

that
F(v)=(u,v) (11.3)
forallv € X.

Proof. The proof involves the null space N of F :
N={weX:F(w)=0}

First, let’s dispense with the trivial case, in which N = X. Then only u = 0
satisfies (11.3).

Now we consider N = X. In this case, (11.3) implies u ¢ N. To see this,
suppose u € N, and let v = uin (11.3). Then 0 = F(u) = (u, u), which implies u
= 0. But then (11.3) fails for any v ¢N. Thus, we seek u & N.

We complete the proof in essentially three steps. First, we show there is a
nonzero z € X that is orthogonal to N: (z, v) = 0 for all v € N. Put another way,
F(v) = (3, v) for all v € N, so z is the correct choice for u, except that if u = z,
then (11.3) will not be satisfied in general for v in the complement of N. In the
second step, we adjust z to get the correct u by noting that the complement of N
is one dimensional (so N has codimension one). This follows since the range of F
is one dimensional. Thus, the orthogonal complement N* of N is one dimensional
and hence is spanned by z. Therefore, F(az) must range through all of R as «a

ranges through R, since F(z) = 0. So, we should be able to find u to satisfy (11.3)
by scaling z: u = az, for some a € R. In fact, setting v = u = az in (11.3), we
can calculate what a must be for this special case, leading to

F(z)

= 5 Z-

[z
Then F(u) = ||u||? In the third step of the proof, we show that (11.3) holds for
this choice of u.

(11.4)

To find z € N*, we use standard functional analysis arguments. First we show
that N is closed. Suppose {u,} € Nand u, — uasn — . N is closed if u € N. But

|F)| = |F(u,) — Fu)|=|F(u, —uw)| < K|lu, —ul| =0,



as n — oo, using linearity and then boundedness of F. Therefore, F(u) = O,
meaning u € N.

Since N is not the entire space, there is x € X such that x € N. But N is closed,
so the distance from x to N (defined in problem 12, Chapter 9) is positive:

dist(x, N) = inf ||x — y|| =d > 0.
veN

We now prove that there is w € N such that dist(x, N) = ||x — w||. Indeed, there
is a sequence {w,} — N such that ||x — w,|| — dist(x, N). It takes a tricky
calculation to show that {w,} is a Cauchy sequence. First, we appeal to the
parallelogram law

4+ v[)? + ||u = v||* = 2(||ul]* + [|v]]D),

which is verified by expressing the norms in terms of the inner product. Now we
set u=x — Y(w, +w,),v= 1w, —w,) in the parallelogram law:

1 1
nmﬂ%W+nwﬂ%W=Mx—;%+me+5m%—me.

As m, n — oo, the left-hand side of this identity approaches 2d?. However, the
first term on the right is no smaller than 2d? and so the second term must
approach zero: ||lw, — w, || — 0 asm, n — . Hence {w,} is a Cauchy sequence,
and is therefore convergent to an element w € N, since X is complete and N is
closed. Moreover, ||x — w|| < ||x — w,|| + ||lw, — w|| = dasn — eo. Thus, ||x
— w|| = d, which implies ||x — w|| = d, sincew € N, and d = inf ., [|x — y]||.

Now let 2 = x — w. We show that z € N*. Let y € N. Then for any A € R, w
+ Ay € N, so

d*=|z|* < ||z = MyII* = llzI* = 24 (z, y) + 23|Iyl
If we choose . = (2, y)/||y||% then the inequality becomes

(z, y)*
yI?

which implies (z, y) = 0. Since y € N is arbitrary, we have z € N*.

2 2
z] " < {lz]]" =

b

Next we prove that u given by (11.4) satisfies (11.3). Since u ¢ N, we have
F(u) = 0. Moreover, using linearity of F, we observe that

F(v)
F(u)

ue N

F (v— F(U)u) =0 foranyve X, sov—
F(u)

Thus, since u € N+,



=g
U, v — u) =0.
F(u)
But this leads immediately to (11.3), since u was constructed to satisfy F(u) =
[l |

It remains to prove uniqueness of u € X satisfying (11.3). Suppose there are
two values of u, say u = u,, k = 1, 2, both of which satisfy (11.3). Then (y, v) =
F(v), k = 1, 2, from which we get (u; — u,, v) = 0 for all v € X. Hence u, = u,.

This completes the proof of the Riesz Representation Theorem.

The proof of Theorem 11.1 is now complete.

11.2. Linear Second-Order Elliptic Equations

In this section we prove Theorem 11.1 for more general second-order linear
elliptic partial differential equations. First we frame the boundary value problems
that we will consider. Let U < R" be open and bounded, and let , ./ — k. Define

n
Lu=— Z (a"-"(x)uxi)x' + c(x)u. (11.5)
i,j=1 I
Note that we suppress the independent variable in u, but retain it in the
coefficients to emphasize that they are functions of x. We will see that L is
associated with a symmetric operator in which the leading-order (i.e., second-
order) terms are written in divergence form. A more general form of a linear
second-order linear differential operator (with leading-order terms in divergence
form), is given by
n n
Lu=— Z (aij(x)uxi)/rl + Z bi(x)u,xr_ + c(xX)u, (11.6)
4 =l

i,j=1
which is nonsymmetric when the coefficients b’ are not all zero.

The coefficients a’, ¢ are given L~ functions on U. Without loss of generality,
we can assume that the a’s are symmetric in ij: @ = @'. We place additional
conditions on the coefficients as we go along. Generalizing problem (11.1), we let

f € L?(U) and consider the boundary value problem
Lu=Ff, inl,
(11.7)
u=0, inoU.

To define weak solutions, we multiply Lu = f by a test function and integrate by
parts over U. Thus, a weak solution of (11.7) is a function « € #}(U) such that



Blu,v]=(f, )2y, forallve HyjU), (11.8)

where

Blu, v]= Z f a*‘j(x)uxivxj dX-i—Z[ bi(x)uxiv dx—l—f c(x)uv dx.
U 1 JU U

i,j=1
(11.9)
As in Poisson’s equation, boundary terms from integration by parts are all zero,
due to the choice of u = 0 as the boundary condition. Note that in the symmetric

case bi(x) = 0,i = 1, ..., n, the middle term is absent, and indeed then B is
symmetric:

Blu,v]= Blv, ul.

In the symmetric case, treated in Section 11.2.1, we relate B[u, v]to the inner
product on H!(U), and to do so, we require L to be elliptic. In fact, we shall
require L to be uniformly elliptic, meaning that there is 6 > 0 such that

> at g = 61Er (11.10)

i,j=1
forallx € U, £ € R™.

11.2.1. Existence and Uniqueness of Solutions in the Symmetric Case

Here we give the existence and uniqueness theorem for solutions of problem
(11.7) when L is symmetric. An immediate difficulty is that the zeroth-order term
c(x)u is not controlled, in the sense that unless we make assumptions about c(x),
the corresponding term in the bilinear functional (11.9) is not bounded. An
analogous issue arises in the finite-dimensional case, where the operators are
square matrices. Consider a symmetric matrix A with positive eigenvalues, say, A
> 0 > 0, and a given ¢ € R. Then we consider the equation

Lv=Av+cv=F,

for a given vector F, where L. = A + cl. (I is the indentity matrix.) To obtain
existence and uniqueness, we require that ¢ not be an eigenvalue of —A. This
would be guaranteed if we know ¢ > 0. For the PDE case, we state this slightly
differently, to accommodate the dependence of coefficients on x € U. In terms of
the matrix problem, we require that there exists a y > 0 such that for all u > vy
and any F, there is a unique solution of the equation

Ly+py= F,

Of course, this is merely the condition that ¢ + y be larger than the largest
eigenvalue of —A.



In the PDE version, to make the bilinear functional nonnegative when v = u,
we add a large enough number U to c(x) so that the final term in (11.9)
resembles a weighted L? norm when v = u. Effectively this guarantees that U is
away from eigenvalues of the PDE operator L.

Theorem 11.5. Let L be the symmetric operator given by (11.5). There exists y € R

such that for all u > vy and any f € L*(U), there is a unique weak solution «  Hj(U) of
the problem

Lu+puu=f, inU
u=0, onolU.

To prove this theorem, we will use the Riesz Representation Theorem, but to
establish a suitable inner product in terms of B[u, v], we need two key estimates
provided by the following lemma. One estimate establishes that B is bounded,
and the second estimate allows us to modify B[u, v] in order to define a norm.

Lemma 11.6. There are constants @ > 0, > 0, vy = 0 such that for all u, v in
Hn“-" ’

1. |Blu, vl = ellull gl g1y, and

2. Bllull, < Blu,ul+yllull?,

Hf =

Proof of Lemma 11.6. To prove estimate 1, we work directly with B:

[u, v|</ Z|a”u vx|dx—|—f|cuv|dx

i,j=1

<y oy [ 1Dul 1Duldx + el [ ol ds

Iy =1

1 1
2 )
Cl ([ |Du|2dX) (/ |DU|2dx) +C2||M||L2(U)||U||L2(U)
U U

(by Cauchy-Schwartz)
= aHuHHOl(U)HUHHU](U)’

For estimate 2, we use ellipticity, replacing &, by u,; in the definition (11.10).
First note that the Poincaré inequality (Lemma 11.2) implies

”M“i'(}(U) = ||u||L2(U) + HDMHLZ(U) = K”DMI|L2(U)

with K = 1 + C. Then we have



O 12

n
il 2 ij
meHH*U)senDunﬁu”siﬂh§: @ |

s j=1
SBMM+h[dﬂﬁwﬂ
U

< Blu, u]l+ ||C||LOO(U)||”||i2(U)'

This proves the lemma, with y = ||c||;-¢, B = 6/K.

Proof of Theorem 11.5. We modify B[u, v] in Lemma 11.6 to be
B*[u, vl= Blu, v]+ u(u, U)Lz(U)'

Then B+ is symmetric and satisfies

B [u u) = Bllul gy, + (1= Il

Thus, for u > v, B*[u, u]l= 0, and B*[u, u]= 0 only for u = 0. Consequently,
BH[u, v]defines an inner product on #H'(). The Riesz Representation Theorem
(Theorem 11.4) completes the proof.

11.2.2. The Nonsymmetric Case

When L is nonsymmetric, B[u, v] cannot define an inner product, because it is not
symmetric in u, v. Nonetheless, a natural generalization of the Riesz
Representation Theorem can be formulated to cover the situation. That is, the
functional F is represented by an element f < Hj(U/) as before, and there is a
unique u satisfying (11.8). The proof of this generalization, the Lax-Milgram
Theorem, uses the Riesz Representation Theorem in a different, more subtle way.
To overcome the lack of symmetry in B[u, v], we start by fixing u so that B[u, v]
defines a bounded linear functional, as a function of v. Then the Riesz
Representation Theorem gives an element w depending linearly on u so that B[u,
vl = (w, v) for all v. The subtle part of the proof involves showing that u can be
varied so that w = f, the representative of the functional F(v) used in the
symmetric case. That is, we need to show that the linear mapping u — w is onto;
uniqueness follows by showing it is one-to-one.

Theorem 11.7. (Lax-Milgram Theorem) Let H be a Hilbert space with inner product
(, ) and norm || - ||. Let B: H X H — R be a bilinear functional such that the

following properties hold

1. B is bounded, meaning |B[u, v]| < a||ul|||v|| for all u, v € H (for some constant a
> 0); and



2. there exists § > 0 such that Blu, u] = B||ul|? for all u € H.
Then for any bounded linear functional F : H — R, there exists a unique u € H such
that
Blu,v]=F(v) forallve H. (11.11)
Proof. Let u € H. Then v » B[u, v]defines a bounded linear functional on H, by

property 1 of the theorem. Therefore, by the Riesz Representation Theorem, there
exists a unique w € H such that

Blu,v]=(w,v) forallveH.
Let’s define the mapping A : H — H by Au = w. Then
Blu,v]=(Au,v) forallve H.

Here is how the rest of the argument goes. Since F is a bounded linear functional,
the Riesz Representation Theorem implies there is a representative w € H for F :

F(v)=(w,v) forallve H.

Suppose we can show that w is in the range of A. Then there is a u € H such that
Au = w. But this implies F(v) = (w, v) = (Ay, v) = B[y, vlfor all v € H, which
completes the proof of existence. Uniqueness follows if we show that A is one-to-
one. Of course, we have no control over w, so to show it is in the range of A, we
must show that the range of A is all of H. We do this in several steps.

First, note that A is linear. It is also easy to see that property 1 implies that A
is bounded:

|Aw||* = (Aw, Aw) = Blw, Aw] < a||w]|[|Aw]|.
Dividing by ||Aw||, we obtain ||Aw|| < a||w|| for all w € H.
Next we prove that A is one-to-one. From property 2, we have
Bllull* < Blu, u] = (Au, u) < [|Aul ||ull.

Now divide by ||u|| to obtain ||Au|| = B||u||. Suppose Au, = Au,. Then A(u, —
u,) = 0. Thus,

0=[|A(uy = up)|| = Blluy — uyll.
Hence, u; — u, = 0. This proves that A is one-to-one.

Next we show that A is onto H. The key is to show that the range R(A) of A is
closed: it contains the limits of all Cauchy sequences in R(A).

Let {u,} be a Cauchy sequence in R(A). Since H is complete, the sequence
converges to some u € H. Now u, = Aw, for some w, € H, for each n. We need to



show that {w } is a Cauchy sequence, since then it converges to an element w,
and we use boundedness of A to show that Aw = u. But we have ||u, — u,|| =
||[Aw, — w))|| = ||lw, — w,||- Since {u,} is a Cauchy sequence, so is {w,}. Let w
= lim, _ _ w,. Then

l

u= lim u,= lim Aw, = Aw.
n— 00 n—co

Thus, u € R(A), proving that R(A) is closed.

Now we know from the proof of the Riesz Representation Theorem that if
R(A) = H, then since R(A) is closed, there is u € R(A)* with u = 0. But then

0= (u, Au) = Blu, u] > Bl|u| |,
which implies u = 0. Thus, R(A) = H.

We use the construction and properties of A to prove the existence of u € H
satisfying (11.11). Let F : H — R be a bounded linear functional. By the Riesz

Representation Theorem, there exists a unique w € H such that F(v) = (w, v) for
all v € H. But we have just gone to a lot of trouble to prove that every element of
H is also in R(A). In particular, there is a unique u € H such that Au = w. Putting
this all together, for any v € H,

Blu,v]l= (Au,v) = (w, v) = F(v),
as required.

Uniqueness of u satisfying (11.11) follows naturally. Let u,, u, be two values
of u satisfying (11.11). Then

Blu, — u,, v]= Bluy, v] — Bluy, v]=F(v) — F(v) =0

for all v € H. In particular, letting v = u, — u,, we obtain 0 = B[v, vl= B||v||>
Thus, v = u; — u, = 0. This completes the proof of the Lax-Milgram Theorem.
|

Now, to turn the Lax-Milgram Theorem into an existence and uniqueness
theorem for elliptic equations, we have to verify the hypotheses of the theorem
when B is the bilinear functional associated with the elliptic partial differential
operator. This is only interesting in the nonsymmetric case, since the Riesz
Representation Theorem covers the symmetric case. But in the nonsymmetric
case, we have to work a bit harder to prove property 2 of the Lax-Milgram
Theorem. Specifically, we wish to prove the two estimates 1 and 2 of Lemma
11.6, but this time for B given by (11.9) with b’ not identically zero. Estimate 1 is
straightforward; we leave it as an exercise. Estimate 2, however, requires a bit
more ingenuity. Let’s proceed much as we did in Lemma 11.6, using ellipticity to
establish



— J
Knunﬂ(}(mse||Du||L2(U)s|fy.§_ i dx
LJ=

n
:|B[u,u]—[ D b (uyu dx—/ c(x)u? dx| (11.12)
Ui U

n
< Blu,ul+ > _ 16|l ] i, ] dx + Nlell oo ][] 2
U

i=1
The difference is that now we need to estimate the middle term. This is achieved
with Young’s inequality:

1
| sl x < €1DUIE g + S5 M1 L1

Now the first term is incorporated into the left-hand side of (11.12); this will
change 6 > 0, but keep 0 positive provided we choose ¢ > 0 small enough.
Similarly, the second term in (11.13) is incorporated into the final term in
(11.12). After some manipulation of the constants, estimate 2 of Lemma 11.6 is
proved. These properties are the key to proving Theorem 11.5 for the general
case, which we now state.

Theorem 11.8. Let L be the PDE operator given by (11.6). There exists y € R such

that for all 4 > vy and any f € L*(U), there is a unique weak solution « € H!(U) of the
problem

Lu+puu=f, inU,
w=10; wongl/
PROBLEMS

1. Let U c R" be a bounded open set, and let u(x) = 1, x € U. Prove that u €

H'(U), but « ¢ Hj(U). (Hint: Use proof by contradiction and Poincaré’s inequality.)

2. Let A(x) = (a¥(x)) be the matrix of coefficients of the principal part of a linear
second-order elliptic partial differential operator L. Prove that if L is uniformly
elliptic on U, with parameter 6 given in (11.10), then for each x € U, the
eigenvalues A of A(x) are bounded below by 6: . = 6.

3. Consider the ordinary differential operator Lu(x) = u”(x) + cu(x). Then, with
U = (0, 1), we should be able to solve
Lu4+pu=f, 0<x<l,
u(0) =0=u(l).

for large enough u. Find y > 0 for which Theorem 11.8 holds true by finding the



eigenvalues of — <.
(£

4. Letu = u(x, y), Lu = —xu,, + (2 + y)u,, — 2u,,. Characterize the region in
R? in which L is uniformly elliptic.

5. Find the smallest ¢ € R for which L given by Lu = —(xu,, + u, + u,) is
uniformly elliptic on the set {(x, y) € R?:x > ¢ + ¢} for every ¢ > 0.

6. Expand the identity ||[u + v||> = (u + v, u + V). Then use the triangle
inequality to prove the Cauchy-Schwarz inequality (u, v) < ||u||||v|].



CHAPTER TWELVE

Traveling Wave Solutions of PDE

We have seen in earlier chapters how the method of separation of variables can
reduce PDE to ODE. This technique works most effectively on linear PDE. In this
chapter we describe the analysis of traveling wave solutions of nonlinear PDE,
which involves ODE.

There is an overall pattern to the technique of this chapter. For each PDE with
an unknown function u(x, t), —~ < x < oo, we consider traveling wave
solutions u =ii(x —s7), in which the parameter s is the wave speed, to be
determined in the course of the analysis. Substituting « =i into the PDE yields an
autonomous ODE for i), & = x — st. The ODE will have equilibria, and
traveling waves correspond to solutions that connect those equilibria, either to
one another or to themselves, because the solutions i) that we seek approach an
equilibrium as & — * o,

Each section of the chapter is devoted to the analysis of traveling waves for a
different equation. We begin in Section 12.1 with Burgers’ equation, for which
the nonlinear analysis is simplest. Burgers’ equation is central to the study of
nonlinear convection-diffusion equations. In Section 12.2 we consider the KdV
equation, a third-order equation famous for having solitary wave solutions, which
are traveling waves that we calculate explicitly. Section 12.3 is devoted to
Fisher’s equation, a model for population growth and dispersal, and in Section
12.4 we consider special traveling waves for the bistable equation, which has
connections to binary mixtures in material science and complex fluids.

12.1. Burgers’ Equation

Burgers’ equation
Uy + U, = €Uy, (12.1)

where ¢ > 0 is a constant, is a prototypical equation that includes a nonlinear
transport term, and small dissipation. Later we solve the initial value problem for
Burgers’ equation using a special change of variable known as the Cole-Hopf
transformation, but here we consider only traveling wave solutions u(x, t) =

i((x —st)/e) with speed s (to be determined) that connect constants u, and u_.
Dropping the tilde, the function u(§), § = (x — st)/e should satisfy boundary
conditions at infinity:

u(+oo) =uy, u'(£oo) =0. (12.2)



Substituting u = u(§), & = (x — st)/¢, into (12.1), we inevitably reduce the
PDE to a second-order ODE, but also the parameter ¢ cancels, which is why we
scaled x and t by e. Integrating the ODE from £ = — o (note that wu, = (u?),), we
obtain the first-order autonomous ODE

1
u' = 5(:42 — uz_) —s(u—u_). (12.3)

From (12.2), (12.3), we see that u, are equilibria of (12.3). Thus, j? —u?)— s(u,
— u_) = 0, from which we deduce that either u, = u_ or the parameters s, u.
are related by

1
i = 5(u+ +u_). (12.4)

Of course, u = u_ solves (12.3) for all s but satisfies the boundary conditions
only if u, = u_. This would be a very uninteresting traveling wave! However,
the constant solution u = u_ is the only solution satisfying the ODE and
boundary conditions if u_ = u,. (See problem 1.) For the KdV equation of the

next section, the corresponding statement would be incorrect.

Equation (12.3) and its solutions can be represented on the u-axis (a one-
dimensional phase portrait) or using direction fields in the (¢, u) plane. As ¢ —
0*, the traveling wave solutions converge to a discontinuous function that is in
fact a shock wave solution of the inviscid Burgers equation. Moreover, as is
immediately evident from the one-dimensional phase portrait, solutions exist if
and only if

1
u+<s=5(u,+—|—u_)<u_,

which relates the wave speed s to the characteristic speed u, and u_ ahead of
and behind the shock wave, respectively. We leave the derivation of this
condition as a part of Problem 1.

12.2. The Korteweg-deVries Equation

The KdV equation
y + 8y + Yy =0 (12.5)

is famous because of the existence of solitary waves, which are special traveling
wave solutions with a remarkable property. As a faster wave catches up to a
slower one, the waves merge, and then the faster wave emerges ahead of the
slower wave, unchanged except that it is shifted forward in space from where it
might have been if the interaction had been through linear superposition. The



slower wave is shifted backward. This property is remarkable because the
equation is nonlinear, so you might expect an even more complicated interaction
between colliding waves.

The KdV equation also has the special property of possessing an infinite
number of invariants. These are spatial integrals that depend on the solution and
are constant in time. The first two invariants for the KdV equation are associated
with momentum and kinetic energy, in which u is interpreted as a velocity:

0 o0
f udx, / u’dx. (12.6)
—00 —00

We leave it to problem 2 to verify that these quantities are invariants in the sense
that they are constant in time if u(x, t) is a solution that decays sufficiently
rapidly as x — =+ o, This property of the KdV equation is related to the inverse
scattering transform in which the solution u(x, t) serves to scatter waves through
a linear equation with coefficients depending on u(x, t). An accessible
introduction to this topic can be found in the classic text by Whitham [46].

In this section we find the solitary waves and other periodic traveling waves,
but first let’s briefly discuss the dispersive nature of the equation. If we linearize
(12.5) about a constant, say, u = 1, we get the linearized KdV equation

U - Wy o P Ve =0, (12.7)

This is achieved by setting u(x, t) = 1 + ev(x, t) and retaining only terms that
are linear in e. Solutions of (12.7) can be found by separation of variables. We
seek solutions with a single spatial Fourier mode e and time-dependent
coefficient @(t): v(x, t) = @(t)e*. The parameter  is the wave number and is
related to the period L by { = 2m/L, since e? is 27 periodic in 6. Substituting into
(12.7), we get the ODE ¢’ + i@ — v i(3¢ = 0. Consequently, o(t) = =i =y,
Thus, we can write v(x, t) in the form
v(x, 1) = eMe't,

where A = A({) measures the time-dependent response at the wave number C;
A(Q) is given by the dispersion relation

b= —yed).
The first term (—iC) corresponds to a traveling wave solution of the linear
transport equation (with speed ¢ = 1) of Chapter 1, in which y = 0. The second
term is dispersive in the sense that the solution ,(y, ;)= (i¢G—(1—y¢Hn) is a
traveling wave, but it has speed 1 — vy (? that depends on the wave number.
Thus, waves with different spatial frequency travel with different speeds.



To characterize solitary waves, we consider traveling wave solutions of (12.5)
of the form u(x, t) = v(x — st), where s is the wave speed, and we suppose that
v(€), & = x — st approaches zero at £ = =+ oo

v(do00) =0.

Y
v
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Figure 12.1. The phase plane for (12.8).
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Substituting into the PDE and integrating once (assuming that derivatives of v
also approach zero as z — =+ o), we obtain the second-order ODE

1 2 "o
—sv—l—iv + yv =0. (12.8)

If we multiply this equation by v and integrate, we find that the quantity

1 1§

S P 22

2 6y 2y
is constant on solutions v(£). Moreover, if we define this quantity to be the
Hamiltonian:

1
HQW,v) = EU + —v’ — —v9, (12.9)

then, writing H = H(p, q),p = v/, q = v, we have p” = —H,, ¢’ = H,, which is
the Hamiltonian structure of (12.8). As observed above, the Hamiltonian is
conserved along trajectories:

d

—HQW' (&), v()) =0.

i (v'(&), v(<))

The reader should verify these statements using (12.8) and (12.9). It follows that
trajectories in the phase plane are level curves of H(v/, v), shown in Figure 12.1

for s > 0. In this figure, the closed curves in the right half-plane correspond to



periodic solutions, called cnoidal waves. These are periodic traveling waves that
are important in the study of dispersive equations like the KdV equation. They
are named after the cnoidal function, a special elliptic function that gives the
shape of the solutions as functions of & = x — st.

The trajectory in Figure 12.1 joining the origin to itself and enclosing the
periodic trajectories is called a homoclinic orbit. The corresponding traveling wave
is the solitary wave. We can derive the formula for this solution by integrating the
equation, but since the solution is known, let’s simply write it down:

v(x — st) = a sech® i(Jc —st) ], g = E.
12y 3

Because the speed s is proportional to the amplitude a, solitary waves with larger
amplitude move faster. Thus, if a large solitary wave is behind a smaller one, the
large one will catch up. This leads to the nonlinear interaction of two solitary
waves mentioned earlier in this section. Solitary waves and the connection to
integral invariants and inverse scattering are discussed in papers by Gardner et
al. [17] and by Miura [36].

12.3. Fisher’s Equation

Fisher’s equation [14] is a version of the logistic equation that includes diffusion
(see Section 1.3). While population growth can be modeled by the logistic
equation (either the ODE or a difference equation), populations in many contexts
tend to spread out or even invade nearby territory. This spatial dependence of
population is modeled simply in Fisher’s equation by diffusion. In this context,
diffusion arises because of the tendency of a population u = u(x, y, t), to migrate.
According to Fick’s law, the population flux is proportional to —Vu. (Note that
Fick’s law is similar to Fourier’s law of heat flow.) Combining diffusion with the
logistic population model, we obtain the PDE

U, =dAu 4+ ocu(Up,y — U), (12.10)

in which the constants d, a, u,,, are all positive. Here, the Laplacian A = 9’ + 37,
and the population u = u(x, y, t) is nonnegative.

We seek traveling wave solutions u = u(x — st). These are plane waves in the
sense that u depends spatially only on x and is independent of the transverse
variable y. Thus, level curves of u at each time t are lines parallel to the y-axis,
propagating (in the direction of the x-axis) with speed s. Since u is typically a
population or concentration, we want u = 0, but we pursue the analysis initially
without this restriction.



Letd = a = u,,, = 1 in Fisher’s equation. (This covers the general case as
shown in problem 3 as an exercise in rescaling the variables.) Then taking u =
u(x, t) to be independent of y, we have the semilinear parabolic equation in one
space variable x and time t:

U, =u,, +u(l—u). (12.11)
For traveling wave solutions, we substitute u = u(x — st), resulting in the ODE
—su' =u" +u(l —u). (12.12)

This time, we cannot integrate the equation to reduce the order. However, just as
for traveling wave solutions of the KdV equation, this second-order ODE can be
studied as a first-order system

u =v,

V= —sv—u(l—u).

If we set s = 0, the traveling wave does not travel at all, and & = x. These
stationary solutions are oscillations in a potential well F(u) = ju® — $«* (the integral
of u(1 — w)) with a minimum at u = 0. The corresponding spatially periodic
solutions of (12.11) are cnoidal waves, just as for the KdV equation. Notice how
similar the Hamiltonian H (', u)=ju” + F(u) is to the Hamiltonian for the KdV
traveling waves. The phase portrait for s = 0 is likewise a mirror image of Figure
12.1. The saddle point is at (u, u”) = (1, 0), and the limit of the periodic solutions
around the center at the origin is a wave that approaches u = 1 as x — = oo,
with a single negative minimum. Of course, none of these solutions is physical if
u represents a population, since they all have u < 0 in an interval.

To find traveling waves with u > 0, we are led to investigate nonzero values
of s. Equilibria (for which v = v = 0) are (u, v) = (0, 0) and (u, v) = (1, 0),
and are thus independent of s. Their nature is determined from the linearization,
in which we take the Jacobian of the vector field G(u, v) = (v, —sv — u(l — w))
and calculate eigenvalues. For s > 0, this calculation shows that (u, v) = (1, 0) is
a saddle point (i.e., having real eigenvalues of opposite sign). The origin (u, v) =
(0, 0) is a stable spiral for 0 < s < 2 (complex conjugate eigenvalues
i =1(-s £ 57 —4) with negative real part), and a stable node for s > 2 (both
eigenvalues negative).

The speed s, when positive, acts as a damping parameter. From (12.12) we see
that d/d€§ H(u’, u) < 0, so that the energy H decreases along trajectories. By
analogy with damped simple harmonic motion, for small s > 0, we expect
oscillations to be underdamped. Correspondingly, traveling waves oscillate
around u = 0 and are therefore unphysical, but they decay to u = 0. Values of s



> 0 sufficiently large give overdamping. In fact, for s = 2 the eigenvalues of the
equilibrium at u = u’ = 0 are real and negative. Traveling wave solutions that
are monotonic from u = 0 to u = 1 exist for all s = 2. These are the physically
relevant traveling wave solutions of Fisher’s equation. For s > 2, this was proved
by Aronson and Weinberger [5]. The proof is quite technical in order to show
that the solution curve leaving the saddle point at (1, 0) does not cross the
vertical axis u = 0 when s > 2. Stability of the traveling wave as a solution of
the PDE (12.11) was analyzed by Fife and McLeod [13].

12.4. The Bistable Equation

The bistable equation
U=y, + f(u), (13:19)

in which f has the graph shown in Figure 12.2, is a simple model for transitions
between two stable states. This kind of model has become common in studies of
phase transitions in solids, with applications in materials science.

The space-independent equation u’(t) = f(u) has stable equilibria at u = 0
and u = 1; the equilibrium u = a is unstable. Traveling waves between u = 0
and u = 1 are somewhat easier to analyze than for Fisher’s equation, since the
equilibria correspond to saddle points and the issue of keeping the solution
positive does not arise. However, the traveling waves occur only at isolated

speeds s. Traveling wave solutions u(x, t) = v(x — st) of (12.13) satisfy the
second-order equation
—sv' =v" 4+ f(v). (12.14)

As in the previous sections, we analyze this second-order equation by writing it

as a first-order system:
vV =w

, (12.15)

W= —sw — Fy).

The three zeroes 0 < a < 1 of f are equilibria of the ODE; the outside equilibria
atu = 0, u = 1 are saddle points, and the middle equilibrium at u = a is a node
for s = 0, as is seen from the eigenvalues of the linearization, calculated below.
For s = 0, the middle zero is a center, as shown in Figure 12.3a.

Let G(v, w) = (w, —sw — f(v)). The vector field G has Jacobian (see Appendix

C for the definition)
0 1
dG(v, w) = [ ] .
—f'(v) —s



Figure 12.2. The bistable function (12.13).
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Figure 12.3. The phase plane for traveling wave solutions of the bistable
equation, assuming (12.16). (a) s = 0; (b) s < 0 near 0; (c) smaller s < 0.

At the outside equilibria, f(v) < 0, and the eigenvalues of dG are real, given by



Ay (s) =% !—s :I:\/S2 —4f’(v)} .

The corresponding eigenvectors are

ri:(;)z();)'

The unstable manifold MY is the solution curve leaving the saddle point, and
the stable manifold M° is the solution curve entering the saddle point. The
portions of these curves that we consider are labeled in Figure 12.3. Note that in
Figure 12.3a, just as for the KdV equation traveling waves, the saddle point at the
origin has coincident stable and unstable manifolds, giving the homoclinic orbit
shown. In Figures 12.3b,c there are orbits from the middle equilibrium at v = a
to the origin and to the equilibrium at v = 1. These orbits correspond to
traveling waves approximating Lax shocks, for which the Lax entropy condition is
satisfied; see Chapter 13, Section 13.1.4.

The tangents to the invariant manifolds at the equilibria are the eigenvectors r
. of the linearization of (12.15). (See Appendix C.) The solutions represented by
the invariant manifolds are asymptotic to e**% r, a, & — F o, so that the
eigenvectors are tangent to the invariant manifolds at the equilibria. Therefore,
each invariant manifold has the same slope as its associated eigenvector,
specifically, A .

Our objective is to find a value of the speed s for which a trajectory joins the
two saddle points. Such a trajectory will correspond to a traveling wave from u
= 0 tou = 1 and is called a heteroclinic orbit (as opposed to the homoclinic
orbits we found for solitary wave solutions of the KdV equation). Since we are
joining saddle points in the phase portrait, we can expect heteroclinic orbits to
occur only for isolated values of s. We prove an existence result for heteroclinic
orbits, showing that there is a value of s for which there is a heteroclinic orbit.
When f(u) is given by a cubic function f(u) = u(l — w)(u — a), the value of s and
the heteroclinic orbit can be calculated explicitly.

Multiplying (12.14) by v/, we obtain the identity
d
—E(v, V) =—s)?,
i (v, v) (V)

where Eq,v)=1v"+ Fw), and F()=J; f(y)dy. Thus, E(v, V') increases along
trajectories if s < 0, decreases if s > 0, and is constant for stationary waves (s =
0). The phase portrait for s = 0 is the starting point for our analysis; trajectories
are level curves of E(v, v’), shown in Figure 12.3. In this figure we assume



1
/tﬂwdy<& (12.16)
0

to ensure that the curve E(v, v') = 0 crosses the v-axis at a point (v,, 0) with a <
Vo < 1, as shown in the figure. Consequently, there is a homoclinic orbit
connecting the origin to itself, as shown in Figure 12.3a.

The heteroclinic orbits we seek join the saddle point at the origin to the
saddle point at (1, 0). We prove the existence of such an orbit for some s < 0
using a shooting argument on the stable and unstable manifolds shown in Figure
12.3.

Theorem 12.1. Suppose f satisfies (12.16). Then there is a speed s < 0 for which the

bistable equation (12.13) has a traveling wave solution u = u(x — st) satisfying
u(—o) = 0, u(~) = 1.

Proof. As we vary s < 0 in the ODE system (12.15), the stable and unstable
manifolds move, and we wish to show that for some s < 0, the unstable manifold
from the origin coincides with the stable manifold entering (1, 0). To do so, we
employ a kind of shooting argument, in which the stable and unstable manifolds
shoot inward toward the line L : v = a, and we measure the height w of the
intersections. As shown in Figure 12.3bc, let point P : (v, w) = (a, p(s)) denote
the intersection of MY with L, and let point Q : (v, w) = (a, q(s)) denote the
intersection of M® with L. It is straightforward to argue that the intersections with
L are defined for all s < 0, for example, by considering the curve w = —f(v)/s,
on which w = 0 (see (12.15)), so that the trajectories have a maximum or
minimum where they intersect this curve.

For s = 0 (see Fig. 12.3a), P is below Q : p(0) < q(0), due to (12.16).
Therefore, by continuity, for s < 0 near s = 0, P is still below Q: p(s) < q(s) (see
Fig. 12.3b), and we seek a smaller value of s < 0O for which P lies above Q:

p(s) > q(s), (12.17)

as shown in Figure 12.3c. Then by continuity, an intermediate value of s < 0
exists for which the two points coincide, and there is a heteroclinic orbit along
the coinciding manifolds. This will complete the proof.

We show (12.17) for small enough s < 0 in three steps: (1) We establish that
q(s) < q(0) for all s < 0. (2) We choose § > 0 so that fa > g(0). (3) Finally we
show that for this value of 3, we can choose s < 0 small enough so that p(s) >
Ba. These inequalities together prove (12.17) for some small enough s < 0.

Let’s show that M® for s < O lies below the curve M for s = 0. This will imply

q(s) <q(0), s<0. (12.18)



To prove (12.18), we consider the portion of the curve M® with its graph denoted
w=w(),a <v <1, for eachs < 0. Then q(s) = w,(a), and from the earlier

discussion,
d
Ds (1) = a_(s) = %{—s _ 52— 4f’(l)} .
dv
Consequently, since 2’ (s) =0, the slopes of the tangent to M° at the equilibrium
satisfy
d dw,
oy <y <o, s<o.

dv dv
Thus, w,(v) < wy(v), for v < 1 near v = 1. Next we show that this inequality
holds all the way to the vertical line L : v = a.
From the chain rule and (12.15), we have

d
W Ws — —sw, — f(v). (12.19)
dv

Suppose as v decreases from v = 1, there is a first value of v = v* < 1at which
the stable manifold M® with s < 0O crosses the stable manifold M° with s = 0.
Then

5, 1)<
dv dv

the latter inequality following from w,(v) < w,(v), v <v < 1.

(v™),

w (v*) = wy(v),

Subtracting (12.19) with s = 0 from (12.19) with s < 0, we then have at v =

V¥,
(dws dU)O)
W — = —SW.
dv dv

However, the two sides of this equality have opposite signs, providing a
contradiction. Thus, M® with s < 0 lies below M°® with s = 0, at least down to v
= a.

Now we consider the unstable manifold MY emanating from the origin. We
use the notation w,(v), 0 < v < a for the values of w along MY. Then p(s) = w,(a).
Let B > 0 be chosen so that

pa > q(0).
Then, from (12.18), we have
Pa > q(s)



for all s < 0.

The vector field defined by (12.15) has slope w’/v” at each point in v-w plane.
Specifically, at each point on the line w = Bv, the slope of the vector field is

w’ f ()

v/ v

Thus, since f(v)/v is bounded for 0 < v < a, we can choose s < 0 small enough
that this slope is greater than 8. Then the trajectories cross the line w = fBv from
below to above. In particular, the unstable manifold MY must lie above this line,
at least until it crosses the vertical line L, where v = a, w = p(s). Consequently,
p(s) > Pa > q(s). This verifies (12.17) for sufficiently negative s and establishes
the existence of a heteroclinic orbit, as claimed. A similar argument can be used
to show there is a trajectory for some s > 0 that joinsu = 1 tou = 0.

|

Example 1. (Traveling waves) Consider traveling waves for (12.13) with a
cubic function f(u) = u(l — w)(u — a), with 0 < a < 1. For this special case we
can seek s € R for which there is an invariant parabola w = kv(1 — v) for the
ODE system (12.15) that passes through the two saddle points at v = 0, 1. Then
the traveling wave solution will have speed s and corresponds to a trajectory
lying on the parabola.

To obtain the invariant parabola, let w = kv(1 — v). Then from (12.15),

wl = gw — f()
v
implies
kv — v)(1—2v) = —skv(l — v) + v(l — v)(a — v).
Therefore,
k2(1 —2v)=—sk+a—v.
Thus, —2k? = —1, which leads to k= ﬁ, since we want the parabola to lie in the

upper half-plane when 0 < v < 1. Equating the constant terms leads to

2
5= £(2a — ).
2
Consequently, s < 0 for «a<!, and s > 0 for «=>i. The traveling wave is
stationary when « =% and s = 0. In this case, the ODE system is Hamiltonian (see

(12.14) with s = 0, which kills the damping term), with heteroclinic orbits from
(0, 0) to (1, 0) in the upper half-plane and from (1, 0) to (0, 0) in the lower half-
plane, corresponding to the parabola & = ——.



In this chapter we have seen how to use phase plane techniques of systems of
ODE to study smooth traveling wave solutions of several important PDE. In the
next chapter we study shock wave solutions of scalar conservation laws. Shock
waves are discontinuous traveling waves, requiring new tools for their analysis.

PROBLEMS

1. (a) Sketch the one-dimensional phase portrait for (12.2)—(12.4). This should be
the u-axis, with equilibria u, marked, and arrows indicating the sign of u’.

(b) Show that there is a nonconstant solution of (12.3) satisfying (12.2) if and
onlyifu, <u_.

(c) In fact, the solution in part (b) can be found explicitly, since the right-hand
side of (12.3) is quadratic, so that separating variables u, & and using partial
fractions yields the solution. Find the solution in the form

u(&) =a + b tanh(cf)
by finding constants a, b, ¢ as functions of u, .

(d) Plot or sketch the solution as a graph u = u(§) when u_ = 2 and u, =
— 1. What is the wave speed?

2. Prove that the two integrals of (12.6) are invariants of the KdV equation
(12.5), and find n (depending on y) so that the integral

|
/ E(Mi —nu3) dx

—00
is also an invariant.

3. Scale x, t, u in (12.10) so that the three constants d, u_,,, a can be set to unity.

max?

4. Use a computer program to sketch phase portraits for the ODE for traveling
wave solutions of Fisher’s equation, for speeds s = 0, 1, 3. The phase portraits
can also be drawn by hand with the aid of the nullcline curves, where v’ = 0 (i.e.,
the u-axis, where the vector field is vertical, and hence trajectories crossing it are
too), or vV = 0 (where the vector field is horizontal).

5. In the example of the bistable equation (12.13) with cubic f(u), determine a
formula for the traveling wave u = v(x — st), using the invariant parabolic
manifold w = kv(v — 1) found in Example 1. (Note that w = v’.)

6. Consider the KdV-Burgers equation

2
U
Uy + (_) =0Uy, + ﬁuxxx’
2 /)y



where a,  are positive constants.

(a) Formulate an ODE for traveling wave solutions u(x, t) = v(n), n = x — st,
with boundary conditions

v(£oo) =vy, v =v"=0, n==o0.

(b) Prove that there is such a solution if and only if
I
v_>v, and s= £(U+ +@_J

(c¢) Find all values of the parameters a, f for which the traveling wave is
monotonic (i.e., find a necessary and sufficient condition for v(n) to be a
decreasing function of n).

7.Let f: R — R be a given C' function. Show that traveling wave solutions u =
u(x — st) of the PDE
Mt+f(u)x_“xx=0

are given implicitly by the equation

/u(z) S
=y
- b—sw—+ f(w)

where a, b are real constants.




CHAPTER THIRTEEN

Scalar Conservation Laws

The theory of scalar conservation laws was developed in the 1950s by many
people, including Kruzkov [31], Lax [32], and Oleinik [37]. The starting point is
the method of characteristics, treated in detail in Chapter 3. Recall that for a
scalar equation

u, + f(u), =0,

the characteristic speed is f(u), and characteristics are curves in the x-t plane
defined by the ODE

dx .

o f!(M(X, t)))

dt
if u is a solution of the PDE. However, as we saw in Chapter 3, smooth solutions
of nonlinear equations typically develop singularities after a finite time. This is

the motivation for considering weak solutions.

We begin this chapter with a detailed analysis of the inviscid Burgers
equation, which has a quadratic flux function—the simplest convex flux. We then
sketch how the theory is generalized to scalar equations in one space dimension
with general convex flux functions. Finally, we analyze examples of equations
with nonconvex fluxes and equations with two space variables.

13.1. The Inviscid Burgers Equation

In this section we discuss the inviscid Burgers equation in some detail, motivating
the theory of scalar conservation laws, including the definition of weak solutions
of initial value problems and the analysis of shocks and rarefactions.

13.1.1. Scale Invariance and Rarefaction Waves

In the following initial value problem for the inviscid Burgers equation, the initial
condition has a jump discontinuity separating two constant values:

1
iy + (—M,z) = {],
2 X

(0 0} = {

131
uy, ifx <0, H3.1)

ug, ifx > 0.

This kind of initial value problem, with a step function initial condition, is called
a Riemann problem. Riemann problems play a central role in the theory of weak



solutions, partly because they have the property of scale invariance in the
following sense. If we scale x and t by a constant a > 0 and define new variables

X =ax, t=at, a>0,
then
0 d d d
—=a—, —=a—,
0x ax dt dt

so the PDE is unchanged by the change of variables. The initial condition
depends only on the sign of x, so it does not change either. Thus, problem (13.1)
is said to be scale invariant.

An immediate consequence of scale invariance is the risk of multiple solutions
of problem (13.1). Let u(x, t) be a solution of (13.1). Then v(x, t; a) = u(ax, at) is
also a solution of (13.1) for any a > 0. Since we want uniqueness of solutions of
(13.1) (part of the well-posedness condition for initial value problems), we need
v(x, t; a) = u(x, t). It follows (see Problem 1) that u(x, ) =i (x/1) for some function
i:k— k. Then u(x, t) is constant on rays x = ct through the origin in the x-t
plane. When 7 is continuous, this type of solution is called a centered rarefaction
wave. Later we also consider shock wave solutions of (13.1), which correspond to
discontinuous functions .

13.1.2. Centered Rarefaction Waves

Continuous, piecewise smooth (nonconstant) scale-invariant solutions u(x, t) =
i(x/1) of the PDE in (13.1) are centered rarefaction waves. Then

o B g 1
iy~ =—0 -—+ 0w ~—=0
1= t
implies i - (x/r — ) =0. One possibility for this equation would be 7' =0, but this

leads only to the constant solution. The other alternative gives the solution we

seek:
_ (x) X
ul—\)=-.
t t

Since the PDE is translation invariant (i.e., it does not change if x or t is translated
by a constant), rarefaction waves can be translated so that they are centered on
points (x,, t,) other than the origin:

X —X
X, 1) = 2 t > 1.
t —t

In Figure 13.1 we show the solution of the Riemann problem (13.1) with u;, =
—1, u, = 1, in which the solution is constant to the left and right of the



rarefaction wave. Continuity of the solution implies that the derivative u, is
discontinuous at the leading and trailing edges of the rarefaction, but this is
consistent with the PDE, since these points travel with characteristic speed u. A
general result concerning the propagation of discontinuities in derivatives of
solutions is provided in the next chapter (see Section 14.2.5).

UA

|
~—
~
=Y

u=-1

-1r

Figure 13.1. A rarefaction wave solution of the inviscid Burgers equation.
13.1.3. Shock Waves

In Section 9.2.2, Example 7, we discussed discontinuous solutions of a scalar
conservation law as an application of distributions, including a derivation of the
Rankine-Hugoniot condition for constant-speed shock waves. Here we give a
more general derivation of the Rankine-Hugoniot condition. However, if all shock
waves were allowed in weak solutions, then some Riemann problems would have
multiple weak solutions for the same constants u;, u,. To rectify this lack of well-
posedness, we introduce the notion of the admissibility of shocks.

Consider a solution u(x, t) of Burgers’ equation (13.1) with a jump
discontinuity on a curve x = vy (t) with y a C! function. We assume that u is C?
and satisfies the PDE (13.1), except on x = vy (t). Since u has a jump
discontinuity, it has one-sided limits u, (t) = lim, _ vy (). u(x, t) = u(y ()., o).

In Chapter 9, Example 7, we showed how to treat a discontinuous function
with a jump discontinuity as a distributional solution of a conservation law. We
take this up again in the next chapter on systems of conservation laws. Here we
give a more direct treatment going back to the balance law formulation to see
what it takes for u to satisfy the integral form of the equation.

Consider points x = a, x = b with a < y (f) < b, for t in an interval, as
shown in Figure 13.2. The balance law expresses the PDE in the form

d b u? u?
— u(lx,t)dx = —(@a,t) — —(b, t).
drfa (ondx =S -,



This equation can be derived much as was done for the traffic flow equation
(2.16) of Chapter 2. To evaluate the left-hand side, we break up the integral:

b

b (1)
d (7 d
i[ M(x’{)dx=—~f M()C,I) d.X+'_ H,(x,f) dx
dl‘ a df a 't V(F)

2 2
u u

= —(a,t) — —(b,1).
2( ) 2( )

IJ\

x = y(0)

u=u_(t)

=y

0 2 b
Figure 13.2. A shock wave x = vy (t).

Now we can carry out the differentiation to get

dy (1) y (@) B_u o d_)/
u(y()_,1) y +fa at(xaf)dx u(y(t);, 1) y

b 2 2
u u u
—+ —x,tdx:—a,t——b,t.
fm S5 0dx ==, 1) = —(b,1)

Next we use the PDE in the integrals:

2 2
furdx=—/(u—) dx = -2+
27 2

The calculation now reduces to
dy )
dt
Since x = vy (t) is a discontinuity for u, we have u, (t) = u_(t), so
dy(t) u (t)+u_(1)
dt 2 ’

which is the Rankine-Hugoniot jump condition. The left-hand side is the speed of

uy()?  u_(1)?

(w4 () —u_(0)) == 5

(13.2)



the discontinuity, or shock wave; the condition states that the shock speed y(¢t) is
the average of u across the shock (i.e., y'(t) is the average of the characteristic
speeds on each side of the shock).

Since the class of possible solutions now includes piecewise smooth functions,
we lose uniqueness of solutions for some initial value problems. This issue is
familiar from simpler contexts. For example, if we consider only real solutions of
x3 = 1, then there is a unique solution x = 1. However, when we widen the
admissible class of numbers to include complex numbers, then there are three
solutions.

In the next example we show a one-parameter family of weak solutions for
the same initial value problem. The example is suggestive of how uniqueness can
be recovered.

Example 1. (Nonunique weak solutions) Consider the Riemann problem (13.1)
withuy, = —1,u; = 1:

13.3
—1, ifx<0, (133

flds 0 = {
1, if x > 0.

The rarefaction wave solution is shown in Figure 13.1. However, there is also a
one-parameter family of weak solutions. In Figure 13.3 we represent one member
of this family, with a particular value of the parameter a € (0, 1]. The formula
for the solution is

[ —1, x < —t,
x/t, —t<x<-—at,
—o, —of<x<0,
s B =
o, 0<x <at,
Xrt; o=y <{;
| 1, x2=1.

In these solutions notice that for @ > 0, there is a stationary shock on the t-axis,
and characteristics leave the shock on both sides. Since u is constant on
characteristics, the solution adjacent to the shock is not determined from the
initial data. We say that causality fails to hold. To avoid this lack of causality, we
select the solution with a = 0, for which the solution is continuous, consisting of
the centered rarefaction wave whose graph appears in Figure 13.1, but no shock
forms.



=Y

Figure 13.3. One-parameter family of solutions of problem (13.3).
13.1.4. The Lax Entropy Condition

Example 1 shows that to have unique solutions of initial value problems, we
cannot allow all solutions with shocks that only satisfy the Rankine-Hugoniot
condition (13.2). In many circumstances a unique solution is selected if we
impose the additional condition that characteristics must impinge on a
discontinuity from both sides. This is consistent with causality, as the
characteristics carry information about the solution forward in time from initial
and boundary conditions. The condition on characteristics is known as the Lax
entropy condition. Formulated in this way, it applies to discontinuous solutions of
any scalar conservation law u, + f(u), = 0, and it also generalizes to
discontinuities in higher dimensions.

We can write the Lax condition as a pair of inequalities. Consider a shock x =
v (t), represented in Figure 13.3, with left and right limits u_(t) and u,/(t),
respectively. Then the Lax entropy condition states that

u (1) <y'(t) <u_(1).
In particular, the solution must jump down from u_ to u, .

By contrast, in Example 1 the solutions u with @ > 0 jump up at the
discontinuity. Thus, the only acceptable solution is the continuous one, for which
a = 0; the others have shocks that satisfy the Rankine-Hugoniot condition but
not the Lax entropy condition.

Example 2. (Solution of the Riemann problem (13.1)) We can now solve the
Riemann problem (13.1) for Burgers’ equation for all choices of u,, u, The
solution consists of a single wave with the constants u = u; to the left of the
wave and u = u, to the right. If y; < u,, the single wave is a centered rarefaction
wave, whereas if u; > u,, then the single wave is a shock x = st, s = 1(u;, + ug).



In the next example, we compute a shock wave as a free boundary, showing
how information from the left and right determines the location of the shock.
This property of locating the shock based on information from both sides is
another reason for the Lax condition—information flows into the shock from the
left and the right. Since the information (carried by characteristics) varies
continuously with the initial data, the Lax condition ensures that solutions vary
continuously with the data. In this sense, shocks satisfying the Lax entropy
condition are said to be stable.

Example 3. (Piecewise-constant initital data) We can use rarefactions and
shocks to solve initial value problems with piecewise-constant initial data by
solving the Riemann problem and then solving interaction problems when
individual waves collide. As an example, we consider the initial value problem

9
u, + (u—) =0,
2 /4

0, x<0, (13.4)
ux,0)0=4{1, 0<x<l,
0, x>1

The solution structure is shown in Figure 13.4. To construct the solution step by
step, first consider t > 0 small. There will be a rarefaction centered at x = t = 0
joining regions x < 0 where u = 0 and x > t where u = 1. The constants u =
1to the left of u = 0 are joined by a shock wave originating at x = 1, t = 0 and
having constant speed !. The shock wave therefore lies on the curve x = s + 1.

Now the leading edge of the rarefaction wave, specifically, the characteristic x
= t, collides with the shock wave x = {7 + latt =2, for which x = 2. The solution
is continued with a curved shock x = vy (t), since the limit from the left comes
from the rarefaction wave and is not constant, whereas the limit from the right
continues to be u = 0. The speed is related to the left and right limits by the

Rankine-Hugoniot condition, which takes the form

oy — 1Y@
J/(r)—2 .

The shock wave is attached to the collision point, so we have the initial condition
y(2)=2.

The solution of the initial value problem for v (t) is y()= 2. This is the curved
portion of the shock shown in Figure 13.4. Notice that y (t) has speed y(t) =
1/+/2t, which approaches zero as t — <. Consequently, the shock strength



decreases, but the shock persists for all time.
iA

W .
'
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Figure 13.4. Solution of the Riemann problem (13.4).

13.2. Scalar Conservation Laws

Much of what we have analyzed for the inviscid Burgers equation applies to the
general scalar equation in one space variable and time

u, + f(u), =0, (13.5)

in which the flux f: R — R is C% We consider the Cauchy problem, with initial
data

u(x,0) =uy(x). (13.6)

For some properties, it is convenient to write the equation as a nonlinear
transport equation

u, + c(u)u, =0,

where c(u) = f(u) is the characteristic speed. We show how the construction of
rarefaction waves and shocks generalizes to (13.5).

First observe that u is constant on characteristics 4* = c(u), since <u(x(r),1) = 0,

and that therefore characteristics x = x(t) are straight lines. Consequently, the
solution of the Cauchy problem is expressed implicitly by the equation

u=ugx —c(u). (13.7)

Using the balance-law version of (13.5), the Rankine-Hugoniot jump
condition for a discontinuous solution, such as that shown in Figure 13.2, is



) = f)

where 5 = - is the shock speed. Notice that the shock speed is the slope of the
chord in the graph of f joining the points (u., f(u.)), as in Figure 13.5. The figure
provides a useful interpretation when considering the Lax entropy condition,
because this slope is easily compared to the characteristic speeds c(u,) = f(u.),
which are slopes of the tangents to the graph of f at these same points. The Lax
entropy condition states that characteristics should enter the shock from each
side. (See vy (t) in Fig. 13.4 for an example.) This means

flup) <s < flu). (13.8)
Shocks that satisfy this condition are said to be admissible.
Centered rarefaction waves u =i(x/r) are constant on characteristics and thus
are specified by the implicit equation
==

Since x/t is increasing from left to right in the x-t plane, this formula makes sense
only in intervals of # in which f'(w(x/¢)) is increasing as a function of x/t.
Therefore, f”()# 0 in an interval, which is the range of 7.

y.ll

Y

0 U, u U
Figure 13.5. Shock speed s as the slope of a chord for a convex flux f.
13.2.1. Traffic Flow Model

The model for traffic flow introduced in Chapter 2 has the form
p; + (pv(p)), =0. (13.9)

In this equation, p(x, t) = O represents the traffic density at a location x on a
highway at time t, and the traffic flux is given by a function f(p) = pv(p) in
which v = v(p) models how velocity v changes with traffic density p. The



simplest v(p) is linear: v(p) = v, (1 — p/p,), where v, p,, denote the maximum
speed and maximum traffic density, respectively. Then (13.9) has a quadratic flux

Pt T (Ump(l _ p/pm)),x = 0>

and can be converted into the inviscid Burgers equation with a simple change of
variables.

More generally, forms for v(0) can be based on real traffic data, and the result
need not be linear. However, v/(0) < 0 is a reasonable assumption, and f(p) =
pv(p) is typically a concave function: f”(p) < 0, implying that the characteristic
speed is a decreasing function of density p.

Note that the characteristic speed f(p) = pv'(p) + v(p) is positive for p near
zero, but it is negative near maximum density, where v(p) = 0. Thus, according
to the model (13.9), information about the traffic may flow forward, in the
direction of the traffic motion at low density, or backward at high density. We
can illustrate both cases with a classic example, in which vehicles approach a
traffic light.

Example 4. (Traffic light problem in the traffic flow model) A line of traffic
with uniform density 7 approaches a traffic light located at x = 0. Suppose you
are a traffic engineer, and your job is to design the traffic light sequence to make
the light work efficiently.

Let’s suppose the light needs to stay red for a time t; > 0, to release traffic on
the other roads at the intersection. Then you need to find the length of time T >
0 for the green light. As we shall see, the traffic builds up behind the red light,
and then gradually releases when the light turns green. The challenge is to find
an expression for shortest time T at which the traffic density returns to p =75. We
find T as a function of the parameters in the model: 7, p,, v,, t;.

First note that when the light turns red, the density immediately to the right
of x = 0is p = 0, and behind, p =7. Subsequently, since cars are stopped at the
red light, the density immediately to the left of x = 0 is maximal, p = p,.
Correspondingly, there is a stationary shock at the light, that is, one with speed
zero. Note that this makes sense, since the light presumably does not move, and
but also because it is consistent with the Rankine-Hugoniot condition.

Since there is nothing in the model that allows cars to slow as they approach
the line of stationary cars, a shock forms between the moving cars (which have
density p=7) and the stationary cars (with density p = p,). Consequently, the
shock forms and propagates backward as more cars join the queue waiting at the
light. The speed is given by the Rankine-Hugoniot condition



Szf(pm)_f(ﬁ)<

— 0,
Pm — P

since f(p,,) = O.

Now suppose the light turns green at time t,. This releases cars at the head of
the queue to start moving. Since there are no cars ahead of the lead car, the
model dictates that it immediately travels with maximum speed v,
corresponding to p = 0. In fact, at t = t;, the solution near x = 0 constitutes a
Riemann initial value problem, with p = p,, x < 0, and p = 0, x > 0. This
jump down gives rise to a centered rarefaction wave, as shown in Figure 13.6.
The rarefaction interacts with the backwards-propagating shock at some time ¢t,
> t,, increasing its speed. Finally at time t, > t,, the shock, labeled y in the
figure, crosses x = 0, after which the traffic density is back to 7 crossing the
traffic light at x = 0. The interval T = t;, — t; is the minimum time that should
be set for the green light to release all the vehicles that were held up by the red
light. Notice that, as in Example 3, the shock persists for all time, but the strength
decays as t gets larger.

13.2.2. Nonconvex Flux

The classic scalar conservation law with a nonconvex flux is the Buckley-Leverett
equation, formulated in the 1940s as a simple model for the flow of oil and water
in an oil reservoir. It is based on Darcy’s law relating pressure gradients in the
fluids to their velocities. After some simplification, the equation takes the form

. : Ao(ut)
u, + f(u), =0, (i) = g Ur. (13.10)
t f 5 f )LU(M) + )kw(l - I/t) T
In this equation, u = u(x, t) is the saturation of oil at a location x in the

reservoir, meaning the fraction of volume of pore space occupied by oil. Then,
assuming all the pore space is occupied by either water or oil, the saturation of
water is 1 — u. The functions A, A, are relative permeabilities of oil and water,
respectively, depending on their saturations; they are both typically taken to be
positive, increasing, and convex functions. The positive constant v, is the total
velocity (i.e., the sum) of the two fluids. We leave it as an exercise (see Problem
3) to show that f(u) in (13.10) is positive, increasing, but nonconvex with a single
inflection point, when A (u) = ku? and A (1 — u) = k(1 — w)? for positive
constants k, k.
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Figure 13.6. Solution of the traffic light problem.

Rarefaction wave solutions « =ii(x/1) of (13.5) with a nonconvex flux f(u) are a
little tricky, because the characteristic speed c(i) = f'(ir) has to increase with x/t.
Moreover, because # is obtained from the equation x/t = f(u), f must be

invertible. Consequently, f” = 0 throughout the rarefaction wave.

To show the role of nonconvex flux functions, we choose the simpler
nonconvex function f(u) = u3, for which we can make explicit calculations. Thus,
we consider shocks and rarefaction waves for the equation

u, + (W), = 0.
In the specific case flu) = u? the characteristic speed is f(u) = 3u?, so that
rarefaction waves u(x, t) = u(x/t) centered at x = t = 0 are given by i(r) =

+./r/3, r > 0. Thus, rarefaction waves have positive speed and join constant values
u=u,,providedu, <u_ <=0or0 < u_ < u, (where as usual u_ is to the left
of the wave and u, is to the right).

For constant u_ > 0, the values of u, < u_ for which the piecewise-constant
function
u_, iftx <st,
(% ) =
Uy, ifx > st
is an admissible shock for some speed s require the chord from u_ to u, to lie
above the graph of f. The chord has slope s = u?, + u,u_ + u?_ and becomes
tangent to f in two ways, corresponding to two different values of u,. When u,
= —u_/2, the chord is tangent at u_; when u, = —2u_, the chord is tangent at
u_. By comparing the slopes 3.2 of the tangents at u, to the shock speed, we



observe that the Lax entropy condition (13.8) becomes —u_/2 < u, < u_ when
u_ > 0.

Having described rarefaction waves and admissible shock waves, we can solve
the Riemann problem

u, + W), =

u(x,0) =

0,
uyp, ifx <o, (13.11)
ug, ifx>0.

Since the PDE is unchanged by changing the sign of u, we can take u; > 0 and
solve (13.11) for different values of u,. From the discussion of shocks and
rarefactions in Example 2, we see that the solution will be a single shock wave if
—u,/2 < u, < y, and a rarefaction wave if u, > u,. However, for u, < —u,/2, a
single wave cannot solve the problem, and we need a new construction, a shock-
rarefaction. This solution includes a shock wave from u;, to —u;/2, with speed
3u7 /4, the characteristic speed at u = —u;/2. But then we can join —u,/2 to u, by
a rarefaction wave, since u; < —u;/2. The solution then is a shock connected to
the rarefaction wave, hence the name shock-rarefaction. We illustrate the
solutions in Figure 13.7.
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Figure 13.7. Solution of the Riemann problem (13.11). S: shock; R: rarefaction;
SR: shock-rarefaction.



13.3. The Lax Entropy Condition Revisited

The Lax entropy condition can be motivated by considering changes in entropy
across shock waves in gas dynamics. But we can also treat entropy as an abstract
quantity, a significant notion in the modern theory of conservation laws,
including the existence and properties of solutions of systems of equations. In this
section we relate the Lax entropy condition to this mathematical notion of
entropy.

Consider the conservation law
u, + fu), =0, (13.12)
in which f: R — R is a C? strictly convex function: f"(u) > O forallu € R. Let n :

R — R be a C? strictly convex function: n”(u) > 0 for all u € R, called a convex
entropy function. We define an entropy flux g : R — R by

q' = f'n. (13.13)
These pairs of functions are associated with an additional conservation law that is
satisfied by smooth solutions. We verify that n, + q, = 0, using (13.12) and
(13.13):
n(), +q@) =n'wu, +q' (Wu, =n'(w) @, + f(Wu,) =0.

Note that (13.13) also makes sense when n is only piecewise smooth, that is,
continuous and piecewise C! (for example, piecewise linear). In that case, we say
n is a convex entropy function if it is a convex function in the weaker sense:

n@x 4+ (1—-06)y) <0n(x)+ 1 —-0)n(y)
forallx <y, 0 <0 < 1.

The objective of this section is to relate the Lax entropy condition (13.8) for
shock waves to the inequality
n(w); +qw), <0. (13.14)

To simplify the calculation of the inequality (13.14), we consider a piecewise-
constant shock wave solution of (13.12):
u_, ifx <st,

(% ) = . (13.15)
Wy x> st

Here the speed
_fw) — fa)

MJr_uﬁ




and the solution on each side of the shock are constant.

Recall that for a convex flux f(u), the Lax entropy condition

fllup) <s < fu_) (13.16)
is equivalent to requiring that the shock jump down:
u_ > Lt+.

Inequality (13.14) is to be interpreted in the sense of distributions:
(), +qu),, ¢(x, 1)) <0 (13.17)

for all test functions ¢ € C~(R X R) with compact support, satisfying ¢(x, t) =
0. For the shock wave (13.15), let n, = n(u.), q. = q(u.). We find

—¥l. — g . — g = (13.18)

To verify this inequality from (13.17), write n(u) and q(u) in terms of the
Heaviside function H(x), and use the fact that the distributional derivative H =
d, the Dirac delta function, a nonnegative distribution. Then

nw),+q),=(=smy—n_)+qy —q_)o(x —st) <0,
if and only if (13.18) holds.

We say the shock satisfies the entropy inequality if we get strict inequality in
(13.18):

—s(y—n_)+q,. —q_<0. (13.19)

The point of the next theorem is to show that if the shock (13.15) satisfies the
Lax entropy condition, then not only is the inequality (13.18) satisfied for any
convex entropy 1, but in fact the sharper strict inequality (13.19) holds.

Theorem 13.1. Let f be a C? strictly convex flux, and let n be a C? strictly convex
entropy with entropy flux q. If the shock wave (13.15) satisfies the Lax entropy
condition, then it satisfies the entropy inequality (13.19).

Proof. Suppose the shock wave (13.15) satisfies the Lax entropy condition. Then
u_ > u,.Letn:R — R be C? with n” > 0. We define functions
fu) — fu)
s(u) = ; E(u)=—s)(n(u) —nu_)) +qu) —qu_).

u—u_

Then E(u_) = 0. The proof will be complete when we show that E(u,) < 0. To
do so, we differentiate the Rankine-Hugoniot condition

—s(w)u—u_)+ fw)— fu_)=0 (13.20)
as well as E(u). Differentiating (13.20), we have



—s'" ) —u_)—s@w)+ f'(u) =0.
Hence, for u < u_, and using (13.13),
E'(u) = —s"(u)(n(u) — n(u_)) — s@)n'(u) + q'(u)
=" {n (W) —u_) — (n) —nu_))} >0,

since ()=~ g and ) < 29204 (by convexity of n) for u < u_.

Moreover, E'(u_) = 0. Consequently, E(u,) < Oforu_ > u,.
|
We state the converse to Theorem 13.1 slightly differently, as we use

piecewise linear convex entropies in the proof, whereas in the previous theorem
the entropy was assumed to be C2.

Theorem 13.2. Let f: R — R be a C? strictly convex flux. If the shock wave (13.15)
satisfies the entropy inequality for all convex entropies N, then it satisfies the Lax
entropy condition (13.16).

Proof. Since the shock is assumed to satisfy the entropy inequality for all convex
entropies, we can choose an entropy to give us the result. Suppose for a
contradiction thatu_ < u,. Letk € (u_, u,), and define

W { k—u, u<k,
u) = (13.21)
7 0, u>k.
Then from (13.13), we have
—fu), u<k,
q(u) =
—fk), uz=k

Therefore, sinceu_ < k < u,,
nw_)=k—u_, nuy) =0,  qu)=—-fu), qluy)=—fk).
Substituting into the entropy inequality (13.19) gives
—sO—(Gk—u))—f)+ fu_) <0,
Juy) — flu) _ f k) — f(u_)_

Uy —Uu_ k—u_

SO § =

This is an inequality between chords connected to (u_, f(u_)) in the graph of f.
But since u_ < k < u,, the inequality contradicts the assumption that f is strictly
convex. Therefore, u_ > u_, since in the case u_ = u,, the entropy inequality
(13.19) fails also.

|

It is helpful to sketch the graph of the convex function f and the various



chords referred to in the proofs above, to understand how the proofs work.
Incidentally, a similar calculation (essentially exchanging u, and u_) shows that
ifu_ > u,, then

U = fw)  Fk) — fluy)

g — B k—u,

foru, < k < u_, which is consistent with the convexity of f.

It is worth noting that the specific entropies (13.21) are a crucial construct in
the existence theory of Kruzkov [31] for the Cauchy problem for scalar
conservation laws. Rather than going more deeply into the existence theory, we
return in the next section to some other issues relating to nonconvex flux
functions.

13.4. Undercompressive Shocks

In this section we return to the example
u, + (ue’)x =0 (13.22)

of a scalar conservation law with concave-convex flux f(u) = u?. Shock waves
(13.15) satisfy the Lax entropy condition only for —iu_ <uw, <u_jifu_ > 0. For a
convex flux function, all other shock waves are expansive in the sense that
characteristics leave the shock on both sides. In contrast, for a nonconvex flux,
there are shock waves for which the characteristics enter the shock on one side
and leave on the other side. For (13.22), we found earlier (by comparing the
shock speed to characteristic speeds) that these shocks have —2u_ <u, <—lu
whenu_ > 0.

In the mid-1990s [24] it was realized that such shock waves can be limits of
traveling wave solutions of equations that include higher-order derivatives. This
was after a decade of research on such undercompressive shocks in systems of
equations, occuring as dynamic phase transitions [1, 25, 40, 42] in elastic solids
and gases, as transition waves in o0il recovery models [41, 23] and in
magnetohydrodynamics [47].

To justify the shocks that fail the Lax entropy condition, we seek traveling
wave solutions of the modified KdV-Burgers equation,

ut—l—(u?’)xzeyum—i—ezux”. (13.23)

The term modified is used because the u? nonlinearity of Burgers’ equation, and of
the KdV equation, is modified to u®. The names Burgers and Korteweg-deVries
(KdV) are associated with the dissipative and dispersive terms on the right-hand



side, respectively. The parameters € and y are positive constants. We choose a
positive coefficient for the dispersive (third-order) term; the consequences of
reversing the sign of the dispersive term are left as problem 12.

The traveling waves we seek have the same form as in the previous chapter:
u=ii(&), & = (x — st)/e, satisfying far-field boundary conditions ii(+oc) = u..
Since the equation is unchanged by the transformation u — —u, we can restrict
attention to traveling waves with u_ > 0.

As in Chapter 12, we convert the PDE into an ODE and integrate once, with
the result (in which we have dropped the bars on u)

u'=—yu' + W —u’) —s(u—u_).

Recall that we analyzed a similar equation when seeking traveling waves for the
bistable equation (12.13). As in the analysis of that equation, we write the

second-order ODE as a first-order system:
= 1

(13.24)

v =—yv+ (u’ — ui) —s(u—u_).

Let Fu, v) = (v, =y v + (u® — u®_.) — s(u — u™)). The vector field F has

Jacobian
0 1
dF(u,v) = :
3ul — s —y

Foru_ > 0, and —2u_ < u, < —u_/2, let s=u’ +u,u_+u’. Then there are
three equilibria (u, v) = (u, 0), withu = u, and u = u, satisfyingu, < u, < u_,
and

U, +ug+u_=0. (13.25)
At the outside equilibria, u = u,, we observe that s < 3u? the eigenvalues of dF
are real and of opposite signs, given by

he() = Hoy £ \Jy2 + 432 — 5)},

That is, the equilibria are saddle points. The middle equilibrium at u = u, has
s =3u’, so that it is a stable spiral (if the eigenvalues are complex) or a stable
node.

Much as we did for the bistable equation, we seek heteroclinic orbits (u(§),
v(§)) that are saddle-saddle connections from (u_, 0) to (u,, 0) by finding
parameter values for which there is an invariant parabolic manifold

v=k(u—u_)(u—u,)



through these two equilibria. Since u, < u_, we must have k > 0 to get a
traveling wave that follows the parabola from u_ to u, and hence is decreasing: v
=u <O0.

Writing ' —u? —s(u —u_) = (u — u_)u — ug)(u —u,) and rewriting the system
(13.24) using v = v(u),
dv
vd— =—yv+u—u_)u—uy(u—uy),
u

we see that (after canceling factors (u — u_)(u — u,))
k*QQu — Uy —u_)=—yk+u—u,.
Equating coefficients gives
k=1/\/§, u_—l—u+=\/§y—|—2u0.
Using (13.25), we get
uoz—x/iy/& u+=—u_+\/§y/3.

In particular, the middle equilibrium depends only on v, so that the chord with
slope s pivots on this point as u_ is varied. But then for u, to be the middle
equilibrium, we must have . - —2u4,=2+2y/3. At the threshold, u, = u, In
summary, we have the following theorem.

Theorem 13.3. [24] For each v > 0, ¢ > 0 and for each «_=2\2y/3 there is a
traveling wave u(x,t)=i((x —st)/e) of (13.23) satisfying ii(->)=u_ and
Hloo)=u, =—n_++ u-“rl;y_.f."i, with speed s=u’ — \.-"E]/'H__ /34 2y2%/9.

As € — 0%, the traveling wave u(x, t) of the theorem approaches the shock
wave solution (13.15) of (13.22). This solution is undercompressive in the sense
that characteristics pass through the shock from left to right, meaning that the
shock is subsonic on both sides. As - 2,/2y/3, we have s — 342 /4, and the chord
becomes tangent atu, = u, = —u_/2.

Undercompressive shocks have considerable influence on the structure of
solutions of the scalar equation (13.22). The Riemann initial value problem

u + (%), =0,
uyp, iftx <0, (13.26)

u(x,0) =
Upg, 1f)C>0

has weak solutions that are monotonic for all choices of u;, u; if only Lax shocks
are used, but it can be nonmonotonic if undercompressive shocks are considered.
For example, consider y > O to be set, let y;, = 1, and —1+ V2y/3 <up = —/2y/3.



Then the solution of the Riemann problem (13.26) consists of two shocks, each of
which has a traveling wave solution of (13.23):

1, if x < 541,
w(xs 1y = 1 uyy ifsg <x <5, (13.27)

Bps 10W b= 5t

)

Here u, =-1+4 Vﬁy_,-’?:, S =141y 4 rri‘,\xg = Up + Uplty + ni,. The slower shock is
undercompressive, and the faster one is a Lax shock. Because of the structure of
characteristics in this solution, we observe that small disturbances ahead of the
faster wave are overtaken and absorbed by that wave, whereas small
disturbances behind the slower wave pass through the wave and are absorbed by
the faster wave. Details of this two-shock solution and others can be found in the
article by Jacobs et al. [24] and in the book by LeFloch [34].

13.5. The (Viscous) Burgers Equation

In this section we consider the viscous Burgers equation

U, +uu, =€u,,, —00O<x<o0, t=>0, (13.28)

in which the viscosity ¢ > 0 is a constant. The equation couples nonlinear
transport to linear diffusion. To solve the Cauchy problem (13.28) with initial
data u, € L'(R),

u(x,0) =uy(x), —00<x <00, (13.29)

we convert the PDE into the heat equation with a clever change of dependent
variable known as the Cole-Hopf transformation [9, 21]. To motivate the
transformation, let

u=uw,,

and integrate the resulting equation
Wyr T Wy Wyy = EWyyy
with respect to x, taking the constant of integration to be zero:

1
w, + Ewi =EW, (13.30)

Now u = w,, so the terms with spatial derivatives can be combined and written

as
. U

u, — —u |,
2€

suggesting an integrating factor



z=exp!—f zidx} =e 2.
€

Now multiply (13.30) by - — . to get
a w 8 w
—2€— (e 26) =€— (e 2w )
dt ox
Thus, since ¢ i w, = —2¢z,, we have the heat equation for z:
Z = €Zyy, (13.31)

and the initial condition (13.29) becomes an initial condition for z:

B £
Zl, 1) =& 2 f—oc uO(é)dC. (13.32)

We can solve this initial value problem for z(x, t), using the fundamental solution
for the heat equation (see Section 5.1). To exploit the exponential in the initial
condition (13.32), let h(x)= | _u,(¢)dé. Then

1 (x — y)?')}
h _— d
Amet exp{ 2¢€ ( )+ 2t .
solves (13.31), (13.32).

#2(Xs1)=

To recover the corresponding solution of Burgers’ equation, we have

z
u=w, =—2€-=, (13.33)
z

which is the Cole-Hopf transformation.

Of course, we could have started with the transformation (13.33) and
substituted into Burgers’ equation (13.28), leading to the heat equation (13.31)
after some tedious calculation, but it would not have been so much fun.

Finally, we have the solution of the initial value problem (13.28), (13.29):
_ )
S22 exp (=5 () + %)) dy
__ 932
J22 exp (—ﬁ (h(y) + %)) dy

u(x,t)= , —oo0<x<oo, t>0.

(13.34)

This explicit formula for the solution of the Cauchy problem is explored in
various ways in Whitham’s classic book on waves [46]. In particular, with some
careful asymptotic analysis it is possible to take the singular limit ¢ — 0", to

recover Lax’s solution of the Cauchy problem for the inviscid Burgers equation
[12].

13.6. Multidimensional Conservation Laws




In this short section we consider scalar conservation laws in two dimensions:
up + f(u) + g, =0. (13.35)

The method of characteristics gives lines

dx / dy /
—_— I/l; — L[;
Y f () o g (u)

thus, x = f(Wt + x,, y = gt + y, on which u(x, y, t) is constant. Thus, the
Cauchy problem, with initial condition

u(x, y,0) =uy(x,y)
has the solution u(x, y, t) given implicitly by
u=uy(x — f'(wt,y—g'wr).

A calculation due to Conway [10] and reported by Majda [35] shows that shock
formation is easily described as a criterion on the initial data. If we differentiate
(13.35) with respect to x and y, we get equations for the evolution of Vu = (u,
u). Let (v, w) = Vu. Then along a characteristic,

dv v 2 17 dw
el — uy — u)vw, —
s I (u) g (u) =

where 4" =, + f'aoh, + g't0h, is differentiation along the characteristic.

Now let g(t) = f(Wv(®) + g’(ww(t). Note that g(t) = V. (f(u), gw)). Since u
is constant along the characteristic, we have % = /") +g"(w)%:. But using

(13.36), we find

=—wvw — g"ww?,  (13.36)

dq )
a1
The initial condition for this ODE is
q(0) =qo= f"(ug(x, y))dcug(x, y) + g"(uo(x, ¥))dyuo(x, y).

The solution is

qo
q(t) = :
1+ 19
Consequently, q(t) blows up in finite time t* = —1/q, if g, < 0. That is, shock

formation takes place in finite time from smooth initial data if
V- (f(ug(x, y)), &' (up(x, ¥))) <0
at some point (x, y).

Example 5. (Shock formation in the avalanche model) The avalanche



example (3.17) gives an interesting twist on this calculation. The PDE (having set
S = 1 for simplicity) is of the form (13.35), except that f = yu depends explicitly
ony:

u, +vu, + (u(u — 1))). = (.

Differentiating with respect to x, y leads to the system
dv dw
— = —2vw, —
dt dt
for the gradient (v, w) = Vu. Notice that this system resembles (13.36), but the
linear term makes the dynamics work rather differently. Trajectories for system

(13.37) are represented by curves in the v-w plane that we find by writing system
(13.37) as

= —v —2w? (13.37)

This is an equation for w? as a function of v, which can be solved with the result
that the trajectories are all conic sections

cv? + v+ w? = 0, (13.38)

where ¢ € R is a parameter, the constant of integration. Equation (13.38)
represents ellipses if ¢ > 0, hyperbolas if ¢ < 0, and a parabola if ¢ = 0. The
trajectories are shown in Figure 13.8. A remarkable property of system (13.37) is
that the solutions can be written explicitly:

Vo Wy — Vol 2
v(t) = —, w(t) = —, q(t) =14 2wyt — vpt”°.  (13.39)
q(1) q(t)
Consequently, Vu = (v, w) becomes unbounded in finite time if g(f) has a

positive zero. This is a condition on the initial gradient (v,, w,). The result is that
all the unbounded trajectories shown in the figure correspond to initial
conditions that result in finite-time shock formation.

The solution (13.39) is obtained using ODE tricks. Let v = zw. Then v/ = z'w
+ zw’. Using (13.37) to eliminate v’ and w’, we find 2’ — 22 = 0. Thus, z = v/w
= (¢ — t)1, where ¢ = w,/v, from the initial condition t = 0. Therefore, w = (c
— t)v, and the first equation in (13.37) becomes v/ = 2v3(t — c), which can be
solved by separating variables, leading to the expression for v(t) in (13.39). The
expression for w(t) is then given by w(t) = (¢ — v(t).



=

Figure 13.8. Phase portrait and trajectories for system (13.37).
13.6.1. Shocks in Two Dimensions

The Rankine-Hugoniot jump condition in multiple dimensions is derived using
the Divergence Theorem. In one space dimension a shock curve is a point at each
time, across which the solution jumps, but we used a direct calculation to derive
the jump condition. In two space dimensions a shock is a space-time surface, a
curve at each time, across which the solution jumps, and which evolves in time.

Equation (13.35) is in conservation form, so that we can apply the Divergence
Theorem in x-y-t space. Suppose a weak solution is piecewise C!, with a jump
discontinuity across a surface ¢(x, y, t) = 0. The normal to the surface is V¢ =
(¢, ¢, ). Since we want the surface to intersect each constant-time plane in a
curve, we assume that the surface can be parameterized in terms of t and a
combination of the spatial variables. Rotating if necessary, we can assume
x=1i(y,1), so that ¢(x,y,1)=x—i(y,1), and the normal is n(y,1) = (1, %, —&). Now
consider that (13.35) can be written as

(0> 0y dy) - (u, f(u), g(u)) =0.

Then the jump condition states that the normal component of the vector field (i,



f (w), g(w)) is continuous across the surface, and hence has no jump:
n(y, ) - ([ul, [f )], [g(u)]) =0,

where [u]=lim, ;. u(x,y,r)—lim,__ ;- u(x, v,1). Specifically, this becomes
— % [u]l + [f ()] - %,[g(w)]=0. (13.40)

Correspondingly, the Lax entropy condition is formulated just as for the one-
dimensional case, where the single space variable is normal to the shock curve at
each time. The details of the following calculation are covered in some generality
in Serre’s monograph [39]. Let u* be the limits from the right and left in x:
ut(v, 1) =u(i(v,n)*, v.1). The characteristic speeds in the normal direction at the
shock are given by

A=) — g Wi,
The Lax entropy condition compares the characteristic speeds with the shock
speed in (13.40):
YRR A
This condition can be used to show stability of Lax shocks, meaning that for
nearby initial conditions, the Cauchy problem is well posed [39]. Stability of
shock waves for scalar equations and systems is a topic of ongoing research. In

the next chapter we discuss shocks, rarefactions, and the Riemann problem for
systems of equations in one space dimension and time.

PROBLEMS

1. Differentiate u(ax, at) = C with respect to a. Solve the resulting linear first-
order PDE by the method of characteristics to prove that u is a function of x/t.

2. Show that if u(x, t) is continuous; is C! on either side of a curve C; satisfies the
PDE at each point not on C; and u, u, are continuous up to C but have a jump
discontinuity across C then the curve C is a characteristic.

3. Suppose A (w) = ku?and A (1 — u) = k(1 — u)? with positive constants k,,
k, in (13.10). Show that f(u) in (13.10) is positive, increasing but nonconvex,
with a single inflection point.
4. Show that if

fw—f _1

u—v 2

for all u, v, then f(u) is a quadratic polynomial. (Hint: Take v to be fixed, and
solve the ODE for f{u).) Explain the significance of this result.

(f'(w) + f'(v))



5. For the solution of Example 3, Figure 13.4, do the following.

(a) Sketch graphs of the solution u(x, t) as a function of x for various times,
suchast=0,t=1,t = 3.

(b) Write the solution out as a formula, and describe how u(x, t) approaches
Zero as t — oo,

(c) Is the convergence to zero as t — o uniform? Explain with a proof.
6. Find all values of the positive constants a, b, c, d for which the function

—a(t + vbx + ct?), ifx > —dt?
0, if x = —di?

w(xst) =

is a weak solution of the inviscid Burgers equation for — o < x < o, t = 0, and
satisfies the Lax entropy condition at the shock. (Hint: The PDE and the Rankine-
Hugoniot condition give three equations for a, b, c, d.)

7. Consider the PDE
1
u; + §(u3)x = 0.

(a) Write the Rankine-Hugoniot condition for a shock wave
u_, x <st,

u(x,t)= { (13.41)
Uyp, Xx>st.

(b) Find all the shocks (13.41) with u_ = 1 that satisfy the Lax entropy
condition.

(c) Let u_ = 1. Find all values of u, for which there is a rarefaction wave
u_, X <t
_ ) aex 2 . 5
u(x,r) = u(y), u“t <x <uit,
| Uy X > uit,

and write a formula for the function ;.

8. Use the implicit equation (13.7) or differentiate (13.5) to derive an ODE for
the evolution of v = u, along characteristics. By solving the ODE, find conditions
under which the following are true.

(a) The solution remains smooth for all t > 0.

(b) The solution develops a singularity in finite time, due to |v| — oo.
Characterize the time at which this singularity forms.



9. Complete the solution of the traffic light problem (Example 4), shown in
Figure 13.6, by doing the following.

(a) Find a formula for the shock curve v.
(b) Determine the time ¢, as a function of the other parameters.

10. Traffic of uniform density is proceeding along a straight single-lane highway
at speed v,. At time t = 0, the car at location x = 0 slows suddenly to half speed
v,/2. Determine what happens subsequently, writing formulas and sketching the
x-t plane to show the structure of the solution.

11. Consider the modified KdV-Burgers equation (13.23) with ¢ = 1 but with the
sign of the dispersive term reversed:

3
u, + (u )x =VUyxx — Uyxx-

(a) Explain why this equation cannot be reduced to (13.23) with a change of
variables, whereas for the quadratic nonlinearity of the KdV-Burgers equation,
the sign of the dispersive term can be changed (without changing y > 0).

(b) Write the ODE for traveling wave solutions u = u(x — st) as a first-order
system. Consider values of u, for which there are three equilibria u, < u, < u
_. Show that the only heteroclinic orbits join equilibria u, to u, and the
corresponding shock waves (13.15) satisfy the Lax entropy condition.

(¢) Summarize what is different about this example from the modified KdV-
Burgers equation in Section 13.4.

12. Let y > 0. Solve the Riemann problem (13.26) with uy;, = 1, in the following
two cases.

(a) When u, < —1+ +2y/3. Your solution should have a rarefaction wave and an
undercompressive shock.

(b) When —/2)/3 < u, < 1. In this case, the solution is a single shock. Show that
it is a Lax shock and has a corresponding traveling wave solution of (13.23).
Show that for —1+ v2y/3 <u, <—+/2y/3, the solution consists of two shocks
traveling at different speeds, an undercompressive shock and a faster Lax

shock.

13. Find the curve I' shown as the heavy solid curve in Figure 13.8. Show that,
together with the positive half of the w-axis, I' separates initial conditions v,, w,,
for which a shock forms, from initial conditions that do not lead to shock
formation. (Hint: You can solve this problem by examining when the quadratic
equation g(t) = 0 has a positive solution.)



CHAPTER FOURTEEN

Systems of First-Order Hyperbolic PDE

Systems of hyperbolic conservation laws are fundamental to the study of
continuum mechanics: the dynamics of fluids and solids. Nonlinear systems
possess a richer structure than scalar equations or linear systems, because they
have more than one characteristic speed, and waves with different speeds interact
nonlinearly.

We begin the chapter with linear equations, for which the method of
characteristics can be generalized from the scalar equations of Chapters 3 and 13,
leading to a short-time existence theorem for classical solutions. Then we show
how weak solutions of nonlinear systems of conservation laws can be constructed
from shocks and rarefaction waves. Along the way we show applications to the p-
system, to the elastic string, and to shallow water waves.

14.1. Linear Systems of First-Order PDE

We consider linear systems of equations in one space variable x € R and time t >
0 of the form
U, + AU, =0, (14.1)

where U = U(x, t) € R" is the dependent variable, and A = A(x, t) isann X n

matrix depending smoothly on its arguments. We shall consider the Cauchy
problem, for which we pose initial conditions

U(x,0) =Uy(x). (14.2)

System (14.1) is hyperbolic if A has n real eigenvalues A,, with n linearly
independent (right) eigenvectors r, k = 1, 2, ..., n. The system is strictly
hyperbolic if the n eigenvalues A,, k = 1, 2 ... n are all distinct. The eigenvalues of
A are called characteristic speeds, as in the scalar case. We will also need the left
eigenvectors l,, which are row vectors. We can assume the eigenvectors have
been chosen to satisfy

1, ifj=k,

lisney =0 = (14.3)
7ORTRRT Vo, ifj £k

14.1.1. Linear Constant-Coefficient Systems

We begin by considering linear constant-coefficient systems, in which A is a
constant matrix. In this case, the system admits solutions in traveling wave form
(much like the linear transport equation):



U(x,t) =@(x — At)v.
Substituting U into system (14.1), we have
@' (—Al + A)v =0,
so that A = A, is an eigenvalue of A, and v = r, is a right eigenvector. Such a

solution is a traveling wave with speed A,.

To solve the system (14.1) when A is a constant matrix, we simply diagonalize
the matrix, or equivalently, decompose U using the eigenvectors:

n

Ux, 1) =Y uf(x, Dry, (14.4)
k=1

where uf : R X R* — R. Substituting into (14.1) and using Ar, = A,r,, we get
decoupled equations for the unknown coefficients u*:
duk duk
or Fox

Thus, u*(x, t) = @*(x — A.t) for scalar functions ¢~ k = 1, ..., n, and we have the

=0 k=li.u:slh

general solution of the system

n
Ux,t) = Z o (x = ah)ry.
k=1

The initial condition (14.2) is satisfied by setting t = 0 and using the left
eigenvectors:

oF(x) =1 - Up(x).

Example 1. (The wave equation as a system) A simple example of a constant-
coefficient first-order system is provided by the wave equation in one space
dimension and time

Wy — czwm = ().

We write the PDE as a system by letting
P = MWys o= Wl
Then we have
Uy — Ve =10;
v, — c*u e = 05

and the initial conditions w(x, 0) = f(x), w,(x, 0) = g(x) become

u(x,0) = f'(x),  vx,0)=gx).



Thus, in terms of system (14.1), we have

u 0 -1 f(x)
W= : A= ; U = ;
() 2= 3) wo=(G)

The characteristic speeds are *c, with eigenvectors

(1)

The solution of the initial value problem is thus

7] 1 1
( )(x,t)zsﬁ(x—ct)( )+so(x+ct)( )
v —C C

in which ¢* arerelatedto f, gby @™ + ¢~ = f; ¢+ — ¢~ = g/c.
14.1.2. Method of Characteristics for Variable Coefficients

Now let’s consider how the method of characteristics, which we used so
successfully for scalar equations, can be applied to linear systems when A = A(x,
t) is not a constant matrix. For this purpose, we again diagonalize the matrix A
using the eigenvectors. That is, we substitute (14.4) into system (14.1), but now
the eigenvectors r; depend on x, t as well as on the coefficients u®

n n
U + AU =) ((alu")ri + ufa,rl-) +3° ((axuf)x,-ri + quaxr,.) =0
i=1 i=1
Taking the scalar product of this equation with the left eigenvectors 1, (see
(14.3)), we obtain a system of the form

n
du' + x;du = Z d;;(x, N, (14.5)
=1
in which the coefficients d; are continuous functions of x, t Similarly,

decomposing the initial conditions (14.2) into eigenvectors of A(x, 0), we obtain
initial conditions for the coefficients u®

ui(x, () = uf)(x).

Characteristics are defined, as for scalar equations, by

dx
— = A:(x, 1).
7 HEM )

In particular, through each point (x, t), with t > 0, there are n characteristics x
= x(7),1 = 1, 2, ..., n, passing through (x, t), each with a different speed. Each
intersects the x-axis at a different point ¥; =x;(0). We recognize the left-hand side



of the ith equation in (14.5) as du/dt (i.e., differentiation along the ith
characteristic). This enables us to convert equations (14.5) into integral
equations, by integrating along the ith characteristic from (x, 0) to (x, t):

t R
u' (x, 1) = uy(x;) + f Z d;j(x; (1), Du’! (x;(7), 7) dT. (14.6)
Ut
Next we write this system in vector form:
u(x, 1) =@(x, t) + K(a)(x, 1),

where ¢'(x, 1) =ul(¥,), and K(u)(x, t) denotes the vector of integrals on the right-
hand side of (14.6).

Solving the Cauchy problem is equivalent to finding a fixed point of the
mapping B : u — @ + K(u) in a suitable space of functions. The appropriate
setting is the contraction mapping principle (see Appendix A) in the Banach space X
= Cz(R x [0, T], R™) of continuous bounded functions from R X [0, T] to R",
with T > 0 to be chosen. This principle is used to prove existence of solutions of
initial value problems for systems of ODE. The context here is not much different,
as we have reduced the Cauchy problem to a system of integral equations. The
norm in X is the supremum norm on bounded continuous functions:

n
lall =) sup |u;(x, 1)].
=) Tk

We assume that the entries in the matrix A(x, t) are in X, and so are their
derivatives. Then the coefficients d; are all in X, since they depend on derivatives
of the eigenvectors ry(x, t), which by standard matrix analysis have derivatives in
X [28]. Since for linear equations the characteristic speeds do not depend on the
solution u, the function ¢ is also independent of u. (For nonlinear equations, the
dependence on u would be through the points =..)

Foru, ve X, we have thatfor0 < t < T,
[[B(w) — B(v)|| = [|[K(w) — K(v)]]

o f Z dij(xi(r)’ 'L') (uj (‘xl (T), T) o vj(xi(r), T)) dt
0 5

n

<7 >  sup |dyx, D)l [lu—vl|

I,_jzl |X|<O0,0SI'ST

Therefore, for T > 0 sufficiently small, K is a contraction; hence the mapping B is



also. By the Banach fixed-point theorem (see Appendix A), B has a unique fixed
point in X. Thus, we have proved the following theorem for the initial value
problem

U, + AU, =0, U(x,0)=Uyx). (147)

Theorem 14.1. Let U, € Cy(R), and suppose the matrix A = A(x, t) in (14.7) has
entries in Cz(R), together with their derivatives. Then there is T > 0 such that the
initial value problem (14.7) has a unique solution u € Cz(R X [0, T], R").

14.2. Systems of Hyperbolic Conservation Laws

In this section we consider nonlinear systems of conservation laws
U, +FWU), =0, (14.8)

in which F : R® — R" is a C? function. For nonlinear systems we can obtain a

short-time existence and uniqueness theorem similar to Theorem 14.1 under
suitable assumptions. However, in this section we focus on issues arising because
of nonlinearity—notably, shock waves and rarefaction waves—and show how
these waves appear in applications.

We refer to (14.8) as an n X n system. We shall assume strict hyperbolicity,
meaning that the Jacobian dF(U), an n X n matrix for each U € R", has distinct

real eigenvalues, namely, the characteristic speeds
AU) <A, (U) <--- <4, (U),

with corresponding left and right eigenvectors 1,(U), r,(U), j = 1, ..., n satisfying
(14.3) at each U:

lj~rk:3jk.

Strict hyperbolicity allows us to discuss unambiguously the kth characteristic
field by referring to the characteristic speed A,.

The notion of genuine nonlinearity for scalar equations has a counterpart for
systems by considering the characteristic fields separately. The kth characteristic
field is genuinely nonlinear in a set Q < R if

r,(U) - VA (U) #0, UeQ.
The field is linearly degenerate in Q if
r,(U) - VAo (U)=0, Uet.
A function ¢ : R®™ — R is a k-Riemann invariant if
r,(U) - VY (U) =0. (14.9)



Then for each k, there are, locally in U, n — 1 Riemann invariants whose
gradients are linearly independent at each U. This follows because (14.9) is a
scalar equation for @(U). The equation says that w is constant on characteristics,
which are parallel to r,(U). Consequently, each Riemann invariant is constant on
rarefaction curves, which are integral curves of the vector field r (U): U = r,(U).
As for scalar equations, the construction of rarefaction waves is closely related to
the property of genuine nonlinearity.

A Riemann invariant  can be specified locally near a given point U, € R" by
defining its values on an n — 1 dimensional manifold M orthogonal to r,(U,),

say, v =v on M. Then v, is tangent to M at U,, where V,, is the gradient
operator along the linear space tangent to M at U,. We define @ near U, by

solving r, - V@ = 0 by the method of characteristics. A set of n — lindependent
Riemann invariants is given by choosing n — 1 functions ¢ on M with the

property that the n — 1gradients v, are linearly independent at U,. Then the
gradients V(U) are linearly independent for all U near U, and are orthogonal to
r,(U).

For a 2 X 2 system (of n = 2 equations in 2 unknowns u, v), the Riemann
invariants can be used as an alternative pair of variables, with the advantage that
they partially diagonalize the system. To be specific, let A (¢_, ¢,) denote the
two characteristic speeds, written as functions of the Riemann invariants ..
Then the following holds:

(0; + A:0,)¢¥4L =0, (14.10)

We leave verification of this property to Problem 7. This property means that
each Riemann invariant . is constant on characteristics x’ = A. of the opposite
family!

It is worth comparing the notation and constructions for systems of hyperbolic
conservation laws with the corresponding development in Sections 13.1 and 13.2
on scalar conservation laws from the previous chapter. We shall use three

examples of systems of conservation laws to illustrate the ideas in this chapter,
beginning with the issue of hyperbolicity.

14.2.1. The p-System

This 2 X 2 system is derived from the quasilinear wave equation:
wy; —o(w,), =0, (14.11)

in which 0: R — R is a given smooth function. The equation, derived in Section



4.1.1, is a model of nonlinear one-dimensional elasticity, in which w = w(x, t) is
the displacement, and w, is the strain (or displacement gradient), and o = o(w,)
is the stress (a given function of the strain).

A typical stress-strain curve is shown in Figure 14.1. The vertical asymptote at
w, = 0 corresponds to the infinite force needed to compress the material to a
point, and o(1) = O corresponds to a uniform unstressed material with
displacement w(x, t) = x.

To write (14.11) as a system, we set (as for the linear wave equation) u = w,
and v = w,, namely the strain and velocity, respectively:

By = Wiy
(14.12)
¥y = o{it) -
GJ\
0 1 w,

Figure 14.1. A typical nonlinear stress-strain law.

This is an example of system (14.8) in which

u=(" FU—( -
-(3) ro=(_.,)

To check hyperbolicity, we calculate

0 —1

which has eigenvalues and eigenvectors

1
Ar(u) ==x+/0'(u), ry(u) = ( . ) .
FVo'(u)
Thus, the system is strictly hyperbolic if and only if 0’(u) > 0; in words, stress is
a strictly increasing function of strain. In most circumstances it is appropriate to
consider such monotonic stress-strain laws, although strain-softening materials,



which have some range of strains over which the stress decreases, are important
in materials science. Examples include certain plastics (try stretching a thin strip
of soft plastic to feel its strain softening) and some metal alloys used to make
smart materials that change their stress-strain properties in controlled ways.

The system is genuinely nonlinear in both characteristic fields provided o”(u)
= 0. It is linearly degenerate in both fields if 0”(u) = 0, in which case o(u) is an
affine function of u, corresponding to Hooke’s law. The Riemann invariants are
VoG v)=v+ [ Jo'tudu satisfying Vw, - r, = 0 and corresponding to
ip(u)=Fo'(u), respectively. Recall that the Riemann invariants allow us to
diagonalize the system of equations. (See (14.10).)

System (14.12) also describes one-dimensional isentropic gas dynamics in
Lagrangian variables, in which u represents the specific volume (the reciprocal of
density), v is once again velocity, and —o = p is the pressure. The name p-system
derives from this context of gas dynamics. Further properties of the p-system are
discussed later in this chapter and in the book by Smoller [43].

yl\
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Figure 14.2. Shallow water flow.
14.2.2. The Shallow Water Equations

For a body of water on a flat horizontal surface, we wish to describe the motion
of the free surface as the water flows. The full equations of flow for a viscous
incompressible fluid (such as water) are the Navier-Stokes equations, discussed in
the next chapter. The shallow water equations can be derived by a scaling and
approximation argument from the full equations, but here we give an abbreviated
and more direct route.

Let’s restrict to fluid motion in a vertical plane (for example, we assume the
fluid is moving parallel to side walls, like a river flowing parallel to its banks), so
that the velocity and height of the fluid depend only on one horizontal variable x
and a vertical variable y, as in Figure 14.2.

As shown in the figure, let y = h(x, t) be the height of the fluid surface at



time t, and let u(x, t) denote the horizontal velocity of the layer of fluid, which
we take to be independent of depth. More precisely, u(x, t) represents the depth-
averaged horizontal velocity. Note that we are using Eulerian coordinates to
describe the flow, since (x, y) is a fixed physical location. In a Lagrangian
formulation, using a reference configuration, individual fluid particles are
labeled, and velocity is determined from the particle trajectories.

Conservation of mass is expressed by the equation:
h, 4+ (hu), = 0. (14.13)
The pressure p in the fluid layer depends on depth, and we assume it is

hydrostaticc meaning that pressure increases linearly with depth and is
atmospheric pressure p, at the free surface:

px,y,t)=pg(h(x,t) —y) + p,.

Neglecting viscous forces, we can write the conservation of horizontal
momentum (an expression of Newton’s second law F = ma) as

p(u, +uuy)+ p, =0.
Substituting for p, we obtain
u, +uu, +gh,=0. (14.14)
Equations (14.13), (14.14) constitute a 2 X 2 system of the form (14.8), with

=) F0=(a1 )
T\ /)’ B %uz—l—gh '

To check hyperbolicity, we calculate

u h
g u

which has eigenvalues and eigenvectors

h
Ap(hyuy=u+/gh, ry(h,u)= (i\/g_h) ,
respectively. Thus, the system is strictly hyperbolic for h > 0, and one family of
characteristics travels faster than the fluid velocity, while the other family moves
more slowly. The Riemann invariants v.(h ) =uF !J/gh satisfy Vy, - r, = 0.
These Riemann invariants for the shallow water equations will be useful when we
solve the classic dam-break problem, which we treat later in Section 14.3.

There is an extensive literature on shallow water waves and the related
equations of shallow flow [2, 15, 22, 46] used to model tsunamis and avalanches.



The hyperbolic structure of the equations is important when finding solutions in
these applications.

14.2.3. The Elastic String Equations

The equations for motion of an elastic string in two dimensions form a system of
two quasilinear wave equations, which we rewrite as a 4 X 4 system of first-
order conservation laws.

As with one-dimensional elasticity, leading to the p-system, the reference
configuration is one dimensional, but now we allow deformations in two
dimensions. The displacement or position vector, which we write here as r = (r,,
r,) € R2, is a function of x, t, with x in an interval I representing material points

in the string (see Fig. 14.3). Forces in the string are represented by the tension T,
a function of x, t that measures the magnitude of the internal force of the string.
We assume the direction of this force is tangential to the string, based on the
simplifying assumption that the string exerts no resistance to bending. Modeling
the force by elasticity means that T is a function of the strain, here given by the
scalar |r,|.

The equations of motion are then

Ty = (T(Irx|)r;") : (14.15)
el /

The density and cross-sectional area of the string, both taken to be constant

functions of x and t, are incorporated into the tension T. On the left of this

equation is the acceleration, and on the right, the tension T is the magnitude of a

force whose direction is that of the unit tangent. The equation expresses

conservation of linear momentum, Newton’s second law F = ma.

¥ A
2 I,

r =r(x, t)/,.f«'"““*ﬂ.
-

(a) (b)

Figure 14.3. The elastic string. (a) Reference configuration, interval I; (b)
physical string.

The function T is typically increasing and takes the form of the stress-strain
law shown in Figure 14.1. This makes sense, because for purely longitudinal



motion (along the length of a straight string), the string equations (14.15) reduce
to the single wave equation (14.11), with T = o. However, even if we assume
linear elasticity given by Hooke’s law,

T(lrxl) = E(lrx| - 1)’ (14.16)

with elastic constant E > 1, the equations are still nonlinear, unless the motion is
purely longitudinal.

To write (14.15) as a system of first-order equations, we define variables p, g,

u, v by
p u
( ):rx, ( )zr” & =ryl =4/ P>+ ¢°
q v
Then (14.15) is equivalent to
Pr = Uy,
qr = Uy
_(T(©)
U=\ ——"r) > (14.17)
¢ x

e (12) .
f ¢ ),

which has the form (14.8) when we write

(P (")

v
v=|?|, ruU=-|TO
u
T ()
\7 \ = )
€
To check hyperbolicity, we compute dF(U):
(0 0 10
0 0 0 1
dF(U) = — ,
\ by by 0 0

in which



d T(é‘)) TE) TE)p*> ., . p°
by=—|——r)= - —+T'(¢6)=,
! 8p( g 7 & g 2 (5)52
d (T(&) ) T (&) pq . P4
b D _— =————|—T —=b s
12 3q ( ¢ F E (<) 22 21

3 (T() TE TOG .. q°

The block structure of the matrix
dF(U) ( 01 ) B=(b;;)
_ B 0 b — l_] 3

implies that the eigenvalues of dF(U) are square roots of the two eigenvalues of
B. Calculating the latter eigenvalues, we find that the characteristic speeds are

AL@) == % AL (@) = £+/T7@).

Consequently, the elastic string equations are strictly hyperbolic if and only if

T(&) >0, T'(¢) >0, and %@ £ T'(&). (14.18)

In particular, if we assume the stress-free equilibrium state corresponds to the
normalization T (1) = 0, then T ({) < O for & < 1, so that (14.18) does not hold
for & < 1. This is related to the fact that since the string has no resistance to
bending, its motion under compression is not well behaved (the equations are
linearly ill posed). Consequently, we consider the elastic string equations only for
strings under tension (i.e., with & > 1).

Hooke’s law (14.16) leads to a strictly hyperbolic system for & > 1. More
generally, we see that if

T()=0, T'¢)>0, (=1,

then (14.18) is satisfied for § € (1, &_.,), where either § . = o~ or_ . < o is
the first value of & > 1 for which

%

=T

Then we have
@< AE@] 1< & <Epaye

As we saw in Section 14.1.2, the characteristic speeds .| are associated with
transverse waves, whereas 1! are associated with longitudinal waves



(corresponding to solutions of the p-system, a connection with longitudinal
motion suggested above). Thus, longitudinal waves travel faster than transverse
waves for1l < & < &

max*

The notions of longitudinal and transverse waves have counterparts in three-
dimensional elasticity, for example, in modeling subterranian earthquake waves.
Longitudinal waves are pressure waves, whereas transverse waves correspond to
shear waves, in which material is sliding over itself transverse to the direction of
propagation of the wave.

We include Problems 2 and 6 at the end of the chapter to explore further
properties of the elastic string equations, and there is a nice paper on the
equations by Antman [4]. Having established three representative examples, we
return to a general strictly hyperbolic system to discuss rarefaction waves and
then shocks.

14.2.4. Rarefaction Waves
We return to the general system
U, + FU), =0, (14.19)

in which F : R* — R" is a C? function. Our standing assumption is that the system
is strictly hyperbolic, meaning that there are n distinct real characteristic speeds,
the eigenvalues A, (U), k = 1, ..., n of dF(U), with associated right/left
eigenvectors r,/1, satisfying

(lj’ ry) =08

For rarefaction waves, we consider characteristic fields that are genuinely
nonlinear, meaning values of k and ranges for U for which

die(U) -1 (U) # 0.

Genuine nonlinearity is essential for the existence of centered rarefaction waves,
continuous scale-invariant solutions U(x, 1) =V(7), where V : R — R". Substituting

this form into (14.19), we find

(—5) vV + (1) dE(V)V' = 0.
12 t

Multiplying by t and letting ¢ = ¢, we then have
—EV (&) + dF(V)V' (¢) =0. (14.20)
Hence, ¢ is an eigenvalue of dF(V), and V’ is an eigenvector:

E=1(V(E), V() =1 (V(©) (14.21)



for some k = 1, ..., n. Thus, V() lies on an integral curve of r/(U). (See
Appendix C.) Moreover, £ and A, increase together, so the integral curve is
oriented so that A,(U) increases as U moves along the curve.

tl\

0l %

Figure 14.4. Centered rarefaction wave for the kth characteristic field.

i -

The corresponding rays ; =< in the x-t plane are k-characteristics: 7 = 4, (V(%))
. If we differentiate the first equation in (14.21) with respect to & and use the
second equation, we find a directional derivative:

dr, (V) -1, (V) =1 (14.22)

We can interpret (14.22) as determining the magnitude of the eigenvector r,; it
also includes the choice of sign so that r, points in the direction of increasing
characteristic speed.

We next relate the oriented integral curve to the rarefaction wave that
continuously connects a constant U_ to a constant U, as shown in Figure 14.4.
In the figure, the straight lines are k-characteristics, and the curved line is a
characteristic of a different field. The solution is continuous even at the edges of
the fan, since the trailing edge of the wave is constructed to have speed A, (U_),
and the leading edge has speed A,(U,). The characteristic speed has to increase
through the rarefaction wave. (In the figure, the slopes of the characteristics
decrease). We define the rarefaction curve R,(U_) through U_ to be the half of the
integral curve through U_ on which the characteristic speed increases from A, (U
_). Then U_ can be connected to any U, € R,(U_) with a rarefaction wave. In
particular, we have

M(UZ) < ¢ =2 (V(Q)) = A (U3). (14.23)

Note that characteristics of the other eigenvalues are not straight as they pass
through the rarefaction wave, as illustrated in the figure with a characteristic



moving left, accelerating as it passes through the wave.

Example 2. (Rarefaction waves for the p-system) Let’s work out the details for
the p-system. Here we have

1 o o (1)
Ar(u)==xo'(u), ri(u)=a (:F cr’(u)) , dAiyp(u) = ( v o'(u) ) :

0

Thus, the p-system is genuinely nonlinear (in both characteristic fields) if and
only if 0”(u) = 0. In this case, we normalize r.(u) by choosing a = +./a7(u)/a" (1),
so that (14.22) is satisfied. For a rarefaction wave, we have from (14.21),

u."
( ,) :rj:(u):
v

which is more conveniently written as

dv

— = o’(u).

T (u)
Thus,

O = / vo'(w)dw. (14.24)

In particular, for a rarefaction from (u_, v_) to (u,, v,), we must have
lt_;r_
v+:v_:[:f vol(w)dw.
u__

For the characteristic speed to increase through the rarefaction wave (see Fig.
14.4), we must satisfy (14.23), which for the p-system becomes

+./o'(u_) < +/o'(u) <+ /o’ (u,)

We get more information about the slope and curvature of the rarefaction

for u betweenu_, u,.

if 0”(u) > 0, then for a forward rarefaction wave (i.e., with positive speed), we
must have u, > u_, whereas for a backward wave (with negative speed), we
have u_ > u,. The corresponding values of u,, v, lie on the rarefaction curves R
.(u_, v_), shown in the u-v plane in Figure 14.5a. If 0”(u) < 0, for example, as
shown in Figure 14.1 near u = 1, then the configuration changes to that in
Figure 14.5b. We shall use the rarefaction curves shown in Figure 14.5 to solve
the Riemann problem after we have discussed shock waves and shock curves in
Section 14.2.7.



14.2.5. Propagation of Singularities

The edges of a rarefaction wave have discontinuities in the derivative of the
solution, even though the function itself is continuous. By construction, these
singularities propagate along characteristics. Here we prove the more general
result for continuous solutions of (14.19) that jumps in the derivative lie on
characteristics.

VA VA

(u_,v)

(u_,v)

1 u

(a) (b)
Figure 14.5. Rarefaction curves for the p-system. (a) o”(u) > 0; (b) 0”(u) < O.

Theorem 14.2. Consider a function U : R X (0, o) — R" that is continuous and is
C' except on a C* curve I : x = vy (t). Suppose that derivatives 0,U, 0,U have left and
right limits 0, U(y ()=, t), o,U(y (O*, t) that vary continuously on T, and that U(x, t)
satisfies the PDE (14.19) for (x, t) not on I'. Then

. .. {y
1. the curve I is a characteristic: ff—* =i (U(y(1),1) for some k = 1, ..., n, and

al

2. the jump [0, U](t) = o U(y ()*, t) — 0, U(y (t)~, t) is parallel to the corresponding
right eigenvector: [0, U](t) = N, (U(y (), t)) for some n(t) € R.

Proof. From (14.19) we have

U, +dF(U)U, =0, (14.25)
and by continuity, (14.25) holds with U, = U(y ()%, t), U, = U, (y (©O*, t). Thus,
[0,U](t) + dF(U(y (¢), t))[0,U](r) = 0. (14.26)

Moreover, differentiating the identity

Uy®', =001,
we have

Ufy+Uf=U_y+U,

where U* =U,(y(n*, 1), U =U,(y(n*, 1), and y = ‘T It follows that
ol



[0, Ul(®)y + [0,U](z) = 0.
Substituting for [0,U](t) from (14.26), we find
[0, Ul(t)y — dF(U(y(2),1))[0,U](r) = 0.

Thus, y is an eigenvalue of dF(U), and [0,U] is a corresponding eigenvector. The
theorem now follows.
|
We now discuss shock waves for hyperbolic systems, beginning with the
formation of shocks for 2 X 2 systems.

14.2.6. Shock Formation

For scalar conservation laws, it is a simple calculation to identify the mechanism
for formation of shocks, in which a spatial derivative blows up in finite time.
There are many derivatives for systems, and the analysis is not so simple as it was
for scalar equations. Here we show the calculation by Lax [33] for systems of two
conservation laws with smooth initial data that are constant outside an interval.
Lax’s calculation was generalized to systems of n = 3 equations by John [27]
under similar conditions on the initial data. Lax’s calculation relies on uniquely
defined Riemann invariants, but for n = 3, each characteristic field has n — 1
independent Riemann invariants. John’s analysis instead relies on a
decomposition of U, into characteristic fields, thereby defining generalized
Riemann invariants, whose propagation and interaction can be tracked much as
Lax does with the calculation in this section.

Forn = 2, we let U = (u, v), and write system (14.19) as

u Jfu,v)
+ = [ (14.27)

v t g(“) U) X
Let A(r, s), U(r, s) be the characteristic speeds, in terms of the Riemann invariants
r, s. Then system (14.27) is partially diagonalized:

ry + A(r,s)r, =0,

(14.28)
s; + u(r, s)s, =0.

Here we have Vr(y, v). r, = 0 and Vs(u, v) - r, = 0. Mimicking the scalar case,
we differentiate (14.28) with respect to x and definep =r, ¢ = s,

i+ A, s)py = =4, p" — A pq,
G+ 1(r, $)q = — g — [Leq”.

The difficulty lies in the pqg term in each equation, representing the interaction of
waves. Let’s focus on the equation for p.

(14.29)



Define differentiation along the A characteristic by & =u, + iu,. Then # =0 and

§ = (. —p)s,. This last equation yields
s
q —g

Then we can rewrite the first equation in (14.29) as

b A‘S o _ 2

p+ Sh = —d P (14.30)

A—u

Now we use an integrating factor to collapse the left-hand side. Define a function
h(r, s) so that i, = _“ Then /i =h,i + h,s=h,i, since 7 =0. Consequently, if we let

z(t) = ep, (14.30) becomes
7= —kre_hzz. (14.31)

If the coefficient A e " were constant, we could write the solution of the Riccati
equation (14.31) explicitly. However, in general we have little information about
the dependence of this coefficient on the solution. Nonetheless, we can use a
comparison argument to show that solutions of (14.31) blow up in finite time,
provided the coefficient is bounded and we assume genuine nonlinearity.

Consider bounded smooth C! initial conditions for (14.27). Then the Riemann
invariants remain bounded, and as long as their derivatives stay bounded, the

solution of the initial value problem is defined and smooth, and h(r, s) is
bounded.

We assume that the A characteristic field is genuinely nonlinear, so that A, =
0. Then the coefficient A e~" is bounded above and below on the same side of
zero. Let’s take A, > 0. Then there are constants A, Bsuch that 0 < A < Ae " <
B. Consider a specific A-characteristic originating from x = x, at t = 0. Then z(0)
= g, is a specific number given by the initial data at x,, We can compare the
solution z(t) of (14.31) with solutions of the initial value problems

X' '=—AX?% X(0) = zy; Y' = —BY?% Y(0) = z,.

Since A, B are constants, we have solutions
Z zZ
X(t)=—>"—, Y()=—2—.
1 + AZOt 1 + BZOl'
Now suppose z, < 0. Then Y'(t) < 2(t) < X'(t) for t = 0. To see this, first
observe that it is true at t = 0, so by continuity it remains true for a short time.
But then Y (t) < z(t) < X(t) < 0, so the inequality on derivatives persists, and so
does the comparison of the solutions. Since X(t) — — o ast — —1/(Az,), we



conclude that z(t) — — o also, as t — t*, for some t* < —1/(Az,). Let 2, = min
z, < 0, where the minimum is taken over the initial points x,. Then the solution
of the system (14.27) has derivatives that blow up in finite time t, < —1/(Az,).
In contrast, we also have conditions under which the derivatives of the solution
stay bounded. If .z, > 0, then z(¢t) stays bounded and decays to zero as t — oo.

Just as for scalar conservation laws, we presume that as a derivative of the
solution becomes infinite, the weak solution continues with a shock wave. Next
we analyze shock waves explicitly.

14.2.7. Weak Solutions and Shock Waves

Here we formalize the definition of weak solution of the system of conservation
laws. The definition resembles that of weak solutions of linear elliptic equations
in that it is based on integration by parts, or equivalently, by distribution
solutions that are integrable.

It is convenient to define weak solutions of the Cauchy problem, consisting of
(14.19) with initial condition

U(x, 0) =Uy(x). (14.32)

To derive the appropriate weak formulation of the Cauchy problem, consider a
smooth solution U(x, t), with smooth initial data U,. To incorporate the initial
condition into the weak formulation, we define test functions ¢ €
Cl( x [0,00) — &) to have compact support in the upper half-plane, including the
x-axis. That is, ¢ can be nonzero in a bounded subset of the x-axis. Note that here
we only require the test functions to be C!, but we could just as well consider C*
test functions.

Multiply (14.19) by ¢ and integrate by parts, observing that U, + F, = div(F,
U), and the operation applies to each component of the vector-valued functions.
This calculation leads to the relation

f [(fﬂf(x»f)U(xaf)+90x(x,f)F(U(x,t))) dx dt
0 R

+ f (p(x) O)U(}(X) d-x — 0) (1433)
R

in which the final integral is zero unless the support of @(x, 0) includes part of
the x-axis.

Motivated by this calculation, we define a function U € L=(R X [0, ) — R")

to be a weak solution of the Cauchy problem (14.19), (14.32) if (14.33) holds for
all ¢ € CHR x [0, o0) = R)



Note that the idea of integrating by parts to obtain an integral identity for
weak solutions, using test functions, was previously used for elliptic equations.
(See (11.8) in Chapter 11.) However, for second-order equations we assumed that
the weak solution had a derivative in L?, whereas here we want to allow jump
discontinuities, whose derivatives are distributions but not in L?. Consequently,
we consider functions in L=. This definition of weak solution of systems of
conservation laws applies to scalar equations, but we did not use the generality of
the definition in the previous chapter.

Next we use the definition to characterize weak solutions of (14.19) that have
jump discontinuities across a curve I.

Theorem 14.3. Suppose that U : R X (0, ) — R" is a weak solution that is C*
except on a C*' curve I' : x = vy (t). Suppose the left and right limits U=(t) = U(y (t)

+, t) vary continuously on I'. Then these limits satisfy the Rankine-Hugoniot
conditions

y (1) (UT(1) = U™ (1)) = FUT (1)) — F(U™(1)). (14.34)
1A

=y

0

Figure 14.6. Domain of integration for a shock.

Proof. Let ¢ be a test function with support Q in t > 0 that is divided into two
disjoint sets Q* by the curve I, as indicated in Figure 14.6. Since U is a weak
solution, it satisfies (14.33), which we rewrite as

f ((pIU + @, F(U)) dx dt + f ((pIU + goxF(U)) dxdt =0. (14.35)
Q- Q+

Now integrate by parts in Q* separately, to put the derivatives back on U and
F(U). In this process, we are left with only boundary terms, since U, + F(U), = 0



in each of Q*. Since @ vanishes on the boundary of Q* except on I, the only
contribution remaining comes from the integrals on I' N Q. We need the unit
outward normals on x = v (t), which are given by

n, ==xn(l, —y)
on 0Q*, respectively, where ;, — (1 4+ 72)-:. As a result, we obtain n equations, one
equation from each component of (14.35):

f oy @), 1) (—y(@OUT(t) + FUT (1)) ds
'ng2

+f oy (), 1) (y(OU (1) — F(U(1))) ds = 0.
'na

Thatis, if [ N Q = {x = y () : a < t < b}, then we have

b
/ ey (@), 1) (=7 OUN®) + [FWO)I(1)) dt =0.

a

Consequently, since ¢ is arbitrary and the integrand is continuous, we obtain the
Rankine-Hugoniot conditions (14.34).

|
14.2.8. Analysis of the Rankine-Hugoniot Conditions Using Bifurcation
Theory

To understand the jump conditions more thoroughly, it is useful to consider
piecewise-constant solutions, or shock waves
U_, ifx < st,
Ui E) = (14.36)
U,, ifx>st,
in which s is the shock speed. We say U given by (14.36) is a shock from U_ to
U, if s, U, are related by the Rankine-Hugoniot conditions (14.34):

—s(U, —-U_)+FU,)—-FU_)=0. (14.37)

This system of n equations in 2n + 1 unknowns has one easy family of solutions,
the trivial solution: U, = U_, s arbitrary. But this corresponds to constant
solutions of the PDE. We seek nontrivial solutions, for which there really is a
discontinuity.

Our approach to this problem derives from bifurcation theory, the analysis of
the branching of curves of solutions of nonlinear equations [8, 19]. To set this
approach up, we fix U_ and let G(U_, s) denote the left-hand side of (14.37).
That is, G : R® X R — R"is defined by

G(U, s) = —s(U — U_) + F(U) — F(U_).



Then we have
GWU_,s)=0 foralls e R, and dyG(U_,s)=—sI—dF(U_).

Here are two basic results of the theory, stated informally:

1. Bifurcation points are eigenvalues of the linearized problem. Nontrivial solutions
can only branch off the curve {(U_, s) : s € R} of trivial solutions at

eigenvalues s = A, (U_) of the linearization dF(U_).

2. Bifurcation from a simple eigenvalue gives a curve of solutions. If the eigenvalue s
= A (U_) is simple, then there is a curve of nontrivial solutions passing
through (U, s) = (U_, A (U_)).

The first result is a simple consequence of the Implicit Function Theorem.
Suppose s, is not an eigenvalue. Then d;G(U_, s,) = —s,I — dF(U_) is invertible.
By the Implicit Function Theorem, there is a curve of solutions U = U(s) for s
near s,. Moreover, no other solutions exist in a neighborhood of (U_, s,). But U =
U_ is a solution for all s, so we must have U(s) = U_.

The second result is also a consequence of the Implicit Function Theorem, but
it requires much more careful analysis. It appeared in various forms in the late
1960s and early 1970s, culminating in the 1971 paper of Crandall and
Rabinowitz [11]. The basic idea of the proof is to solve for n — 1components of
U as a function of s and a small variable e representing the remaining component
er,(U_). This construction wuses the Implicit Function Theorem in a
straightforward way on a system of n — 1 equations obtained by projecting the
original system onto the range of dyG(U_, A, (U_)). The problem is thereby
reduced to a single equation f(s, ¢) = 0, called the bifurcation equation. This
reduction process to arrive at the bifurcation equation is known as the Lyapunov-
Schmidt reduction. Locally, there are two curves of solutions of the bifurcation
equation. Zeroes of f are {(s, ¢€) = (s, 0)}, forming the curve of trivial solutions,
and a function s = §(¢), giving the curve of nontrivial solutions corresponding to
shock wave solutions.

Here is the precise result, which we state without proof.

Theorem 14.4. Suppose F is C", m = 2, and the PDE (14.19) is strictly hyperbolic in
a neighborhood of U_. Then for each k = 1, ..., n, there exist § > 0 and C™"!
functions U, : (-8, 8) — R",§:(-4,8) — & that are C" away from zero and are such that

1. the property U (0)=U_, 5(0)=i,(U_) holds;

2. the identity —5(&) (U, (¢) — U )+ F(U. (&) —FuU_)=o0 |E] < & holds; and



3. there is a neighborhood N < R™ X R of (U_, A, (U_)) such that if (U, s) € N
satisfies (14.37), then either U = U_, or u=1U,(¢) and s =i(¢) for some & € (-6,
d).

We use the theorem to establish some properties of weak shock waves, in
which the jump in U is small. Following the calculation of Lax [32], we
differentiate identity 2 twice and set § = 0. Differentiating once, we have

—§'(U; —U_) — 35U, +dFU U’ =0, (14.38)
so that, setting & = 0 and using property 1, we get
1/ 1/
— A (U,)UJF(O) + dP(U,)UJr(O) =
We deduce that U’ (0) = r,(U_), where we have rescaled the parameter £ so that the

scalar multiple of r,(U_) is unity. (Recall that r,(U_) is normalized by (14.22).)
Differentiating (14.38) again, and setting & = 0, we get

—25'r, (U_) — 2 (U_)U’ 4+ d°F(U_) (1, (UL), 1 (U_)) 4+ dF(U,)U’ =0,

where d?F(U_) : R®* X R®™ — R" is the bilinear operator involving second

derivatives of F that appears in the Taylor series expansion of F(U) about U = U
_. (See Appendix A for the Taylor series of a scalar function of several variables;
the bilinear operator puts these terms into a vector-valued function.)

Now we can eliminate the second derivatives of by projecting onto the U,
complement of the range of —i,(U )i+ dF(U,)). This is most easily accomplished by
taking the inner product (scalar product) of the equation with the left eigenvector
£,(U_):

(U, 25" (UL) + (£,(U_), d*F(U_) (5,(U_), 1,(U_)) ) = 0.
Thus, we have
§(0) = % (fk(U_), d*F(U_) (1, (U_), l‘k(U_))) = %dlk(U_) -1 (UL).
(14.39)
To verify the final equality, we differentiate the identity
dF(U)r(U4) = (U (0,)
with respect to £ and let £ = 0.

From (14.39), we deduce that

. 1d . -
YO0 =2 0| (14.40)



Now suppose the kth characteristic field is genuinely nonlinear at U_, and

normalize r,(U_) as for rarefaction waves (see (14.22)). Then, i) =1/2and for &
near zero, we have
M(U4(8) <5(8) < 1(UL), (14.41)

if and only if £ < 0. This inequality is highly significant in terms of the Lax
entropy condition that we arrive at in the next section, where we state the
condition for systems of conservation laws. The consequence is that for weak
shocks (in which |U, — U_| is small) only half of the branch of solutions, the
half with s < A,(U_), corresponds to shocks that are admissible according to the
Lax entropy condition.

14.2.9. Admissibility of Shock Waves and the Riemann Problem

Much of the theory of weak solutions of hyperbolic conservation laws, for both
scalar equations and systems, is centered on understanding solutions of the
Riemann problem. This is the initial value problem

U, + F(U), =0,
U;, ifx <0, (14.42)

U(x,0) =
UR’ If.X > 0,

where U,, U, are given constants (in R"). We will build scale-invariant solutions

U=U($) of the Riemann problem from centered rarefaction waves and shock
waves, separated by regions where U(x, t) is constant. For now, let’s focus on a
single shock wave, joining constants U_ on the left and U, on the right.

Just as for the inviscid Burgers equation, if we allow all shock waves
(satisfying the Rankine-Hugoniot conditions (14.34)), then solutions are not
unique. We correct this lack of uniqueness by imposing an additional condition
on shock waves, just as was done for scalar equations. The most fundamental
such admissibility condition is the Lax entropy condition.
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Figure 14.7. A k-shock with representative characteristics satisfying the Lax
entropy condition.

We say the shock wave from U_ to U, with speed s (see (14.36)) is admissible
according to the Lax entropy condition if the following inequalities hold for some k
=1,..,n

A(Uy) <5 < 4 (UL), (14.43a)
A—1(UL) <5 < A (UL). (14.43b)
Here we define A, = — o and A, ,; = <o, so that these inequalities make sense

for k = land k = n. The Lax entropy inequalities require that the kth
characteristics enter the shock from both sides, while all other characteristics
pass through, either from left to right (the faster characteristics), or from left to
right (the slower characteristics). This behavior is illustrated in Figure 14.7. We
say that a shock satisfying (14.43) is a k-shock. Note that by continuity of the
characteristic speeds, condition (14.43b) is redundant for weak shocks. Moreover,
from (14.41), half of the shock curve of Theorem 14.4 consists of k-shocks, and
the other half violates the Lax entropy condition.

Example 3. (Shock waves for the p-system) The Rankine-Hugoniot conditions
for the p-system (see Section 14.2.1), are
-5 —n. ) — (e —u_)=0,

—s(vy —v_)—(o(uy) —o(u_))=0.
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Figure 14.8. Wave curves W_(u_, v_) for the p-system.

Thus, we have

o —o(u_
vy=v_—s(u—u_), 52 = W) (u ). (14.44)
Lt+ - M_

Note that the latter formula states that s? is the slope of the chord joining the
points (u,, o(u,)) in the graph of 0. Now let’s interpret the Lax entropy
inequalities (14.43). As for rarefaction waves, the sign of ¢” will make a
difference. We first assume 0” > 0. Then for forward shock waves, with s > 0,

and k = 2 in (14.43a):
Jo'luy) <s <, Jo'(u_),

which implies u, < u_ for s > 0. Note that the other condition (14.43b),
Jo'lu_) < s, is automatically satisfied, since s > 0. For s < 0, we similarly

concludeu, > u_.

Now let’s look at the shock curves, which are curves of values of (u,, v,) for
which there is an admissible shock for some speed. We again take the case 0” >
0. For s > 0, eliminating s from (14.44), we obtain a curve S_(u_, v_):

vy =v_+ \/(u_ —u Yo _)—omy)>v., u, <u_.
For s < 0, we get the same formula, but now we have u, > u_. This defines the
shock curve S_(u_, v_) of backward (left-moving) shock waves. The shock curves
meet the rarefaction curves of Figure 14.5 at (u_, v_), forming a wave curve W
(u_, v_) for each characteristic family, defined by

Wiu_,v_)=8S(u_,v_)URi(u_,v_). (14.45)

Finally, we can solve the Riemann problem (14.42) for the p-system using the
wave curves shown in Figure 14.8. The solution of the Riemann problem is



represented in Figure 14.9. In this figure (u,, v,) is fixed, and we show the specific
combination of waves for (u,, v;) in each of the quadrants separated by the wave
curves W, (uy, v,). For example, as shown in the figure, the combination S_R,
indicates a backward shock (with negative speed) from (u,, v;) to a point (u,, v,,)
€ S_(u, v;), and a forward rarefaction from (u,, v,,) to (ug vz) € R.(y,, v,). The
corresponding graphs of u and v are shown in Figure 14.10.

Sy, vp) S,

(tpp Vy)

R_S . R+(“M’> UM)

(ug, vg)

Ri(ug, vp)

>
>

Up

Figure 14.9. Riemann problem solution for the p-system. Four regions
corresponding to different wave combinations are labeled in blue.

UA VA

X

=y

Figure 14.10. Graphs of u, v, the solution of the Riemann problem for (i, v;) in
the region S_R, of Figure 14.9.

14.3. The Dam-Break Problem Using Shallow Water Equations

In this short section we solve an initial value problem for the shallow water
equations. Consider a body of water of constant depth above a horizontal valley
floor and to one side of a dam. We are concerned with what happens when the
dam collapses instantaneously. We idealize the problem in a couple of ways.



First, the body of water has infinite extent, and we assume that the behavior after
the dam breaks depends primarily on a single spatial variable x, along the
horizontal direction perpendicular to the dam. This scenario is shown in Figure
14.11. This is an example of a Riemann problem (14.42), but the system has
coincident characteristic speeds when h = 0, to the right of the dam. When the
dam breaks, water rushes to the right, drawing water from the reservoir. Hence,
even though the water moves only to the right, the disturbance is felt at a point
labeled x = x,;(t) that travels backward into the reservoir (Fig. 14.11c). Of
primary interest in this problem is the location of the leading edge x = x,(t) of
the water flood, where h goes to zero.
1A

u="0 dam

h=0 . h=0

]
xy(7) xo(?)
(b) (c)
Figure 14.11. The dam-break problem. (a) The rarefaction wave; (b) the

reservoir before the dam break (t = 0); (c¢) the water after the dam breaks (t >
0).

=y
=y

In Figure 14.11 we show the rarefaction wave solution in the x-t plane, the
graph of h(x, t) before the dam breaks (at t = 0), and the graph of h(x, t) after
the dam breaks (for t > 0). To analyze the problem fully, we start with the



equations and initial condition:

h, +uh, +hu, =0,

u, +uu, + gh, =0,

{ ho x <0,

h(x,0) = u(x,0)=0.
0 x>0,

It is convenient to introduce the relative speed ¢=./sh (see Section 14.2.2), so
that the characteristics .. = u * ¢ have speed c relative to the fluid velocity u.
As predicted by (14.10), the Riemann invariants w,. = u ¥ 2c¢ diagonalize the

system
(0, + (u £c¢)d,)(u £2c)=0. (14.46)

The curved characteristic shown in Figure 14.11a is associated with the faster
speed A, . The Riemann invariant u + 2c is constant on this characteristic.

The rarefaction wave is associated with the slower speed A._, so that u — 2c is
constant on each characteristic, but w_ = u + 2c is constant throughout the
wave. To the left of the wave, h = h, and u = 0. Thus, the slowest characteristic
isx = x,(t) = —cyt, ¢y=./gh,. Since u + 2c is constant, we have u + 2c¢ = 2c,.
Therefore, at the leading edge of the rarefaction wave, where h = 0 (so that ¢ =
0), we have u + 2c¢ = u = 2¢,. But the leading edge travels with characteristic
speed A._ = u — ¢ = 2¢,. We conclude that the leading edge of the flood waters
is located at x = x,(r) = 2¢cyt = 2,/ghy 1.

14.4. Discussion

The theory of systems of hyperbolic conservation laws is now quite extensive. In
this chapter we have focused on the construction of shocks and rarefactions, and
we have shown how these can be combined to solve Riemann problems. This
suggests an effective approximation to solutions of the Cauchy problem, in which
an initial condition

U(x, 0) = Uy(x), —00 < x < 00,

is posed, with U, an integrable and bounded function. If U, is approximated by a
piecewise-constant function, then wherever there is a jump between constants, a
Riemann problem can be solved to get the exact solution for some short time
interval, until adjacent waves meet. If these waves are shocks, then the
interaction can be resolved by solving another Riemann problem. However, if
one or both waves is a rarefaction, then these can be approximated by a small
jump, or a staircase of small jumps, in which each jump satisfies the Rankine-
Hugoniot condition but not the Lax entropy condition. These jumps travel with



approximately characteristic speed (as in the rarefaction they replace), and on
meeting other jumps, they generate further Riemann problems. Continuing in this
way, an approximate piecewise-constant solution of the Cauchy problem can be
generated. Justifying the continuation and proving that this method—known as
wave front tracking—converges requires detailed estimates of the interaction of
waves and the use of suitable spaces (such as BV, the space of functions of
bounded variation). Details of this approach are given in the book by Bressan [6].

A related method, involving approximations in a lattice of grid points and
using randomness to capture wave speeds approximately, is known as Glimm’s
random choice method. It is outlined in Glimm’s classic 1965 paper [18], in
which he proves the existence of solutions of the Cauchy problem using a series
of profound insights into wave interactions and convergence of approximate
solutions.

In the next chapter, after a discussion of the equations of fluid mechanics, we
examine the structure of the one-dimensional Euler equations. The Euler
equations of inviscid compressible fluid motion form a system of hyperbolic
conservation laws possessing shocks and rarefactions.

PROBLEMS

1. Check whether the shallow water equations are genuinely nonlinear.

2. Prove that system (14.17) is strictly hyperbolic for all & > 1if T (1) = 0, T'(1)
> 0, and T (§) is a convex function: T”(§) = 0 for £ = 1. Discuss the possibilities
if T(1) =0, T(1) > 0, and Tis concave: T”(§) < Ofor§ = 1.

3. Let o(u) = u?, u > 0 in the p-system. Find explicit formulas for the rarefaction
curves. Hence derive formulas « = u(%), v = v(*) for rarefaction waves joining (u_, v
) =(@1,0) to (u,, v,). Graph the functions u, v against x for t = 1.

4. Consider the system of PDE

u, + (u® + avz)x = €U, (AT
v, — Quv), = €v,,.
(a) Show that the system (14.47) with ¢ = 0 is strictly hyperbolic for u = 0, v

= 0 if a = —1, but it fails to be hyperbolic everywhere in uy, v if a = 1.

(b) Assume that ¢ = —1. For ¢ = 0, write the Rankine-Hugoniot jump
conditions for a shock wave solution
(u_,v_), ifx < st,

(u, v)(x,1t) = , (14.48)
(uy,vy), ifx > st



(c) Assume that a = —1. For ¢ = 0, let (u_, v_) = (1, 0). Find all possible
values of (u,, v,) for which (14.48) satisfies the jump conditions for some
speed s. (Hint: The answer should be the union of a line and a hyperbola.)

(d) Assume that @ = —1. For ¢ > 0, show that there is a traveling wave
solution (u, v) = (U, V)((x — st)/¢) of system (14.47) satisfying
(U> V)(—OO) = (+1: O)) (U, V)(_OO) = (_23 0)3

for some value of s (which you need to calculate), but that the corresponding

shock (e — 0%) fails to satisfy the Lax entropy condition because only one

characteristic enters the shock from each side in the x-t plane, and one
characteristic leaves on each side.

5. Write the equation
z, + (f(zD2), =0,
in which z = u + iv is a complex variable, as a system of two conservation laws
for real variables u, v.
(a) Find conditions on the function f : R — R under which the system is
strictly hyperbolic. Calculate the characteristic speeds and the corresponding
right eigenvectors.

(b) Show that one characteristic field is linearly degenerate and the other is
genuinely nonlinear provided f”(r) > 0,r € R.

(c) Observe that the complex form of the equation is rotationally invariant, by
changing variables: { = €%z, where 0 is constant, and writing the PDE for {(x,
t). How does this property relate to parts a, b?

(d) Let f(r) = r% For (u_, v_) = (1, 0), find all values of (u,, v,) € R2? for
which there is a shock satisfying the Lax entropy condition, a contact
discontinuity, or centered rarefaction wave connecting (u_, v_) to (u,, v,).
This pair of equations is known as the Keyfitz-Kranzer system [29].

6. For the elastic string equations (14.17), show the following.
(a) Transverse waves are linearly degenerate.
(b) Longitudinal waves are genuinely nonlinear provided T” = 0.

7. (a) Prove the property (14.10) that for 2 X 2 systems, the Riemann invariants
diagonalize the system (for smooth solutions).

(b) Verify this property for the p-system. (Hint: Begin by deducing from
(14.24) formulas for the Riemann invariants.)



8. Write out the details of the argument that gets you from (14.40) to (14.41)

and thence to the statement about the admissibility of weak shocks following
(14.41).



CHAPTER FIFTEEN

The Equations of Fluid Mechanics

An abundance of interesting and important PDE exists, many of which are
systems of equations, because physical systems often relate different quantities as
dependent variables. Examples of physical systems are given in Serre’s text [39],
including the equations of electromagnetism (Maxwell’s equations), equations of
three-dimensional elasticity, and those of magnetohydrodynamics. In this chapter
we focus on the equations of fluid mechanics, specifically, the Navier-Stokes,
Stokes, and Euler equations. We discuss how these equations are related, the
contexts in which they are used, and some elementary properties.

15.1. The Navier-Stokes and Stokes Equations

The motion of a fluid is described by the evolution of physical quantities, such as
density p, velocity u € R3, pressure p, and temperature 6. We shall assume

constant temperature, even though variable temperature can be very significant,
for example, in understanding patterns that are visible when heating water in a
pot. Assuming constant temperature simplifies the equations quite a bit. The
equations of motion can be derived from conservation laws of mass, momentum,
and energy, coupled to constitutive laws. Details can be found in fluid mechanics
texts, such as the one by Acheson [2].

Let’s start with dimensional independent variables 7 x and dimensional
dependent variables , 5. For an incompressible fluid such as water, the density p
is taken to be constant, although for stratified incompressible fluids, variations in
density can be important. The Navier-Stokes equations of incompressible flow are
a balance between inertial terms and forces:

Ju

'Oar ( ) p+u Pg (15.1)

V.-u=0,

where g = —gi is the acceleration due to gravity expressed as a vector in the
vertical direction. Thus, the term pg is mass per unit volume times acceleration.
In fact, the first equation in (15.1) expresses Newton’s law, force = mass X
acceleration in each small volume of fluid, so that mass is replaced by density
(i.e., mass per unit volume). The second equation, known as the incompressibility
condition, expresses conservation of mass for an incompressible fluid in which
the density does not change. From this equation, the Divergence Theorem implies
that volumes of fluid are preserved by the flow: if a fluid volume expands in one



direction then it contracts in other directions to compensate.

We now introduce a typical length scale L and time scale T, together with
velocity scale U and pressure scale P. These scales allow us to nondimensionalize
the variables and express the equations in nondimensional form. The
nondimensional variables do not have the tildes:

X=xls F[=1T, i=ully p=pP.

Substituting into (15.1), we arrive at

pU du  pU? P nl
—— 4+ —@W@-V)u=——Vp+ —Au + pg,
T ot L ( ) L 4 L2 P
U
—V.u=0.
L

Next, divide the first vector equation by pU?/L and choose scales for T and P :
L 2
T=—, P=pU".
U Y

Then T is a typical time for a fluid particle traveling at the typical velocity U to
travel a typical length L, and the pressure scale P is chosen to simplify the
equation as follows. We define the Reynolds number Re by

UL
Rezp—,

7

and arrive at the nondimensional system

5 1
—u—l-(u-V)u:—Vp—l—R—Au—l-G,
e

at (15.2)

V-u=0,

where G = ;g. The Reynolds number measures the relative importance of inertial
terms, with dimension pU?/L, and viscous forces, with dimension uU/L2.

Since the velocity u has three components, the first equation of (15.2) is
really three scalar equations. They express conservation of linear momentum. The
terms on the left-hand side are the inertial or acceleration terms, and the right-
hand side represents the divergence of the forces, due to pressure, internal
friction (i.e., viscous forces) and the body force due to gravity. The
incompressibility condition V. u = 0 is unchanged by the scaling.

The nondimensional form of the equations is a powerful tool. If an experiment
is done on a fluid, such as water, in a laboratory, the results can apply in a much
larger context, such as a river or an ocean, by calculating the appropriate
Reynolds number from typical length and velocity scales. The results with water



would also apply to a much more viscous fluid, such as honey, again by using the
Reynolds number to relate the two scenarios. Moreover, the Reynolds number
controls the relative importance of the various terms in the equations, so it is
important to understand two limits, Re — 0, and Re — .

In the limit Re — 0, corresponding to very slow flow (U small) or very viscous
flow (u large), is somewhat tricky. If we were to simply multiply by Re and set Re
= 0, we would recover Laplace’s equation. However, this is misleading, as the
flow should be driven by pressure gradients. If we rescale the pressure by the
Reynolds number and define a new appropriate time scale (in effect, we are using
a different nondimensionalization), we recover the Stokes equations in the limit Re
— 0

du =—Vp+ Au,
ot (15.3)
V.ou=0,

which have the virtue of being linear. In this derivation, we have assumed that
the gravitational terms are significantly smaller than the terms retained. In some
contexts, the effect of gravity can be significant, even for slow flow. Stokes
equations are an important tool for studying the motion of small organisms in
viscous fluids, and for very slow flows, such as lava and glacier flows.

15.2. The Euler Equations

At the other extreme, letting Re — oo, we immediately get the incompressible
version of the Euler equations:
J
a—“ +(u-Viu=-Vp+G,
4
V-.-u=0,

in which viscosity is negligible. These equations model the flow of slightly
viscous fluids, such as air, provided that the pressure gradients are not so large as
to make compressibility significant.

The compressible Euler equations take the form

)
L1V (pu=0,
at
)
(aiu) +V-:-(pu®u)=—-Vp, (15.4)
OE

— +V-((E+pu)=0.
o1



In these equations, the density p is variable (as it is in a gas, for example).
The variable E = ipJu|® + pe is the total energy (per unit volume) in terms of the
kinetic energy irlul* and the potential (or stored or internal) energy e. The
variables are generally considered to be p, u, and e, with p = p(p, e) being given
by an equation of state, another term for a constitutive law. Both p and e must be
nonnegative, and the case p = 0 is known as the vacuum state. The tensor
product u ® u gives a matrix with the (i, j) entry being uu,. The corresponding
quadratic term in the Navier-Stokes equations (where p is constant) looks
different, because u is divergence free.

Let’s consider the one-dimensional equations
pr + (pu), =0,
(ou); + (pu* + p), =0, (155)
E,+ ((E+ pu),=0,

in which u is now a scalar velocity (the component of u parallel to the x-axis).
Notice that these equations (and in fact system (15.4)) are in the form of a
system of conservation laws in which the conserved quantities are mass p,
momentum pu, and energy E. There is a natural symmetry in this system
between left and right. Specifically, the equations are unchanged by the
transformations x — —x, u — —u. A similar symmetry holds for the wave
equation, both linear and quasilinear.

If we carry out the differentiations (assuming for the moment that the
variables are smooth functions of x, t), we can write the system in the form of

nonlinear transport equations, with the abbreviation d, = o, + ud, for the
convective derivative:
dip + puy =0,
du+p'p. =0, (15.6)

de+ p_lpux = 0.

As in the previous chapter, hyperbolicity of this system depends on the
eigenvalues of the coefficient matrix, which in this case is

u o, 0

A(p,u,e)= p_lpp u p_lpe

0 o~ lp u
Note that in calculating this coefficient matrix, we use p, = p,0, + p.e,, and the
spatial part ud, of the convective derivative.



To calculate the characteristic speeds, we find eigenvalues of A(p, u, e) from
the characteristic equation:

(h—u)’ = —u)p,+p *pp,) =0.

Thus, A = u, or A = u = (p, + p~?pp)"? provided p, + p~?pp, = 0. The
vacuum state p = 0 is therefore singular since p~2 — oo, and hyperbolicity for p
> 0 requires p, + p~?pp, > O.

If we write the three characteristic speeds as

A_=u-—c, Ay =1U, Ay =u+c,

where ¢ = (p, + p~?pp,)"/?>, we observe that c is the sound speed, meaning the
speed of small disturbances, relative to the fluid speed u. The characteristic speed
A, is the same as the fluid speed and does not propagate small disturbances. Not
surprisingly, the A, characteristic field is linearly degenerate, as we show below.
Since A_ < A, < A,, 1,2,3-characteristics are associated with A_, A, A,
respectively. The corresponding eigenvectors are

= Pe
I = c 5 ryg= 0 ;
+p~p —=Ps

respectively, and we can check genuine nonlinearity by calculating VA - r. For
the A, waves, we have

Vi -ty =, + p 2pd,)(pc).

Thus, genuine nonlinearity of these characteristic fields depends on the equation
of state p = p(p, e). In the isentropic case, p = p(p) is independent of e, and
genuine nonlinearity reduces to the condition p”(p) = 0. The A, characteristic
field is indeed linearly degenerate, since VA, - r, = 0.

The characterization of shock waves and rarefaction waves for system (15.5)
is complicated and is explained carefully and in detail in Serre’s text [39], vol. 1,
Section 4.8. Here we sketch the steps involved in processing the Rankine-
Hugoniot jump conditions for shock waves. We consider a shock with speed s and
left and right limits given by subscripts: v,, p., e,. With the bracket notation [v]
= vy, — v_ for jumps, the Rankine-Hugoniot conditions for (15.5) are

[pv] =s[p], (15.7a)
[pv* + pl=s[pv], (15.7b)
[(4pv” + pe + p)v] = s[5 pv° + pel. (15.7¢)



If weletz = v — s, then [pz] = O from (15.7a), and we can let m = p_.z. be the
common value on each side of the shock. Then we are left with the two
conditions:

mlz]+ [p]=0, (15.8a)
m[%zz—l—e]—l— [pz] = 0. (15.8b)
With some algebra, these conditions can be combined into the equation
mle]l=—3(py + p )z,
so that
mlel=—3m(py + p)lp~"]. (159)
Thus, either m = 0, or [¢]=—L(p, +p )p 'l

If m = 0, and assuming that p. > 0, we have z, = 0, so that v, = s. Then
(15.8a) implies p, = p_, and the Rankine-Hugoniot conditions are satisfied.
These shocks, moving with characteristic speed, that is, the fluid particle speed v,
are contact discontinuities. Across such a wave, density jumps, but velocity and
pressure are continuous.

If m = 0, then we have

le]l+ 3(pL + p o~ '1=0. (15.10)
From (15.9) and z. =mp_', it follows that
m*[p 1+ [p]=0. (15.11)

Thus, if p., e., p. = p(p., e.) satisfy (15.10), then there are two real solutions
of (15.11) provided [p]/[p~'] < 0. If we label these two solutions m, and m,, they
correspond to 1-shocks (m; > 0 associated with 1-characteristics) and 3-shocks
(m, < 0 associated with 3-characteristics). Then the velocities are given by v, =
%z, + s, with the speed s being chosen.

It is then possible (but intricate) to give a parameterization of 1-shocks and 3-
shocks satisfying the Lax entropy condition. The entropy condition is related to
the thermodynamic entropy S = S(p, e), which satisfies the PDE p°S, + pS, = 0.
This entropy has to satisfy m[S]> 0 across the shock, with the result that fluid
particles gain entropy (S increases) as they pass through the shock.

In this chapter we have summarized some basic mathematical properties of the
key equations of fluid mechanics. The mathematical theory of these equations is
vast and is a very lively topic of current research. Moreover, the equations are
used to explain all sorts of phenomena involving fluid flow, from the swimming



of small organisms to the prediction of weather patterns and the aerodynamics of
airplanes. The interested reader will find the books of Chorin and Marsden [7]
and of Serre [39] useful introductions to some more of the mathematical
properties of these equations, whereas the text of Acheson [2] is an intuitive
treatment of the equations, including informal discussions of many applications
and the calculation of physically meaningful solutions.

PROBLEMS

1. Show that if p is constant in the Euler equations, then the equation for
conservation of momentum collapses to the corresponding equation in the
incompressible Euler equations. For smooth solutions of the incompressible Euler
equations, derive an energy equality and relate it to the energy equation for the
compressible case.

2. Letu = (4 v, w), x = (x, y, 2). Write the Navier-Stokes system (15.2) in
components (so that there are four scalar equations, and V is replaced by partial
derivatives with respect to x, y, 2).

3. Consider flow between two parallel horizontal plates held a distance h > 0
apart. Suppose the bottom plate is stationary and the top plate is moving
horizontally at speed U. Use the Navier-Stokes system, neglecting gravity, to find
a simple steady flow (independent of time t) in which fluid particles move
parallel to the plates. Assume the plates are at z = 0, h, there is no dependence
on y, and the top plate is moving to the right, parallel to the x-axis. Begin by
sketching the plates and how you think the flow might look. Then consider which
components of the velocity u = (u, v, w) can be set to zero. You can then solve
the reduced set of equations for the velocity and pressure.



APPENDIX A Multivariable Calculus

When the distinction between scalars (real or complex) and vectors (n-tuples) is
needed, we use boldface for vectors. Thus, x = (x;, ... x,) € R".

We generally use the notation U to denote an open subset of R™ Then 9U is

the boundary of U, and 7 = i/ usu is the closure of U. If U is bounded, then 7 is
closed and bounded, hence it is compact. For example, if f: R® — R is a function,

then f has support defined as supp f={xe®": f(x) # 0); thus, f has compact support
if the function is zero outside a bounded set.

If U has a C! boundary oU, then the unit normal v = V(x) varies continuously
with x € oU. For example, the unit ball U = {x € R": |x| < 1} has as its

boundary the unit sphere U = {x € R": |x| = 1}, and unit outward normal v(x)

= X.

The open ball with center at x and radiusr > 0is B(x,r) = {y € R": |y — x|
< r}. To calculate w,, the surface area of the unit sphere 0B(0, 1) in R", we begin
by integrating e~ "*" over R™

5 o0 R % 8 2
f e T gx = / 2% 3 f f e_n(xl+““2+"'+xn)dx1dx2 N -
R~ —00 —00 J —00
00 5 n
= (f e T dx) =1
—c0

Using the fact that the surface area of 0B(0, r) is r"~'w,, we have

el o0 2 Sl S
1=[ g T lxl dx=/ f e x| derz[ f g T P d s
R7 0o JaB(,r) aB(0,1) Jo

o0 oo
2 p— n — B . :
za)nf e " 1a,hr:(a)n/Zer)f e 't27'dr (in whicht = nr?)
0 0

. n n
= (w, /2 2)I (5) ;

(The gamma function I' is defined below.) Thus «, =27%/r(/2). This expression
leads to the familiar circumference of the unit circle: w, = 2m, and area of the
unit sphere in R% w, = 4.

Let a, denote the volume of the unit ball B(0, 1) in R™. It follows that

1 1 »
a, =f dx =[ / dSdr = f w,r" ldr = 2.
B(0,1) 0 JaB(0,r) 0 n



In particular, a, = 7 is the area of the unit disk, and a, = 4m/3 is the volume of
the unit ball in R3.

The integral averages of a function f over B(x, r) and dB(x, r) are defined by

f roa=——1/ jma,
o,r B(x,r)

B(x,r)

1
][ f(y)dS = H/ f(y)dS.
wyFr 0B(x,r)

0B(x,r)

The chain rule gives formulas for differentiating the composition of two
functions. It takes various useful forms, depending on the number of variables
involved. Consider x € R" and two functions f: R" — R and y : R" — R", so that f

= f(y) and y = y(x). Then we have

9 " af 0y; . dy
—_— — — — V . _—
axif (y(x)) jEZI 3y, x; f(y) o,

Now consider a function with an extra variable t € R : F = F(t, y), and suppose y
= y(t). Then it follows that

d IF  ~— OF 3y, dy
—F({t,y(t) = — + ——=F+VF.—,
dt *y(@) or = dy; 9t Y
Ifg:R—-Rand £ : R* — R with g = g(§) and £ = &(x), then the following
holds:
0 0
—g(t(x)) =g'(¢)—¢).
0x; 0x;
For example, for a traveling wave u(x, t) = f(x — ct) with wave speed c, we have
ou ou
—(, 1) = —a&f (E)> —@x, =€), £=%—¢gr
ot fie

Let F: R" — R be C'. Then (away from points where VF(x) = 0) the equation
F(x) = const defines a manifold M of dimension n — 1, sometimes called a
hypersurface or a level surface of F. For example, if n = 3, then the manifold is a
two-dimensional surface. Let x, € M. If VF(x,) = 0 then the unit normal V(x,) is
given by

_ VF(x)
VOV = G )



Let f: R" — R be C~. The Taylor series of f about x, € R" is given by

o0
Z ay(x — x9)%,
|ar|=0
where «, = l%:f”_}"[x{.}. This expression uses multi-index notation, which is
explained in Section 10.2.
The gamma function is the function r(s)= [~ e 'r*'¢r. Then I'(1) = 1, ridy= /7

, and the recurrence I'(s + 1) = s['(s) implies that for integersn = 0, I'(n + 1)
= n!, which uses 0! = 1, a convention also implicit in the Taylor series.

The Inverse Function Theorem states that if a differentiable function f from R"
to R" has an invertible Jacobian matrix df (x,) at a point x,, then the function

itself is invertible in a neighborhood of that point, and the inverse is as
differentiable as f.

Theorem A.1. (Inverse Function Theorem) Let U — R" be open, and suppose f : U —
R" is C* for some k = 1. Let x, € U, and y, = f(X,). Suppose the Jacobian J = det(df
(x,)) is nonzero. Then there are open sets V. < U and W < R", withx, € V, y, € W,
such that:

1. f: V — W s one-to-one and onto, and
2. the inverse f~!: W — Vis C.
The Implicit Function Theorem relates to solving simultaneous nonlinear
equations
F(x,y) =0,
near a known solution (x,, y,), where F : R* X R™ — R" is differentiable.

Similarly to the Inverse Function Theorem, the function is assumed to be linearly
nondegenerate at this solution in the sense that the Jacobian with respect to x is
nonzero. The conclusion is that the equations can be solved uniquely locally for x
as a function of y for y close to y, with x(y,) = x, and with x(y) as
differentiable as F.

Theorem A.2. (Implicit Function Theorem) Let U — R® X R™ be open, and suppose f
: U — R"is C* for some k = 1. Suppose that
F(xp,¥9)) =0, and J=det(dyF(xp,Yp)) #0.

Then there are open sets V < U and W < R™ with (X,, ¥,) € V, y, € W, and a C*
function %.w - rsuch that:



1. X(yp) = Xy
2. F(x(y),y)=0forally € W; and
3. if(x,y)e Vand F (x,y) = 0, then x=xl(y).

The contraction mapping principle can be used to prove the Inverse Function
Theorem. The principle is stated here in the broader setting of a complete metric
space X with metric d. A mapping T : X — X is a contraction if there exists a
constant L € (0, 1) such that

d(T(x), T(y))<Ld(x,y) forallx,yin X.

The contraction mapping principle, also known as the Banach Fixed-Point
Theorem, states that if (X, d) is a nonempty complete metric space with metric d,
and T : X — X is a contraction mapping, then T has a unique fixed point x* € X.
That is, T (x*) = x*. Furthermore, x* = lim x,, where x, € X is arbitrary,

n — oo

andx,,, = T(x),n = 0.

Green’s Theorem in the plane relates a double integral over a bounded open set
U < R? to a line integral along the curve oU.

Theorem A.3. (Green’s Theorem in the plane) Suppose ¥=(p,Q):U — > IS
continuous and is C' in U, and the boundary curve is piecewise C'. Then

/ F-rds:/] (?—Q—ﬁ)m,
U U \ 0x dy

where T is the unit tangent in the counterclockwise direction, s denotes arc length, and
dA = dxdy in Cartesian coordinates is the area metric in the plane.

Stokes’ Theorem is similar to Green’s Theorem in the plane, but it relates the
line integral over the closed boundary curve 9dS of a two-dimensional surface S —
R3 to the surface integral over S:

[ F-rd‘vzf—[(VxF)-vdS,
a5 S

where F : R® — R3. Here, v is the normal to S consistent with T and the right-
hand rule.

Green’s Theorem in the plane is the two-dimensional version of the Divergence
Theorem for a vector field ¥ e c'(v)n c(U), where U < R™. The theorem relates the

net flux of F through the boundary oU to the total divergence of F over the entire

region U:
/ F-vdS:/V-Fdx.
14 U



Here, v is the unit outward normal.

A more fundamental integration is the component version of the Divergence
Theorem. Let f:U — [ be a function in ¢'(v)nc@). Then foreachj =1, ..., n,
of
—(x)dx = f(x)vj(x) dsS.
U 0x; U

Note that the Divergence Theorem and this result are equivalent. However, the
latter result is a direct consequence of the Fundamental Theorem of Calculus.

The Leibniz integral rule describes how to bring a partial derivative with
respect to one variable into the integral of a multivariable function when the
integral is taken with respect to the other variable:

9 b(x)
— f(x,t)dt
0x Ja)
= f(x, b(x)D'(x) — f(x,a(x))a’(x) + f '—x(x, 1) dt.
a(x)

To reverse the order of integration in a double integral, we use Fubini’s
Theorem.

Theorem A.4. (Fubini’s Theorem) f = f(x, y) be continuous over the rectangle R =
{(,y):a<x<b,c<y<d} Then

b dd dd b
[/Rf(x,y)dA=f f f(x,y)dydx:] f s ) oy

Two elements x and y of a vector space X with an inner product (, -) are
orthogonal if (x, y) = 0. A set S c X is called orthonormal if all x = y in S are
orthogonal and (x, x) = 1.

A function f: R® — R is convex on R" if for all x, y in R* t € (0, 1),
fax+A—=0y) = tfx)+A—1)f(y).

f is strictly convex if the inequality is strict.



APPENDIX B Analysis

The Lebesgue measure | - | : M — [0, =]is a function defined on the family M of
Lebesgue measurable subsets of R", which includes all open subsets. The family M
is a o-algebra, meaning that 0 and R" are in M; complements, countable unions,
and intersections of members of M are also in M. The Lebesgue measure has

properties consistent with being a generalization of the idea of volume. The
measure of any ball is the volume of the ball; the measure of disjoint unions of
countable families of measurable sets is the sum of their measures; measurable
subsets of sets of measure zero also have measure zero. A property is said to hold
almost everywhere, abbreviated as a.e., if the property holds except on a set of
measure zero.

A function f: R® — R is measurable if for every open S c R, the inverse image
f~1(S) € M. Thus, continuous functions are measurable. Nonnegative measurable

functions are integrable, the integral being defined using approximation by
simple functions. More generally, if f is measurable, then f is integrable as long as
the positive f* and negative f~ parts of f can comprise the integral:

fdx:-/ . — T ux
R” n R”
where one of the integrals on the right-hand side is finite.
The essential supremum of a measurable function f is defined by
esssup f =inf{m e R:|{x: f(x) > m}| =0}.

Among many properties of measurable functions, the following two theorems
are especially important for PDE.

Theorem B.1. (Monotone Convergence Theorem) If a sequence (f,};=, of integrable
functions is monotonically increasing:

fif s

then

f lim f, dx = l1m Tz dx
R

n k—00 Rn

Theorem B.2. (Dominated Convergence Theorem) For a sequence |f;};*, of integrable
functions with f, — f a.e., as k — o, and |f,| < g a.e., and for a positive measurable
function g with [,. g dx < oo, the following limit holds:



frdx — fdx ask— occ.
Rl’.', R.’T

Further details on Lebesgue measure and integrable functions can be found in
summary in the Appendix in Evans [12], and in many books on measure and
integration, for example, Ambrosia et al. [3]. A major advantage of using
Lebesgue measure to generalize the notion of integral is that spaces I”, p = 1 of
measurable functions are complete.

Consider a real or complex vector space X over the scalar field R or C

(respectively). A norm || - || : X — [0, <) is a function that is required to have
these properties:

1. ||x|| = 0if and only if x = 0;
2. ||ax|| = |a|||x]||, for all x € X, and scalar a; and
3. [|x + y|| = [|x|| + ||ly|| for all x, y in X (the triangle inequality).

A norm defines a metric p, expressing the distance between elements x, y € X:
PO, y) =[x = yll.

Let X be a vector space with norm || - ||. A sequence (x)}*,c X is a Cauchy
sequence if for every € > 0, thereis N = N, > 0 such that

|[x; — x|l <€ forallj, k> N.
That is, ||x; — x;|| = 0 asj, k — oo.

X is complete if every Cauchy sequence in X converges to a limit in X: ||x, —
x|| = O for some x € X. A Banach space is a complete normed vector space. Thus,
R" and C" are Banach spaces, and so is C([a, b]) with the norm ||f || = max,_,_,

[f()].
An inner product (-, -) : X X X — R is a function satisfying
1. (v, v)=(v,x) forall x, y € X;
2.(x,x) = O0forall x € X;
3. (x, x) = 0if and only if x = 0; and
4. (ax, y) = a(x, y), for all x, y € X, and scalar a.

An inner product defines a norm by ||| = ./(x,r). A Banach space X that has an
inner product defining its norm is a Hilbert space. Thus, a Hilbert space is a
complete inner product space.

Spaces of infinite sequences of numbers are convenient examples of infinite-



dimensional vector spaces. The space /P (“little ell p”), with p = 1, consists of all
sequences x = [x};*, satisfying 3,7, [x/” < oc with norm ||x||, = (X2, """, The

space [P is a Banach space. The space /? is a Hilbert space with inner product
(x,¥) =37, v, the infinite-dimensional version of the Euclidean inner product.

When p = <, £~ is the Banach space of all bounded sequences with norm
|[x][.. = sup; [x.

The space c of convergent sequences x of real or complex numbers with the £~
norm ||x||.. = sup, |x| is a closed subspace of £~ and is thus a Banach space.
The subspace c, consisting of sequences (vJ;~, with lim, _ . x, = 0 is also a
Banach space.

The Weierstrass M-test states that if {f,} is a sequence of real- or complex-
valued functions defined on a set U < R" and there is a sequence of positive
numbers M, such that forallk = 1 and all x € U,

/x| < My and X2 M; < o0,

then the series £*,f;(x) converges uniformly on U.



APPENDIX C Systems of Ordinary Differential Equations

Let F : R" — R" be continuous. We say that a C! curve C = {x = x(t), t € I}
(where I is an interval and x : I — R" is C!) is an integral curve of the vector
field F if
dx(t)
dt

Integral curves are sometimes called trajectories. Since the ODE system is
autonomous, integral curves are translation invariant: for any t, € R, x(t + t,)

= F(x()).

traces the same curve C in R" as t varies.
Consider the nonlinear autonomous system of two ODE:
u’ f(u, v)
( ) — ( ) = F(H, U). (C-l)
v’ g(u, v)

Equilibria are points (u,, v,) € R? satisfying F(u,, v,) = 0. Behavior of the system
(C.1) near an equilibrium (u,, v,) is related to the linearized system

u’ u
( !) = dF(Mo, UD) ( ) ) (C.2)
v v

where
_ % ﬂ _
| ou ov
dF(Mo, Uo) = a—g a—g (Mo, UO)
| du  Jv |

is the Jacobian. Let’s assume the eigenvalues A, A, of dF(u,, v,) are distinct (A, =
A,) and have eigenvectors v,, v,, respectively. The eigenvalues and eigenvectors
may be complex. The general real solution of the linear system (C.2) is

u
( ” ) (f) = Clvlexlt -+ C2V2€l2[,

where C,, C, are arbitrary constants. If the eigenvalues are complex, then these
constants are complex, and it is understood that solutions are the real part of this
formula. The equilibrium is classified as stable if Re A; < 0, j = 1, 2, unstable if Re
A; > 0,j = 1, 2. Stable and unstable spirals correspond to complex conjugate
eigenvalues; the integral curves of F(u, v) spiral into or out of (u, v,). If the
eigenvalues are real and of the same sign, then the equilibrium is a stable or
unstable node. If A, A, are real and have opposite signs, then the equilibrium is a



saddle, and there are integral curves that are tangent to the eigenvectors v,, v, at
(u,, v,). These curves are the stable and unstable manifolds M5, MV of (u,, v,).
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