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Preface to the English Edition

This book is an updated and modified translation of the Russian edition of 1984.
In the present edition, certain sections have been abridged (in particular, Sects. 6.1
and 8.3) and the bibliography has been expanded. There are more detailed discus-
sions of the group properties of integrable systems of equations of mathematical
physics (Sect. 3.4) and of the Riemannian problem in the context of the infinite-
dimensional internal symmetry groups of these systems of equations. There is an
extended discussion of the reasons for the acceleration and retardation of pulsars
in connection with more recent achievements of X-ray astronomy. Part of the
material of Chap. 8 of the Russian edition has been included in Chap. 7; thus the
number of chapters has been reduced to seven.

S. Chandrasekhar set for me an example of brilliant analytical penetration into
the essence of physical problems, and my book touches on his work in many in-
stances. The results of modern quantum theories of strong fields are not presented,
but they can be found in the fundamental monographs Quantum Electrodynamics
of Strong Fields by W. Greiner, B. Miiller, J. Rafelski (Springer-Verlag, Berlin,
Heidelberg, New York 1985) and Quantum Effects in Intense External Fields [in
Russian] by A. Grib, S. Mamaev, W. Mostepanenko (Energoatomizdat, Moscow
1988).

This book was translated by Dr. N. M. Queen; I am very grateful to him.

I thank sincerely H. Latta, C.—D. Bachem, V. Rehman, S. von Kalckreuth for
preparing of the english manuscript.

Moscow, August 1990 Nail R. Sibgatullin



Preface

“The current of life which flows day and night in my veins flows in the
universe and dances a measured dance.”

Rabindranat Tagor

This book is devoted to the investigation of waves and oscillations in the presence
of strong gravitational and electromagnetic fields.

A detailed study is made of the propagation of gravitational and electromag-
netic waves in the pseudo-Riemannian manifolds of the general theory of rela-
tivity. Much attention is given to the classical problems of the theory of black
holes and waves in their vicinity. Rigorous results of the mathematical theory
of black holes as well as of stationary axially symmetric fields are expounded,
and the properties of electromagnetic and gravitational waves propagating in the
gravitational fields of charged and neutral black holes are analyzed in detail.

An account is given of the principles of relativistic hydrodynamics, magne-
tohydrodynamics, and the acoustics of a relativistic gas. Scale-invariant motions
of an ultrarelativistic gas are analyzed in detail in the framework of the spe-
cial and general theories of relativity. An outline is given of the theory of the
equations of state of an ideal gas under strong compression, and also at high
temperatures. The development of nonhomogeneities in models of the Universe
with a cosmological magnetic field is investigated. The reader who is interested
only in problems of relativistic hydrodynamics can confine himself to Chaps. 5
and 6 of the book, where a brief introduction to cosmology is given at the same
time. Chapter 2 represents an introduction to the classical theory of black holes.
Chapters 1 and 4 contain an account of the principles of the wave dynamics
of gravitational and electromagnetic fields in general relativity. Some acoustic
phenomena in strong gravitational fields and manifestations of weak nonlinearity
for oscillations and waves in restricted systems in external electromagnetic and
gravitational fields are considered in Chap.7.

As a guide for the reader, each chapter is prefaced with an elementary intro-
duction to the physical problems.

A knowledge of the elements of tensor analysis is sufficient for reading the
book. From the material, the novice reader can, if he wishes, master the various
mathematical methods of the theory of waves in Newtonian mechanics and in
the special and general theories of relativity, and can gain an idea of the new
results in this field.

The author has made use of material from lectures given by him in the
Faculty of Mechanics and Mathematics at Moscow University. A bibliography



X Preface

is provided to enable the reader to make a detailed study of problems related to
the subjects of the book but treated here with insufficient completeness.

The author is deeply grateful to Academician L. I. Sedov, who suggested
that this book be written, for numerous fruitful discussions of the problems
considered, and to Professors V. I. Arnol’d, A. A. Starobinsky and R. A. Sunyaev
for valuable remarks on the manuscript.

The author expresses sincere gratitude to the editor, V. V. Rozantseva, for
her work on improving the manuscript, and to Drs. G. A. Alekseev and Alberto
Garsia for a number of helpful remarks.

Moscow, December 1983 Nail R. Sibgatullin
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1. Gravitational Waves
in Strong Gravitational Fields

Gravitational fields cannot propagate instantaneously. The problem of detecting
gravitational waves experimentally is an unsolved fundamental problem of mod-
ern experimental physics. The solution of this problem requires corresponding
instrumentation with greater accuracy (the measured effect must exceed the level
of the errors in the measurements), as well as the search for an experimental
arrangement in which the expected effect is most apparent for the existing level
of accuracy of the experimental facilities.

Near the Earth, space-time is asymptotically flat and gravitational waves are
weak. Therefore it is comparatively easy to perform a theoretical analysis of the
properties of gravitational waves on the flat background in any of the existing
theories of the gravitational field. In particular, in the general theory of relativity
it reduces to the determination of solutions of the classical wave equation.

The pseudo-Riemannian manifolds near objects with strong gravitational
fields (neutron stars, pulsars, quasars, and black holes) are essentially curved.
Waves propagate very differently in pseudo-Riemannian and flat manifolds. This
can be seen if only from the fact that weak waves in curved spaces do not in
general satisfy Huygens’s principle in the narrow sense, i.e., there is no backward
front for perturbations with compact support [1.1-3].

In this chapter we study some general properties of wave fields on the back-
ground of pseudo-Riemannian manifolds in general relativity, the conditions on
surfaces of discontinuity in generalized theories of the gravitational field, and
the interference of plane waves in general relativity. At the beginning of the
chapter, we explain the Newman-Penrose formalism, which is a very convenient
theoretical tool for investigating problems having degenerate algebraic properties.

1.1 Formalism of Complex Null Tetrads and Petrov
Classification of Algebraic Types of the Weyl Tensor

A set of space-time points M, in which physical processes take place possesses
in itself certain properties in general relativity. We shall assume that this set is a
smooth four-dimensional manifold. By the definition of a manifold, each point
of M, is contained in some open neighborhood @, which can be mapped in a
one-to-one manner onto some open simply connected domain ¢ in the Euclidean
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space R*. The mapping of ¢ together with the neighborhood Q is called a chart
or a local coordinate system. If two neighborhoods @ and @' have a nonempty
intersection Q N @', then the maps (p, @) and (¢, Q') must be compatible, i.e.,
the transition from the coordinates ©(Q N Q') to the coordinates ¢'(Q N Q') and
vice versa has at least the smoothness class C2. The manifold My is assumed
to be Hausdorff, i.e., for any two distinct points in it, it is possible to find
nonintersecting neighborhoods containing them. The set of neighborhoods {Q}
forms an open covering of Mjy: My = UQ. The totality of charts forms the atlas
of the manifold Mjy.
With each point = of the manifold M, we can associate a linear space T'M,

tangent to the manifold at the pomt z. As a basis in TM, we can take four

vcctors 8 i, 1=1,2,3,4; the vector 8 is a tangent vector to the coordinate line

o € ;=0/0z".

The geometry of a pseudo-Riemannian manifold is completely characterized
by specifying on the manifold M, a symmetric second-rank tensor g;,, which at
each point can be reduced to the form g,; = 7;;, oo = —1 (@ =1,2,3), nas =
1, ni; = 0 (i#j) by means of affine transformations. Thus, locally a pseudo-
Riemannian space has the structure of Minkowski space. The quadratic form
gijdz*dz’ determines the interval ds? between two neighboring points with co-
ordinates z!,z?, 2%, 2% and 2! + dz!, 2%+ da?, 23 +da’, z* + dz*. The interval
on time-like curves is characterized by the proper time: ds? = ¢?dr2, where c is
the speed of light. On space-like curves, ds? = —dI2, where dl is the distance be-
tween two neighboring points on the curve. The interval is equal to zero between
two neighboring points on isotropic curves (light rays).

The space-time manifold is assumed to be orientable, i.e., the Jacobian of the
coordinate transformation for compatibility of all charts can always be chosen to
be positive.

In order to formulate differential equations which do not depend on the choice
of the coordinate systefn on each neighborhood of the manifold My, it is neces-
sary to specify on it a connection, i.c., a set of functions F]‘k G,j,k=1,2,3,4),
called the Christoffel symbols, which under a coordinate transformation y* =
fi(z*) change according to the law

9y? ()61: Oz* + Pt
il aqay AyI Oy"

The connection in Riemannian spaces is consistent with the metric, i.e., the
covariant derivatives of the metric tensor are identically equal to zero, V; g;x = 0,
and it is symmetric with respect to the lower indices. Hence the Christoffel
symbols can be expressed uniquely in terms of the metric as

I = 35

ozt

2T} = "™ Gjm, k + Gkm, j — ik, m) -

Here and in what follows, a comma indicates a derivative with respect to the
coordinates whose index appears after the comma.
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The degree of curvature of a Riemannian manifold is characterized by the
Riemann-Christoffel curvature tensor

2Rikim = (Gim, ki + gkt,im — Gil, km — Gkm, i)
+2g"P (Flzrfm_rl?mrg,; . (111)

The Ricci tensor is formed from the Riemann tensor by means of a contraction
with respect to the first and third indices: R;; = R;,;. In order to characterize the
intrinsic properties of the gravitational field which do not depend on the choice
of the scale factor a?(z) in the class of metrics conformal to a given metric,
g ;= az(x)g,-j, we introduce the concept of the Weyl conformal-curvature tensor
Wikim:

Rikim = Wikim + 3(guRikm + gkm Rit = gim Rkt — gkt Rim)
R
- E(gilgkm — gimgkl) . (1.1.1)

The Weyl tensors for a given metric g;, and for the metric ¢;; = a?g;j, where a
is an arbitrary function of z*, are equal when one of the indices is contravariant
and the remaining ones are covariant: WJ’;C, = ]?k,. By definition, the Weyl
tensor satisfies the identity W7, = 0.

In addition to the fields of the basis vectors £; on the neighborhood @, for
various reasons it is convenient to introduce the fields of the orthonormalized
vectors h, (a =1,2,3,4) satisfying, by definition, the relations

gi]hf;hi = Nab

where 7, are the components of the metric tensor in Minkowski space and
h: (i = 1,2,3,4) are the components of the vector h, in the local system of
coordinates z*. Because of the orientability of the manifold, we can impose on
hi the requirement of positivity of the determinant det(h}), where hy is a time-
like vector directed to the future. For the matrices (hi), we introduce the inverse
matrices (£{). The coefficients of the metric g;; can be represented in the form

9ii = EEMab .

In particular cases, the coefficients i} can be holonomic, which means that
they can be represented in the form of partial derivatives of the functions z*(y®),
ie., hi = Oz'/dy°. In these cases, the metric tensor can be reduced to the
principal axes directly for all points of the neighborhood @ by means of a single
coordinate transformation. This means that the neighborhood @) is, in fact, a flat
(more precisely, a pseudo-Euclidean) piece of the manifold Mj.

By definition, the tetrad components of an arbitrary tensor Tj_';; are the ex-
pressions T2 = Ti-€8 ... ki ...

In many cases, it is very convenient to introduce complex null tetrads, which
have been widely applied since the work of Newman and Penrose [1.4] and Sachs
[1.5]). In contrast to the original work of Newman and Penrose [1.4], who used
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the spinor representation (see also the reviews of [1.6,7]), in what follows we
shall confine ourselves to a purely vector treatment.

We introduce, instead of the fields of the four vectors h,, the fields of the
following four vectors, two of which are complex:

\/in=h1+h4, \/il=h4—h1,

(1.1.2)
\/im = hy +ihs, \/im* =hy —ihs

The world lines of particles moving with the speed of light are integral curves
of the vectors I and n. The length of each of the vectors I, n, m, m* is equal
to zero. Therefore these vectors are isotropic, and the tetrads introduced by the
method indicated above are said to be null. It follows from the definition (1.1.2)
that the vectors I, n, m, m* satisfy the normalization conditions

l-l=m-m=n-n=m*-m*"=l-m=n-m=0,
(1.1.3)

Il -n=-m-m*=1 |

where, by definition, the scalar product a - b is equal to the number g*’a;b; in
the local system of coordinates z*.

It follows from the relations (1.1.2) that the metric tensor in the system of
coordinates z* can be expressed in terms of the components of the vectors I, n,
m, m* in this same system:

gij = linj +ljn; — mym; — mim;
From the complex null basis, it is very convenient to construct second-rank
antisymmetric tensors (bivectors Fj;). We introduce the tensor F;} dual to the

tensor F;; according to the rule!
Kl
2F) =€ijuF™

where €11 = \/—geijr, and the component e;jx; is equal to +1 or —1 if
@, 7, k, 1) is formed from (1,2,3,4) by means of an even or an odd number of
transpositions of the indices, respectively, and is equal to zero if two or more of
the numbers 1, 7, k, [ are equal. The contravariant components of the pseudotensor
E'IJH are —e,-jkz/\/—_g.

Let us form the bivector (Fj; — iF;}) /2 and expand it in terms of the vectors
of the null basis I, n, m, m*. It follows from the definition of a null tetrad that
the determinant formed from the contravariant components of the vectors I, n,
m, m* in the local coordinate system is equal to i/,/—g. Therefore we have the
relations

*

79 ie;]klmkm*' = —ljn,- + l,-nj . (1.14)

isijkllknl = —Tnjn’),:r +m,m

1 The duality relations have been analyzed, for example, in {1.8].
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We denote by M;; the bivector (Ijn; — linj + m;mj — m;m7). Then it follows
from (1.1.4) that

2M;; = —ieijuM* . (1.15)
Similarly, we can establish the relations

ieijulfm! = ~(im; — jmy), iegjun*m* = —(nym} —nym?) . (1.1.6)

Definitions. A bivector A;; is said to be simple if it can be represented in the
form a;b; — a;b;, where a and b are vectors.
A bivector G;; is said to be self-dual if it satisfies the relation

: kl
21G,'j = 6,']'HG .

The simple bivectors V;; = I;m; — I;m; and U;; = njm} — n;mj, like M;;,
are self-dual, since they satisfy the equations (1.1.6) analogous to (1.1.5).

As is readily verified, the complex bivector (F;; —iF}})/2 is a self-dual
bivector and must therefore be expanded in terms of self-dual basis bivectors.
Besides the basis bivectors V, M, and U, a complete basis in terms of which
an arbitrary bivector is expanded includes also their complex-conjugate bivectors
V*, M*, and U*. However, these bivectors are not self-dual, since they satisfy
the equations

2V =iV, 2MY =ieiiuM, 22U =ie iU .

Therefore the self-dual bivector 2F;']- = F;j; — ie;,-uF"’ /2 has the following
expansion with respect to simple bivectors

Ff; = ®oUij + &1 Mij + &,V; a.17)

where the complex numbers $g, $1, J, are the tetrad components of the bivector
F* in the three-dimensional complex space with the basis bivectors V, M, U.
The components &g, ¢, P, of the complex bivector F,’; can also be obtained
directly from the components F;; of a real bivector (for example, the bivector
of the electromagnetic field) as follows

$o = Fyl'm*, & = 1Fy(l'n® — m'm*Y), &, = —Fyn'm** .

Each transformation of the six-parameter group of proper Lorentz transfor-
mations, which is the group of orthogonal rotations of Minkowski space, can
be written explicitly as a transition at a point from the null tetrad I, n, m, m*
to the tetrad I', n’, m’, m*' by means of the direct product of the following
transformations:

I) A rotation in the plane of the space-like vectors hy and hj3 through an angle
X:
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U'=1l, n'=n, m' =mexp(y) .
II) A Lorentz rotation in the plane of the vectors h; and h4 (a transition to
a coordinate system moving with respect to the original one): I' = Al,
n' =n/A, m' =m, where A is an arbitrary real number.
IIT) A rotation of the vector n with { fixed:

I'=1l, n'=ad*l+n+am+a*m*, m'=a*l+m ,

where @ is an arbitrary complex number.
IV) A rotation of the vector | with n fixed:

U!=bt*n+l+b*m+bm*, n'=n, m'=bn+m ,

where b is an arbitrary complex number.

We emphasize that the transformed basis I', n/, m/, m*' also satisfies the
normalization conditions (1.1.3).

Under these transformations, the bivectors U, M, and V of the complex
basis and the components &y, &1, P, transform as follows:

D U'=e™XU, M'=M, V'=eXV,
Q(’) = ix@o, @; = @1, D) = e_i’@z;

M) U’=%U, M'=M, V'=AV,

Th= ATy, =8, &=y
o) U'=d’V-aM+U, M'=M -2aV, V'=V;
Bh=Fy, & =& +ady, &)=ad’dy+2ad +Py;
IV) U'=U, M'=M-2U, V'=bU-bM+V;
By = o +2bP) + 128y, B =& +bdy, D=8, .

The transformations (I), (II), (III), and (IV) constitute Abelian subgroups of
the group of Lorentz transformations. Thus, we can say that the formalism of
null tetrads provides a representation of the Lorentz group in a three-dimensional
complex space [1.9].

Suppose that the quadratic equation a?&p + 2ad; + &, = 0 is nondegenerate,
i.e., for @9 # 0 it has distinct roots. In the case $y = 0 we shall assume that it is
nondegenerate if @1 # 0. Applying the transformation (III) with a equal to one
of the roots of this equation, in the new coordinate system we obtain @) = 0 and
@1 #0, in view of the assumption of nondegeneracy. If &, # 0, we can, after this,
apply the transformation (IV) in order to reduce the component J to zero. The
corresponding value of b satisfies a linear equation and is therefore determined
uniquely.
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Thus, in the general case the bivector F;; at a fixed point with a perfectly
definite null tretrad has the form

F,'J' = Q]M.’j +¢fM::’- .

The vacuum electromagnetic field at each point is completely described by the
antisymmetric second-rank tensor F;;. As is well known, the energy-momentum
tensor of the vacuum electromagnetic field has the form

4rT; = — [FiuFf — 39i;Fim F'™] . (1.1.8)
Using the expressions (1.1.7), it can be represented in the form

4rT,; = oPynin, + D1 &1 (nl, + njli + mim; + mim;)
+ &85 1;1; — 2(min; + nim})Pod}

+ 2¢0¢;m:‘m; - 2(l,m]' + mdﬁ@z@f +C.C. ,

where c.c. denotes the complex conjugate of the preceding expression.

In the canonical basis, only the second term in the expansion (1.1.7) of
F,-*j is nonzero. If the quadratic equation written above is degenerate, i.e., has
multiple roots, then the application of the transformation (IIT) with the parameter
a equal to the root of this equation simultaneously reduces both &, and &, to
zero. The last remaining component @, can be made equal to unity by applying
the transformations (I) and (II). Therefore the energy-momentum tensor of the
electromagnetic field in the degenerate case can be represented in the form

47rT,-j =nn; .

The degenerate case is realized in plane electromagnetic waves when both in-
variants of the electromagnetic field reduce to zero.

It follows from (1.1.7) that in the general case the invariants of the electro-
magnetic field can be expressed in terms of the components &, ¢1, and &, as
follows:

H? — E* = 1 F,,F'™ = 4Re{&¢&; — &2},
2E - H = 1 F;jFi,ne'™ = 41m{$0&, — 33},
H? — E*+2E - H = 4,5, — &°) .

Let us consider now the algebra of a fourth-rank tensor R;;x; which is anti-
symmetric in the first and second indices, and also in the third and fourth indices,
and symmetric with respect to transpositions of the first and second pairs of in-
dices. Contracting the components of R;;x; with respect to the first and third
indices, we obtain a symmetric second-rank tensor R;;. Contraction of the com-
ponents of the tensor R;; gives a scalar R. An example of the tensor R;jx is
the Riemann curvature tensor. The algebraic properties of the tensor R;jx: also
apply to the tensors
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Pijkl = Rixgy + Rjigix — Rugjr — Rjkgit,  qijkt = (girgji — gugix)R

whose components are linear in R;; and R.

The tensor W;jxi = Rijki+apijri+bgijxi also possesses antisymmetry within
the first and second pairs of indices and symmetry with respect to transposition
of these pairs. It is easy to choose the coefficients a and b in such a way that
the tensor Wi gives zero after contraction with respect to the first and third
indices. The corresponding values of a and b are —1/2 and 1/6. An example of
the tensor W is the Weyl tensor introduced above.

In the same way that this was done for the electromagnetic field tensor, we
form the complex combination

i
§€5JstW,:lt . (119)

If the first pair of indices ¢ and j is fixed, the tensor W}, is a self-dual bivector,
and it can therefore be represented in the form

ZWJH = ikl —

W:jkl = a,-jUH + aklU,-_,- + b,'JMkI + bHM,‘J' + C,'J'VH + CHV,'J . (1110)

The bivectors a;;, b;j, and ¢;; can be expanded with respect to a complete basis

of bivectors U,,, M;;, Vi, U,*J, ,J, V* In (1.1.10) we now use the condition

W§, .. = 0. Itis easy to verify that only ﬁve linearly independent terms in (1.1.10)
give zero after contraction, namely,

ViyVi, UijUn,  MiiMig +UsjVig + Vi, Uk,

UijMpi + UMy, Vij Mg+ ViaM;; .
All the remaining terms of (1.1.10) give linearly independent symmetric second-
rank tensors after contraction, and therefore their coefficients must vanish.

Thus, in the general case, an arbitrary self-dual tensor having the algebraic
properties of the Weyl conformal curvature tensor can be reduced to the form

Wikt = $oUijUsi + h1(Uyj M + U M, 5)

+ o(M;; My + Vi, Uy + ViaUs)
+ P3(Vij My + Via M) + 0aVij Vi . (1.1.11)
The factor —1 is introduced here in order to conform to the notation of New-
man and Penrose [1.4]. 1t is readily seen from this that the Newman-Penrose

scalars o, 1, Y2, 13, ¥4 of the tensor Wj;r; can be calculated directly from
the components of the real tensor Wy

Yo = —WikimI'mFl'm™, ¢y = ~Wigim'n*l'm™,
P2 = ~WikimlimEm*n™, o3 = —Wikzmnilknlm*'", (1.1.119)
11)4 = —Wikimn'm knlm

The complex tensors W k1 TEpresent symmetric second-rank matrices W4p in
a three-dimensional complex space:
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- Wf}U = o, _WX'IU =1, —Wum=-Wyy =1,
-Wym=v¢3, -Wyy=1y .

Under the transformations (I), the components of tensors with the algebraic prop-
erties of the Weyl tensor in a complex null basis transform as follows:

b =Xy, o] =eXepy, b =g,k =e Xy, hp =eIXqy ;
(1.1.13)

(1.1.12)

under the transformations (I),

1 1
o= A%o, Yj=Ap, Yi=th, 3= e Py = % s (L1149
under the transformations (III),

1/){) = I/J(), ¢i = 1/)1 + ad)oa
vy =3+ 2ath + aip,

W4 = o3 + 3azhy + 3a’yy + a>eo, (1.L13)
V4 = q +4arps +6ayy + 4a3yy +atyo
under the transformations (IV),
%0 = tho + 4bihy +6b71hy + 4B s + bleby,
Wl = by + by + 3203 + By, (1.1.16)

P} = by + 2bips + bPefy,
Y3 =3 +bhy, Yy=va .

It is worthwhile to note that for the transformations (III) the expressions 13,
¥, Y1, Y are obtained by successive differentiation of the expression for i}
with respect to a and multiplication by a numerical factor. Similarly, for the
transformations (IV) the expressions for i, v, 13, ¥ are obtained from )
by successive differentiation with respect to b and multiplication by a numerical
factor; for example, 1] = 0.258)/9b, 1} = 127182} /0P, etc.

Petrov Type I [1.10]. In general, the equation ¥} = 0 [see (1.1.15)] has four
distinct roots a1, a2, a3, as. By applying the transformation (III) with one of these
roots a;, we reduce the component i, to zero, with i3 # 0. Next, we turn to the
equation 1§ = 0. This equation will have three distinct roots b = (a; — a;_1)"!,
by = (ai — ais1)~), b3 = (a; — ais2)™". By applying the transformation (IV) with
one of these roots b, we can make the component 1 vanish, if it was not already
equal to zero, with 3 #0.

By means of the transformations (I) and (II), we can ensure that i1 = 1.

As a result, we find that a tensor W g of Petrov type I can be transformed
to the form
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0 1
—W;;B = ( 1 ¢3) . (1.1.17)
Y2 3 0

Thus, a Weyl tensor of Petrov type I has four independent real invariants.

Petrov Type IL If the equation ¢; = 0 has one pair of multiple roots, then by
applying the transformation (III) with the multiple root a we make the compo-
nents 4 and 3 vanish simultaneously. Next, we require that ¢; vanish after
the transformation (IV). Two different values of b are then determined, and it
becomes possible to reduce the component v to zero by means of two different
transformations (IV). The component ; can be made equal to unity by means
of the transformations (I) and (II). Thus, a Weyl tensor of Petrov type II in a
canonical basis has the form

0 1 0 0
W = ( 1 42 0 ) or ( 0 ¥ 1 ) . (1.1.18)
Y2 0 O Y2 10

Clearly, a Weyl tensor of type II is characterized by one complex or two real
invariants.

Petrov Type D. Suppose now that the equation «; = 0 has pairs of equal roots. By
applying the transformation (III) with one of the roots, we make the components
14 and 13 vanish simultaneously. After this, the quadratic equation j = 0 will
have a multiple nonzero root b. By applying the transformation (IV) with this
root b, we make the components g and i, vanish simultaneously. Therefore in
a canonical basis a Weyl tensor of type D will have the form

0 0 42
~Wip = ( 0 ¢ O )
Y2 0 0
and will possess two real invariants.

Petrov Type III. Suppose that the equation ; = 0 has a root a of multiplicity
three. Then the transformation (III) with this root ¢ makes it possible to reduce
12, 3, and 4 to zero. After this, a unique transformation (IV) will make it
possible to reduce the component 3y to zero. The component /1 can be made
equal to unity by means of the transformations (I) and (II). In a canonical basis,
a Weyl tensor of Petrov type III has the form

0 0O 010
-Wip= (0 0 1) or (1 0 0)
010 000

Petrov Type N. In this case, the equation ¢, = 0 has a root of multiplicity four.
Therefore, after the transformation (IIT) with the parameter a equal to this root
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there remains only the single nonzero component 1, which can be made equal
to unity by means of the transformations (I) and (II). A Weyl tensor of type N
in a canonical basis has the form

0 00O 1 00
-Wip = (0 0 0) or (0 0 0)
0 01 000

Algebraic Invariants of the Weyl Tensor. The invariants I} and I; of the Weyl
tensor given by

ikl ikpqyy!
I = WigimW™™, 2L = eipumW"PIW, T,

which are quadratic in the components, are related to the Newman-Penrose scalars
o,. .., P4 as follows:

L +iD = 2(W5,, WHH™) = 16(39h2 + 1poths — dibraPs) . (1.1.19)

Since in a canonical basis the Weyl tensor in the general case is characterized
by four real scalars (Petrov type I), it is also useful to calculate the invariants I3
and I of the Weyl tensor, cubic in the components, given by

L= WiklmWImMW;:, 20 = 5pqstWiklmWI'"qu""k,
I +ily = 96(thothatpa + 291 atbs — 93 — o)l — ita) .

We note that if the quadratic invariants I; and I; of the Weyl tensor are equal to
zero, then the fourth-rank tensor W, ,W/3* possesses the algebraic properties

of the Weyl tensor. For Petrov types N and Ill, the invariants I;, I, I3, and I3
of the Weyl tensor vanish, but the Weyl tensor itself is nonzero.

(1.1.20)

Maxwell’s Equations and Rotation Coefficients of the Null Tetrad. The eight
Maxwell equations —V; F*/ = 4rji/c and V; Fiyy = 0 (or V; F*J = 0) can be
written as the four complex equations

-k

—V; F* = 2”—0] : (1.1.21)

If in these equations we substitute the expansion (1.1.7) of the bivector F™*'
with respect to simple bivectors and consider the projections of the equations
onto the basis vectors I, n, m, m* of the null tetrad, we obtain a form of
Maxwell’s equations using the formalism of null tetrads.

Before writing down the results, we note that in the general case a basis of
isotropic vectors I, n, m, m* rotates continuously in a local chart in going from
point to point.

Following Newman and Penrose, we introduce a notation for the operators
of covariant differentiation along the directions of the basis vectors,
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§=m'Vi, §=m*V;, A=n'V;, D=1V, , (1.1.22)

and for the rotation coefficients of the null tetrad,

o=m'6*l;, o=m'l;, T=m'Al,, k=m'Dl |, (1.1.23)
/\= —m*ié*ni, — _m*ié‘n‘_’

. . (1.1.24)
v=—m*An, 7=-m*Dn; ,

200 = n'8*l; — m*6*m;, 2B =n'6l; — m*6m; ,
. . . . (1.1.25)
2y=n'Al; —m**Am;, 2ec=n'Dl;—m*Dm; .

The complex conjugates of these scalars are obtained by replacing the oper-
ator § by 6* and the vector mn by m*, and vice versa.

The derivatives of the basis bivectors U, M, V along the directions of the
vectors of the null tetrad I, n, m, m* are self-dual bivectors and can therefore
be expanded with respect to these bivectors. The coefficients of these expansions
are, in fact, the quantities o, o, 7, etc., determined by (1.1.23-25):

*U = -2aU — \M, *M[2=0U — \V,
U = =28U — uM, M [2=0U — uV,
AU = -24U —vM, AM [2=7U - vV,
DU =-2¢U — M, DM /2=kU — 7V,
8"V =2aV — oM, AV =27V +1M,
§V =28V —oM, DV =2:V +kM,

(1.1.26)

It follows from (1.1.26) that the coefficients (1.1.23-25) are the “connection
coefficients” in the three-dimensional complex vector space of U, M, and V.

We now calculate the divergence of the bivectors U, M, V and write the
result in terms of the projections onto the basis vectors of the null tetrad:

m;v‘ U'J = _A7 mJVl U” = —27 +u, n]V: U‘] = -V,

m;V, M* =2, m,V; M¥ =2r, n;V; MY =2y,

J N 7 3 ! 3 (1.1.27)
m;ViV¥V =p—2¢, m;V;V¥ = -0, njV, V¥ =7r-28,

LV;UY =7 —2a, 1,V; M" =29, LV, Vi=—k .

By means of these equations and the notation (1.1.22-25), we can now write
down Maxwell’s equations in the formalism of null tetrads:

— APy + (8* +271)®; +(—D + p — 26), = 27j;m*/c (1.1.28)
(A+p 2780 — (6 —27)1 — 0By = 21j;m’/c (1.1.29)
—vBo+(A+2u)@) — (6 — 7 +20)® = 2wjin'fc (1.1.30)

(6* + 7 —20)Pp — (D —20)®; — k®y =27j;l'/c . (1.1.31)
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Bianchi Identities in the Formalism of Null Tetrads. In contrast to the case of
flat spaces, in Riemannian spaces repeated covariant derivatives of the compo-
nents of vectors and tensors cannot be permuted. For example, for the covariant
derivatives of the components of an arbitrary vector u we have the identities

ViV, —V; Viu = —Riiju_, , (1.1.32)
ViV; =V Vi)Viug = —R;,-jv,u, - Rf,-jvk us , (1.1.33)

where the tensor R;j; is defined by (1.1.1).

Differentiating (1.1.32) covariantly with respect to z' and antisymmetrizing
with respect to i, j, I, we eliminate the third derivatives of u; from (1.1.32,33)
by means of an antisymmetrization of (1.1.33) with respect to 7, j, I. Then, in
view of the arbitrariness of the vector u, by using the algebraic properties of the
Riemann tensor we obtain the Bianchi identities

Vi Rjiks + Vi Riixs + Vi Rijks =0 . (1.1.34)
From (1.1.34) there follow the identities

ViR, =ViRji— ViR , (1.1.35)
ViR =0 , (1.1.36)

where 2R}, = €ikst RiL,.
Multiplying (1.1.36) by —i (where i is the imaginary unit), combining this
equation with (1.1.35), and using (1.1.1',9), we have
2V, Wi = =0, Vi R} — 0} Vi R+ 10} Vi R
+Vikr;, — ViR (1.1.37)
2055k = Gikgjt — Girdyk — i€ijr1
In terms of the tetrad components, the Ricci tensor can be represented in

a form analogous to the form of the energy-momentum tensor (1.1.8) of the
electromagnetic field?:

Rix — gixR/4 = 2[Poonin; + Paalil; +2P11(nulj) +m (,-m;f))
+mim;j®Py + m:‘m;ﬁoz — Zma-mj)@n
bl 2m(,~n]~)¢10 - 21(,-mj)¢21 —21 (i m;)4512] . (1139)

In view of the equalities (1.1.26,27), it is not difficult to take the divergence
of the Weyl tensor in the form (1.1.11), but the calculation of the right-hand

2 The convenience of the notation & 4 for the tetrad components of the tensor R;; — gi; R/4is
clear if only from the fact that Einstein’s equations R;j = xT;; for the gravitational field created
by an electromagnetic field (see Sect.1.2) in the formalism of null tetrads can be written in the
elegant form

®ap = kbaPL/@4r), A,B=0,1,2 . (1.1.38)
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side of (1.1.37) presents major difficulties. By rewriting (1.1.37) in terms of the
projections onto the basis vectors I, n, m, m* and dividing both sides by —2,
we obtain the form of the Bianchi identities in the formalism of null tetrads.
This form is given in the following equations, where before each identity we
indicate the method of obtaining it by means of a convolution of both sides
of (1.1.37) with the vector components in the square brackets [we recall that
the tetrad components of the Weyl tensor o, 11, 12, ¥3, 14 are determined by
(1.1.11), and the tetrad components of the Ricci tensor by (1.1.39)]:
[F*m']; (6% + 7 — daypo — (D — 4o — 2e)ph1 — 3k,
= (6 —2a* — Zﬂ + ﬂ*)dsoo — (D - 29* —2e)Po
— k‘*¢02 +20P19 — 2kP1y s (1.1.40)
[m71*m']; (A+p — 4y)ho — (6 — 41 = 2B)) — 309,
= —XN&go + (6 +27* —28)Pn
—(D — o* +2e* - 2e)Pp + 20911 — 2kD12 (1.1.41)
[F(l*n! — m*m*h]; — Mo +(8* + 21 — 2a)p1 — (D — 3)p — 2keh3
= (A +p" — 2 — 2y — 29")Pgo — (§* — 27* — 2a — 27)dy
— 0" P +2(6+ 7% — 2™ + 7)P10 — 2(D — 20* + 0)P11
— 2k*&12 + 208y — 2kPn] — DR (1.1.42)
[0 1¥m]; —vipo + (A +2p — 2901 — (8 — 37)epy — 2043
= 3[—v* oo + (A +2p* — 2y — 2u)Poy
—(6* —7+2B* —2a - 27)Pp,
—2X*P1p+2(6 + 2% + )Py — 2(D — p* +2e* + 0)P1,
+20%y — 2kPp] + }6R (1.1.43)
[Fm**n']; =221 +(6* +3m)py — (D — 20+ 2e)h3 — kapa
= H-2u@p + 2)Bo1 +2(A + p* — 29" — wd1o
- 2(6* - 27* — 7r)¢11 - U*¢12 + (6 +7* —2a* +27 + Zﬂ)ézo
— (D — 20" +20+2)Py — k*P] — }6*R (1.1.44)
[n?(*n' — mFm*Y); —2u¢1 + (A +3p) — (6 — 27 +2B8)p3 — os
= H—2u@p +2)8z — 207 P1o + 2(A +2u* — )1y
—2(8* — T +28 — W)P1p — NPy + (6 + 21" + 26+ 27)Py
— (D — 0" +2c* +2e +20)0] + L AR (1.1.45)
[m*m**n'l; —3Mpy + (8" +2a +4n)s — (D — o+ 4e)y
= =210+ 2811 + (A - 27* + 27 + ,u*)on
- ((5* +2a — 27'*)4521 - U*dszz y (1.1.46)
[m**n'l; =3y +(A+2y+4p)ps — (6 — T +48)es
= 2vP + 2/\4512 - V*on + (A + 27 + 2/1*)4521
— (6 —T*+25* +20)Py; . (1.1.47)



1.1 Formalism of Complex Tetrads 15

Connection of the Tetrad Components of the Weyl and Ricci Tensors with
the Rotation Coefficients of the Null Tetrad. In order to express the tetrad
components of the Weyl tensor and the Ricci tensor in terms of the rotation
coefficients of the null tetrad, we can make use of the identity (1.1.32), writing
it in terms of the projections onto the vectors of the null basis I, n, m, m*.
It is sufficient to replace the vector u in (1.1.32) by one of the vectors of the
null basis and make use of the relation (1.1.1') between the components of the
Riemann tensor and the Weyl tensor.

Since all the calculations follow the same pattern, we give the derivation of
only the single component i, indicating for the remaining tetrad components of
Wirim and R;; the choice of the vector u and the method of projection.

It follows from (1.1.32), in particular, that

2¢1 = (Vi V, Ik = V, V. ldmb(lind — m'm*7)
= —Wilem* ('n? — m'm*) (1.1.48)

Using the notation (1.1.22), from (1.1.48) we have

241 = m*{(DA — AD — 66* + 6*6)l;
+ Vi L(=Dn* + Al' + 6m** — §*m?)} . (1.1.49)

It is easy to verify that

Al = L(n; AlY) — mi(m} Al) — mi(m; AlY),
m*V; I = [i(m* Al) + nj(m*Dli) — mj(m*6* 1) — m3(m*6l) .
Therefore it follows from (1.1.49) that
21 = m*{Dlli(n; AI) — mi(m; Al)]
— Alli(n; DI') — m}(m;DI)] — 8[lxn;8*I' — mim;8* 1]
+ 8" [len 61 — mim;61°1} — (1;Dn’)(m; AP)
+(m,Dn*)(m,6*1?) + (m; Dn')(m;6l) + (n; Al')(m; DI’)
— (m; Al)(mj6* 1) — (m} Al')(m;8F) — (m; DI')(m}én?)
— (mm**)(m;6*17) — (m; AlY(m}61) — (1,6*m*)(1; Am?)
+ (n;8*m*)(l; Dm?) + (mF6*m ) (m;617) . (1.1.50)

Substituting the expressions (1.1.23-25) into (1.1.50), we finally obtain

2y =(D+e*—e—p)r—(@F—-F—a*+7%)p
+(* =3a+p =71 —-mo—(A+pu* —p -3y -k . (1.151)

Thus, the tetrad components of the Wey! tensor can be expressed in terms of
the coefficients (1.1.23-25) by means of the projection (1.1.47) as follows:
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Yo = 2(V; Vi lym*lim?
=(D—-3c+e*—p—pVo—(6-3F—17—a*+7")k ,
1 = ¥V V1 Ik — m*™*V; Viymlim?
=(D+e*—p")f—ola+m)— (6 —a*+7%)e+k(u+7y) ,
P2 = 2I'mIn*V; V;ym}
=(D+e+e*—p)pu—b—a*+7*+f)x
+kv—0oA+R/12,
2 =2m*nIm Vi Vil = (A -y — 7"+ pMe
+(*+ 3 -1 —a)r+kv—6A+R/12 |
24y = (I'nd — m'm*)(n*V, Vj I — m**V; Vymy)
=(D+2+e" —o" +to)y+top—(A—p+p* —7%)e
—(6+28+17+7* —aMa+ (-7 -1+ 8")S
—71r+kv—al—-R/12 |
¥y =2('n? — mim*j)nkV[; Vimg
(D+3ec+e*+p—0"W—(A+y—7"
—(+3B+T =+ TNA+ (T +a+ [ -,
m*nd(n*Vi; Vi I — m**V; Vi my)
=@+ =TI - (A= +patvle+te) - AT +p) ,
g = 2n"m*jm*kV[,~ Vi ni
=(*+7— T +3a+ 8 W —-(A+3y -7 +pu+u")r .

Vs

Similarly, we can obtzain the tetrad components of the Ricci tensor:
B0 = 2I'm* I m*V; V) I
=(D—-e—¢c*—po—(*—-3a+7—-Bk+7k* —00*
2801 = 2(I'n? + m'm*)m*V; V; I
=(D—-e—20+e"+p" )T —(A-3y+p—7"—p"k
+(—B—ao*—7No—(6*-3a+7+7*+3%0 ,
B10 = I'm* I (nF WV, Vil — m**V; Viyma)
=(D+2 —p—¢€")a—mp— Po*
— (=B *+me+yk*+k)
Py =2I'm* I n*V; Vyym} = (D +3e — p — £*)A
—(*+ta+7m— ) +vk* —pot
B2 = 2m'nIn*Vj; V; I
=0 —B—-T7+a" )T —(A-=3v+y*+ o+ kv’ —pX* |
281 = 2(I'n? + m'm*)(nFV; Vi I — m*F Vi Vi ma)
=(D—p+o"+eN)—(A-2y -y +p—p)e
+(+2—1—a* —7Na—(+7+T+PY)B

(1.1.52)

(1.1.53)

(1.1.54)

(1.1.55)

(1.1.56)

(1.1.57)

(1.1.58)

(1.1.59)

(1.1.60)

(1.1.61)

(1.1.62)

(1.1.63)

(1.1.64)

(1.1.65)
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28y =2(I'n + m'm* )V, V;ym;
=(D+po*"+e* —p+3e)w—(A+y—4"+2u— p")x
+(+3B—-a*—T—7A-(*+a+ B+ , (1.1.66)
P2 = minj(nkV[; Vil — m*"V[; Vi mg)
=(6—T1+a" - (A-27+p+7")B

—pr—aX* +evt +vo (1.1.67)
293 =2nimjm*kV[g Vi
=6 +30—T+a W —(A+pu+y+y)u+art — AN . (1.1.68)

We give the form of the Weyl equations for the neutrino spinor field with the
components ¢ and ¥ in the Newman-Penrose formalism:

DS+ 8T =(p—¢e)P+(a—7)Y,
S+ AV = (1 — AP+ (v — p)¥ .

The energy-momentum tensor of the neutrino field has the form

Do = ik[PDT* — U*DV + kPT* — k*P*T* + (¢ — e™)VT*],
28 =ik[PT* — O*60 — O DP* + $* DU
+oPT* — (p* +e+eMVP* + (B — o™ — n*)PP*],
Py = —ik[PEP* — P*6U + 0o DD + (a* + B)TP* + \*UT*],
2¢1) =ik[PDP* — S*DP + VAF* —T* AV + (c* — £)PP*
+ (T +7")PT* — (r* + m)TP* + (y — Y)PT*],
2Py, = ik[P6P* — P*6P — PAP* + $* AP
+(a* =B —1)PP* + XN*PT* — (u+~+ " )WP* — *TP*],
Py =ik[PAP* — * AP + (v* — V)PP* + v* O™ — YT P*] .

1.2 Gravitational Waves and Generalized Solutions
of the Equations of the Electrovacuum

In the general theory of relativity, gravitational fields are characterized by ten
unknown functions, which endow space-time in a local coordinate system with a
pseudo-Riemannian metric g;; (7,5 = 1,..., 4). All test particles in gravitational
fields move according to “inertia” — along trajectories with zero 4-acceleration,
provided that no forces of nongravitational type act on them. The equations of
general relativity relate the geometrical characteristics of the curvature of space-
time to the energy and momentum of the matter embedded in it. These equations
have the form
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Rij — 39i;R=rTu , (1.2.1)

where R;; is the Ricci tensor, T is the energy-momentum tensor of the matter,
k =87G/c*, G is the gravitational constant, and c is the speed of light in vacuum.
A necessary condition for the integrability of (1.2.1) is that the divergence of
T, be equal to zero, since, by virtue of the Bianchi identities, the divergence of
the left-hand side of (1.2.1) is identically equal to zero.

The part of the operator R;; containing second derivatives of the components
of the metric tensor (the principal part of R,;) takes the simplest form in the
so-called harmonic coordinate system of Lanczos, determined by the condition
(v/=9¢%),; = 0, where it reduces to the operator g*/@? for each component of
the metric tensor:

B,ngo =, = Op/0z 0z’

The characteristics of Einstein’s equations (1.2.1) are the isotropic surfaces
determined by the equations g*’u ,u , = 0. On the isotropic surfaces u = const,
the field of directions u, forms a congruence of bicharacteristics, which are
isotropic geodesics®.

As was noted by Petrov [1.11] in his review of studies of the problems of
gravitation, at the present time “there exists a rather motley collection of attempts
to describe gravitational waves”. After the classification of the types of Weyl
tensor given by Petrov, there appeared many studies in which the definition of
gravitational waves was based on algebraic criteria which distinguish the classes
of solutions of Einstein’s equations (see the references in [1.11, 12]).

A stimulus for attempts at an invariant definition of a gravitational radiation
field was provided by a paper of Pirani [1.13], in which it was asserted that only
algebraically special gravitational fields (of Petrov type II or III) are wave-like. A
gravitational radiation field is joined onto a non-wave-like field of algebraically
general type along the wave front, at which there is a break of the Riemann
tensor, which has a degenerate structure (of Petrov type N). The mechanism
of transport of energy and momentum by means of gravitational waves [1.14]
remains unclear in this approach, as before, and the various algebraically invariant
definitions of gravitational waves actually provide only a means of distinguishing
exact solutions of the nonlinear hyperbolic system.

It is necessary to adopt a differential approach as a basis for solving the
problem. The nonlinear hyperbolic system of Einstein equations is characterized
by many distinctive features of hyperbolic systems: there is no effect of inversion
of plane waves in it, but there is a characteristic tendency for focusing of any
normal congruence of bicharacteristics with a nonzero shear (see Sect. 1.2.1).

Wave solutions of the equations are characterized by different scales. It is
natural to call the region with a smooth variation of the solution the background,

3 Isotropic geodesics are also called null geodesics and light rays. The bicharacteristics of the equa-
tions of the electromagnetic field in vacuum are also isotropic geodesics.
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and the region with a strong variation the wave. The nonlinear hyperbolic sys-
tem of gravitational equations obeys a generalized Huygens principle [1.2]. This
principle asserts that the features of the solution at a point P depend asymptoti-
cally only on the features of the initial data localized near the intersection of the
surface of the initial Cauchy data with the conoid of bicharacteristics emanating
from the point P into the past. The dependence of the solution on only the initial
data belonging to the intersection of the conoid of rays with vertex at the point P
with the Cauchy hypersurface (the Huygens principle in the narrow sense) holds
for the wave equation and for Maxwell’s equations [1.1, 3] only for a particular
class of pseudo-Riemannian spaces, namely, those with the interval

ds? =2dudv — gap(u) dz®dz®, a,b=1,2 .

Therefore initially sharp variations of gravitational fields in general relativity
remain sharp in the future as they propagate, although they may be smeared
slightly.

In the case of a uniform background, the process of propagation of waves
does not depend on their wavelength. It is to this case that the majority of exact
solutions interpreted as waves refer. However, in the general case of a background
which varies in space and time, only solutions which vary sharply in comparison
with the background can work their way through it along isotropic geodesics.
Such generalized solutions are well known for linear hyperbolic systems under
the name of running waves [1.2]. In this case, the characteristic scale of variation
of the background is the same as the characteristic scale of variation of the
coefficients of the principal part of the differential operator.

For the nonlinear equations of general relativity, a characteristic analog of
solutions of the running-wave type is provided by solutions describing rapidly
oscillating trains of waves or breaks in the derivatives of the components of the
metric tensor. In view of the localization of such solutions along characteristic
surfaces, the transport equations for solutions of the running-wave type can be
interpreted as equations for conservation of the flux of “energy” of a wave along
tubes formed by isotropic geodesics.

We note that the results given below may be invalid for generalized (non-
Einstein) models of the gravitational field. Breaks in the field in non-Einstein
theories of gravitation were studied in a paper by Sedov [1.15] (see Sect. 1.4),
who derived algebraic conditions on nonisotropic surfaces with a strong break
in the gravitational field.

The problem of experimental detection of gravitational waves was discussed,
for example, in [1.16, 17]. Problems concerning the generation of gravitational
waves by celestial bodies were considered in [1.18,19].
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1.2.1 Properties of Families of Isotropic Geodesics in General Relativity

For an arbitrary continuous vector field ! on a manifold Mj, there exists an
associated system of ordinary differential equations

dei[dr = l(a!, 22,23, 2%, i=1,2,3,4 .

The solutions of this system determine integral curves of the vector field
I*. We denote by D the covariant derivative along the direction of the vector
field I': D = I'V;. The integral curves are geodesics on the manifold if there
exists a scalar p(x) such that DI* = pl‘. In this case, instead of the field I we can
introduce the field I' = gl, with g~ Dg+p = 0, for which DI’ = 0. For geodesics,
this corresponds to the choice of an affine parameter on them.

We shall call the pseudovector w with 2w* = ¢*¥'"™ [, 'V, [, the rotation of
the vector field 1. The rotation of a vector field 1 is equal to zero if it has an
integrating factor: I, = pdu/0z*. The converse is also true. If the rotation w
of a vector field is equal to zero, then there exist functions p and « such that
I; = p Ou/8z?, and the family of surfaces {u} stratifies some open region in Mj.

Lemma 1. For a vector field I of smoothness class C? for which DI, = 0 with
I¥1, = const, the divergence of the rotation vector is equal to zero.

Indeed, let us choose, at a given point in the tangent space, four linearly
independent vectors AW (G = 1,2,3,4):

det AP =em AP AP AP AW 20, AV =1 |

It is easy to show that 2V, w' = '™, V; VI, + V; [, Vi [,].

The first group of terms in V, w* vanishes because of the algebraic properties
of the Riemann-Christoffel tensor. We represent the second group of terms in
V;w' in the form

A1 . . .
b= |det 4P| vy, ATV AD AL ACOVETRE

In each term of this sum, there is either a factor of the form V. [,,,[™ or a factor
of the form DI;. Therefore I, is equal to zero, in view of the conditions of the
lemma.

For an isotropic vector field for which DI; = al;, the assertion of the lemma
can also be obtained from the vanishing of the imaginary part of (1.1.60).

We shall consider below the family of isotropic geodesics with zero rotation,
in terms of which we shall construct the gradient field of the tangent vectors
l,' =U,.

Let D be the intersection of the family with some space-like hypersurface
intersecting each geodesic only once. For the surface D, the unit normal vector
q is time-like, and the vector I — g(I- q) is tangential to D. Let u and v be fields
of space-like unit vectors tangential to D and orthogonal to the vector I — q(I - ).
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The vector n = [2(I - ¢)*1~1[2¢( - q) — 1] is isotropic and orthogonal to u and
v. Moreover, | - n = 1. We introduce the notation m = (u +iv)/ V2.

We now define a field of null tetrads in a world tube of the manifold M, by
means of parallel transport of the tetrads along the isotropic geodesics { which
form this tube. For such a tetrad field, Dn = Dm = DI = 0. Therefore the
rotation coefficients of the null tetrads have the values k=nr=¢=0; a*+8 =,
Im{p} =0, Re{p} = —V; I!/2. Equation (1.1.60) takes the form

@ =(D — p)o — oo™ . (1.2.2)

The derivative D is equal to the derivative with respect to the affine param-
eter. We shall show that V; [* has the meaning of the rate of relative change of
the area of the wave front. In fact, if we go over to a system of coordinates u,
a, £, €2, where u = const is the equation of an isotropic surface, « is an affine
parameter of a geodesic on this surface, and ¢! and ¢2 are Lagrangian coordinates
of the geodesic, then the interval takes the form

ds®* =2duda+godu® + gadudt? — gap déAde®; A B=1,2 . (1.2.3)

In this isotropic-geodesic coordinate system, the components of the vector
have the values I, = 1, I, = l4 = 0. Therefore V,I* = OIn,/g/0a, where
g =4911922 — 9122-

The area A of an element of surface cut out on a two-dimensional front
u = const, « = const by neighboring rays is ﬁd{ldfz. Consequently, (1.2.2)
can be written in the form

2
;‘?\/_ = —(oo* +Pp)VA . (1.2.4)
The coefficient $op = «T;;I°17 /2 for an electromagnetic field and an ideal
gas is always greater than zero. For the case of an arbitrary continuous medium
with energy-momentum tensor T/, the condition T},I*l’ > 0 is a plausible and
reasonable restriction; it is called the weak energy condition [1.20]. Thus, the
coefficient oo™* + $go cannot be negative. Therefore the second derivative of the
square root of A with respect to the affine parameter o cannot be positive.
Equation (1.2.4) can be regarded as a linear equation for VA. If a ray does
not leave the region occupied by matter as the affine parameter « increases (for
example, in closed models of the universe), then for oco™* + $go > const > 0 the
solution of (1.2.4) has a set of zeros corresponding to focal points of the isotropic
geodesics, where A — 0 [1.21].

Property A. If the rays were focused at the initial instant, i.e., the area of the
corresponding element of the wave front was decreasing (0A/9a < 0) at a =0,
then according to (1.2.4) this area will decrease monotonically with increasing
o until it reaches zero.
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Property B. On an isotropic geodesic A(«a), extended to sufficiently large values
of the affine parameter o, there exist two points ¢ = A(a,) and r = A(a,) through
which another isotropic geodesic passes, provided that at some point P € A(a)
the Newman-Penrose scalar has a value ¢9#0 in a null tetrad for which the
vector [ is directed along the tangent to A(«). These two points ¢ and r are said
to be conjugate to each other. The set of points X' at which the rays emitted
orthogonally to a two-dimensional space-like surface X' are focused is called the
set conjugate to the surface X, and the points of the set 5 themselves are called
the focal points.

In order to prove Property B, we consider in a sufficiently small neighborhood
of the point p the set of two-dimensional elementary areas for which o > 0.
Because of Property A, the rays emitted orthogonally to these surfaces will
certainly intersect the geodesic A(a) for finite a. We shall show that even if
¢ = 0 on an area, the rays emitted from this area will still intersect \(a) for a
finite value o = a. Indeed, it follows from (1.1.52) that

Yo = Do —2p0 .

If at the point p we have g # 0, then for rays for which p = 0 at the point
p, the quantity ¢ becomes nonzero with increasing « and, according to (1.2.2),
the scalar ¢ becomes positive with increasing «. It follows from (1.2.4) that the
area of the wave front then contracts to zero after a finite interval of variation
of a.

Let us now choose a point r = A(w,), where a, > ap, and emit light rays
from it into the “past”. Suppose that not one of these rays intersects the geodesic
A(a) in the interval of variation (a,, ap) (otherwise, Property B would already
be proved). Then for those rays which pass near A(a) in a sufficiently small
neighborhood of the point p, the scalar p cannot be positive, for otherwise these
rays would be focused to A(a) without reaching the point ap. Therefore near
the point p we have parameter values ¢ < 0 for rays emitted from the point
r = A(a,). But then it follows from Property A that when a ray is extended into
the past on the geodesic A(a) a focal point ¢ = M(a,) is certainly formed. The
points ¢ and r are conjugate.

Definition. For a given point p of the manifold My, we denote by Z*(p) [re-
spectively, Z~(p)] the set of points belonging to My which can be joined to the
point p by time-like or isotropic curves directed to the future (respectively, to
the past) with respect to the point p. We call Z*(p) the future set for p. We shall
denote the boundary of I%(p) by 0Z*(p).

Property C. Isotropic geodesics emitted orthogonally to a two-dimensional
space-like orientable compact surface X belong to the boundary of the future
set OI*(X) only until the set conjugate to X' is reached, and after this the rays
enter the interior part Z*(X) — 0I*(X) of the future set for X.
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Accordingly, if an isotropic geodesic between the points p and r contains a
point conjugate to the point p, it can be deformed into a time-like curve passing
through the points p and r.

Property C was proved in [1.20], where an explicit construction was pre-
sented.

1.2.2 Propagation of Breaks in the Gravitational Field
and Their Algebraic Classification

We define a break in the field of order k on an isotropic hypersurface u(z') =
0 to be a generalized solution of the field equations in which the metric g;;
together with all its derivatives up to the order ¥ — 1 inclusive are continuous
on the hypersurface u(z') = 0, while some of the derivatives of gi; of order
k and above have a break in passing through « = 0, having finite limits as
u — 0 from the “left” and “right” of u = 0. The class of admissible coordinate
transformations z‘/ = f*(z7) must belong to the class C*¥, and by means of
breaks in the derivatives of f*(z7) of order k + 1 it is not possible to eliminate
the breaks in all the derivatives of g;; of order k.

The components of the Riemann tensor can be discontinuous only for breaks
in the field of order 1 or 2. In the case of breaks of order 1, there must be
additional algebraic relations between the strengths of the discontinuities in the
first derivatives. Since by a “break” we mean here a weak limit of smooth
solutions which vary “sharply” across u = 0 and “smoothly” along u = 0, by
virtue of the field equations this concept becomes meaningless near focal points,
where solutions which vary sharply across the hypersurface » = 0 will also vary
sharply along the bicharacteristics.

The theory of Hadamard breaks was first applied to Einstein’s equations
by Stellmacher [1.22]. His ideas were elaborated by others [1.23-25]. In what
follows, we outline the results of [1.23].

A convenient working tool for the analysis of breaks is the formalism of null
tetrads (see Sect. 1.1). Suppose that on the surface u(z*) = 0 the field I* is equal
to the field of tangents to the bicharacteristics /; = u ;, and let u; and v; be two
space-like unit vectors orthogonal to I; and to each other, and tangential to the
hypersurface u = 0. We have u;l' = v;l' = 0, u;u’ = v;v' = —1. We define
a complex isotropic vector m; and an outgoing vector n; on the hypersurface
u = 0 by the relations V2 m; = u; +iv,; n;l' = 1, n;m’ = 0. The field of tetrads
introduced in this way is not defined uniquely. It is possible to go from one
field to another by means of the transformations (I-III) given in Sect.1.1. We
define fields of null tetrads in the neighborhood of the hypersurface u = 0 by
means of parallel transport along isotropic geodesics starting from the surface
u = 0 along the direction of the vectors n;. Therefore in this neighborhood of the
hypersurface of the break, « = 0, the rotation coefficients v, 7, and ~ are equal
to zero.

By the definition of a break of order 1, the metric and its interior derivatives
are continuous at u = 0, i.e., in the notation (1.1.22) we have
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lgi;]1 =1[6gi;1 =1Dgi;]1 =0 ;

there are breaks only in the derivatives of g;; along the outgoing direction,
[Agi;] = (ij. Functions which define coordinate transformations z'* = f¥(z7)
can have breaks in the second derivatives along the direction n. Such functions
satisfy the Hadamard conditions

P ,
[Wf "’} =7 kil

We find from these conditions that the discontinuity of (;; in going over to the
system of coordinates z*' transforms as follows
k 5l

%%6217—’(“4‘1,‘7]‘"}'11’7; . (125)

The algebraic conditions imposed on the discontinuity of (;; can be obtained
either [1.25] as a result of integration, over a layer of small thickness ¢ around
the hypersurface u = 0, of continuous solutions which vary sharply across the
hypersurface © = 0 and a subsequent transition to the limit ¢ — 0 or [1.15],
since the scalar curvature R is the Lagrangian for Einstein’s gravitational equa-
tions, by means of the variational conditions for the continuity of the generalized
momentum at u = (:

[3—R] =0 .

9(0yg;j/0z*)
Writing out these conditions, we obtain
(G — 9i5Ck /DI =0 . (1.2.6)

From (;; satisfying these conditions it is possible to form an invariant quantity
which does not change under any of the possible transformations (I-I1II),

ZIPZI = Cszij - C2/2 )

where P is a complex scalar function whose modulus is an invariant character-
istic of the break. By expanding (;; in terms of the basis vectors of the tetrad
constructed above and substituting this expansion into (1.2.6), we readily obtain
the general form of (;;:

Ciy = Pmym, + P*m’:m; +hvi+ L . a1.2mn

Owing to (1.2.5), the terms [;; + [;; in (1.2.7) can be eliminated by means of
an appropriate choice of the coordinates.

The rotation coefficients p, o, and k do not contain derivatives of the metric
along the outgoing direction and are therefore continuous at u = 0. The coeffi-
cients m, y, €, a, and 3 are continuous as a consequence of the conditions (1.2.6)
on the surface of the break:



1.2 Gravitational Waves and Generalized Solutions 25

2r] = —~(i;l'm*7 =0, 2[u] = G;;m'm* =0,
2[e] = —(il'F =0,  4la] = —(im*V =0,
4[8] = (;;m'l =0 .

From the definition (1.1.24) we have 2[\] = —P. By the construction of the
field of null tetrads in the neighborhood of the surface of the break, u = 0, the
rotation coefficients 7, 4, and v are equal to zero.

On the surface of the break itself, k¥ = O (in general, k# 0 for u#0). At
u = 0, we can also make the coefficients = and ¢ vanish if the tetrad field on the
surface of the break is obtained by parallel transport along the geodesics I*.

The tetrad components of the Ricci tensor as second-order differential oper-
ators of the components of the metric tensor can be divided into three groups as
follows:

a) The breaks in the components P9 and $1¢ are equal to zero, since accord-
ing to (1.1.60, 62), $go and Py can be expressed in terms of rotation coefficients
which are continuous on the surface of the break. The component $¢; is equal
to (P10)* (the asterisk indicates complex conjugation) and is therefore also con-
tinuous. By means of Einstein’s equations, we obtain from this the conditions
for conservation of the flux of energy and momentum at the break, [n.-Tj] =0.

b) The break in the components @9 = P, is determined by the function P,
and according to (1.1.63) we have

[$2] = [DN] - [Nl = —}(DP +1PV; ") . (1.2.8)

c) The breaks in the components ¢11, $12, $21, and P2, cannot be expressed
in terms of the function P. By means of Einstein’s equations, the breaks in
these components can be expressed in terms of the breaks in the corresponding
components of the energy-momentum tensor.

If the characteristic surfaces of the nongravitational fields are isotropic (for
example, neutrino and electromagnetic fields), as for the gravitational field, then
the discontinuity in the component @5 is nonzero. As is shown below, breaks
in the gravitational field produce breaks in these fields, and vice versa.

We shall first analyze the relations at the breaks which follow from Maxwell’s
equations for the electromagnetic field. Maxwell’s equations (1.1.28-31) imply
algebraic conditions on the breaks of the tetrad components F;,: [$o] = [$1] = 0.
Therefore [F};] = fV;;, where f =[&,]. Taking the difference of the equations
(1.1.28) written on both sides of the surface of the break, we obtain

Df+ifv,I' — 18P =0, (129

where & is the tetrad component of the electromagnetic field tensor, continuous
at the break. The discontinuity of the component 45(2%'“) of the electromagnetic
field at the break is readily calculated:

G K * K e
[¢£om)] = G[ngpo] = Ef% . (1.2.10)
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We turn now to the Weyl equations (see the end of Sect. 1.1). It follows from
them that there can be a break in only the component & of the spinor of the
neutrino field, and the component ¥ must remain continuous. However, a break
in the component & is not related to a break in the gravitational field, and we
shall assume in what follows that this break is equal to zero, owing to the initial
conditions.

The break in the component 455'(’,) of the energy-momentum tensor of the
neutrino field can be readily calculated from the relations of Sect. 1.1:

[69)] = —ikPOT*/2 . (1.2.10"
Therefore from (1.2.8, 10, 10') we finally obtain
0=DP+lVi l’P+£fd56+87r—GiP!7!F* R (1.2.11)
2 ct ct

where G is the gravitational constant. The system of equations (1.2.9,11) is a
closed system of ordinary differential equations for f and P, describing the time
evolution of the break in the gravitational and electromagnetic fields.

It is interesting that the presence of the neutrino field has no influence on
the total strength of the breaks in the gravitational and electromagnetic fields.
Indeed, it follows from (1.2.9,11) that

v, [1' (i—?|f2|+|P2|)] =0 .

Let us assume that there is no external electromagnetic field. Then from (1.2.11)
we obtain

P{/—g = const - exp —ig—ﬂg /!I/I/* da| , (1.2.11)
(o4
o

where ¢ is the determinant of the metric tensor in the isotropic-geodesic coor-
dinate system. It follows from this equation that in the presence of a neutrino
field the polarization vector of a gravitational wave undergoes a rotation. In fact,
the argument of the complex function P characterizes the angle between the
polarization vector of the gravitational wave and the initial polarization vector
under parallel transport along the ray, and the greater the intensity of the neutrino
field, the greater the rotation, according to (1.2.11'), experienced by the polariza-
tion vector of the gravitational wave. In the presence of external electromagnetic
fields, this effect is superimposed on the effect of successive mutual conversion
of the breaks in the electromagnetic and gravitational fields, discovered in [1.26].

Let &y = a exp(ib), where a and b are real numbers. In order to determine the
effect of a variation of b along the rays, we go over to an isotropic-geodesic co-
ordinate system and the new variables P = P¢/—gexp(ib), F = 2VGf =g/,
2vGa /c* = &. Then the system of equations (1.2.9, 11) can be rewritten in the
form
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ip+¢f+ (8"G o ab) p=0, Lr_lp_o.
ct a da 2
It follows from this system that the influence of the neutrino field on the evo-
lution of the breaks is equivalent to the influence of a certain effective external
electromagnetic field o with the same intensity a as & but with a different law
of variation of the argument along the ray: o = a exp(ib), where

5=b—§7;—G/W5P*da

(o]

Therefore the successive mutual conversion of the gravitational and elec-
tromagnetic breaks in the neutrino-electromagnetic vacuum is accompanied by a
rotation of the polarization vector of these waves, i.e., we have the same situation
here as in an arbitrary electrovacuum wave [1.26].

The foregoing conclusions hold also for the case of short waves propagating
in neutrino and electromagnetic fields.

Let us establish the geometrical meaning of the invariant P for a congru-
ence of isotropic geodesics intersecting the surface of a break. A congruence
can be characterized [1.5,27] by the Sachs optical scalars x4 and A [Re{u} has
the meaning of the rate of convergence of the null geodesics, Im{x} measures
their rotation, and \ characterizes the shear (distortion) of the congruence]. By
means of the conditions (1.2.7), it can be shown that the expansion parameter
i is continuous at the break, while the shear parameter has a discontinuity of
magnitude [A] = ~P/2, as we have noted above.

In order to describe the algebraic structure of a break in the Weyl tensor, we
expand this tensor in terms of the basis bivectors U;;, M;;, and V;, according to
(1.1.11). Calculating the breaks in the tetrad components 1o and 1 of the Weyl
tensor according to (1.1.52,53), we find that they are equal to zero.

It follows from this that a first-order break in the Weyl tensor is a tensor with
special algebraic properties, i.e., a Weyl tensor of Petrov type II, and the tangent
to a bicharacteristic of the surface of the break is its principal isotropic direction
(Debever vector).

Using (1.1.54) and the fact that R = 0 for the electromagnetic field, we obtain
for the break in the component 3, the expression

[2] = —o[X] = o P/2 .
Making use of (1.1.57,66), we have
[3] = ~[Ax] — (6 + 38 — a*)[A\] = 2[5 + (6 +38 — )P .

Therefore the break in the component 3 is also determined by the break in the
component of the electromagnetic field, [$2] = f:

[B5™] = xf &} /(4n) .
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The tetrad component 14 contains second derivatives of the metric along the
vector n, which give rise to a Dirac é function after passing to the limit of a
discontinuous solution from a sequence of continuous solutions. According to
(1.1.59), near the surface of the break we can separate from [i4] the principal
singular part in the form

Y4 = 8(u)PJ2 + g, lim / Yadu=0

where the quantity 4 can be discontinuous at u = 0. To find the law of variation
of the discontinuity [+)4] along the bicharacteristics of the surface of the break,
we use the Bianchi identity (1.1.45). We represent A, near u =0 in the form

ASE™ = K A(@285 /(4)) = fo(w)Bk/(4r) + ABE™,
lim (ASE™)du=0 .

—&

Then (1.1.46) determines the law of evolution of [¢4] along the surface of the
break [all the § functions drop out of (1.1.46), since their coefficients satisfy
(1.2.8)]:

~ (D = Q)[a] + (8" +20)[3] + 3P,
= — P& + [ABED] + {u* 85 f — (6* + 2a)(fB})}x/(47)
~o*[SEM] .

Thus, near normal points of the surface of a first-order break, the Weyl tensor
has the structure

Wiktm = 6(u)Niktm + 0) Ligim + Likim

where §(u) and 8(u) are, respectively, the Dirac and Heaviside functions of the
characteristic function u, the quantities N;xim, I Likim, and ;. are bitensors
of the corresponding Petrov types, and the principal directions of degenerate
Weyl tensors coincide with the tangents to the isotropic geodesics of the surface
of the break. In general, a first-order break in the gravitational field is always
accompanied by breaks in the invariants of the Weyl tensor, as can be seen
from the relations (1.1.19, 20) between these invariants and the Newman-Penrose
scalars.

If a congruence of isotropic geodesics on the surface of a break has a zero
shear ¢ = 0, then vy = 0 and [¢;] = 0. In this case, the discontinuity of the
Weyl tensor has the Petrov type-III structure, and according to (1.1.19,20) the
breaks in the invariants of the Weyl tensor are completely determined by the
breaks in only the first derivatives of g,,. In this case, it follows from Einstein’s
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vacuum equations that 1; = 0, and the fields of the Weyl tensor must have an
algebraically special form on both sides of the break in some neighborhood of
the surface u = 0 (the Goldberg-Sachs theorem [1.4]). If the tensor describing
the break in the Weyl tensor is of Petrov type III, then a field of type II can
be joined at the discontinuity only onto another field of type II or onto one of
type D, while a field of type III can be joined onto a field of type III or, in
special cases, onto one of type N or empty space. An interesting example in
which breaks of this kind can occur is provided by a solution found by Robinson
and Trautman [1.28], for which ¢ = 0.

We shall study the way in which the discontinuity in the rotation of the
principal isotropic directions of the Weyl tensor different from I is related to
the breaks in the components of the Weyl tensor in the case of second-order
breaks in the gravitational field. In this case [tp] = [¢1] = [¢2] = [¥3] =0, and
according to (1.1.45) the discontinuity [)4] satisfies the equation [1.29]

Dl9al + 3(V, I)[1ha] =0 .

In order to make the directions n coincide with the principal isotropic direc-
tions of the Weyl tensor “before” the break by means of the transformation (IIT)
given in Sect. 1.1, the complex number a_ must satisfy the quartic equation [see
(1.1.15)]

P4 +da_ips +6(a_) ey +4(a_)eh +(a_)po =94 =0 . (1.2.12)

Here and in what follows, primes are used to denote the Newman-Penrose scalars
in the new field of tetrads. The values of the other scalars ', (4 =0,1,2,3) can
be obtained by successive differentiation of the expression for i; with respect
to a— and division of the result by the coefficient obtained for the corresponding
¥!y. After the surface of the break, the complex number a, must satisfy the
equation

P4 + [1ha] + 4a,13 + 6(a)?t2 + 4(a V1 + (@) o =0 . (1.2.13)
Let us subtract (1.2.13) from (1.2.12) and put [a] = a+ — a—. This gives
—{4] = 4[alyps + 6[alp) + 4lal’¢] +[al'thy (1.2.14)

The rotation of the principal isotropic direction at u = 0 is due to the break [a].
From (1.2.14) we obtain the following results for weak discontinuities:

[a] ~ [44] if ¢¥5#0, 1; = O before the break (a nondegenerate Debever
vector);

la] ~ V%4l Pi=13=0, %340
[a] ~ ([pa])'? ¢ if Py =93 =15 =0, ¢ #0 before the break.

[a] ~ ([a])'/* =3 =1=191=0, =0
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This means that the higher the degree of degeneracy of the Weyl tensor, the
stronger the discontinuity in the rotation of its principal isotropic directions at
the surface of the break. We emphasize that this analysis has a local character.

1.2.3 Decay of an Arbitrary Break in the Vacuum Gravitational Field

Suppose that on a space-like hypersurface T we are given the first and second
quadratic forms with coefficients G,z and b,g, respectively, satisfying in empty
space the four constraint equations (consequences of the Gauss and Peterson-
Codazzi equations)

Vabl —Vab=0, —io8b5+1R+3102=0, (1.2.15)

where b = b3, R is the scalar curvature of the surface, and the covariant differ-
entiation is expressed in terms of G,s. We assume that on the hypersurface T
there exists a two-dimensional surface X' with no boundary on which the coeffi-
cients of the second quadratic form and the derivatives of G,z along the normal
to X' have breaks. We introduce on X a field of orthogonal tetrads m, m*, o,
where o is the normal to ¥, v2m = u +iv, and » and v define an arbitrary
continuous field of orthogonal unit vectors on Y. (If such a field does not exist
globally on X because of its topological properties, we must cover X' by means
of charts with such vector fields.) If we go over to a different parameterization
of T, the breaks in the derivatives of G,s on X acquire additional “fictitious”
contributions from the transformation of the coordinates o, Ag), where Ag is an
arbitrary vector on Y.

We shall assume that the initial break on X' is the limit as ¢ — 0 of a
sequence of smooth initial data with a sharp variation in a layer of thickness
¢ in the neighborhood of X', where the smooth data also satisfy the constraint
equations. Then the functions Gog, 8,Ga g, bap and their interior derivatives along
X remain finite, while the second derivatives of G,z and the first derivatives of
bas along the normal o tend to infinity as ¢ — 0.

Integrating the constraint equations (1.2.15) over the ¢ layer, in the limit
e — 0 we obtain

[baglo® — [blog =0, G*P[0i)Gapl + [0()Gaplo®a? =0 . (1.2.16)

Projecting [3(s)Gaps] and b, onto the vectors of the chosen tetrad, by means
of these equations we obtain
[bapl = aoa0p + Pymamg + Pymymy,
[0)Gapl = Pimamp + PPmimg +0adp) ,
where a and P; are functions characterizing the breaks in the tetrad components

of the second quadratic form, and the function P; characterizes the breaks in the
first derivatives of the metric G, 4.
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We construct two isotropic surfaces u, and u_ passing through X'. The initial
break on X is divided into two breaks. With an appropriate choice of the affine
parameter, the initial breaks in the first derivatives of the metric tensor on u,
and u_ will be determined by the expressions

P(a=0)=P +P, P (a=0)=P - P,

respectively.

The Cauchy problem for initial data which are smooth off the surface X but
have breaks on X' can be divided into three problems, for each of which it is
easy to prove the local existence of an analytic solution in the case of analytic
initial data.

Fig. 1.1, Regions for the Cauchy problem with discontin-
uous initial data

The surface of the break X' divides the hypersurface T into two parts 77 and
T3, as shown in Fig. 1.1.

We complete the definition of the vector fields m and o on T} and T3,
for example, by means of parallel transport of the triad given on 5 along the
geodesics on T emanating from X in the direction of the normal. Then on T we
can specify arbitrarily the first quadratic form and the tetrad component of the
second quadratic form b,sm®m? (with a smooth dependence off the surface X).
The tetrad components of b,gm®m*# and bago®m#, which are continuous on
X, need be specified only on L. In fact, the constraint equations V, b5 -V b=0
contain derivatives along the vector o of only these tetrad components. The scalar
boso®o? can be expressed in terms of bygmom*?, bagm®o?, Gup, bogmom?
as a consequence of the second equation in (1.2.15), which is linear in b,g0“ aP.

An analytic solution of Einstein’s equations in the regions I and III shown in
Fig. 1.1 can be obtained in the form of series in the affine parameter of the normal
congruences of isotropic geodesics by using the isotropic-geodesic coordinate
system defined by (1.2.3). After solving Einstein’s equations in regions I and III,
for the region II shown in the figure we obtain a Goursat problem with initial data
on the characteristics u, and u_. The problem with data on the characteristics
for Einstein’s equations was analyzed by Dautcourt [1.30] and Sachs [1.31]. The
solution of the problem in region II requires a knowledge of only the parameter
describing the shear of the isotropic geodesics on u, and w—, whose values
can be obtained by solving the problems in regions I and III. In addition, on
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X it is necessary to specify the initial value of the expansion parameter of
the bicharacteristics for each of the isotropic geodesics of u, and u_ and the
exterior rotation of the field m on X, ie., M*/V; m j- The interaction of plane
gravitational and electromagnetic waves in region II is described in Sect. 1.3.

1.2.4 The Interaction of Short Gravitational and Electromagnetic Waves
in Arbitrary External Electromagnetic Fields

Owing to the nonlinearity of the system of Einstein’s and Maxwell’s equations,
there is always an interaction between the gravitational and electromagnetic fields
in a vacuum®*. The interaction of wave-like fields is of special interest.

We have already mentioned the wave properties inherent in solutions pos-
sessing different scales of variation in different regions of space-time. In this
case, it is natural to call the region with a smooth variation of the solution the
background and the region with a “sharp” variation the “wave”.

Most of the known exact wave solutions with distinguished algebraic proper-
ties have a uniform background (see, for example, [1.5,32,33]). A single-stage
process of conversion of electromagnetic waves into gravitational waves and
vice versa in the presence of a constant transverse magnetic or electric field was
considered in [1.34-36].

In the general case, only solutions which vary sharply in comparison with
the background can work their way through nonhomogeneities of the background
along isotropic geodesics without undergoing scattering.

Such solutions (of the running-wave type) in the absence of external electro-
magnetic fields are characterized by propagation according to the laws of geo-
metrical optics along isotropic geodesics in curved space-time [1.37]. It follows
from the transport equation for the amplitudes of the waves that the intensity
(luminosity) of the radiation is inversely proportional to the elementary area of
the wave front cut out by these same geodesics — the light rays. The polariza-
tion vector of a wave undergoes parallel transport along the rays which carry the
wave. When the small amplitude of the gravitational waves becomes comparable
in order of magnitude with the wavelength (in a system of units in which the
speed of light in a vacuum is equal to unity), trains of short gravitational waves
begin to distort the background, and the process of propagation of the waves
must be considered together with the problem of determining the background
itself.

We shall show in what follows that essentially new effects occur when short
waves propagate in arbitrary electromagnetic fields. Either kind of wave — grav-
itational or electromagnetic — gives rise to the appearance of the other, and they
propagate with a mutual modulation of the amplitudes of the waves.

The total “energy” of the gravitational and electromagnetic waves obeys an
equation of “continuity” with an isotropic velocity vector along the rays which

4 The gravitational and electromagnetic fields described by the system of Einstein’s and Maxwell’s
equations in empty space are also called the electrovacuum.
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carry the wave. In the quasiclassical approximation, developed below, we can
speak of a gas of photons and gravitons which are converted into each other. The
total distribution function of these particles will satisfy the Liouville equation.
Einstein’s equations for the background will contain the total energy-momentum
tensor of the photons and gravitons as the root-mean-square value of the “noise”
in the waves. The reverse effect of the waves on the background manifests itself
in exactly the same way as in the absence of external electromagnetic fields
[1.37,38].

Besides the mutual conversion of the waves, another interesting effect which
takes place in the general case is the fact that the plane of polarization of waves
that were initially linearly polarized rotates with respect to the tetrad subjected
to parallel transport along a bicharacteristic — a light ray.

When waves propagate in the field of a rotating black hole, the plane of
polarization at the “exit” of a wave from the gravitational field is found to be
rotated with respect to its direction at the “entrance”. The rotation of the plane
of polarization can be determined by means of parallel transport with respect to
the pseudo-Euclidean infinity [1.39,40]. This fact is connected with the nature
of parallel transport in a curved Riemannian space. The present author [1.26]
pointed out an effect which has an essentially different character, namely, an
additional rotation of the polarization vector with respect to a tetrad undergoing
parallel transport when there is an electromagnetic background. We note that,
independently of the contributions [1.23, 26] by the present author, in 1973-1975
there appeared several publications in which the effect of mutual conversion of
electromagnetic and gravitational waves was investigated in various special cases,
namely, in a uniform magnetic field [1.41], in a dipole magnetic field [1.42], and
in static electrovacuum fields [1.43,44]. In an interesting paper, Choquet-Bruhat
[1.45] obtained transport equations for the amplitudes of waves, and the effect
of distortion of the background was demonstrated by means of the Nordstrém-
Reissner-Vaidya solution.

In what follows, we discuss the results of [1.23,26], where the most general
case was studied. Thus, we shall seek an asymptotic solution §;;, F; of the
electrovacuum equations in the form

qij =g'ij(z1w)+5h1](wu’maw)7 (12'17)
Fj = Fije,w) + ewfij(wu, z,0)

where w is a large parameter and ¢ is a small parameter, with cw <1, and

from among the variables = we have distinguished the fast variable wu. The
background components §;; and Fij do not depend on the fast variable. We
shall assume that the functions h;; and f;; have periodic dependences on wu =
&, so that these functions can be expanded in Fourier series in the harmonics
cos(nwu) and sin(nwu). The term “short wave” means that the characteristic
scale of variation of the background metric and of the electromagnetic field is
much larger than the wavelength of a monochromatic wave, since their ratio is
of order w > 1.
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We shall give an example of a solution for which the expansions (1.2.17) hold.
Suppose that at some instant of time (i.e., on some space-like hypersurface) a
wave was initially sinusoidal with a small amplitude of order ¢ ~ w™!. Then,
because of the nonlinearity of the electrovacuum equations, higher harmonics
cos(nwu) and sin(nwu) (n = 2,3,...) appear in the subsequent evolution of
the wave. It can be seen from the system of equations for the electrovacuum
that the coefficients of the higher harmonics will then be of order w™", and the
backzground metric §,; and the field F}; are asymptotic expansions in powers of
1/we.

The expansions (1.2.17) correspond to running waves of the electrovacuum,
and therefore the perturbations h;; cannot be reduced to terms of order 1/w by
means of a coordinate transformation of the form

o' =3t +ef'(wu, T, W) w (12.18)
for which
hi; = hij + €uj+ &u, +O(1/w),  gl; = gy +O(e/w) .

Here the dots denote derivatives with respect to the “fast variable”, and the
indices are lowered or raised by means of the background metric.

Using the metric (1.2.17), the components of the Ricci tensor can be repre-
sented in the form of an expansion in powers of the small parameter:

3, » 21 2 2 23 2 2
Rij = Rij + ew”R,j + ewR;y + e°w” R, + O(ew) + O(e“w”)

1 . . .
—2R,‘j = h,'jlklk - liLj - lei i

2 . . .
—ZR,']' = 2Dh,‘j + h,-,-Vk lk - Vj L; — V; LJ

~ (Vi b = Vi h/2) = (Ve hE =V R/2) (1.2.19)

2Ri; = —[LaChHl; + RRL, — Phiy 4 Sh(LiLy + 1,
ij = —[Li(hjli + hjl; — I"hi;) + 3h(Lj +1;Ly)]
- L,'Lj + lmlm(ilzillj + hh,]/Z)
+ LU (hemh*™ — R2/2)"— 1AL AT + L2
here I; = u;; D = ¥V, Ly = hil; — hly/2, h = Bt
Let us assume that ew = 1 and equate the terms of order w in Einstein’s

1
equations. Then we obtain R;; = 0.
If the scalar Ixl*¥ = g'/u ;u ; were not equal to zero, it would follow from

1
the equation R,; = 0 that
Eijlklk = l,'f/] + ljf/,' .

Therefore by choosing the transformation
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' =gt - w“z/Li(ﬁ,w)dﬁ, £ =wu

it would be possible to make k;; equal to zero (apart from terms of order 1/w) in
the system of coordinates z*', which contradicts the assumption that the leading
terms in h;; cannot be eliminated by means of a coordinate transformation.

It follows that I¥I; = 0. This means that the surfaces u = const are isotropic.
The isotropic surfaces v = const determine a family of isotropic geodesics with
no rotation in the space of the background.

We shall assume that in the irradiation region (the region filled with the light
rays of the wave) the field of null tetrads is obtained by parallel transport along
the rays I of a tetrad field given on some hypersurface which each ray intersects
only once.

1 . .
From the conditions that R,, vanish we also obtain I;L; + [,L; = 0, from
which it follows that L; =0 or

hll, — Jhl; =0 .

These four linear algebraic relations impose constraints on the ten components
hij, so that only six of the quantities h;; are independent.

It is possible to represent h;, explicitly in terms of the null tetrad I, n, m,
m* in the form

hij = Pmym, + P*mim} + ;Aj + A, . (1.2.20)

Here the complex scalar P characterizes the actual gravitational wave (its
modulus describes the amplitude of the wave, while the argument of P describes
the direction of the polarization vector). The term I; 4, +1;A; in h;; can be made
equal to zero by means of an appropriate coordinate transformation (1.2.18).
Similarly, it follows from Maxwell’s equations V; F*7 = 0 that /; f*/ = 0, from
which we obtain

2fi; = fVi; + £V, Vi =2(lim; —I;my) .

By averaging Einstein’s equations R,-j = nf”,-j (where T,-j is the energy-
momentum tensor of the electromagnetic field) with respect to the fast variable
wu, we obtain, apart from terms of order O(1/w?),

2n
2
Rij=xT,;+ ‘;:vf /{|P2|+ 8G|f '} de . (1.2.21)
0

For an initially sinusoidal wave, the higher harmonics will have small am-
plitudes in comparison with the first harmonic, so that (1.2.21) can be rewritten
in the form

Ri; = kTij +ugu j[|[P?|/4+2G|f*|/" . (1.2.21")
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3
This simple expression has been obtained on the basis of the fact that R;; is
greatly simplified by using Ly =0 (k = 1,2,3,4) and [,,,I™ = 0, and also the

fact that terms which are total derivatives with respect to £ drop out from 132, ;
after this quantity is averaged with respect to ¢.

Thus, when Einstein’s equations are averaged, the system of background
equations contains the squares of the amplitudes of the gravitational and electro-
magnetic waves, which tend to produce an additional curvature of the background
in relation to a given background solution of Einstein’s and Maxwell’s equations.

In Einstein’s equations, we now equate the terms containing the zeroth power

2

of w for the first harmonic. Then it follows from Einstein’s equations that 27 R;, =
% fi;F})- Multiplying both sides of these equations by m*m*/ and summing over
¢+ and j, we obtain

o1 4G
DP+ 3PV *+ 745{;f =0 . (1.2.22)

Equation (1.2.22) could have been obtained directly from the equation 47y
= k®P2P;, where the expression for $9 is given by (1.1.63).
It follows from Maxwell’s equation (1.1.28) that

Df+ifw ik —16,P=0 . (1.2.23)

From (1.2.22,23) it is easy to obtain the following “continuity” equation for the
total intensity of the electromagnetic and gravitational waves:

4
Iplie21 € p2 _
A\ {l []f | + 8GIP |]} 0. (1.2.24)

In an isotropic-geodesic coordinate system constructed on the rays I; [see
(1.2.3)], it follows from this equation that

4
V9 [|f2| * 83511"21] = 20,66 .

Therefore along fixed rays (u = const, {! = const, £2 = const) we have conserva-
tion of the quantity

2 _(i 2

The quantity /g d¢! d¢? has the meaning of the elementary area on the surface
of the wave front u = const, & = const cut out by these same rays. The total
intensity of the waves is inversely proportional to the elementary area on the
wave front.

From the “continuity” equation for the total intensity of a wave and the
equation (1.2.21) for the geometry of the background it follows that mutually
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coupled trains of electromagnetic and gravitational waves act on the background
in exactly the same way as purely gravitational waves in the absence of external
electromagnetic fields {1.37]. It has been shown [1.38] that in this case it is
possible to introduce a distribution function for massless particles which obeys
the Liouville equation.

The tetrad component @y in the expansion of the bivector of the electromag-
netic field with respect to the tetrad I, n, m, m* characterizes the radiation of
the external field along the rays which carry short waves, since the square of
its modulus is proportional to the flux of energy and momentum of the external
field along the isotropic direction:

Ile = 47thJl'lJ ’

where 7} ; is the energy-momentum tensor of the background. According to
(1.2.22,23), all the special properties of short waves are related to the com-
ponent $g.

We shall show [1.26] that the variation of the component @y along the rays
can be expressed in terms of the rotation coefficients of the canonical tetrad for
the bivector of the background electromagnetic field. Let I, 7, 1, m* be a tetrad
in which the bivector of the background field takes the canonical form in the
nondegenerate case: F; = &) M;; + 5{‘]\71,-*]- (see Sect. 1.1).

We first define a new orientation of the vector I by means of the transfor-
mation (IV) in such a way that it becomes tangential to a given congruence of
isotropic geodesics with no rotation. We then stretch it by means of the transfor-
mation (II), so that it coincides with the vector I; = u ;, where {u} is a given
family of isotropic surfaces.

The parameters A and b of the transformations (II) and (IV) will then satisfy

the following ordinary differential equations along the isotropic geodesics:
D(bA) = Alrn; DIt + brn; Din** + |b*|in; D',

= ) . (1.2.25)

~DA = A[n;DI* + bii; D™ + b*7i; D' .

By means of the transformations (III) and (I) with the parameter a and the
angle 8, we rotate the vectors 72 and 7 so that n and m satisfy the condition
of parallel transport along the congruence. Then the parameter 6 satisfies the
equation

iD@ = m}Dm' — b*m; Di' + bint D' . (1.2.25")

The component @, of the background electromagnetic field tensor in the tetrad
undergoing parallel transport along the given congruence of isotropic geodesics
is equal to 2Ab®, exp(if). According to (1.2.25,25'), we have

D(Abexp(if)) = Aexp(i0)[7n; DI* + b*m! D'l . (1.2.26)

From Maxwell’s equations (1.1.28-31), written in terms of the canonical tetrad,
we obtain
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D&, =2481(5+b*7 — |B*|ji — b7) . (1.2.27)
It follows from (1.2.26,27) that
Dindy=A {%[k +3|6%|7 + b*5 + 3b3] — b[37% + |b?|D + 36% i + b:\]}
(1.2.28)

To obtain a convenient form for this equation, it is sensible to rewrite it by
expressing the parameters A and b of the transformations in terms of the com-
ponents of the vector I; = u ; in the tetrad I, nn, m, m™:

Din &g =3 (uGmy® — u a7 +u @0 — u i)

<+

2 2
L)y B@Uen g Dewy, BOW@ g 5087
M LX0) U (i) U ()

If the bivector of the background electromagnetic field is degenerate, i.e., both
of its invariants are equal to zero, then in some tetrad it can be reduced to the
form F;; = ®oU;;. The corresponding expressions for this case were given in
[1.26].

If arg @¢ is to remain unchanged along an arbitrary isotropic geodesic, the
following conditions must be imposed on the background gravitational field:

g=0*’ M_:u*’ 7r+7-*=0’ k:g:y:A:O . (1.2'29)

These conditions lead to a Weyl tensor of Petrov type D, for which all solutions
of Einstein’s vacuum equations have now been found [1.46].

By virtue of (1.2.22,23), the variation of the phase of @, gives rise to mutually
consistent variations of the phases of the functions f and P.

Making the substitutions

YgVB8Gf=EF, P=ygP, Fo=5V2G , (1.2.30)
in (1.2.22,23), we obtain

d d dln /g

—_— * = 0 — _ = 0 f LIS 4.8 . 1.2. 1

da’P+<,o.7-' , daf eP=0, Vi T (1.2.31)
We represent the complex function ¢ in trigonometric form and replace the affine
parameter « by the variable z defined by the relation dz = |p|da. Eliminating
the unknown P from (1.2.31), we obtain

&EF .dargp dF
w0

(12.32)

This equation relates the variation of the amplitude |F| of the electromagnetic
wave and the angle of rotation arg F of its plane of polarization.
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In the particular case in which the conditions (1.2.29) hold, the argument of
the function ¢ does not depend on z, and the system of equations (1.2.31) admits
the simple solutions

.7:=Acos(/<pda+7), 'P=Asin(/<pda+'y> , (1.2.33)

where the complex number A and the phase shift vy are constant along a fixed
ray. It follows from the form of the solutions (1.2.33) that the amplitudes of
the electromagnetic and gravitational waves are sinusoidally modulated with a
frequency determined by the equation

27r=/<pda=§/ T;j dz*dzd .

Before entering the region with a strong electromagnetic field |¢| ~ 1, the
gravitational and electromagnetic waves from sources localized in the same re-
gion propagate independently, with identical surfaces of the wave fronts, but in
general with different planes of polarization. In the region || ~ 1, these waves
experience only partial mutual modulation, and the plane of polarization of each
of the waves experiences a rotation with respect to the tetrad which undergoes
parallel transport along the rays. Formally, this happens because the phase + in
the expressions (1.2.33) is in general complex.

The case of a real phase - corresponds to a situation in which either the planes
of polarization of the gravitational and electromagnetic short waves were coinci-
dent before the waves entered the region |p| ~ 1 or only one of these waves was
initially incident. In this case, the solutions (1.2.33) describe total mutual conver-
sion of the waves over a length equal to the period calculated from the equation
J lplda = 2, since the process of propagation of the waves takes place as a
periodic appearance and disappearance of the gravitational and electromagnetic
waves with conservation of their total intensity. This effect of periodic transfer
of “energy” from one mode of oscillation to the other is analogous to the spatial
beats of electromagnetic waves in two wave guides connected by a narrow gap
[1.47,48] and to the beats in a system of two pendulums connected by a weak
spring [1.49].

1.2.5 Algebraic Structure of Perturbations of the Weyl Tensor
in the Case of High-Frequency Waves

It follows from (1.2.17) that the perturbation of the metric corresponding to short
waves has the asymptotic form

*

hij = Pm;mj+ P*mim}, §i; =gij +hij/w . (1.2.34)

Then from the definition of the tetrad components o, %1, 12, 13, ¥a of the
Weyl tensor it follows that the values of these quantities for the perturbed metric
(1.2.34) have the asymptotic structure
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Pa=tps — JwP+...,

Py =3 +1(6+38 - a")P+kP}/@T) +...,
br=dp+ioP+..., P1=¢1+0(1/w), o =1h+0(/w),
P=0P/3¢, t=wu .

(1.2.34)

It can be seen from these expressions that it is by no means obligatory to derive
the relation (1.2.22) from Einstein’s equation & = £, P;/(47) [see (1.1.63)].
This same equation could have been obtained more elegantly from the Bianchi
identity (1.1.46). In addition, it follows from (1.2.34’) that the Weyl tensor in the
case of short waves has the algebraic structure

Wtklm = Wtklm +whNikim + IlLgim + (I/W)Itklm s

where Wy, is the Weyl tensor of the background space, and Nikim, Iikim,
and [, are Weyl tensors of Petrov types N, II, and I, respectively.

Thus, we can say that when the perturbations in the Weyl tensor are ex-
panded in inverse powers of the frequency, the degree of algebraic degeneracy
of the successive terms becomes smaller. This fact is completely analogous to
the properties of first-order breaks in the gravitational field (see Sect. 1.2.2).

1.2.6 Behavior of Short-Wave Perturbations of the Gravitational Field
Near Caustic Surfaces

Waves attain the largest intensity at the focal points, where g = 0; this means that
a treatment using the approximation of geometrical optics is not possible, since
this approximation leads to fictitious features in the amplitudes of the waves.

We have shown (see Sect. 1.2.1) that the appearance of focal points on light
rays is not an exotic phenomenon in general relativity, since the area of any
convergent element of a wave front decreases monotonically, becoming equal to
zero at a focal point.

The set of focal points forms a caustic surface. Here we consider only the
simplest stable type of caustic (from the Greek kaustikos — burning) — the fold.
From the point of view of the classification of the singularities of mappings of
Lagrangian manifolds (which occur in the representation of solutions in the form
of rapidly oscillating integrals [1.50]), only the following types of singularities
(apart from the fold) can be stable in a three-dimensional space: the (Whitney)
cusp, the “swallowtail”, and the hyperbolic and elliptic umbilics [1.49]. The
maximum intensity rises as we go from one type of singularity to the next, with
the following orders of magnitude as a function of frequency w: w!/® for the
fold, w!/* for the cusp, w319 for the swallowtail, and w!/? for both umbilics (at
normal points, we assume the order of magnitude w° = 1).

For a given congruence of light rays having zero rotation and “carrying”
short-wave perturbations, we go over to the comoving isotropic-geodesic system
of coordinates o, u, ¢!, €2 [see (1.2.3)]. Exploiting the arbitrariness in the choice
of the origin for the affine parameter, we shall measure it from the caustic surface.
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We shall consider the asymptotic behavior of the metric coefficients near the
caustic surface of a fold in the isotropic-geodesic coordinate system.

We construct a field of null tetrads in this system as follows. Suppose that
the isotropic vectors I, nn, and m have the following components:

lao=0, l,=1 1,=0;

na=1, n,=3(@+gag?), np=0

Ma =0, my=Q2-g2)" g +ig" \/7);

m1 = —Qg22) " Plgia +ivgl, m2=—vn/2,

m*! = ~i\/gn/Q2g), m*?=(—ig2/V/9/\/ 292,

g=gnugn—9gn, AB=12 .

(1.2.35)

The indices A, B = 1,2 of the coefficients g4 and g2 are raised or lowered by
means of the two-dimensional metric g 4.

For such a tetrad field, the rotation coefficients can be expressed in terms of
the metric as follows:

k=0, p=p0"=-0InYg/00; 20=-0In(g22/\/9)0a+4c ; (1.2.36)
£=—¢c* = —ign(4/9)"'0(g12/922) /0 ;

. . 1 . . 0g dg*
B+a*=T1=7 =i——m[(g12+l\/@—8gg+gzz—aia];

1 1 dln (1.2.37)
p==olgo+gagh) + = |2Vag? - 2|,
2 4 Ju

15)
(VA gB+Vpga— ng)

*Am*B
2
For this field of null tetrads, (1.2.52, 60) have the form

1
A= 50*(90 +gagh+

Yo=(D —4c—2p)0, So=(D—p)o—o0c* . (1.2.38)

We assume that the component ¥ of the Weyl tensor and the component @y =
xT;;1'17 of the energy-momentum tensor have the following orders of magnitude
near the caustic: $go = O(oc*), ¥ = O(c ). Then it follows from (1.2.38) that
the leading terms in the expansions of g and ¢ with respect to o have the form

1 1
= 5= +0(), o= (E +0(1)) exp (4 / eda) . (1.239)
Expressing g in terms of the metric according to (1.2.36) yields
g=Goa® +0(a®), Go=Go(u,z!, z?) .

Using the fact that the imaginary part of o is 2¢, from (1.2.39) we obtain
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diae = sin (i / 4e da)

It follows from this that ¢ = ieg, o = £o(u, =, 2). By equating the real parts of
o determined by (1.2.36,39), we arrive at

OIn(\/g/g2) _ cos(dicoa) 1

Oa o o

(1.2.40)

Expressing ¢ in terms of the metric, we obtain

2e\/g = g120In g2 /8a — Bg12/Ba . (1.2.41)

It follows from (1.2.39-41) that the matrix g4 has the following form for
a—0:
a(p )1+ f1a) +O(a?)  ap ,1¢ 42 —260y/Go a? +0(a®)
ap 4152 — 260v/Go o + 0(a?) alp z2)2(1 = pra) + O(a?)
(1.2.42)

Here a, ¢, A1, and 3, are arbitrary functions of u, !, and z? (8p/0z? #0). An
isotropic-geodesic coordinate system retains the same form under transformations
of the type z4' = fA(z!, 22, u). If we go over to a new system y! = f, 32 = ¢,
where f is an arbitrary function of u, z!, and 2, we obtain from (1.2.42) the
expressions

g1 = Gua® +0(a?),
g12 = —2¢0y/G11G2n2 a?+ 0(013), (1.2.43)
g22 = G2 +O(ar)

where G1; and Gy, are arbitrary real functions of u, z!, and z?.
To see how the metric coefficients g4 (A = 1,2) depend on a, we make use
of the equation

U+ Pl =D —2p—2e)7 — 207" , (1.2.44)

which, for the quoted field of tetrads, results from (1.1.51,61). We assume that
¥ + P3, = O(err) near a caustic. Then from (1.2.44) in a first approximation we
obtain

T &~ (M +iN/a?) expQigga)

where M and N are arbitrary real functions of u, 7!, and z2.
By expressing T in terms of the metric and using (1.2.37,44), we obtain

N [2 1 2
1=, /=—+0(~- 1=G?+2 M,/-——
a? V Gn (a)’ g o Gz’
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Dropping the indices on g4, we find

a1 =—N+2G11 +0(a), ¢2=G*Gn+0(a) . (1.2.45)

We now determine the asymptotic behavior of go+g4g“. To do this, we consider
the relation (1.1.55):

D—-oup—(@—a*+B+n")r —0A+R/12=1p . (1.2.46)

Let us assume that ¢ — R/12 = O(xrx*). Then according to the preceding
calculations it follows from (1.2.46) in a first approximation that

1 a A *
59%(90 +gag”) =Tt .

Hence

2

go+gAgA = 2i2+0 (l) . (1.247)
« «

In the approximation of geometrical optics, the d’Alembertian V; V¢, defined in

terms of the background metric and acting on a scalar function 1 of the fast

variable wu and the slow variables a, z!, and 2, is equal asymptotically to the

operator

2(D -29¢,u -

Let us differentiate (1.2.23) with respect to the fast variable. Then the system of
equations (1.2.22,23) can be rewritten in the form

V;VIP+4G®}F/c* =0, F=uwf , (1.2.22"

ViViF — &P, =0 . (1.2.23")

Unlike the system of equations (1.2.22, 23), the system (1.2.22', 23/) is mean-
ingful even near caustic surfaces, where the approximation of geometrical optics
breaks down.

In a particular case, along a family of bicharacteristics we have d arg &y /da =
0. Then by means of a rotation of the tetrad we can make the component @y of
the external electromagnetic field a real function for all «.

We now differentiate (1.2.22") with respect to the fast variable (the differential
operator 3/3u and the d’ Alembertian commute for high-frequency waves). Then
the system (1.2.22',23') can be rewritten as a pair of closed equations for x.
and x_:

... Ga N [& .oP
(V,V +idg Fa) x+ =0, xx= F+ %1% . (1.2.48)
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Near a caustic surface o = 0, the second derivatives of the solutions with
respect to the affine parameter (which are negligibly small outside the neigh-
borhood of the caustic) come into play in the d’Alembertian. In the isotropic-
geodesic coordinate system (1.2.3), the d’Alembertian (operating on a scalar)
becomes asymptotically equal to the operator

\/_aa\/'au \/_a [(go gag )‘/_6 ] . (1.2.49)

At normal points of isotropic geodesics, the second term in (1.2.49) is small
and can be omitted®. Near caustics, we can rewrite (1.2.22,23) in a form which
takes into account the dependence of the metric coefficients on a:

2 9 OP Go @ (10 _8G
\/_Ba <\/_ )+ a Oa (a aaP) —QOf’

2 9 of A 190 &P
ﬁa?(‘/a%)J'?b‘Z(&'b’E )*%7-0-

Let us make the change of variables

v= \/@ 3Go

Then from (1.2.50) we obtain

P &P 4G3
ay yax V2G0¢0f7

il ,
i a—f = ‘EVZG"%E—Z

T

(1.2.50)

(1.2.51)

In the absence of external electromagnetic fields, when @, = 0, this system
decomposes into two independent Tricomi equations.

For monochromatic waves, the system of equations (1.2.51) reduces to the
system

*prp ., 4G o o,
Fy-z—"‘w yP—c—4 2Go¢of=0,

1
Qz—;f +wlyf + =w?Y2Go P =0 .
Oy 2
The “irradiated” region, i.e., the region accessible by means of some light
ray from the congruence, corresponds to y > 0. For the “shadow” region, i.e.,

5 We note that many excellent studies (for example, [1.49-51]) have been devoted to the investi-
gation of asymptotic solutions of linear hyperbolic systems, particularly in the approximation of
geometrical optics.
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the region consisting of points inaccessible on the congruence for real values of
the affine parameter «, we have y < 0.

In comparison with normal points on the rays, at focal points the luminosity
of the waves is in general increased by a factor w!/6.

1.3 Interaction of Gravitational and Electromagnetic Waves

1.3.1 Curvature of Space-Time in a Plane Electromagnetic Wave

As is well known, plane waves which propagate in one direction without change
of form are distinguished by the property that the light rays corresponding to them
have zero expansion, Re{¢} = 0, rotation, Im{p} = 0, and shear, o = 0. Space-
time must admit a group of motions along the light rays, which are the orbits
of this group. Therefore, for exact plane-wave solutions of the Einstein-Maxwell
equations in empty space, there must exist an absolutely parallel isotropic vector
field 1. This means that in the isotropic-geodesic coordinate system (1.2.3) co-
moving with the light rays the metric coefficients must not depend on the affine
parameter a.

The a-independent form of the metric (1.2.3) is invariant under coordinate
transformations of the form

u'=u, o =a+2u,t ), £ =fut, ), a=12,

where 2(u, £, €2) and f%(u, €', €2) are arbitrary functions. By means of an ap-
propriate choice of these functions, it is possible to make the coefficients g12
and g, of the metric (1.2.3) equal to zero, and the coefficient g, equal to unity
[1.52]. Then the metric (1.2.3) takes the form

ds®* = Adu? +2duda +2S dudr — Edz? ~ dy* | (1.3.1)

where A = go(u,z,y), S =gi1(y,2,y), E = guly,z,y,), =2, L=y.

Below, following [1.53], we shall show that in a certain coordinate system
the general solution of the system of Maxwell’s and Einstein’s equations for
plane waves takes the form

ds® = A(u, z,y) du® + 2 du da — dz? — dy? (1.3.2)
in which the function A(u, z,y) satisfies the equation

PA PA 4G N .
_a_m_2+32;2— =—CT¢2¢2, &y = f(z +iy,u) , (1.3.3)

where f is an arbitrary analytic function of z + iy, and the dependence of f on
u is also arbitrary.

In the literature, one can find several particular solutions of the Einstein-
Maxwell equations describing plane waves, for example, the solutions of Takeno,
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Petrov, Kaigorodov and Pestov, Rosen, and Peres (see the references in the book
of Zakharov [1.12]).

In order to show that all these solutions take the form (1.3.2,3) in some
coordinate system, we make use of the formalism of null tetrads.

Let us choose a field of null tetrads in the coordinate system (1.3.1) with the
following components:

1,1,0,0,0), n.(4/2,1,5,0), mi0,0,v/E/2,i/V2) . (1.3.4)

Then the nonzero rotation coefficients of a tetrad can be expressed in terms of
the functions A, E, and S as follows:

10 10 i 8§
/\—Z-a——lnE, y—z'a—u-ln —-2—-\/_—E'—a—y,

i OlnE 1 9§ 1 04 i 0A
a:ﬂ:—-——-—-——-—-, v= -_— -y W) (1-3'5)
4/2 Oy V2EOu 2\2Edx 22E 0Oy
___1. 08
"TTWEdw

We shall assume that only the component &, of the electromagnetic field tensor
F,; is nonzero. Einstein’s equations (1.1.65-68) take the form

6 -6 +4a%*=0, b6y— Aa—2)a=0,

1.3.6
(6 =&)X +4ar —28*y=0 , (1.36)
Sy — Ap+2av — p? — A\* = 4??-45245; ) (1.3.7)
Using (1.3.4,5) we can write (1.3.6) in the form
621nE+1(61nE flo 2 (Los\_,
o 2\ 9y ) ' oy\VvEOy) (138)
2 (L%) QPVE B
0z \\/E 0y oudy
which, after integration, gives
\/E = a(z, u)y + bz, u),
2 1.3.9)
S = clu, 2) [a_%glq_ + bla, x)y] +dw,2) |
da Oc
%’LE'O , (1.3.10)

where a, b, ¢, and d are functions of the indicated variables. Making use of these
last equations, we shall list the sequence of transformations which reduces the
metric (1.3.1) to the form (1.3.2). We consider first the case a # 0, for which we
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give each transformation and then, below it, the form of the interval after the
indicated transformation (the coefficient A is different in certain transformations,
but we always denote it by the same symbol):

1) :1:'=/adm, Y=y, ao=a,
ds? = Adu? +2 du do’ +[e(y” + 2by") + d) du dz’
— (' + b2 dz"? — dy'*.
2) o =a+/(d—cb2)d:v, Y=y, z'=z,

ds? = Adu? +2duda’ + c(y' +b)? du dz’

Y 2 402 512
(' +8)7de™ — dy" 1.3.11)

3) z’=ycosz—/bsinzdx, y’=—ysinz—/bcoszdz,

o =a,
ds? = Adu® +2duda’ + f(u,z',y") dudz’

+g(u,z',y) dudy' — dz'* - dy'z.

ds* = Adu* +2duda’ +25(u,z',y") duds’ — dz" — dy'2 .

The form of the metric (1.3.11) is identical to (1.3.1) if for F and S in (1.3.9)
we take a = 0 and b = 1, but in this case we find, using (1.3.10), that the function
S in (1.3.11) has the form

S = c(u)y.
5) &' =a+c(u)ry, z=rcosp, y=rsing,
ds? = Adu® +2duda’ +2c(u)r? dudp — dr? — r*dp?.

6) o' =¢p— /c(u)du, a=a 1r=r
ds? = Adu? +2duda’ — dr'? — r'*de

This form of the metric is identical to (1.3.2). If, however, a = 0, then to reduce
the metric (1.3.1) to the final form (1.3.2) it is necessary to begin with the
transformation ¢’ = [ bdz and then carry out the transformations 4-6.
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1.3.2 Nonlinear Interaction of Plane Waves

Above, we considered the case of a plane wave traveling in one direction without
change of form.

An exact formulation of the problem of the nonlinear interaction of plane
gravitational and electromagnetic waves has been given by several authors [1.54-
56]. In order to study the interaction of plane waves, it is necessary to consider
classes of metrics having a more general form than (1.3.1). We shall consider
pseudo-Riemannian spaces which admit two-parameter commutative groups of
motions with two-dimensional space-like transitivity surfaces. We take the inter-
val in the form

ds* =e Mdudv — e Y[eY cosh W dz?
+e~ Y coshW dy? — 2sinh W dz dy] . (1.3.12)

Here the unknown real functions M, U, V, and W depend on u and v alone.
The Einstein-Maxwell system of equations remains self-consistent if we set the
component ¢, of the electromagnetic field tensor equal to zero.

The isotropic surfaces u = const and v = const are characteristic of the
hyperbolic system of Einstein-Maxwell equations.

In our case, the metric for the mutually incident waves before their interaction
can be conveniently chosen in the form

ds®> =2dudv — gn(w)dz? — 2g12(v) dy dz — gz (u) dy? (1.3.13)
for one plane wave and
ds? = 2 du dv — g11(v) dz? — 2g12(v) dy dz — gaa(v) dy? (1.3.19)

for the other. Then each of the incident waves will have the particular form
(1.3.12), in which the dependence on either u or v is absent. In the region of
interaction of the waves, the coefficients of the metric (1.3.12) will have an
essential dependence on both of the variables « and v.

The vectors of the null tetrad associated with the metric (1.3.12) have, with
respect to the coordinates u, v, z, y, the components

1'(0,e™/2,0,0), n'("/,0,0,0),

. (1.3.15)
m*(0,0,eV V2 cosh(W +ir/4), eV+V)/2 sinh(W +ir/4)) .

The nonzero rotation coefficients of this tetrad field can be expressed in terms
of the coefficients of the metric as follows:

0=1eMU,, o=-1eM [V, coshW —iW,],
p=-1eM?U,, A= 1eM2[V,, cosh W +iW ],
2¢ = —1eM/2[iV, sish W + M, ],
2y =1eM/2[_iV,sinh W + M ,] .
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Instead of the tetrad components $o and & of the electromagnetic field tensor,
we introduce the functions &, and &, defined by the equations &y = eM/2,
&, = eM/2$,. Then (1.1.28,29) take the form

B2,0 = —5(V.u coshW +iW,,)o + (U, +iV,, sinh W), | (1.3.16)

Bo,, = —1(V,coshW —iW, )&, + L(U,, +iV,, sish W)y (1.3.17)

Equations (1.1.30, 31) are satisfied identically, as are Einstein’s equations (1.1.61,
62,66, 67). Equations (1.1.63,64) are equivalent. Equations (1.1.60, 68, 65,63)
take respectively the forms

2U 4y — U2 +2U M, — W2 — VZcosh® W = ﬁéoq'sg , (1.3.18)
b b b c
2 2 2 2 4G - F,*
2 uu — UL +2UuMy — W), = Vi, cosh® W = —28285 (1.3.19)
M, +U U, — W W, —V,V,coshW =0 , (1.3.20)

(2‘/,uv - U,u‘/,v - U,UI/,u)COSh W + Z(Ku‘/v,v + ‘/,vvv,u) Sinh W
+i2W 4o — WU,y — WUy —2sinhWcosh WV, V]
&85 . (1.3.21)

=4

Taking the ccomponent of Einstein’s equations R,, =0, we obtain the equation

Uw =UuUy , (1.3.22)
which has the general solution

U=—In[f(w)+g)] , (1.3.23)

where f(u) and g(v) are arbitrary functions of their arguments.

The relations (1.3.16,17,21) form a closed system of equations for the func-
tions V, W, &, and &,, in which U must be replaced by the expression (1.3.23)°.
Using the resulting solution of this system, the function M can be found by means
of (1.3.20).

In what follows, we confine ourselves to the particular case in which W = 0.
According to (1.3.21), this situation can occur when Im{®,&;} = 0. We shall
assume that the forward front of one of the incident waves before the interaction
is described by the equation u = 0 with v < 0, while the forward front of the
other wave corresponds to v = 0 with u < 0. The instant at which they meet
corresponds to the intersection of the characteristics « = 0 and v = 0. Since
(1.3.16-21) have characteristics u = const and v = const, breaks run along the
characteristics u =0, v > 0 and v =0, u > 0; these correspond to decay of the

6 The efforts of many authors have now led to the creation of effective analytic methods of “multipli-
cation” of solutions of this system, i.e., methods of obtaining a countable set of solutions, starting
from one known solution. The general solution has been found by the present author (see Sect. 3.3).
Recently the interesting results were obtained by Chandrasekhar and Xanthopoulos, Ferrari and
Ibanez Halil and Nutku, Garcia, see for references monograph of Griffiths.
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break which occurs at the instant when the forward fronts of the waves meet.
Thus, we have here a concrete realization of the situation described in a general
form in Sect. 1.2.3, where we studied the Cauchy problem with initial data having
breaks.

On the characteristic u = 0, v > 0, the breaks in &, and V. satisfy the
conditions

[82],, — 3U,.[82] = —3 o[V,
4G -, - (1.3.24)
[V, = §UulVil = 55182l
where for the coefficients U, and $o we must take the values corresponding to
the single-wave solution (1.3.13, 14).

Similarly, the breaks in @ and V, along the surface v = 0, © > 0 must obey
the conditions

(o] — LU ,[B0] = —18,0V,],
AG (1.3.24")

Vol , = 3UulV,] = 6—455[450] ,

Now, using the explicit solution (1.3.23) for U, we shall reduce the system
(1.3.16,17,21) to a simpler form. We shall assume that the derivatives of f(u)
and g(v) do not vanish, so that in the region v > 0, v > 0 it is possible to go
over to the new variables f and g, and to replace the functions $o and &, by the
functions

pog' () = Boe U2, paf'(u) = $re” V2 .

Then the system of equations (1.3.16, 17,21) takes the form
4G
(Vo(f + 9}, +{Vs(F + D} g = 200 5 (1.3.25)

P24=—5V 00 wo5=—3Vypr . (1.326)
From these last equations it follows that there exist potentials E and B such that

Going over now to the variables f +¢ = ¢, f — g = ¢, the system (1.3.25,26)

is reduced to the form
(@V,g) , — 4Vt = 2Gc™*e" (B}, — BY) =2Gc™e™V(EY, - EY), (1.3.27)
©'By),~€"B,=0, € VEg), ~(€"VE), =0 . o

The system of equations for £ and V can be simplified substantially by
putting

eV =(1-—EYq(1+6)72, V2Gc?E=E¢+1)"!, &=¢+iE .
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In this case, we obtain for @ the equation

q¢,q - qﬁ)t -
(—4545* = 1),., (_—4545* = 1),, 0. (1.3.28)
The system (1.3.27) has the t-independent particular solutions
A2
ge¥ = E= Atanha, a=¢ln(q/q) ,

cosh®a’
where A, ¢y, and ¢o are arbitrary constants.

Another important particular class of exact solutions of the system (1.3.27)
consists of self-similar solutions, which can be sought in the form

V=V +vlng, E=¢"72EW), B=¢"72B0) .

Here v is an arbitrary constant, and X = t/q.
These solutions are analyzed later (see Sect. 1.3.4). Here we simply write the
exact solutions for v = £1:

ge” = A%¢*cosh®(8/2), E = Acoq(sin6)/2,
B = A" tanh(cp8/2)(y = 1),
2
v 4 oA @ p-2

=——s——+— E= -, sinf(y =—-1) ,
cosh?(co8/2) 2 2 F4 25 00r=-1

where A and ¢y are arbitrary constants, and —\ = cos §.

In the solution corresponding to the interaction of two electromagnetic waves
having the form of a Heaviside step function, the components ¢ and @, of the
electromagnetic field remain constant [1.57]. Before the waves meet, their metric
has the form

2
ds? =2dudv —cos® au(dz® +dy?), u<0, a*= G'ff' = const,
2
ds? =2dudv —cos? bu(dz? +dy?), v <0, b= G|f°| = const .
C

In the interaction region, the metric has the form
ds? = 2 du dv — cos*(au + bv) dz* — cos*(au — bv) dy? .

Other well-known exact solutions describe the interaction of a §-like grav-
itational wave with a step-like electromagnetic or neutrino wave, or particular
forms of interaction of neutrino waves [1.58,59]. We note that when plane waves
interact there is a mutual focusing of the light rays. In the case in which two grav-
itational waves interact, the effect of focusing of the rays described in Sect. 1.1
leads to the appearance of a singularity [1.54-56, 60].
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1.3.3 Propagation of Weak Electromagnetic and Gravitational Waves
in the Field of a Strong Electromagnetic Wave

For short-wave perturbations of the background of a strong electromagnetic plane
wave, the situation is quite clear. In this case, we have all those effects which
manifest themselves when short waves propagate in a vacuum in the presence of
external electromagnetic fields (see Sect. 1.2.4), namely, partial or total mutual
conversion of gravitational and electromagnetic waves, rotation of the plane of
polarization of a wave with respect to a tetrad undergoing parallel transport, con-
servation of the total flux of energy in electromagnetic and gravitational waves,
and distortion of the background through which short waves propagate.

In the case of plane waves, there is a particularly clear manifestation of the
tendency, inherent in general relativity (see Sect. 1.1), for focusing of a pencil of
isotropic geodesics without rotation: parallel isotropic geodesics passing through
a nonlinear plane wave intersect on some surface, and rays from a momentarily
active source which have passed through a plane wave meet at some point or
on a space-like curve [1.27]. One might suppose that it would be possible to
investigate perturbations near caustics on the basis of linear equations by means
of an improved expansion with respect to the inverse frequency, as was done, for
example, in Sect. 1.2. However, an exact treatment of the nonlinear interaction of
two plane gravitational waves by a number of authors [1.54-56, 60] indicates the
appearance of a singularity in the region of interaction of the waves, while the
investigation made in [1.57] applies to a particular case and does not allow us to
say that the appearance of a singularity is atypical for the case of the nonlinear
interaction of electromagnetic waves.

Following [1.53], we shall show that the Einstein-Maxwell equations, lin-
earized with respect to the background of a plane electromagnetic wave with
circular polarization, reduce to closed second-order equations for certain combi-
nations of the perturbations of the electromagnetic and gravitational fields, and
we shall find an exact solution of these equations for the cases in which weak
electromagnetic or gravitational waves with a backward front pass through a
strong electromagnetic wave.

The concept of the cosmic background radiation as a combination of plane
electromagnetic waves with a Planck distribution of the intensity with respect to
the frequency becomes invalid at a high temperature of the radiation. The gravita-
tional and electromagnetic radiation begin to interact with each other, and, as we
shall show below, one electromagnetic wave passing through another is partially
converted into a gravitational wave. In addition, owing to the weakness of the
gravitational interaction, at a high temperature of the radiation a dominant role is
played by quantum processes of pair production due to the nonlinear interactions
of photons [1.61]. However, the classical gravitational effects described below
should significantly modify the usual concepts of a radiation-dominant plasma at
superhigh temperatures T > 10 K.
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Let us write the equations for small perturbations of the gravitational and elec-
tromagnetic fields on the background of a plane electromagnetic wave. In a co-
ordinate system with the metric (1.3.2), the electromagnetic field in a monochro-
matic electromagnetic wave with frequency w can be specified by the 4-potential
Ai(p,0,0,0), where ¢ = B(u)(z cos wu +y sinwu). The tetrad component @, of
the electromagnetic field tensor then has the form

&, = —F;jn'm* = —2712 B(u) exp(—iwu) , (1.3.29)

where B(u) is a real function. According to (1.3.3), the coefficient A in the
metric (1.3.2) has the value

Ay, z,y) = EBz(u)(a:2+y2) ) (1.3.30)

In the tetrad field (1.3.4), space-time with the metric (1.3.2) will have only the
following nonzero characteristics:

: ng(u)
_ 9-3/2 B = .
v=2"44, —idy) = S N —(e —iy) , (1.3.31)
Ya=8v=2"2(A,, — Ayy —2id,)=0 , (1.3.32)
Pp=2"H A, +Ay)= G BZ( ) . (1.3.33)

We shall retain the same symbols, but with primes, to denote perturbations of the
characteristics of the field. Assuming that the perturbations of all the quantities
are small and linearizing Maxwell’s equations (1.1.30, 31), the Bianchi identities
(1.1.39,40), and the definition of i given by (1.1.52), we obtain

D&, — 6*B) = —k'Sy, 68} — ASy=—0'd; | (1.3.34)

—Dip} + 8%y = —DBY, + 6By, Ay — 63} = —DSh, + 68y, , (1.3.35)

%o =Do' — k', (1.3.36)
where

By = —kTy, 28 = —kTys, B, = xhd}/(87) — KTs3/2

and T;; is the energy-momentum tensor of the matter (excluding the energy-
momentum tensor of the electromagnetic field).

After eliminating the perturbation &} from (1.3.34) and the perturbation 1}
from (1.3.35) and making use of (1.3.36), we obtain the closed system of equa-
tions

O} = —v2 B(u) exp(—iuw)yy, 0O=2(DA - 66%) , (1.3.37)
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Op = — " D®) + kL,
L= DTy + 8Ty —2D6Ty3

where O is the d’Alembertian operator constructed from the metric (1.3.2) with
the coefficient A determined by (1.3.30).

If we make a Fourier transformation with respect to the variable o [see
(1.3.2)], on which the coefficients in (1.3.37, 38) do not depend, the d’Alembertian
operator for the Fourier transforms ( f(k) = f: Z: exp(—ika)f(a) da) takes the
form

BwV2G
p (1.3.38)

—0=2ik2 Ry + iz + ﬁz-z-
du O0r? Oy (1.3.39)

b(u) = 1/G/(2c*) B(u) .

In the region in which the function B(u) is nonzero and equal to a constant, it is
convenient to go over to new variables D, (a = 1,2) according to the relations

4G iuw 3 a7
D, = ,/—c;e‘ 3 + Ek-% , (1.3.40)
by =w+ Vw? +482 | (1.3.41)

éfter thig, the system of equations (1.3.37, 38), written for the Fourier transforms
&, and v}, decomposes into two independent equations:

w# F
Na O0zx? Oy?

(2ik2 g ) D, =kn.L . (1.3.42)
Ou

We note that an analogous situation occurs in the study of wave-like fields in the

Nordstrém-Reissner field, where, as was shown in [1.62], the linearized system

of Einstein’s and Maxwell’s equations also decomposes into independent second-

order equations for certain combinations of the small perturbations of the metric

and the components of the electromagnetic field tensor (see Chap. 4).

In regions of space in which there is no electromagnetic wave, the function
b(u) is equal to zero. In what follows, we shall consider the case in which the
function b(u) is piecewise constant, i.e., b(u) = b = const for 0 < u < [ and
b(u) =0for u <O0and u > I

Interaction of a Nonlinear Electromagnetic Wave with Weak Gravitational
and Electromagnetic Waves. Using (1.3.42), we can study the incidence of weak
waves with arbitrary geometry on the nonlinear wave (1.3.3). In connection with
the difficulties in solving the characteristic Goursat problem for the nonlinear
hyperbolic system of equations written earlier in this section, we note that in
the linearized formulation using (1.3.42) it is possible to study a larger class of
problems for plane waves.
We shall consider two cases.
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Case A. Suppose that a strong electromagnetic wave with the space-time metric
(1.3.2,30) is exposed to an incident weak gravitational wave in which the metric
has the form

ds? =2 dudv +e[0(v + a) — O(v — a)lzy dv?® — dz? — dyz,
€ =const, a = const,
f(v)=—1 for v<0, O(v)=+1 for v>0 ,

where 6(v) is the Heaviside function. Simple calculations give for v < O the
following expression for the only nonzero tetrad components of the Weyl tensor:

o = 2eil6(v + a) — (v — a)] .

For 0 < u < [, the weak gravitational wave propagates in the field of the strong
electromagnetic wave. When for v > [ the weak wave passes through the region
of the nonlinear electromagnetic wave, it splits up into a weak gravitational
wave and a weak electromagnetic wave. For u > [, these two waves propagate
independently in the linear formulation.

For u > [, the structure of these waves is described by the following exact
solution of (1.3.42):

[ 2ibl 2N 1 [
&Y = lg—G-Enzm [exp (—?) —exp <—F)] 7\ / Ydv , (1.3.43)

where ¥ = 0 for |v — r2C(u)| > a, ¥ = 1 for |v — r?C(u)| < a, C(u) =
[2(u — ) — b~ cot(bl/2)] 7}, A = (m — m)[cos(bl/2) — 2b(u — 1) sin(bl/2)], and
m and 7, are related to the amplitude and frequency of the strong electromagnetic
wave by (1.3.41).

The perturbation of the tetrad component 1 of the Weyl tensor for u > [ is
determined by the equation

0 oo (2 i onp (2
¢°_2A [mexp( 712) mexp( ~ . (1.3.44)

Case B. We assume now that a strong electromagnetic wave is exposed to a
weak electromagnetic wave, which for v < 0 has only a single nonzero tetrad
component

& = -\% ¢t [B(v — a) - 6(v + a)],

wo =const, o =const, a=const, A=const .

In [1.53] it was shown, using the technique of integral transformations, that
a gravitational wave also appears for v > I. With ¥ defined by (1.3.43) an
exact solution of the linearized equations (1.3.42) is given in this case by the
expressions
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&) = %exp{i[wo(v —r2C(u) = D) + pol}

2ibl 2ibl
X exp|— ) —mexp| — , (1.3.45)
o () —mewn (51
z[)'—\/&éex [iwov +i ][ex (—-ﬂ)—ex (—zl—bl)]
o=V A A Pliwov + 19 P m P ™

x {ie“°?§(v — r2C — a) — ie7**§(v — r?C +a)
— woeTlwer* Oy (1.3.46)

For the solutions (1.3.43-46), the surfaces Sy : 0 = v — r2C(u) + a are
characteristic surfaces, since ¢*79;59;S = 0 on them. The gravitational and
electromagnetic fields have breaks on these surfaces.

In the solution (1.3.43,44) (Case A), the gravitational field has a second-
order break on the indicated surfaces, while the electromagnetic wave which
appears is continuous. In accordance with the general theory of breaks in the
gravitational field (see Sect. 1.2.2), the intensity of the break [40] satisfies the
continuity equation V; ([40]2¢%/8;5) = 0.

When a weak electromagnetic wave is incident on a strong electromagnetic
wave (Case B), the gravitational field has first-order breaks on the surfaces S =0
(the components of the electromagnetic field tensor have discontinuities, while
the nonzero component of the Weyl tensor has a é-function singularity). The
structure of such solutions can be determined in accordance with the theory
developed in Sect. 1.2. It is worth mentioning the review by Griffiths (in prepa-
ration) on the colliding plane-wave problem and new related results like the
Nutku-Halil solution, the set of solutions by Ibanez, various families of solutions
by Chandrasekhar and Xanthopoulos, by Ernst, Garcia and Hauser.

1.3.4 Oscillatory Character of Solutions Near a Singularity

For a self-similar interaction of electromagnetic waves in general relativity (due to
the mutual conversion of electromagnetic and gravitational waves) the oscillatory
behavior of the solutions in the vicinity of a singularity is discussed.

In Sect. 1.3.2 we pointed out that the system (1.3.2) has the self-similar so-
lution

V=9lng+V(Q), &=¢"72/Gc %)), A=t/q .

If these expressions are substituted into (1.3.27), we obtain

V'O - 1)+ AV
= 27101 = 1**/4 = (1 = Moy’ + (¥ = "], 1347
@"O2 = 1)+ )\’ (1.3.47)

=p(y — 12 /4+ V(1 = Drp/2 = 02 = 1)¢")
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where the primes denote derivatives with respect to . We note that this system of
equations remains unchanged if V is replaced by V' + B, and ¢ by ¢ exp(—B/2).
Therefore an arbitrary constant in the expression for V is not essential.
We now go over to the new variable 6 defined by the equation —cos 8§ = A
(0 < 8 < 7). Then the system (1.3.47) can be rewritten in the form
V +2eV[0*(1 — 7)*/4+ (1 — 7) cotbpp — ¢*1 =0,

12 N o (1.3.48)
G+ (y—D*p/4+(y — D)pV(cotd)/2+Vp=0 ,

where the dots indicate derivatives with respect to 6.

It is a remarkable fact that this system has a first integral, which describes
the conservation of the intensity of the electromagnetic and gravitational waves
during the process of their mutual conversion

V2 +eV (0¥ (v — 1)* +4¢?) = ¢ = const . (1.3.49)

By means of this integral, it is possible to reduce the order of the system (1.3.48).
After making the substitutions

2(np)' =1 —y)coty, V=cocosy, €"/%p(l —~)=cosinysing
the system (1.3.48) can be rewritten in the form

2sin §y = cp sin x sinQ2u — 6),

1.3.50
$in (2 — 1+ ) = co cos x[cos(Zy — 6) — cosb] . ( )

If we introduce the new dependent and independent variables 2 = 2y — 6
and r = Incot(4/2), for v =0 we obtain from (1.3.50)

—2dx/dr = cysinxsin 2 (1.3.51)

—df2/dzx = cocos x[cos 2 — (€ — 1)/(e** +1)] . (1.3.52)

In the limit z — oo, (1.3.52) takes the form

—df?/dz = cocos x(cos 2 — 1) + 2coe "2% cos x Oe™**)

in which, in the zeroth order approximation, we can neglect the terms of order
exp(—2z). Then the solution of the asymptotic system (1.3.51,52) for A — —1
(or £ — +00) has the form

cosx =1/1 — & cos(epcrz + f), sinxsin(2/2) = e,
(1 — ) sin*(cpcrz + B) — &
1 — (1 — &)cos*(cpcrz + )

(1.3.53)

cos 2 =

where c¢; and B are arbitrary constants of integration, with |c;| < 1.
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This solution corresponds to an infinitely recurring nonlinear mutual conver-
sion of the gravitational and electromagnetic waves as the singular point A = —1
is approached. The function V oscillates around zero with amplitude co+/1 — ?1.

The corrections to the leading term in (1.3.53) for A — —1 are of order
exp(—2z).

Similarly, the nonlinear mutual conversion of gravitational and electromag-
netic waves is described asymptotically for A — 1 by the equation

cosx = 4/1 — & coslcoérz + fl, & =const, S =const .

Besides the general solution in which oscillations occur for both A — +1 and
A — —1, the system (1.3.51,52) has special one-parameter solutions which
oscillate only for A\ — +1 and have a nonoscillating asymptotic behavior for
A — —1, and vice versa.

The system (1.3.47) also has exact solutions corresponding to a purely elec-
tromagnetic wave:

¢ =consty/1 £ A, V =const .

However, these solutions cannot be interpreted as interacting waves, since in
them either ¢ or &, is zero.

We shall establish the form which the plane electromagnetic waves described
in the interaction region by the self-similar solution must have before the inter-
action.

The tetrad components of the bivector of the electromagnetic field corre-
sponding to the self-similar solution have the form

2= LD (2 _ 14,

f(u) +g(v) \2
—aV/2 f'(w) P _ '
P2 =+ g (2 +1-2¢')

In the region before the interaction, for the wave incident from the left we
have g(v) = 1/2 and hence A = (2f(u)—1)/(2 f(u)+1). For this wave, o = M =0
[see (1.3.12)]. Of Einstein’s equations, only (1.3.19) is not satisfied identically:

2U,uu — U% = V2 +4GP5/c* .
In the self-similar case, it follows from this equation that
2u"(1 = ) =u'[3+ V21 = N2 +2eV(p/2+1 - N')] . (1.3.54)

In this equation, V' (A) and ¢()\) must be replaced by the solutions of the
system (1.3.47); this follows from the continuity of the functions V() and (1))
on the characteristic v = 0. Equation (1.3.54) can be used to determine u as a
function of A by quadratures. After inversion of the function u = u(}), we find
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the required function f(u) = (1+A)/[2(1 — A\)]. Similar calculations can be made
for the wave incident from the right.

Extensive numerical calculations carried out by L.Yu. Blazhennova-Mikulich
have shown that the functions f(u) and ¢g(v) decrease monotonically with in-
creasing u and v, becoming equal to zero at finite values of u and v.

Finally, we note that the function M(u,v) is nonzero in the region of inter-
action of the waves. Knowing V, the function M must be found from (1.3.20),
which can be written in the form

2AM qq — Mu)+1/q* =V = V3,
g = f(w) +g(),
t=f(w) —g() .
In the self-similar case, this equation reduces to
2M=V+1=cicos?x+1 .

Hence, taking into account the boundary conditions M =0 at § =0 and 6 = =,
we find that

] T
M= / (0 — 1)(ch cos? x(@) + 11d6y — = / (r — 81 cos? x(6) + 11 dby
0 0

1.4 Conditions on Surfaces with Strong Breaks in Theories
of the Gravitational Field

At the present time, in both theory and practice, complicated models are intro-
duced to describe continuous media, for which the parameters specifying the
states of elementary volumes include, for example, the characteristics of defor-
mations, the electromagnetic field, the composition of mixtures, the structure of
individual molecules and molecular aggregates, etc. The introduction of such
auxiliary parameters for a medium entails the introduction of new equations,
which have the character of kinetic equations or relations similar to equations
of state. These equations must be added to the system of universal conservation
laws. In order to construct models and formulate problems in terms of these
models, it is necessary to find the conditions which hold at strong breaks inside
a region occupied by a medium and boundary conditions at the boundaries of
this region.

Sedov’ and representatives of his school [1.15, 63-67] have developed unified
general regular methods of deriving closed systems of equations for specific
models and conditions on the discontinuities, using the basis variational equation

7 In writing this section, we relied heavily on the paper by Sedov [1.15].
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5/AdV+5W*+6W=0 , (1.4.1)
Va

where A is a given Lagrange function, whose arguments are the parameters
describing the state of a small macroscopic element of the medium and their
derivatives with respect to the time and the coordinates. The relation of the
basis equation (1.4.1) to Lagrange’s classical variational principle and to the
complete energy equation facilitates the construction of the Lagrange function
and the functional §W™*. In particular, facts like this enable us to be guided by
the methods and results of the thermodynamics of irreversible processes.

The presence of §W* in (1.4.1) is due to the occurrence of irreversible
effects in the interaction of a given element of the medium with the surrounding
elements, as is taken into account by the nonholonomic character of the volume
integral in §W™*. A given functional §W* which is linear in the variations of the
parameters may contain a volume integral over V,, an integral over the surface X
which bounds the four-dimensional volume Vj, and surface integrals over both
sides of the hypersurface S; of the break, contained in Vj. The variations of the
parameters on X and S3 in (1.4.1) are nonzero.

The additional term §W appears in (1.4.1) in order to compensate the cor-
responding surface integrals in §W* and in the integrals which occur after the
variation of the Lagrange function is integrated by parts.

The invariant formulation of the basis equation (1.4.1) makes it possible to
apply it to various relativistic theories of the gravitational field (see, for example,
[1.52,68], which rely on the concept of a space with torsion®). In spite of the
self-consistency of the general theory of relativity, the absence of reliable exper-
imental data make it impossible to ignore other theories of gravity which lead to
the Newtonian law of universal gravitation in the nonrelativistic limit. From the
mathematical standpoint, general relativity is the most highly developed theory
of the gravitational field in which many exact solutions describing the proper-
ties of this field have been studied theoretically and interpreted. However, in
the weak-field approximation, which alone is accessible to physical experiment,
many effects of general relativity are also predicted by other theories of the
gravitational field, in particular, by the above-mentioned.

In Riemannian spaces, the components of the metric tensor can be regarded
as unknown parameters characterizing the intrinsic degrees of freedom of space-
time. This raises the question of the actual selection of certain coordinate systems
by means of various conditions and constructions, in particular, by means of
special admissible assumptions about the functional form of the components of
the metric tensor.

The definition of a comoving coordinate system involves particularization of
the points of some material or, in general, mentally defined medium. The indi-

8 Logunov and his school (see, for example, [1.69]) are developing a theory of the gravitational
field by postulating a pseudo-Euclidean character of the physical space-time in order to define an
energy-momentum tensor of the gravitational field.
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vidual points of a material medium can be fixed by means of three Lagrangian
coordinates ¢!, €2, £3. The time-like coordinate line ¢* coincides with the world
line of a fluid element. The coordinate system z* of an observer in a nonsym-
metric Riemannian space can be introduced by means of purely geometrical
constructions; for example, a unique coordinate system can be defined on some
chart by taking the coordinates to be the four invariants of the Weyl tensor.

A coordinate transformation z* = fi(¢!, €2, €3, ¢*) represents nothing other
than the law of motion of a given medium with respect to the coordinate system
of the observer. If the functions g; j(z") and g,4(¢ k) are known, the four functions
f* can be found from the tensor rule of transformation of the metric coefficients:

Oz 0! .,
gij(z )a_gva_g? = Gpqe(€") . (14.2)

Consequently, if equations for determining the metric of the comoving coor-
dinate system can be formulated independently of the system of the observer, the
law of motion z* = f*(£¥) can be found from (1.4.2). These arguments enable us
to understand why the law of motion follows in this case from the field equations,
in the same way that the equations for the momentum and energy are conditions
for compatibility of Einstein’s equations. If the geometrical properties of space
are known and simple, the equations which determine the law of motion of a
medium may not be so simple, since they are not simple consequences of the
metric properties of space, although these properties leave a clear imprint on the
nature and form of these equations.

Bearing in mind what we have said above, we now consider models in which
A and éW* have the form

A= AR, gij, u4, Vi u?, 23, Kp), =i = 0z*/0¢k,
SW* = — / Mpbpldv |
Va

in which g;;(z¥), pA(z*), z*(¢*) are unknown functions, 44 being thermodynam-
ical parameters characterizing the state of the medium, and K p(¢*) are known
functions such as generalized physical constants.

We shall use the notation §A4 for the variation of the function A at fixed
Lagrangian coordinates, and A for the variation of A at fixed coordinates of
the observer. It can be verified that these variations are related by the rule

Sut = opt + 8z* v pt .

For the components of the metric tensor, the two variations are identical. The
variation of the element of volume is

§dV = (0(n/=g) + V, 6z dV .

For the variation of the scalar curvature, we have the equations
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OR=—RY8g;; +V, W', =(g**¢"? — g ¢g"™)Vi Bgi; .

Taking the variation in (1.4.1) on the basis of the foregoing equations, by con-
sidering the volume integral and equating the coefficients of the independent
variations we obtain the following Euler equations: for dg;,

— R79A/OR+g"I AJ2 + dA/Dgi; — V, B

— (g g% — ¢"¢g’")V, VL 0A/OR =0 | (1.4.3)
with
B9 = (avaA AFA[q jls o ;avaA AFA' J-’) #B : (1.4.4)
for 6z,
A
Vs (%ﬁ) +%v : a(?r? V,Kg+MaV,p?=0 ; (14.5)
J 7]
for 6u”,

oA _ oA
A~ oV pA

=M, . (1.4.6)

In (1.4.4) we have introduced the notation ng for the corresponding products
of Kronecker delta symbols 67, depending on the structure of the indices A in
the tensor components of p4:

A
a i

The relations (1.4.3) are generalized equations for the gravitational field. If
the function A depends nonlinearly on R, these equations contain fourth-order
derivatives of the components of the metric tensor.

After taking the variation of A and integrating by parts, we obtain for §W an
integral which extends over the three-dimensional hypersurface X' which bounds
the four-dimensional volume Vj, and also over each of the two sides of the
hypersurface S3 of the strong break. The required relations on the hypersurface
of the strong break can be obtained by taking into account the arbitrariness of
the volume V; and of the continuous (on S3) functions §z¢ and variations 09gij,
O(8gi;/On), buA, and 6z In particular, §W is given by the expression

SW = — / { [B(z])k +qtkjlvl (_6_4)] 3g;j oA zkjlvl (3911)
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Since §u# and §z* in (1.4.7) are arbitrary, we have
[NinevG1=0, [PineVGl=0 ,

where NX denotes the coefficient of §u# and P} denotes the coefficient of
§z' in the surface integral for §W. The tensor P is the energy-momentum
tensor of the continnous medium. The square brackets indicate the difference
between the corresponding quantities on the two sides of the surface of the
break. The continuity condition for NV ﬁnk\/a at the break is a new condition
which supplements the usual continuity conditions for the flux of energy and
momentum at the break. The coefficients of x4 and §z* are also continuous at
a break in the absence of a gravitational field in the special theory of relativity.

An exposition of the main results obtained by applying the basis variational
equation to various models of continuous media with no gravitational field, in-
cluding both new models and those that are already used in theory and practice,
can be found in the papers and textbook by Sedov [1.15,65-67,70,71]. Here,
following [1.15], we shall confine ourselves to a discussion of the new conditions
on the discontinuities in the gravitational field which follow from the requirement
that the variations g, ; and their derivatives 0(Jg;;)/0n along the normal to the
surface of the break must be continuous.

For this purpose, we separate explicitly the normal derivative of Jg;; in the
second term of (1.4.7) and make use of a special coordinate system, assuming
that the normal to the surface of the break is space-like. We take the coordinate
line ! along the normal to the surface S3, and choose the remaining coordinate
lines on the surface S3. In such a coordinate system, the quadratic form at points
of 53 reduces to

ds? = g11(dz")? + gap dz®dz? (a,8=2,3,4) , (1.4.8)

where the coordinates 22, 23, z* are parameters on the surface S3. The derivative
along the normal to the surface is given by

of __L_of

n~ /—gn Oz!
From the condition that the coefficient of Jg;; is continuous it follows that
[T*nxv/G1=0 (1.4.9)

where the components of the tensor T%7* in the coordinate system defined by
(1.4.8) have the form

—Tll-Bn+§ ﬂagﬂaR ,
A
_in - _pml - giv _ gvﬂ% (ZR “) , (1.4.10)
. . 0 0A 10A08¢°F
TP, = BB, + ¢°f 373F ~ 33R 54 (a,=2,3,4) .
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In these expressions, the tensor B'/* is assumed to be symmetrized with respect
to the first and second indices.

From the condition that the normal derivative of the variation dg;; is contin-
uous it follows that

[0A/8Rg*/G1=0 . (1.4.11)

Equations (1.4.9, 11) show that at the discontinuities certain conditions must
be imposed on the components of the metric tensor and their successive deriva-
tives along the normal. On the surface S; the derivatives dz'/9¢* have breaks
in the general case, so that the conditions (1.4.9,11) depend on the coordinate
systems of the observer on both sides of the surface Ss.

Recently, Sedov [1.67] gave relations between the algebraic properties of the
Weyl tensor and the dynamical properties of the gravitational field.
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Observable Manifestations of the X-ray Source Cygnus X—1. Sources of x-
ray emission in our galaxy were discovered in June 1962 by means of a high
altitude rocket containing special equipment for detecting the flux of x rays at
a wavelength of 3 A [2.1]. A systematic study of x-ray sources was begun after
the launch on 12 December 1970 of the artificial satellite Uhuru, which carried
an x-ray telescope. The third Uhuru catalog lists 161 discrete x-ray sources,
starting with the brightest source Sco X—1 in the constellation Scorpius, with
intensity 3 x 10~7 erg/cmz, and ending with sources 10* times less bright. The
luminosities of the x-ray sources lie in the range 10*°-10% erg/s [2.2]. After
careful analysis of the data, it was found that only the radiation from the x-ray
source Cyg X—1 in the constellation Cygnus had characteristics consistent with
theoretical ideas about “black holes”. The radiation from Cygnus X—1 exhibits
no periodicity at any time scale between 0.1 s and several days. It was established
that fluctuations in the radiation occur both at relatively low energies (2-5keV)
and at high energies (5-12keV), but the typical pulsations are stronger at high
energies. What was most intriguing was the existence of bursts on the scale of
milliseconds [2.2,3]. This observed variability of the radiation indicates that the
region from which it emanates is compact (an upper limit on the characteristic
size of this region is obtained as the product of a millisecond and the speed of
light, i.e., it is less than 300 km).

Extensive data from both optical and radio observations of the object Cyg
X—1 have now been collected. It is interesting to note that the emission from
Cygnus X—1 in the range of radio waves was not detected until its discovery
at the end of March 1971 [2.2], when it was established that the x-ray emission
with its accompanying radio emission was subject to variation; to be specific,
the flux of energy at relatively low frequencies became four times weaker, while
in the frequency range 10-20keV it rose by a factor of two. The disappearance
of the low-frequency component of the radiation is evidently due to a decrease
of the plasma density.

The source Cyg X—1 has been identified with the optical star HDE 226868,
which, judging by its emission spectrum, is a hot star with a surface temperature
of about 25000K. The period of this binary system is 5.6days. As is well
known, from spectral observations of a single component of a binary system
it is possible to obtain only the so-called mass function f(Mx), whose value
for Cyg X—1 was found to be approximately 0.2M. [We recall that f(Mx) =
M3 sin® y/(Mo + Mx)?, where My is the mass of the x-ray source, Mo is the
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mass of the optical star, and the angle v is the inclination of the plane of the
orbital motion of the binary star with respect to the line of sight.] Judging by its
surface temperature, the optical star HDE 226868 must be a blue supergiant and
must have mass (20-30)M. Calculations of Mx at a fixed value of Mp give
a decrease of Mx with increasing angle 4. However, even at moderate angles
v ~ 60° with Mo ~ 10M, a value Mx ~ 4My, is obtained for the mass of the
x-ray source; if v =90° and Mo = 10M,, a value somewhat greater than three
solar masses is obtained for all Mx.

Thus, the proof that the source Cygnus X—1 has a mass greater than three
solar masses is based on the assertion that the optical companion is a typical
blue supergiant with a mass exceeding ten solar masses. If it is assumed that a
supergiant with mass 10M(, is situated at a distance 0.5 kpc from the Earth, its
luminosity will correspond to the observed luminosity of the star HDE 226868.
However, the distance to this star, measured on the basis of the reddening of the
emission in the dust near the galactic plane, is approximately 1.5-2.5kpc; i.e.,
the star HDE 226868 must be a supergiant with even greater mass Mo ~ 20M,.

Thus, the occurrence of the millisecond variations in the radiation from
Cygnus X1 leaves no doubt that it is a compact object. The mass of this
star cannot be less than three solar masses, and its emission in the optical range
is weak [2.4]. What can we conclude from this? We shall describe qualitatively
the contemporary ideas about the evolution of stars with large mass [2.5-10].

Stages in the Evolution of Stars with Large Mass. Numerous observations
indicate that all young clusters of stars in which new stars are still being formed
are situated in extended clouds of gas and dust [2.6]. It is therefore highly prob-
able that the stars are formed as a result of gravitational condensation of the gas
and dust, which undergo intense cooling during this process. We note also that
photographs of these regions clearly reveal a flaky, irregular structure. Owing to
the release of gravitational energy during the rapid contraction, a protostar flares
up and becomes opaque for radiation. The energy of the contraction cannot be
transmitted by radiation from the interior of opaque stars; inside a star, there are
turbulent eddies which carry heat from the warmer interior regions to the cooler
exterior regions. As a star contracts and its temperature rises, the gas becomes
completely ionized, and the convective transport of energy is replaced by radia-
tive transport. The larger the mass of the star, the earlier the radiative mechanism
of energy transport begins to operate. In the first stage of their evolution, mas-
sive protostars fall in the same region of the mass-luminosity diagram as the red
giants. However, the number of protostars in this region of the diagram is small
in comparison with the number of red giants, since the characteristic time during
which the protostars remain in this region is comparatively short.

As a protostar continues to contract and its temperature rises to eight mil-
lion degrees, thermonuclear reactions which burn hydrogen into helium flare up
within the body of the star (proton-proton reactions in stars with small mass,
and reactions of the carbon-nitrogen cycle in massive stars). Stars in this period
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of evolution lie on the main sequence in the Hertzsprung-Russell diagram. The
hydrogen burns more quickly in massive stars; we can say that the ratio of the
times for burning of the hydrogen within two stars is equal to the inverse ratio of
the squares of their masses. For stars whose mass is not very large, the character-
istic burning time can even exceed the lifetime of the universe [(1-2) x 10'° yr].
Therefore, even in the “oldest” stars with mass less than that of the Sun the
hydrogen has not yet had time to burn out, while in stars with mass equal to 15
solar masses the hydrogen burns out after “only” ten million years.

As the hydrogen in a star burns out, an isothermal helium core is formed,
this being surrounded by a thin layer of hot hydrogen. The star expands, the
temperature of its outer layers drops, the matter of the star becomes more opaque,
and convective eddies appear in its outer layers. The star leaves the main sequence
of the Hertzsprung-Russell diagram and becomes a red giant.

As the mass of the helium in the central core increases, the core contracts
more and more, and its temperature rises. When the temperature crosses the
threshold value at which the triple alpha process sets in, burning of helium and
production of carbon begin. The concentration of mass then begins to rise more
sharply near the center of the star, its radius expands even more, and it becomes a
yellow or red supergiant. As the helium burns out in the central core of the star,
the abundance of carbon, nitrogen, and oxygen rises. The neutrino luminosity
begins to carry away an increasingly significant fraction of the thermonuclear
energy, and the processes in the star become explosive.

Further reactions involving production of increasingly heavy elements up to
iron nuclei can take place only in stars with sufficiently large mass. In the case
of the Sun, the reactions taking place at the end of its evolution will involve
helium, and its core will then consist primarily of carbon and nitrogen. Having
been deprived of thermonuclear sources of energy, the Sun will contract, after
passing through the stage of a red giant, since the strong radiation losses lead to
an effective adiabatic index less than 4/3 in the equation of state of the matter!.

1 Stable equilibrium of a star is impossible with an adiabatic index v < 4/3. In fact, the total energy
of a star is equal to the sum of the internal and gravitational energies, E' = fv Au—Gm(r)/r)dV,
where wu is the internal energy density, m(r) is the mass inside a sphere of radius r, and dV is the
element of volume. For a state to be stable, the total energy at equilibrium must be a minimum.
If we imagine that the star is displaced from equilibrium and expand its energy up to the terms
of second order in the increments of the parameters, we obtain for the energy increment E’ the
expression

B= [ eav (_zd_‘”+G_mV/)+1£(d_‘”)2_2§_’z (.‘_’i)’
o dV  3rV 20 \dV r v ’
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where V' is the Lagrangian increment of the volume V. The linear terms in the expression for
E'’ drop out, since the ground state is the equilibrium state. For homogeneous perturbations of
the form V'’ = vV, where v = const, the second variation of E, equal to E’, takes the form
E'=(2/2) f (v—4/3)p dV if we make use of the virial theorem. The stability condition implies
that E’ must be positive, i.e., the adiabatic index v must be greater than 4/3 over most of the
volume in which the pressure is not small.
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In stars with mass equal to the mass of the Sun, the collapse is stopped by
the pressure of the degenerate electron gas, and such a star becomes frozen in
the state of a white dwarf. In stars with mass greater than that of the Sun, it
is necessary to take into account the neutrino losses more accurately than at
present. Nevertheless, on the basis of several calculations of the compression
and explosion of stars, the following picture of the subsequent evolution of very
massive stars emerges.

Inside a massive star, an iron core is formed, and this is surrounded by layers
containing more light elements and fewer heavy elements as the periphery of
the star is approached. Such a star therefore contains a rather large quantity of
carbon and oxygen, as well as ionized hydrogen in the outer layers. After the
formation of the iron core, the effective adiabatic index in the equation of state
of the matter, averaged over the star, becomes less than 4/3. This leads to the
onset of a catastrophic contraction of the star, during which a strong shock wave
is formed. The temperature beyond the front of the wave rises sharply, and there
is a nuclear detonation of the unburned elements, especially the oxygen. The
star flares up as a supernova and discards its shell, in particular, as a result of
absorption of the neutrino radiation in the shell. As it expands, the shell of the
supernova becomes involved in the motion of the interstellar gas. At the initial
stage of the expansion, the shell moves with speed (3-6) x 10° km/s, which
is much greater than the speed of sound. Calculations show that the radiative
energy losses of the gas are large when its temperature is about 10° degrees. At
higher and lower temperatures, the radiation losses can be neglected. In these
cases, the well-known strong-explosion solution of Sedov [2.11] can be used to
describe the discharge of the interstellar gas. By means of a rational choice of
the initial energy of the explosion and the density of the interstellar medium, it
is possible to bring this solution into agreement with the observed parameters of
the remnants of supernova explosions, such as those of the Crab Nebula [2.12].

When a star contracts, its angular speed increases sharply. In this connection,
neutron stars rotate with a large angular speed.

After discarding its shell, a star with mass up to 4M becomes either a
neutron star or a black hole. In the case of a star with mass between 4 M, and
15M, the explosion caused by the detonation of the oxygen is so strong that an
appreciable fraction of the mass of the star is dispersed. Stars with even larger
masses (from 15 to 40 solar masses) collapse so rapidly that the detonation does
not have time to take effect. Such stars do not manage to discard their shells and
“lose weight” in time to avoid the fate of being buried in a black hole.

The small dimensions of the source Cyg X—1 and its large mass for a small
optical luminosity can be explained most naturally by the assumption that the
x-ray source Cygnus X—1 is a collapsed star which has become frozen for an
observer at the pseudo-Euclidean infinity at its Schwarzschild radius.

Some authors (see the references in the reviews of [2.8,13]) assume that
radiation can be generated by a strong magnetic field between two normal stars,
which is frozen into the gas and heats it strongly as a result of magnetohydro-
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dynamic turbulence. This picture is strengthened by the analogy with the solar
wind, which “extracts” a magnetic field from the Sun [2.14, 15].

A model of disk accretion of gas onto a black hole in the nonrelativistic
approximation was proposed by Sunjaev and Shakura [2.8] and by Pringle and
Rees [2.16], and has been studied by many other authors [2.17-19]2.

The reason for the possible appearance of a disk in the case of Cygnus X—1
is the same as for ordinary close binary systems [2.20]. The blue supergiant HDE
226868, the companion of Cyg X—1, is a highly inflated star, which completely
fills its Roche lobe. It is easier for the stellar wind from this star to overcome the
force of gravity in the region of the inner Lagrange point, where the gas stream
is picked up by the gravitational field of the black hole. Owing to the orbital
rotation of the binary system, the gas stream does not fall to the center of the
black hole, but spirals around it. This leads to the formation of a disk, in which
the particles move in practically circular orbits. Because of turbulent friction,
the particles lose angular momentum and slip into orbits closer and closer to the
center. The turbulent viscosity leads to strong heating of the gas, which, in fact,
had a temperature of 25 000K at the surface of the supergiant. It can be assumed
that all the thermal energy from the turbulent friction and Compton scattering in
the inner regions of the disk is radiated.

The plasma currents attain the greatest speeds in the inner regions of the disk,
whose dimensions are of the order of 200 km and from which about 80 % of the
total radiation is emitted.

Owing to the turbulent friction, the magnetized plasma in the inner regions
is quite capable of being heated to a temperature of between 5 and 500 million
degrees. The observed x-ray spectrum corresponds to just this range of temper-
atures.

The foregoing picture of the turbulent motion of hot gas inside a disk can
in principle lead to the observed fluctuations in the emission on any time scale
(from several milliseconds to several days).

Owing to the thermal instability, hot spots appear on the disk, which rotate
in circular Kepler orbits. The directional character of the x-ray emission from
the hot spots can be explained by the Compton emission mechanism and by the
gravitational focusing effect of a black hole. Radiation from hot spots moving
with relativistic speeds at sufficiently small radii is subject to a strong Doppler
shift. Therefore the x-ray emission from the hot spots should occur in pulses,
with a period between the pulses equal to the period of rotation of a spot on the
disk around the black hole [2.21].

In the general case, a star which has exhausted its nuclear fuel and, having a
supercritical mass, is doomed to end its evolutionary path in the state of a black
hole may be charged. Mechanisms by which a star surrounded by a hot plasma
can acquire a charge were proposed in [2.22-25]. Electrostatic fields can appear

2 The semiempirical theory of disk accretion rests on observations and experiment, since the viscosity
of a turbulent magnetized plasma has not yet been calculated by means of a consistent theory.
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in stars as a result of polarization of a static plasma in the gravitational field
[2.26].

It has been shown [2.27] that the production of electron-positron pairs in
strong electrostatic fields has the consequence, according to Schwinger’s formula,
that the charge of a black hole cannot exceed G2 M?m? /(ehc). Nevertheless, the
existence of even a small charge in a black hole can lead to the appearance of
new effects which qualitatively alter the processes of collapse and of emission
and propagation of waves in the immediate vicinity of the black hole.

The plausible physical arguments outlined above are aimed at giving an ele-
ment of realism to the geometrical objects studied in this chapter, which serves
as an introduction to the theory of weakly asymptotically simple manifolds. In
Sect. 2.1 we introduce the basic definitions and give an account of some general
theorems. In Sect. 2.2 we give the elementary facts from the theory of Lie groups
and the theory of exterior forms on manifolds which are needed to read Sect. 2.3.
In Sect. 2.3 we discuss theorems on the properties of stationary and static weakly
asymptotically simple manifolds of general relativity (the theorems of Carter,
Hawking, Israel, Lichnerowitz, Papapetrou, and Robinson). In Sect.2.4 we ex-
amine a formal analogy between the properties of a black hole and a certain
thermodynamic system. Detailed discussions of the physical properties of black
holes can be found in the fundamental monographs by Chandrasekhar [1.72],
Gal’'tsov [1.73] and Novikov and Frolov [1.74].

2.1 Asymptotically Flat Gravitational Fields

In this chapter, we shall study space-time manifolds in the theory of relativ-
ity which have a pseudo-Euclidean structure far from the sources, in other
words, manifolds which are asymptotically flat. With increasing distance from
the sources, the scale of variation of the perturbations caused by nonstationarity
of the sources becomes smaller than the scale of variation of the background,
which tends to become flat quite rapidly. Therefore we can speak of gravitational
waves emitted by a bounded material system and impose the condition that there
are no convergent waves at infinity.

For asymptotically flat gravitational fields, we have the situation described
in Sect. 1.2. Consequently, far from the sources of the perturbation, the Weyl
tensor of the perturbed gravitational field has the algebraic structure of a tensor
of Petrov type N. Sachs [2.28] discovered the property of increasing degree of
algebraic degeneracy of the Weyl tensor for waves in asymptotically flat spaces
with increasing distance from the sources. In particular, he established that with
increasing distance from the sources along any isotropic geodesic £ the Weyl
tensor W has the asymptotic structure
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where r is the affine parameter along the geodesic £, measured in the direction
from the region of the perturbations, and N, III, II, and I are Weyl tensors of
the corresponding Petrov types, which can be reduced to the canonical form in
a null tetrad, one of whose real isotropic vectors is directed along the tangent to
L. For Weyl tensors of Petrov types II, ITI, and N, there is a degenerate principal
direction (see Sect. 1.1) along the tangent to £. The Weyl tensor I' has principal
directions not coincident with the tangent to £. The mass and angular momentum
of a material system in asymptotically flat fields can be found by investigating
the asymptotic behavior of the gravitational field far from the system. The loss
of mass or energy of the system can be determined from the flux of energy in
gravitational waves which propagate along isotropic geodesics at the pseudo-
Euclidean infinity.

Penrose proposed a geometric definition of the pseudo-Euclidean infinity as
the smooth conformal boundary of the manifold M, formed by the “initial” and
“final” points of each isotropic geodesic of the manifold Mj.

We shall explain the concept of a conformal boundary (which makes it possi-
ble to study infinity locally, as it were, without recourse to awkward asymptotic
transitions) for the example of Minkowski space [2.29]. If we go over from the
system of spherical coordinates r, 8, ¢, t to the coordinates p, ¢, 6, , where
tanp = ct +r, tan g = ¢t — r, the metric takes the form

ds? = 2dt* — dr? — r¥(d6* +sin? 0 dp?) = (1 + tan? p)(1 + tan? ) d3?,
d3? = dp dq — sin’(p — q)(d6* +sin® 0 dp?)/4 .

The points of Minkowski space in the space of the coordinates p, ¢, 8, v form
a finite domain —7/2 < ¢ < p < 7/2. The metric d3? is completely regular on
the conformal boundary p = = /2, ¢ = —x/2, which consists of isotropic hyper-
surfaces. Each isotropic geodesic in Minkowski space begins on the boundary
q = —m/2 (of the isotropic infinity of the past, B~) and ends on the boundary
p = /2 (of the isotropic infinity of the future, B*).

The manifold M, with the metric ds? is said to be asymptotically simple if
the following conditions hold:

1) Mj can be embedded in Mj as a manifold with the boundary 0My;

2) there exists on My a smooth pseudo-Riemannian metric d5? such that the
metric ds? is conformal to the metric d32, i.e., d3? = £2%ds?;

3) on the boundary My we have 2 =0, d2#0;

4) each isotropic geodesic begins and ends on the boundary 9 Mj;

5) near OM,, Einstein’s vacuum equations R;; = 0 hold.

Under these conditions, the boundary My is an isotropic hypersurface in the
manifold My, since the scalar curvatures R and R constructed from the metrics
gij and g;; are related by the equation

PR=R-602G*V,V, ) +35502,:02, .
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Near 0Mj,, we have R =0 according to the last condition. Therefore, in passing
to the limit with 2 — 0, we obtain for {2 an eikonal equation in the metric §;;
on the boundary 9 M,. Asymptotically simple spaces are suitable for formulating
the Cauchy problem, since they admit a global Cauchy hypersurface and are
topologically equivalent to a Euclidean space. The boundary My consists of
two isotropic surfaces B* and B, each of which has the topology of the product
of a sphere and a line [2.29].

In order to study manifolds with a nontrivial topology, we must weaken the
requirements (1-5). A manifold M, is said to be asympiotically simple in the weak
sense if there exists an asymptotically simple manifold M whose neighborhoods
B* and B~ are isometric with the analogous neighborhoods of M.

We recall that for a given point p we have adopted the notation Z*(p) and
T~ (p) (see the end of Sect. 1.2.1) for the sets of points of the manifold M, which
can be connected to the point p by time-like or isotropic curves directed from
p into the future or into the past, respectively. Then Z~(B*) is the set of points
about which an observer at the pseudo-Euclidean infinity B* can in principle
acquire any information, and Z*(B™) is the set of points which can be reached
by a signal from a distant observer.

The boundary of the set Z—(B*), if it is not empty, is called the event horizon
H* = 9[I-(BY)].

I) Let £ be a space-like surface, with no boundary, in a manifold which
is asymptotically simple in the weak sense. The Cauchy region D*(L) for the
surface £ is defined as the set of points for which each non-space-like curve
directed into the past necessarily intersects the surface £ [2.29,30].

For manifolds which are asymptotically simple in the weak sense, we also
assume the validity of the principle of strong asymptotic predictability:

1) One of the boundaries of the Cauchy region D*(L) coincides with the
pseudo-Euclidean boundary B*.

2) The evolution of the events in the neighborhood of the horizon can be
predicted by means of Cauchy data on £, for which it is necessary that

T(LYNI~ (B C D'(L) .

It can be shown [2.30] that for an arbitrary space-like surface £ with no
boundary it is possible to construct a family of space-like surfaces £(7) home-
omorphic to £ and covering the region D*(L), with the following properties: a)
the union of all £(7) (£(0) = £, 0 < 7 < oco) is identical to the region D*(L); b)
the surface L£(r) lies in the future of the surface £(n), i.e., L(12) C T*(L(1))
for 7o > 7; ¢) for each 7 the intersection of £(r) with the pseudo-Euclidean
boundary B* has the topology of a space-like sphere, and the sphere £(m2) N B*
lies strictly in the future of the sphere £(m) N B* for »» > 7.

If there exists a nonempty horizon H*, the surfaces £(r) will intersect H* on
compact two-dimensional space-like surfaces L(7), which represent the bound-
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aries of black holes. The area of a connected component of L(r) is called the
surface area of a black hole.

The most important property of a black hole is that its surface area cannot
decrease with time. To prove this, it is sufficient to show that the expansion
parameter p of the isotropic geodesics of the horizon H* is less than zero for
all H*. If in some neighborhood U C H* the parameter g were positive, then
as the affine parameter of the isotropic geodesics of the horizon increases, the
geodesics would go from the horizon into the interior of the black hole (see
Sect. 1.2.1: property C of the isotropic geodesics). On the other hand, for ¢ > 0
in U C H* in the neighborhood of the horizon it would be possible to find a
two-dimensional surface X' such that the parameter g is positive in both families
of isotropic geodesics passing through X. In that case, however, the isotropic
geodesics orthogonal to X' could not remain on 8Z*(X) (the boundary of the
future set for X) for all values of the affine parameter (property C of the isotropic
geodesics).

An event horizon is formed during the process of collapse of a sufficiently
compact mass, but not for any topology of space-time. In spatially compact mod-
els (for example, models of closed Friedman universes), the abundance of matter
is sufficient to focus any congruence of isotropic geodesics without rotation
[2.30].

II) We consider now the topology of a two-dimensional compact region with
zero expansion of the isotropic geodesics (of an apparent event horizon).

For a certain time after the sources flare up, on a space-like, connected,
compact, orientable, two-dimensional surface X' there exists an outward light
wave front as well as an inward wave front.

The corresponding two characteristic surfaces are envelopes of the light cones
constructed at each point of . Let u; and u; be the “outer” and “inner” char-
acteristic surfaces, respectively. Following [2.30], we shall now establish the
topological structure of the surface X' on which the expansion parameter p of
the “outer” characteristic u; vanishes. Such surfaces X' (more precisely, their en-
velopes) are called apparent event horizons. They lie inside the “true” horizons
H* and coincide with the latter only in stationary fields.

We shall assume that for a continuous fibration of some neighborhood of
u; by means of a family of isotropic surfaces {u} for surfaces lying outside u;
(u — u; > 0) the optical parameter has a value ¢ < 0 (i.e., the surfaces expand),
while for surfaces inside u; (u —u; < 0) it has a value p > 0. Then dg/dw < 0,
where w is any space-like direction orthogonal to X' (the exterior normal).

The set of space-like directions orthogonal to X' at some point @ € X' forms
a two-dimensional vector tangent subspace spanned by I and n, where [ is an
isotropic vector at the point () tangential to u; (I; = fV; u1), and n is an isotropic
vector orthogonal to X' such thatl-n =1.

Suppose that the vectors I undergo parallel transport along themselves:
DI = 0. Different assignments of the function f on the compact manifold X
correspond to different space-like fields of normals w = (I — n)/ \/f when the
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two-dimensional surfaces ¥ are embedded in three-dimensional space-like hy-
persurfaces.

We shall assume that a null tetrad can undergo parallel transport along
isotropic geodesics on the characteristic u;,i.e., Dm; = Dn; =0for:=1,2,3 4.
By means of the Newman-Penrose equations, we shall find an expression for
do/dw = (Do — Ag)/\/i. To do this, we write down the equations (1.1.55, 60)
from the formalism of null tetrads, taking into account the fact that r = ¢ =k =0
and ¢ =0 at the points of X

P + oo™ = Do,

(2.1.1)
Y2— R/R2+od+711* — (6" +pB* —a)r=—Ap .

We note that the operator 6* + 3* — « has the form of a divergence,
(6*+B* —a)yp = Vu(m*y), A=1,2,

where the covariant differentiation is taken in the sense of the interior geometry
on the two-dimensional surface X
From (2.1.1) we have

d R
2%9=¢oo+00'*+‘r‘r*—(6*+ﬂ*—a)7‘+z/)2—-ﬁ+a)\ . 2.1.2)

Let us consider the equation which follows from the Newman-Penrose equa-
tions (1.1.56, 65),

2y — 281, + R/12=2((6* + B* — a)B — (6 + B — a*)a — o))
=Valm* A +6In f) — mA(* +6*In f)]
- K-20) , (2.1.3)

where the term in the square brackets is purely imaginary and is a divergence
term, and K is the Gaussian curvature of the two-dimensional surface,

—K=@+p-a")B" ~a)+ (" + 4" —a)(B—a”)

= V4 [mAVg m*B + m*Avp mB] .

Equation (2.1.3) provides an embedding of the two-dimensional surface X in a
pseudo-Riemannian manifold My, i.e., a connection between the interior geom-
etry on X and the “exterior” geometry on Mj.

Substituting the value of 2 + oA from (2.1.3) into (2.1.2), we obtain

V2do/dw = S +00* +T7* + V4 (BA/2)+ P — R/8—K/2 . (2.1.4)

Here the continuous vector field B4 on the manifold X is defined, according to
(2.1.2), as By = niVA l,‘.

Let us integrate (2.1.4) over the surface X. Then the left-hand side of (2.1.4)
will be negative, the first three terms on the right-hand side will be positive, and
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the fourth term will vanish after integration over the surface. The sum &1; — R/8
in an arbitrary orthonormalized tetrad e;, ez, es, es will be equal to

ZWG[T} + T:]/c" ,

where the coordinate vectors e; and e; are tangential to X'. Under Hawking’s
so-called energy dominance condition T4 > |T}|, the sum &1, — R/8 will always
be positive [2.31].

We now make use of the well-known theorem [2.32] which asserts that every
compact, orientable, connected, two-dimensional manifold X' with no boundary
is homeomorphic to a sphere with n handles.

The Euler characteristic of a manifold X' homeomorphic to a sphere with n
handles is proportional to the integral of the Gaussian curvature K over X:

/KdZ’ =4r(l —n) . (2.1.5)
z

Therefore the integral of the last term in (2.1.4) over X' is negative only for
a sphere (n = 0); for a torus (n = 1) and for spheres with larger numbers of
handles, this integral is non-negative.

Thus, for n > 1 we arrive at a contradiction, since the integral of the left-hand
side of (2.1.4) is negative, while the integral of the right-hand side is positive.
The only possible topological form for a compact orientable two-dimensional
surface X' (inside which p > 0, while ¢ = 0 on the surface X itself) is a sphere.

III) We consider now a two-dimensional compact space-like surface X on
which both of the families of isotropic geodesics lying on isotropic hypersurfaces
passing through X' have a negative rate of expansion, i.e., a parameter value
o > 0. The existence of such trapping surfaces X is, as was discovered by
Penrose [2.29], an indication that “something unpleasant” will happen in the
subsequent history of this region.

In particular, we shall show that the following requirements on space-time
are incompatible.

1) There exists a noncompact global Cauchy hypersurface £ which any time-
like geodesic intersects once and only once.

2) There exists a compact trapping surface X' in the Cauchy region D*(L):
X c D*(O).

3) The property of focusing of isotropic geodesics with zero rotation holds.

4) Each isotropic geodesic in M can be extended into the future up to an
arbitrarily large value of the affine parameter.

By virtue of assumption 4, the future set Z*(X) has a boundary 9Z*(X) with
the following properties: a) no two points of JZ*(X) can be connected by a
time-like curve; b) the boundary 8Z*(X) is a three-dimensional closed edge-free
manifold embedded in M, [2.29]. Such a manifold is said to be semi-space-like.
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Both isotropic hypersurfaces passing through X contain focused normal fam-
ilies of isotropic geodesics. Therefore on each light ray emitted orthogonally to X
a focal point is formed for a bounded variation of the affine parameter. Owing to
the compactness of ¥, the semi-space-like set 0Z*(X) must possess a boundary,
as is most readily seen by mapping it onto the Cauchy surface £ by means of
an arbitrary family of time-like curves intersecting 3Z*(X) only once. Since £
is noncompact (assumption 1), the image of the compact manifold 87*(X) will
possess a boundary in £. This contradicts property (b) of the boundary 0Z*(X)
of the future set.

Thus, when a trapping surface is formed in space-time, the subsequent devel-
opment leads to either a Cauchy horizon® or infinite limits for certain invariants
of the curvature tensor.

2.2 Basic Elements of the Theory of Lie Groups
and Exterior Forms

2.2.1 The Concept of Lie Groups

Let M, be a sufficiently smooth differentiable 4-dimensional manifold. We say
that an N-parameter Lie group Gy acts in the manifold M, if the manifold admits
motions in itself (automorphisms) joining points lying on transitivity surfaces:
y* = fi(z*, a1, ..., an), where a1, az ..., ay are parameters of the group. A
set of continuous transformations y = f(z, a) forms a group if and only if they
satisfy the following conditions:

a) there exists an identity transformation a = e: z* = f'(z*, e);

b) the transformation z = (y, a) which is the inverse of a given transforma-
tion y = f(x,a) belongs to the group [in other words, there must exist a set of
parameters by, ..., by in terms of which the transformation z = ¢(y, a) can be
written in the form z = f(y, b)];

c) the laws of composition and associativity hold, which means that there
must exist a set of parameters cy, ..., cn, ¢ = (a,b), such that

z = f(f(z,a),b) = f(z,(a,b), (a,(b,c)=(a,b),0) . 2.2.1)

The relations (2.2.1) can be regarded as functional constraints on the four func-
tions fi(z*, a) (4, k = 1,2, 3,4). Important consequences follow from (2.2.1). The
derivative of the transformation y = f(x, a) with respect to the group parameter
a, admits the separation of variables

Oy'(z,a)
daV
3 The Cauchy horizon in the future of the set £ refers to the boundary of the Cauchy region D*(C)

in the future. Cauchy horizons consist of segments of isotropic geodesics which can be extended
up to the boundary of L.

={(yAJ (@) . (2.2.2)
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The Greek indices in (2.2.2) run through the values from 1 to N, where N is
the number of parameters of the group. This separation of variables is unique,
apart from the transformation

Eiy) =LY, Af(@)=AJL] ,

where the matrices L and L are inverses of one another and are formed from
constants.
We require now that the system of equations (2.2.2) is consistent, i.e.,

Py Py
8a¥8a°  0a’da® ’

and we obtain

b3} d
g (:)60( ) - 60(1:) 611
i 0A3<a> OALD)\ rar 3
=§7(x)< 5as " B )A,(a)Ag(a), 2.23)

where A2(a) is the inverse of the matrix A§(a).
If the equalities (2.2.3), which contain functions of the variables = and a, are
to hold, it is necessary that

o6 (z)éa( )— %, (x)éu( )=E(2)C), (2.2.4)
0A3(a)  9AX(a) vy
Sas " Baf C),Ag(a)Az(a) . (225)

The constants C), (the structure constants of the group) completely determine
the individuality of the group.

If the set of numbers C),(y,v,0 =1, ..., N) is to define a group, equalities
which follow from the definition of C}), must hold. According to (2.2.4,5) and
the associativity property, we have

Coo =—Cous CZQC;;V + C;:ﬁc"r‘a + C",ngﬂ =0 .

According to the definition of the action of the group on a Riemannian
manifold, we have the equality

3y
aJ

where y = f (z, a) is a transformation belonging to the group. For a transformation
= f(z, a) which differs infinitesimally from the identity transformation, we have

gl](z) gmn(y) ’ (226)

y' & fiz*,e) + %&z" =z'+£ 60" . 2.2.7)
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The vectors (o =1, ..., N) are called the Killing vectors of the group Gy on
the manifold Mj.

The integral curves of the vector fields &:(z)C?, where C°(0 =1, ..., N)
is a set of NV arbitrary constants, will be called the trajectories of the group G
on the manifold Mj.

Apart from infinitesimal quantities of higher order, (2.2.6) can be rewritten
in the form of the so-called Killing equations

Oygij oek o¢k
ﬁﬁ‘f ¥ g"’"éi? +9f"aii =Viliy +V;& =0 . 2238)

In principle, the procedure of finding the metric corresponding to a given
group of motions is as follows: 1) from the structure constants of the group, we
find the Killing vectors £} (z) by integrating (2.2.4); 2) the set of equations (2.2.8)
is regarded as a system of partial differential equations for the components of the
matrix g;;, and from the known functions f,‘,(x) we find solutions for the metric
depending on arbitrary functions of the appropriate number of variables.

2.2.2 The Concept of Skew and Differential Forms

Let &, ..., §4(IV < 4) be independent variable vectors and 2x(&;, ..., §5) be
a scalar function of them, linear in each of its vector arguments. The semilinear
function {2 is said to be a skew N-form if it changes sign when any two
arguments are interchanged.

Any N-form can be represented uniquely as a sum

= i1 ¢4 [
N!'QN _ailiz..-ijvé‘]l 22"' ]\);' ’

where the coefficients a;,..;, are antisymmetric in each pair of indices.

Suppose that we are given two skew forms: a k-form 2;(§,, ..., &) and an
I-form $2y(ny, ..., n)). The exterior product §2; A §2; of the forms (2; and 2,
is defined as the result of antisymmetrization of their product with respect to all
k + [ arguments:

1
QAN 2= D SR,y )N s s Gy -

Here & = &, ..., & = &3 €1 = M1y -+, &k = M the summation is
taken over all permutations 71, 72, ..., ix+ Of the integers 1,2, ..., k+ 1. Ifa
permutation is even, we must take the plus sign; if it is odd, the minus sign.

A k-form 24 is said to be simple if it can be represented as an exterior

product of k linear 1-forms & (&), ..., & (€x),

(€, ...,ek)=%Zié(eil)...cﬁ(ei,)%/\ SALAE
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where the summation goes over all permutations ¢1, ..., i, of the integers 1, ...,
k, with the plus sign for an even permutation and the minus sign for an odd
permutation.

The criterion for linear dependence of linear forms can be expressed as the
vanishing of their exterior product.

A differential k-form at a given point is defined as a skew form of arguments
&, ..., & which are the vectors of k infinitesimal displacements from the given
point to neighboring points (so that the components of the vector &, are equal
to the differentials of the coordinates of the point for the :—th infinitesimal
displacement):

EQdy, ..., dp) =a, () diz* .. dyz* . (2.2.9)

Two coordinate systems in a region D have the same orientation if the Jacobian
of the transformation from one to the other is positive in D. A 4-form can be

integrated in an invariant manner over a given oriented region, and d;, ..., d4

can be taken to be the infinitesimal displacements along the coordinate lines
1 4

T, e,

For invariant integration over oriented /N-dimensional surfaces, it is necessary
to use differential N-forms. An N-dimensional surface can be parameterized by

means of parameters u!, ... u®:

F =@, . W), k=1,2,3,4 .

Then for the differentials d, ..., dy we can take the infinitesimal displacements
along the lines uy, ..., uy.

The exterior differential of a differential k-form £2;(d,, ..., di) is defined
as the (k+1)-form 244 d,d, ..., d;) constructed from the form §2; as follows
[2.33].

In the fom £2;, each coefficient q;,. ;, is replaced by its total differential
(8a/dx7) dz?, and the resulting expression is antisymmetrized with respect to all

the symbols d, di, ..., di. In expanded form, the exterior differential df2; can
be written as
A = m(ail...i,,,i = Giigeip, iy — oo+~ Qigonig_ri, ikgr)
x deldyz™ ... dxz™* . (2.2.10)

It follows from the definition (2.2.10) that the exterior differential of a form
which is in turn an exterior differential is equal to zero.

The most important application of the concept of an exterior differential is
the multidimensional Stokes formula

/d9k=/9k , (2.2.11)
D oD
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which states that the integral of the exterior differential of a form (2; over a
(k + 1)-dimensional oriented, simply connected region D is equal to the integral
of the k-form f2; over the boundary of D. Under the conditions of the theorem,
in the region D and on its boundary the coefficients of the form 2; are single-
valued functions of the class C'.

Differential forms can be used to study the topology of a manifold. Here it is
important that the result of two successive evaluations of the exterior differential
of a skew-symmetric form is identically equal to zero. Thus, a local criterion for
a given (k+1)-form to be the exterior differential of some k-form is the vanishing
of the (k + 2)-form equal to the exterior differential of the given (k + 1)-form.
This lemma does not in any way imply the global existence of a form on the
entire manifold.

We say that a differential form (2. is closed if its exterior differential is equal
to zero. Closed forms generate a linear space. Two closed k-forms are said to be
equivalent if they differ by the exterior differential of some form 2;_;.

The equivalence classes of closed k-forms generate the so-called k-dimensional
cohomology group of the manifold M.

2.2.3 Frobenius’s Theorem

Suppose that on some chart of the manifold M, we are given a field of linearly
independent vectors &;, ..., &y (N < 4). Under what differential conditions on
&, ..., €y does there exist a (4 — N)-dimensional surface which intersects these
vectors orthogonally?

Let dz’ be the infinitesimal increments of the coordinates between two neigh-
boring points on the required surface. Then it follows from the condition of or-

thogonality that the differential forms J) =§&det, ... ﬁ = ¢nidz’ generated by
&, ..., &y vanish on this surface.

Frobenius’s theorem asserts that there exists a surface which intersects a field
of linearly independent vectors orthogonally if and only if the exterior product
of the exterior differential of each of the N linear forms with all the other forms
is equal to zero. In coordinate form, this reduces to the requirement that

i ibri, ENin1=0, k=1, N or dsAwA... AD=0.2212)

The square brackets in (2.2.12) signify antisymmetrization.
In the case N =1, (2.2.12) takes the form

ik =0 or dw Aw=0, w= & dzt .

This is the condition for the existence of a three-dimensional hypersurface which
intersects a field of linearly independent vectors orthogonally. In the case N = 2,
the condition for the existence of a two-dimensional surface which intersects the
vector fields ¢ and 7 orthogonally takes the form

2
f[injﬁk,l] = f[,n]r]k’” =0 or d&l) A L}J A L%J =0, dw A L}J A uzJ =0 .
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Definition. The Lie derivative LT of a tensor field T with respect to a field ¢
is the tensor quantity defined as

LeTi = E 0 Tf — Tl +.. + Tz 06"

Here the right-hand side contains one term for each upper and each lower
index of the tensor Tj_';;, and the partial derivatives J; can be replaced by co-
variant derivatives Vi . The Lie derivative characterizes the rate of variation of
the tensor T;'_';_' when the region in which the vector field £ is given is mapped
into itself by means of a mapping F'(t). The mapping F(t) is generated by the
integral curves of the vector field €.

Problems [2.34]. 1) Prove that a Killing vector k; satisfies the relations
~ ViV, ki1 = Rk,
VH{(Vi kj)kn} = 3K Ruiky)
2) Suppose that &, and ¢; are Killing vectors of some group G. Prove that
V™ {tmkiV; kn} = 1™ Rapiksty -

Hint: Use the fact that the Lie derivative of the tensor kf; V; ky) is equal to zero®.

3) Suppose that F}; is an antisymmetric second-rank tensor (with zero Lie
derivative along the Killing vector field k). Prove that

VY Fijkn} = 3(V' Frodksp

4) Suppose that the group G, is commutative, i.e., V!(kt,)) = 0. Prove that
a tensor Fj; satisfying the conditions of Problem 3 obeys the relations

V! Fijkitm = 3(V! Fgkjtm) -

5) Prove that a Killing vector k obeys the relation

Vi@ /VH =0, 2=k by, V=kE .
Hint: —(k"V, k)™ k;V by = =3 (knk™e '™ - V; k; V) k.

6) Prove the equality

kiit; Vi k) = 3kt Vi b — btV b + tm bV gl
where k; and ¢; are two Killing vectors.

4 Lie derivatives along Killing vectors of vector and tensor fields on manifolds admitting groups of
motions are equal to zero.
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Solution:
kit j Vi k) = Lkt ) Vi ko + kiita Vi km + kpta V) km + kimtg Vi k;
+ kptm) Vi kj + kpy tm Vi ki}
= Lkt Vi ko + S5 km {: Vi kj + 80V, ki + Vi Ky}
+ fptm {kiV, ki + ki Vikj + k, Vi ki) .

7) Suppose that the Killing vectors k and ¢ of a commutative group G, satisfy
the Frobenius conditions

kiit; Vi kmy = kit jVitm) =0 .

Prove that under these conditions
Aig1=Bun=0, A =0 (~Xki+Wt), B,=o"'(Wk;-Vt),
X=ty, V=ktk, W=thk, c=W2-XV .

2.3 Stationary Gravitational Fields

A manifold My which is asymptotically simple in the weak sense is said to be
stationary if there acts in My a one-parameter group R whose trajectories are
time-like, at least in the neighborhood of the conformal boundaries B* and B~.

Definition. The domain of exterior stationarity U is the maximal connected re-
gion having a time-like Killing vector and containing the neighborhoods of the
conformal pseudo-Euclidean boundaries B* and B~.

The ergosphere £ is the boundary of the region U, and, by definition, the
Killing vector on the ergosphere is isotropic: k;k! = 0.

Certain stationary fields are static fields, in which, by definition, there exist
hypersurfaces intersecting orthogonally the trajectories of the group R on Mj. In
this case, Frobenius’s theorem implies the condition

kiVik;;=0 . 2.3.1)
We now consider static gravitational fields.
1) Theorem A (by Carter) [2.34]. For static fields, the ergosphere £ coincides

with the event horizon H if the latter exists.
Indeed, from the orthogonality condition (2.3.1) it is easy to show that

Viky=VVikg, V=hik' . (2.32)

Therefore the ergosphere, on which V = 0, is an isotropic surface, since it follows
from (2.3.2) that the normal to the surface V = 0 with the components V; is
parallel to the isotropic vector k,.
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2) Theorem B (due to Lichnerowitz and Carter) [2.34, 35]. In static gravita-
tional fields, the energy-momentum tensor T;; of the matter satisfies the condition

KTk =0 . (2.33)

It follows from the result of Problem 1 that if the condition (2.3.1) holds, then
k' Ry;kj = 0. Making use of Einstein’s equations the Ricci tensor is replaced by
the matter tensor T; to obtain the assertion of the theorem.

3) Theorem C (by Lichnerowitz) [2.35]. The condition (2.3.3) is not only nec-
essary but also sufficient for the static character of space, provided that the fol-
lowing additional restrictions hold: a) the manifold M} is asymptotically simple
(see Sect.2.1); b) the vector k, is time-like throughout the region U.

Hawking [2.36] generalized this result of Lichnerowitz to the case of weakly
asymptotic spaces in which the ergosphere coincides with the horizon: if an event
horizon exists, the fact that it coincides with the ergosphere is a feature which
distinguishes static spaces from other stationary spaces.

To prove the theorem, we introduce, following [2.34], the rotation vector

w'=1e¥mE ik, (2.3.4)
It follows from the result of Problem 1 that
V[,' Wi = —%eijlmklRmnkn . (235)

Therefore, if the conditions (2.3.3,5) are satisfied, we obtain Vj; w;; = 0.

It follows from this that there exists a function U such that w; = U ,, and on
the horizon we can put U = 0, since w;|y = 0 by virtue of the assumption that
the surface V =0 is isotropic. Consider the identity

Vi (Uw'/V?) = 0,0 [VE+ UV, (W VD) (2.3.6)

where w! is a space-like vector according to the definition (2.3.4) and is orthog-
onal to the vector k,, which, by the conditions of Theorem C, is time-like off
the event horizon.

It follows from the result of Problem 5 that the second term in (2.3.6) is
equal to zero.

We multiply (2.3.6) by k7 and make use of the equality k/V; A’ = 2V; (AUk)),
which holds because the Lie derivative of the vector A; is equal to zero. Then
(2.3.6) can be written in the form

V, (Ul V) = wiw,k [(2V?) . (2.3.7)

We define an intersecting surface X' in M, as a submanifold ¥ which in-
tersects all the trajectories of the group R with a Killing vector k in the region
U (off the horizon). Let us choose an intersecting surface ¥ in the form of a
space-like hypersurface. Then, as a consequence of Stokes’s theorem, the inte-
gral of the divergence of the bivector on the left-hand side reduces to an integral
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over the boundary of X, consisting of two parts: the intersection of X' with the
horizon H and an infinitely remote two-dimensional surface S,

[17.7]
[+ (%) n,dZ
=

_ [ Uetkny=g (9s' 02’ Bz’ dc’
‘/ V2 u o0 ou o) MW @38)
ax

where 0¥ = H+ S, and u and v are parameters on the two-dimensional
surfaces H and S,,. We shall assume that the pseudo-Euclidean asymptotic limit
is approached sufficiently rapidly to ensure that the integral (2.3.8) over S
vanishes.

On the horizon, the function U and its derivatives U ; = w; are equal to zero.
As the horizon is approached, the function Uw, tends to zero more rapidly than
V2 (by the condition on the horizon, the vector k; is parallel to the normal V;
to the isotropic surface V = 0). Thus, it follows from (2.3.7) that

/ [ww'kin, dE/V=0 . (2.3.9)
N

From the fact that the integrand in (2.3.9) has a definite sign and from the
condition of Theorem C (w,w*’ <0, k]nj > 0) it follows that w, = 0 everywhere
on X and hence also everywhere off the horizon H.

Thus, from the condition (2.3.3) for T;; and from the stationary character of
the Killing vector in the strict sense, k,k* > O everywhere off the horizon, we
deduce the static character of the gravitational field itself.

4) Theorem D of Israel [2.37]. The Schwarzschild solution (the Nordstrom-
Reissner solution in the presence of an electrovacuum field) is the only solution
of Einstein’s equations in the class of static, weakly asymptotic simple mani-
folds possessing a nondegenerate, nonsingular, compact, simply connected event
horizon.

Under static conditions, there exists a function ¢(z*) such that k; = aV, t.

According to Theorem A, the coordinate lines of ¢ coincide with the orbits
of the action of the group R and are time-like everywhere up to the horizon H.
Let z!, z2, 2> be coordinates on the hypersurface ¢ = const, which intersects the
coordinate lines of ¢ orthogonally. Then it follows from Killing’s equations that
the coefficients of the metric

ds? = pPdt? — gapdz®ds®, pP=kk', a,8=1,2,3 , (2.3.10)
B

will not depend on the time ¢.
We assume that the horizon is a connected isotropic surface with a compact,
orientable, space-like, two-dimensional cross section. The component R, of the
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Ricci tensor for the metric (2.3.10) is —p Ap, where the Laplacian operator A
is formed from the spatial part of the metric (2.3.10). Therefore in empty space
the function p is harmonic, and p — 1 as »r — oo; on the horizon, p = 0
according to Theorem A. In the region U, the harmonic function p cannot have
singularities and cannot attain its maximum or minimum value (equal to 1 and 0,
respectively). Consequently, the function p can be chosen for one of the spatial
coordinates, whose variation from 0 to 1 describes motion from the horizon to
the pseudo-Euclidean infinity. We choose the other two spatial coordinates ¢
(a = 1,2) on the surfaces p = const in such a way that the coordinate lines of p
intersect the surfaces p = const orthogonally; then we have

ds® = p*dt® — ¢*dp* — gy d9°d6®, a,b=12 | (2.3.11)

We introduce a field of null tetrads as follows. Suppose that complex vectors
m and m* are constructed from real vectors lying on the surfaces p = const,
and let the vectors I and n have components

li(p/\/i’ —Q/\/i,0,0), ni(p/\/iv q/\/i,0,0) .

Then the rotation coefficients of the null tetrad will have the values

1 g . «_ %q
g:u:—m%, =—7T=7T = -V =2—q’
e=7"= ! + ! m*e (ama - lm"%>

2vV24qp  2v2¢ o0p 2 o)’
1

oc=X" a=-f*= —EVam*" .

Here and in the remainder of this subsection, covariant differentiation with
Latin indices a,b, ... is taken in the sense of the interior geometry on the two-
dimensional surface p = const, and A@ is the Laplacian operator on the surface
p = const.

We shall derive two equations [see (2.3.13, 16) below] as follows. Equation
(1.1.60) for the component $yy of the Ricci tensor in the static case takes the
form

V2q0p V2pq
This equation can be rewritten as

10 ( Lot
" 2¢0p dp

o1 {%A@)\/fj +(oa* +kk* + Qm)ﬁ} =0 . (2.3.13)
P

Poo = 0 = Va(m*k) — oo™ — 2kk* . (2.3.12)

In (2.3.13) we have used the identity
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VaVa(m**k) = 3AP g - kk* /g .

Just as in the proof of Hawking’s theorem concerning the topology of an
apparent horizon (Sect. 2.1), we subtract (1.1.65) from (1.1.56):
1@

R
52t —%n =92—§R—aa* . (2.3.14)

¢))
Here R is the Gaussian curvature of the two-dimensional surface p = const:

@ b b
R=-V,[m**Vym’+m*Vym*’] .
Substituting the expression (1.1.55) for 3, into (2.3.14), we obtain

1 9
-V, (m**k) — 2kk* + — —p — 20°
V2q0p

! 1(122) <d5 ) 0 (2.3.15)
+—0+-R - —_—— ] = . 3.
\/ipqg 2 1 8

Multiplying (2.3.12) by two and subtracting (2.3.15) from it, we obtain
190 ( dq7! N 4)
agop\"Pop g
19 1 R
+p|200*+ 5R+ 2kk* + ZAlnq +2&p0 — P11 + 3= 0. (23.16)
We now consider the boundary conditions at the horizon and at the pseudo-
Euclidean infinity.

a) Using the fact that according to Einstein’s equation the Laplacian operator
gives zero when acting on the function p (Rgo = —p Ap) in the coordinate system
(2.3.11), we obtain

_62 (ﬁ) =0, where g=gugn—g . (2.3.17)
P\ 94
Since the horizon is nondegenerate, the area of the two-dimensional cross
section of the horizon H is not identically zero, so that \/57‘- 0 at the horizon.
At the pseudo-Euclidean infinity, a static gravitational field is characterized
in a first approximation by the Newtonian potential ¢ = GM/r:

P=\/g44=\/1—2<p/czzl—m/r, mEGM/c2 .

Using the fact that ¢®dp? ~ dr? as r — oo, we obtain ¢ =~ r2/m as r — oo.
Let us integrate (2.3.17) with respect to p from O to 1:

V3

q

=sinfm . (2.3.18)
H
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It follows from (2.3.18) that at the horizon the function ¢ is nonzero, ¢ — ¢o as
p— 0.

b) Let us now calculate the invariant I; = Rizm R**'™ of the curvature tensor.
By definition, the invariant I; has a finite value at the event horizon. Calculating
this invariant by means of the field equations in empty space, we obtain

L= Vzv o Vs VV, Vs Vg .

Using the coordinate system (2.3.11), we finally obtain for I; the expression

24

I = —5loo* +kk* +40% . (2.3.19)
(rg)

Since (2.3.19) remains finite as p — 0 and ¢ — ¢o < oo as p — 0, we obtain
from (2.3.19)

c—0, k>0, p—-0 a p—0.

From the fact that k¥ = 0 it follows that 6gp = 0, and ¢o is a constant at the
horizon.
Integrating (2.3.18) over the surface of the horizon, we obtain

A=4tmq , (2.3.20)

where A is the surface area of the horizon or black hole.

c) Let us eliminate 0p/dp from (2.3.12, 15). This gives

—*+a0* +Boo — (4511 -~ §) + ig -123 =0 . 2.321)
In empty space, $oo = P11 = R = 0, so that in the limit p — O it follows from
(2.3.21) and the results of step (b) above that

1 @)
-(?—q-q":'l =R .

d) By repeating Hawking’s arguments (see Part II of Sect.2.1) concerning
the topology of the event horizon (the apparent horizon for stationary spaces
coincides with the true horizon), it can be seen from (2.3.15) that the surface of
the horizon is homeomorphic to a sphere. Therefore, according to the well-known
theorem of Gauss and Bonnet, we have

@ 1 192
/R\/gdo d6* =4r
H
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¢) We now multiply (2.3.13, 16) by /g, integrate over the surface p = const,
and then integrate with respect to p from 0 to 1 using the results of steps (c) and
().

Then from (2.3.13, 16), respectively, we obtain

@>4m, @ <A . (2.3.22)

The equality is possible only if ¢ = 0 and k¥ = 0 in the region U. However,
taking into account (2.3.20), the strict inequalities (2.3.22) are incompatible.
Therefore the system (2.3.22) admits only solutions with the equalities, from
which it follows that o = 0 and k = 0 throughout the region U. The condition
k = 0 means that the function ¢ does not depend on the coordinates 6! and 62,
i.e.,, ¢ = q(p). The conditions ¢ = k = A = v = 0 imply zero values of the
components of the Weyl tensor 1y = ¢; = 3 = 14. Thus, a static field with a
nondegenerate horizon must have a Weyl tensor of Petrov type D.

2

It follows from (2.3.21) that the Gaussian curvature (R) of the two-dimensional
surface p = const is a quantity which is independent of the coordinates 6; and
#,, i.e., the surface p = const is a sphere.

The foregoing criteria correspond to the spherically symmetric Schwarzschild
solution, and only to this solution.

We now consider stationary gravitational fields. Here we dispense with the
assumption of static conditions described by (2.3.1), assuming nevertheless that
there is a group R with time-like trajectories in the domain of exterior stationarity
U.

5) Theorem E by Hawking [2.30, 36]. A stationary predictable manifold which
is asymptotically simple in the weak sense and has a nondegenerate event horizon
necessarily possesses axial symmetry.

In other words, no rotating black hole can be stationary until all the fields
become axially symmetric.

The property of predictability implies the existence of a Cauchy surface £
such that each world line emanating from points of B* and directed into the past
returns to £ without running into any singularity along the way.

By virtue of Theorem C, in a nonstatic but stationary manifold with a non-
degenerate horizon there exists a region off the horizon (inside the ergosphere)
in which the Killing vector is space-like. On the horizon, which is an isotropic
surface, the isotropic generators do not coincide with the trajectories k* of the
group R.

Under translations in time, the horizon goes into itself. Therefore the corre-
sponding trajectories of the group R wind onto the horizon. In moving along an
isotropic geodesic of the horizon, an observer moves (rotates) with respect to the
stationary coordinate system determined by the trajectories of the group R.

It follows from Einstein’s equations and the Bianchi identities in the Newman-
Penrose formalism that 49 = 1)y = ¢ = ¢ = 0 on the horizon, the scalar i, is
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constant along a null generator of the horizon, and the rotation coefficient ¢ is
constant over the entire horizon.

Making use of the axial symmetry of all the field functions on the horizon, it
can be shown by means of a local analytic continuation that the solution is also
axially symmetric in some region off the horizon. For a proof of Theorem E, the
reader is referred to the monograph of Hawking and Ellis [2.30].

6) Thus, let us consider stationary manifolds with a nondegenerate horizon.
According to Theorem E, in such gravitational fields there acts a subgroup 1 x S!
with closed trajectories and a Killing vector ;.

We shall assume that the group R x5! is Abelian, i.e., that the vectors k and
t commute:

ktt’ji _ tik’ji =0 or Vi(k[zt]]) =0 . (2323)

In what follows (in this chapter), we shall confine ourselves to a study of
fields in which there exist two-dimensional surfaces F' which intersect the integral
curves of both Killing vectors k* and #* orthogonally. According to Frobenius’s
theorem, this is possible if

M kDo =0, (Mutorn=0, o) =2kut;) . (23.24)

Theorem F of Carter [2.34]. The boundary of the region R in which the two-
dimensional surface F intersecting the orbits of k and ¢ orthogonally is space-like
coincides with the event horizon (provided that the latter is nondegenerate).

To prove the theorem, we introduce the notation

V=kk', X=tit', W=kt, o=-lo;o"=W?-VX .
Let a be a vector in the subspace A spanned by the vectors k and ¢:
a; = ak; + Bt; .

In the linear subspace A4, there exist two isotropic vectors when o = W2 —
VX > 0 and one isotropic vector when o = 0. This follows from the equation

a® =V +2afW + 32X =0 .

It is obvious that the region R in which the surface F is space-like is char-
acterized by the inequality o > 0, and o vanishes on the boundary OR.

We make use of the result of Problem 6 and rewrite Frobenius’s conditions
(2.3.24) for the existence of the two-dimensional surface F in the form

kiti Vi ki = klt[,Vj kr) — 6k Vi ky (2.3.25)

k[it,-Vk] t, = —tsk[,Vj ty + k,t[,'Vj ty . (2.3.26)
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We multiply (2.3.25) by ¢, and (2.3.26) by k;, and add the results. In the
equation which is obtained, we then replace the index ! by s and, conversely, s
by I, and subtract the result from the preceding equation.

We then obtain

kiitj Vi (kits — tiks) = (kits — tika) Vi kjtry (2.3.27)
or

01ij Vi) 01s = 01s Vi Qjk] - (2.3.27)
Multiplying both sides of (2.3.27') by o', we obtain

olijViyo =20V 0jk) - (2.3.28)
We have o = 0 on the boundary 9R, and from (2.3.28) it follows that

onjVio=0 . (2.3.29)

It follows from (2.3.29) that the vectors k;, t;, and V; o are linearly dependent:

Vo =ak; + ,Bt, . (2.3.30)
On the other hand,
; Oo ;OW L0V ;0X
kw—ZWk%~Xk%—Vk%—0 , (2.3.31)

since k'0W/0z' = k*0V/0z' = k*0X /0’ = 0. Similarly, it follows from the
commutation condition for the vectors k and ¢ and from the conditions V; k;) = 0
that t'9c /92* = 0.

Multiplying (2.3.30) by ak* and St' in turn and adding the results, using
(2.3.31), we have

?V +2afW + 52X =0 . (2.3.32)
On the other hand,

(Vi 0)(V; 0)g" = a®V +2aBW + B2X .

Therefore it follows from (2.3.32) that the surface ¢ = 0 is isotropic, with
the expansion parameter ¢ equal to zero. Consequently, the surface o = 0 is the
exterior event horizon.

7) Definitions. A vector field n; is said to be circular if it satisfies the conditions

npkjty = 0.

A bivector field F;, is said to be circular if it satisfies the conditions F,, kit
= 0, F,'jk't] = 0
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A symmetric tensor field T;; is said to be circular if it satisfies the conditions
FTijkmtn) = t' Tijikmtn) =0 . (2.3.33)

Lemma 1. From Frobenius’s conditions for the existence of a surface F inter-
secting the integral curves of the vectors k and t orthogonally it follows that the
Ricci tensor is circular.

To prove this, it is sufficient to make use of the result of Problem 2.

Lemma 2. From the condition that the electromagnetic field tensor Fj;; is circular
it follows that the current vector is circular (Problem 3).

Indeed, from the commutation property of k and ¢ and from the conditions
(2.3.24) it follows that

V! (Bijkmtn) = 3V, Flinkts) = 2mjimkit /e
since V!Fy; = 4nji/c by virtue of Maxwell’s equations.

Lemma 3 [2.34]. There exists a constant {2 such that the linear combination
of Killing vectors k + {2t is an isotropic vector on the horizon whenever the
conditions (2.3.24) hold.

The vector k — Vt/W is isotropic on the horizon, which coincides with the
surface o = 0 by virtue of Theorem F. We shall show that the function V/W is
constant on the horizon. Then the required constant {2 will obviously be —~V/W,
where the function V/W is evaluated on the horizon.

In fact,

Vi (V/W)=W AV W =WV, V)
=W 2VV (kit") — 2WE'Vi ky) . (2.3.34)

Using (2.3.23), we have
Vi (kith) = 'V by + 'V t; = (Vi k)t — (Vitk! = 2t'Vi by

Therefore, multiplying (2.3.34) by k;t, and antisymmetrizing with respect to
the indices z, j, k, we obtain

kit Vig (= V/W) = 2W "2(kpit Vig k)@ V — E'W) (2.3.35)
Using (2.3.25), we rewrite (2.3.35) in the form
k[;thk] (—V/W) = (W2 - XV)k[,‘Vj kk] .

Therefore on the horizon, where W? — VX = 0, the vector V; (—V/W) is a
linear combination of the vectors k and ¢:

V; (—V/W) =ak; +ft; .

On the other hand, the derivatives of —V/W along the Killing vectors k and
t are equal to zero. This completes the proof.
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8) Theorem G [2.38]. Lemma 1 admits a converse. Papapetrou proved that if
the energy-momentum tensor of the matter satisfies the condition (2.3.33) for a
circular tensor, then Frobenius’s conditions (2.3.24) for the existence of a surface
F with an orthogonal intersection are satisfied.

Indeed, if the energy-momentum tensor of the matter satisfies the condition
for a circular tensor, then, by virtue of Einstein’s equations, the Ricci tensor
satisfies this same condition.

It follows from the result of Problem 2 that in this case

Vitk Vi k) = Vikt; Vi ty) =0 . (2.3.36)

We introduce vectors w’ and +* characterizing the rotation of the vectors k
and t¢:

2w; = Eijkzklvkkl, 2y, = S;jkztlvktl .

Any fourth-rank tensor which is completely antisymmetric is proportional to
€ijkl- Therefore

1 1
tik; Vi kn = mwmtmeijkl; kpt, Vi tg = a‘,ll)mkmsijkl . 2.3.37)
Then the conditions (2.3.36) can be written as

Vi(tiw') =0, V,(kip')=0 .

Therefore the pseudoscalars ¢;w! and k' are constants. However, on the axis
of rotation the vectors t; and v, vanish, so that tjw' =0, k3! = 0, and, as a
consequence of (2.3.37), Frobenius’s conditions (2.3.24) are satisfied.

9) Canonical Form of the Metric Tensor. It follows from Frobenius’s conditions
(2.3.24) that there exists a two-dimensional surface F' such that any direction
orthogonal to it is a linear function of the Killing vectors &k and ¢.

It follows from the results of Problem 7 that there exist potentials for the
vectors A; and B;, where A; = 0~ (=Xk; + Wt,), B, = c " \(Wk, — Vt,); we
denote these potentials by ¢ and ¢, respectively:

Vit=o W (=Xk,+Wt), Vio=0\(Wk;—Vt) .

Let 6% (a = 1,2) be parameters on the two-dimensional surfaces F' = const.
We go over to a system of coordinates t, ¢, 8!, 6. Since the coordinate lines
of t and ¢ are orthogonal to the coordinate lines of ! and 62, the metric coef-
ficients g4, and g, are equal to zero. It follows from Killing’s equations that
the remaining coefficients do not depend on the coordinates ¢ and ¢. Thus, the
metric form has the structure

ds? =V dt2 +2W dt dp + X dp? — g, d6°de® | (2.3.38)

where the functions V, W, X, and ¢, do not depend on ¢ and ¢.
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Lemma 4. In the presence of a stationary electromagnetic field, the function
p = /o is harmonic on the surface F with the interior metric g,;.

To prove this, we calculate the expression Q = g** Ry; +2¢'¢ Ry, + g¥% Ry
From Einstein’s equations R;; = «T;;, where T;; is the energy-momentum tensor
of the electromagnetic field [calculated according to the canonical form (2.3.46)
given below], it follows that the function @ is equal to zero. On the other hand,
from a direct calculation of () by means of the expression for the components
of the Ricci tensor in terms of the metric form (2.3.38) it follows that Q =
p~1V, V®p. Consequently, p is a harmonic function which is equal to zero on
the horizon according to Theorem F.

‘We note that at the pseudo-Euclidean infinity p tends to the radius in cylindri-
cal coordinates. As a harmonic function, p cannot have a maximum or minimum
in any region off the horizon which contains no infinitely remote point, and it
attains a minimum value p = 0 on the horizon.

It follows from the condition that p is harmonic that there exists a function
g which is harmonically conjugate to the function p. The lines p = const are
orthogonal to the lines ¢ = const on the surfaces F' = const. Therefore, if p and
g are chosen as parameters on the surface, the metric form finally becomes

ds? =V dt* + 2W dt dp + X d¢* — S(p, g)(dp* + dg?) (2.3.38")
where p? = W2 - VX.
10) Canonical Form of the Electromagnetic Field Tensor. We introduce the
vectors of the electric and magnetic field strengths, E; and B;:
E;=Fik’, Bi=3eyuk’F¥, VF, =2k;Ej+eijuk*B' .
Contracting Maxwell’s equations V;, F,; = 0 with the vector k!, we obtain
V;E; —V;E;+ (k' Fj; + Fi, Vi k' + FyV; k) =0 . (2.3.39)

The bracketed expression in (2.3.39) is the Lie derivative of the bivector F;;,
which is equal to zero.

Contracting (2.3.39) with the vector k' and using the fact that the Lie deriva-
tive of the vector E; along the Killing vector ¢ is equal to zero, we obtain

V:(#'E;) — (¢'V; E; + E,V; ) = V,(#*E;) =0 .

From the fact that the scalar t'E; vanishes on the symmetry axis it follows that
t/ E; is equal to zero everywhere.
It follows from the result of Problem 4 that

V, (Bit*) = dme;jukittst
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Using the fact that the current vector is circular and that the expression Bjt*
vanishes on the symmetry axis, we obtain Byt* = 0. Thus, we have proved the
following lemma.

Lemma 5 [2.34]. From the fact that the current vector is circular it follows that
the electromagnetic field tensor satisfies the conditions for a circular tensor:

Fuk't* =0, Fyjtikn=0 . (2.3.40)

It follows from the conditions (2.3.40) that the bivector F;; can be represented
in the form

Fij =2k + 21t (2.3.41)

where [;k* = [;t* = f,-ki = f,-t‘ =0.
It follows from (2.3.39) that there exists a potential E for the vector E;:

E;=V,E . (2.3.42)

Contracting the equations Vj; F}x) = 0 with t*, we obtain, by analogy with
the condition (2.3.42),

Fuyt'=v;B . (2.3.43)
Finally, we shall show that the vector
A; = Et’, + B(p,,' (2344)

is a vector potential for the electromagnetic field.
From (2.3.44) we have

A =tuEj+enB, . (2.3.45)

Using (2.3.41-43), it is easy to show that, according to (2.3.45), in fact 2A4y; j; =
F;.

It follows from the expression (2.3.44) for the 4-potential of the electromag-
netic field that the 1-form A;dz* can be represented as

Aide'=Edt+Bdyp .
Then the 2-form F,;dz’ A dz’ of the electromagnetic field has the structure

F;j =2E ,dz® A dt+2B,dz® A dp . (2.3.46)

11) Ernst Equations for a Stationary Gravitational Field with Axial Symme-
try [2.39]. The metric form (2.3.38') can also be written as

ds? = f(dt — wdp)? — 2 (dp? + dg®) + p*de?] (2.3.47)

where we have introduced the notation
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f=V, X=fuot-p*lf, W=—fu, fle¥=X.

To obtain Maxwell’s equations (in the absence of currents) and the equations
of gravitation, it is convenient to begin with a variational principle.
The Lagrangian density function for the metric in the form (2.3.47) is

—aq¥l
Lo = l—:—%(ﬂﬁ'réz - Iirj
- -41—'6[pf_2(vf)2 _ p—l fZ(Vw)Zl , (2348)

where we have introduced the notation (V f)? = ( f,,,)2 +( f,q)2.

The Lagrangian density function for the electromagnetic field is Lem =
/—g F;;jF* /(87). Calculating it for a field having the form (2.3.46), we ob-
tain

Lem = [(0*/f — fo*XVE)? —2fwVEVB — f(VB)’1/(8xp) .  (23.49)

Equating to zero the first variation of the total action, we obtain the pair
of Maxwell’s equations and the pair of Einstein’s equations [the function v in

(2.3.47) is calculated after integration of these equations by means of any field
equation R;; = xT;; which contains this function]

V(p~! f2Vw) — kf(WVE +VB)-VE/Qrp) =0 , (2.3.50)
V@V - pf NV +p7 (VW)

+ k[(fwVE + fVB)? + pA(VE)]/(47p) =0 , (2.3.51)
Vip fwVE+VB)]=0 , (2.3.52)
Vipf 'VE) - p~ fVw(WwVE+VB)=0 . (2.3.53)

It follows from (2.3.52) that there exists a function D such that

wE,+B,=pf'D,, wE,+B,=-pf'D, . (2.3.54)
Eliminating the function B from (2.3.54), we obtain

Vipf'VD)=w E, —w,E, . (2.3.55)
Equation (2.3.53) can be written in the form

V(pf'VE)= —(wyD,—w,Dy) . (2.3.56)

We introduce the complex potential = E +iD.
Multiplying (2.3.55) by the imaginary unit and adding the result to (2.3.56),
we obtain for the potential ¢ the equation

FYGVE) = (pf p +ifw )&, + (Pf.g — ifw )P, - (2.3.57)

We introduce the new independent variables z and z* defined by
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2z=p+iq, 2z*=p-—iq .
Then (2.3.57) takes the form

0 17} 0 oP oP
_1 -~ -~ - el il
f [82* ( 6 45) + % (paz* di)] G, 5, +G_ 37 (2.3.58)
af f2 Ow of f?ow
= — E=— - 2.3.
G. = 62* p 9z’ G 0z p 02 (2.3.59)
We now transform (2.3.50, 51). Equation (2.3.50) can be written in the form
17} o9 17} L0 ,
o (G+ 6z*) oy (G._ —-¢5 6z) . (2.3.50")
It follows from (2.3.50') that there exists a function ¢ such that
k 0P  Oe 0P Oc
G+ Z;¢ Errialyw G_ + 45 %5 (2.3.60)

In the new variables, (2.3.51) can be written in the form

0P 0P* 6d5 od*
0z* Oz 82 0z*
(2.3.61)

F10 of
;[E@Gn 2 wa_ )]~2G+G +f [

Substituting the expressions (2.3.60) for G, and G_ in terms of ¢ into
(2.3.61), we finally obtain

a ( @ o ( 9 9e B¢
% [0z* (pas) i (paz )] G+a +Goo (2.3.62)

It follows from the definitions (2.3.59, 60) that

3, . . KD of
$(6+e —-4 (45¢)+G +G} —4 (¢¢) 2 .

Hence f = Ree — k®P*/(8~). Thus, (2.3.58,60,62) form a closed system of
complex equations in the Ernst form:

fAP=V® - M, fAc=Ve-M, M =Ve—xd*VP/(@4r) . (2.3.63)

After going over to the required functions in the projective space of the
variables u, v, w (€ = (w—u)/(w+u), VG & = v /(u+w)), the system (2.3.63)
takes the form

uDw —wDu=0, (u—w)Dv—v(Du—-Dw)=0 . (2.3.63)
Here we have introduced the D-operator notation

D= @'u+v*v —w'w)A - 2(u*Vu+v*Vv — w*Vw)V .
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According to (2.3.63'), any solution of the system
DV;=0(V1 =u, h=v, V3 =w) (2.3.64)

will determine a solution for € and &. It is interesting that the system (2.3.64)
retains its form under arbitrary unitary rotations in the complex space of the
variables u, v, w.

Thus, if the vector Vj is a solution of the system (2.3.64), then the vector V
with components V; = A,;Vp;, where A;; is a constant matrix with the property
A,‘_,Afk = Niks M1 =722 = —733 = 1, Nik = 0, l# k, is also a solution of the
system. Consequently, starting from a known particular solution of the system
(2.3.64), it is possible to make use of unitary rotations in the projective space of
the variables u, v, w to obtain a new solution depending on several parameters
[2.40].

If we transform from the variables p and ¢ to the variables z and y (p =

po/ (22 — 1)(1 — y2), q = pozy), the system (2.3.64) takes the form

P VIV = DV, 0 . + (1 = yDV) 4]
2V = DV, V. + (1 =PV, ,V,, 1} =0 .

For vacuum solutions, v = 0. In this case, we can put w = 4, and the equation
for u takes the form [2.41]

(uu* — D[((«? - Du ).+ (1 - yz)“,y),y]

2.3.
= 2u*[(z? — l)u?l +(1— yz)u?y] . (2.3.65)

Those solutions of the electrovacuum system (2.3.64) in which the functions
v and w are proportional, v = const - w, reduce to solutions of Einstein’s vacuum
equations.

The solution of Kerr and of Kerr and Newman for a rotating charged black
hole corresponds to the linear solution of (2.3.65) given by

u=gxcos\ —iysin\, X =const . (2.3.66)

12) We now consider charged black holes.

a) In the general case, stationary black holes are completely characterized
by three parameters: mass, charge, and angular momentum. They are described
by the exact Kerr-Newman solution of the system of Einstein’s and Maxwell’s
equations. The corresponding metric tensor can be reconstructed from the solution
(2.3.66).

In the coordinates of Boyer and Lindquist [2.42], the Kerr-Newman solution
has the form®

5 Particular cases of the solution (2.3.67) are: a) the Schwarzschild solution (I = Q=0, M#0); b)
the Kerr solution (Q = 0, I# 0, M # 0); ¢) the Nordstrém-Reissner solution (I =0, Q#0, M #0).
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ds? = Z7H(b — a®sin? )c*dt? — 2(r? + a* — b)asin® fc dt dp
— 5%dr? /b — £d6* — [(r* + a®)? — ba® sin? 6] sin® 6 dp?} ;

5 (2.3.67)

Y=r*+d*cos’d, b=r*-2mr+a’+¢®, A=—g'",
m=GM/E, a=1/(Mc), ¢=GQ* ,

where M is the mass, I is the angular momentum, and @) is the charge of the
black hole. The corresponding 2-form for the electromagnetic field has the form

S2F =2Q{—(* — a®*cos? @) dr A (dt — asin® 8 dy)
+2arsinfcos8dl A [adt — (r? +aD) dp)} . (2.3.68)

For the solution (2.3.67, 68), the basis vectors of the complex tetrad field can
be chosen in the form

. 2 + 2 1
l’={%,1,0,%}, n'=—{r2+a2,—A,O,a},
i 1 {i sind,0,1 i }
m == a b b ’_'_——
V2 (r +iacos ) sin 6
In the Newman-Penrose formalism, the nonzero tetrad components of the
Weyl, Ricci, and electromagnetic-field tensors and the nonzero rotation coeffi-
cients have the values

(2.3.69)

. 1 1 x
Yr=mg +¢%0’0*, $1= _quz, &y = qugzg 2,

0= —(r—iacos8)™!, y=p+(r—m)og*/2, p=o%0"A/2, (2.3.70)
2V23 = —cotfo*, wV2=iasinfp?, TV2=—iasinbpo* .

In the Boyer-Lindquist coordinates, the surface of the ergosphere is deter-
mined by the equation

r* —2mr +d®

cos’0+¢*=0 . (2.3.71)
The surfaces of the event horizons H satisfy the equation
r?—2mr+a’®+¢*=0 . (2.3.72)
The condition for the existence of a nondegenerate event horizon has the form
m? > a®+ ¢ .
Equation (2.3.72) has two roots, corresponding to the exterior and interior
event horizons. From the point of view of an external observer, the surface of

a collapsing body possessing charge and angular momentum “freezes” on the
exterior event horizon.

b) The solution for a nonrotating charged black hole was obtained by Reissner
and Nordstrom. It has the form
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ds? = dt? A — A7 1dr? — r}(d6? + sin? 0 d?),

_q1_Ts, GO
A=1 7‘+(c4r2).

Here r, is the Schwarzschild radius, given by r, = 2GM/c?, and @ is the total
charge of the black hole. The solution is written in a coordinate system in which
the coordinate lines of the time are directed along the trajectories of the Killing
vector k. Therefore in this coordinate system the solution becomes meaningless
inside the horizon, where the Killing vector becomes space-like.

In order to obtain an analytic continuation of the solution into the interior
of the horizon, we must go over to a coordinate system in which the metric has
no singularities at r = r4, where r, and r_ are the larger and smaller roots of
the equation (2.3.72) with a = 0. For this, following [2.43], we go over to the
coordinates u and v defined by

=u(r*+ct), v=v(@*—ct), dr*/dr= Al
Then the metric takes the form
ds? = — f2dudv — r*(d6® +sin? 0 dp?), 2= A/(u'v") . (2.3.73)

If the metric is to have no singularities at r = r, or r = r_, the zeros of the
function A must coincide with the simple zeros of the function u'(r* +ct)v'(r* —
ct). This requires that the function u'v’ can be represented in the form o (r*)i)(¢),
from which we obtain

u=aexply(ct +r*)], v=Bexply(r* — ct)l,
fF=e7r 0 — r )™ — ro)™ (1P ap), (2.3.73")
ne=1- 27r3/(r+ —-r_), _=1 +27r2_/(r+ —r_) .

It is clear from the expression obtained for f? that it is impossible to choose
a coordinate system with no singularities at both r = r, and r = r_. To avoid
singularities in the metric at r = r,, we must put n, = 0. Therefore a metric
which is appropriate for analytic continuation beyond the exterior horizon r = r,
has the form (2.3.73"), where ny =0, n_ = 1 +r2 /2, 4, = (ry — r_)/(2r2).
The metric (2.3.73) is written in one chart from the atlas of the manifold, where
u and v vary from —oo to +oo. The interior horizon r = r_ corresponds to the
Cauchy horizon. To obtain the metric on the other chart of the manifold, we must
put

ne=0, ny=1+r2/rl, 4_=(-—r)/Qr?) .

This new chart with the coordinate grid i,  has an intersection with the preceding
chart on the open set v > 0, v > 0. The metric in the new coordinates &
and ¥ has no singularities at » = r_ and covers part of the manifold near the
singularity » = 0. It is interesting to note that, in contrast to the case of uncharged
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nonrotating black holes, the singularity at » = 0 for charged black holes has a
time-like character, and the time-like geodesics intersecting r = r_ first approach
the singularity and then recede from it.

By systematically matching the charts in the regions in which they have a
nonzero intersection, we obtain the maximal analytic continuation of the Nord-
strom-Reissner solution.

We note that the continuation of the solution from one chart to another is not
determined by the field equations in general relativity; the particular continuation
described above was distinguished by the requirement of analyticity and nonex-
tensibility. However, even analytic continuation does not, in general, ensure that
the solution is uniquely determined globally: in the general case, it is difficult
to establish which events reached on the various non-space-like curves can be
identified.

A collapsing cloud can pass through the two horizons r, and r_ and find itself
in a new universe. Moreover, there is no singularity inside the cloud, though a
time-like singularity occurs outside the cloud! After the cloud crosses the Cauchy
horizon, we can say nothing about its subsequent fate, since it becomes possible
to influence the entire evolutionary process by means of signals from the time-like
singularity.

It follows from the linearized formulation that small perturbations of the
initial data at the Cauchy horizon grow without limit, but do they necessarily
lead to the formation of singularities at Cauchy horizons [2.30,44]? Because of
analytic difficulties, this question has not been fully investigated.

13) We consider now the uniqueness theorem for stationary electrovacuum
solutions with axial symmetry. The Lagrangian of the electrovacuum equations
for the metric coefficients X and W [see (2.3.38)] and the potentials F and B
of the electromagnetic field [see (2.3.46)] has the form

L=p[(VInX)® — (VB)?/X]

- p IIXAVW/X)? — X(VE+WVB/X)] | (2.3.74)
which, apart from divergence terms, follows from the expressions for the La-
grangians (2.3.48,49). Equating to zero the coefficients of the independent vari-
ations §(W/X) and 6 E, we obtain the field equations

pVIp ' X2V(W/X)]1+ XVB(VE+ WVB/X) =0,
VIp ' X(VE+WVB/X)] =0 .
These equations imply the existence of Ernst-type potentials Y and &, i.e.,
ei; X2(W/X),; =plY,, +2(#B, — B ,)],
ei; X(E;+WB,/X)=28 ,p ;
here 7 and j indicate the coordinates p and ¢, and ¢;; is the Levi-Civita symbol,

with €11 = €22 = 0, €12 = —e21 = 1. For the functions Y and & introduced in
(2.3.75), we obtain, after eliminating W/X and E, the system

(2.3.75)
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VIpX (VY +28VB — 2BV$)] =0,
VipX~'V&] +pX VB - M =0, (2.3.76)
M = VY +26VB - 2BV$ .

From (2.3.74), by considering a variation with respect to X and B (for fixed
W/X and E) and making use of (2.3.75), we obtain

M? 2(V$)? 2(VB)?
. | el _
VX~ VX)+p [ e X e

V(X 'VB)—X2pVé-M =0 .

=0,

(2.3.76)

As is readily verified, the system (2.3.76,76’) can be derived from a varia-
tional principle with a Lagrangian L:

(2.3.77)

M? 4V$)? 4VB)?
- 2, M _
L=p {(VlnX) + =5

The function X must be less than zero, and equal to zero on the symmetry
axis. This follows from the requirement that there are no closed time-like curves,
whose existence would contradict the principle of causality.

We shall show that the functional L is convex, i.e., the second variation §2L
is positive definite, apart from divergence terms. We denote by P the set of
parameters X, Y, &, and B, and write 0P for a perturbation of the state P.
Then, apart from cubic terms in §P, we have

LP +6P)= L(P)+ 6L+ 2L + O((6P)) .
We introduce the notation
5X/X =q, (Y +206B —235@)/)( =q, P=q, B=gq .

Apart from divergence terms, the linear part 6L is equal to zero by virtue of the
field equations for the unperturbed state P.
We write the quadratic corrections 82L for the individual terms in (2.3.77):

P (VIn X)? = p(Vq1)? + #V(VIn X) — V[pg?VIn X] ,

pS((VP)? + (VB /X1 = pX H{(V@s)? + (Vau)* — VOV sy
+VéuVqg — VB-Mapa X! —~ VBVaq
+VBuVq +VE - Mg X~ + ¢L(VS)?
+(VB)1} - V{pX (VP31
+(VB)gsqil}
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E(M? /X = (V)* + p* +4M(¢sVgs — V) X 72
+Vg@@pVB — 4V — 2 M)X ™!
-~ AV VB — 4V Ve — 2V M)X !
+4pM(3VS + @y VB)X 2 - 2q1a VXM X 2
~2Mq (VX +4¢: VB — 4, VD)
— q%p"1 VpVInX)+ 2M2q12X_2
+p ' V{pX 'V — a M/X)}
p=qVX+4pVB—uVe)— Mg .

Combining the terms in these expressions, it can be shown that
§*L = pG +divpA |,

G=[Va+(@M —203V% - 2¢VB)X ')
+[Vg — (@M —2¢3VB+2¢ V)X 12
—2X N (Vg +quaMX " — 1 V®)?

—2X"Y (Vg — aVIn X + 2VB)?

—2X"' (Vg —sM X' — VB)?

—2X"Y (Vg — 4VIn X — aVP)?
+{gMX™' - aVIn X — A VB — Vo)
+12(3VB — VP2 X2 |

A= —@VInX + X' q[Vdg + VBul + X 'V (p — g M/ X) .

Thus, the equations for small perturbations g4 (4 = 1,2, 3,4) can be obtained
from the variational principle § [ pG dp dg = 0. From this, we have

Multiplying 6G/6q4 by g4, summing over all A, and making use of the fact
that G is a homogeneous quadratic function of ¢4 and V¢4, we obtain

4
~p Y 446G/6qa = V(pgadG/0Vqa) —2pG =0 . (2.3.78)

A=1

Theorem I by Carter-Robinson [2.45]. If two neighboring solutions of the elec-
trovacuum system (2.3.76,76") are equal on the boundary of a simply connected
region D, then it follows from (2.3.78) that they are equal throughout the interior
of the region D.

Indeed, let us integrate (2.3.78) over the region D. The integral of the di-
vergence part of (2.3.78) reduces to an integral over the boundary of the region
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D and therefore vanishes. The positive definite function G can be equal to zero
only if each of the eight squares of which G consists is equal to zero. However,
in that case all the ¢4 must be equal to zero identically.

We shall apply Theorem I to a region whose boundary is the pseudo-Euclidean
infinity and the horizon of a black hole. For this purpose, it is convenient to
transform to the variables p and A defined by the relations

PP=0—-AA-pd), g=x, a<Ai<+oo, —-1<pu<l1.

As was shown by Carter [2.34], the pseudo-Euclidean condition is ensured by
the following asymptotic behavior of the functions X, Y, &, and B as A — +o0c:

X =@ = 1DA2+0()), Y =2Iu3 - p®)+00™),

2.3.
=—Qu+0(\7"), B=007TYH , @379

where I and @ are, respectively, the angular momentum and charge of the black
hole (in a system of units with ¢ = G = 1), and the magnetic monopole is assumed
to be equal to zero. A solution of the system (2.3.76,76') has an event horizon
if it is regular at A = ¢;. It follows from Theorem I that there cannot exist two
neighboring solutions which are regular at A = ¢; and have the same asymptotic
behavior (2.3.79). Therefore all stationary, axially symmetric, asymptotically flat
electrovacuum fields which are regular at A = ¢; form discrete families of so-
lutions depending, at the most, on three parameters (mass, angular momentum,
and charge).

In addition to this theorem, Robinson [2.46] managed to prove a global
uniqueness theorem for stationary axially symmetric solutions of Einstein’s vac-
uum equations which differ finitely inside a region D and are identical on the
boundary of D. This theorem implies that the Kerr solution with a nondegener-
ate event horizon is unique among all solutions of Einstein’s vacuum equations
which are regular at A = ¢; and asymptotically flat as A — oo. The corresponding
result for the electrovacuum has not yet been proved but is apparently valid.

2.4 Energetics of Black Holes

2.4.1 Temperature of a Black Hole

According to Lemma 3, there exists a constant §2 such that the Killing vector
1 = k + 02t is time-like off the horizon and isotropic on the horizon H.

We go over from the group coordinate ¢ in the canonical form of the station-
ary metric (2.3.38) to the variable ¢* = ¢ — {2¢; then the metric (2.3.38) takes
the form

ds? = V*di? + 2WHdt do* + X dp*? — g,5d6°°d6® | (24.1)
WH=W+X0, V'=V+2WR+XM, a,b=12 . (242)
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The coefficient V* is equal to the scalar square of the vector I and therefore
vanishes on the horizon. Thus, the surface V* = 0 is isotropic, and the normal
to it must be directed along the vector I:

ViVt =245 . (2.43)

Theorem K. The scalar A is constant on each connected component of the
horizon.

This property of A was discovered [2.42] when the Kerr solution was trans-
formed from the original coordinate system (in which it was first found [2.47]) to
the canonical form (2.3.38). The fact that the scalar A is constant on the horizon
has also been proved [2.34, 48] without using the theorem on the uniqueness of
the Kerr solution for the description of rotating black holes.

The scalar A can be interpreted [2.49] as a quantity proportional to the tem-
perature of a black hole: a black hole can emit particles as a quantum system with
temperature Ty = hA/(2nkc), where h, k, and ¢ are Planck’s constant, Boltz-
mann’s constant, and the speed of light in empty space, respectively [2.50-55].

2.4.2 Electrostatic Potential of a Black Hole

If ¢ is replaced by ¢t = ¢ — £2t, the 1-form of the potential of the electromagnetic
field can be written as

Edt+Bdp=38"dt+Bdy*, &' =E+QB . (2.4.4)

We shall show that the function #* must be constant on the horizon.

Indeed, V; #* = F},17. The component of the energy-momentum tensor of
the electromagnetic field T;,'l’ must vanish on the horizon, since the area
of the horizon of a stationary black hole with T;;I'l’ # 0 increases with time,
which contradicts the assumption of stationarity. On the other hand, T;;I'l¥ =
(4m)~1 F;;I' FJ1*. Therefore on the horizon the vector F;1 is isotropic; more-
over, this vector is orthogonal to the vector [* (which is time-like off the horizon
and isotropic on the horizon). Hence we find that the vector F,;l’ is parallel to
the vector [;:

F;ll =V; 8, =al; . (2.45)

It follows from the condition (2.4.5) that the derivative of &, along any direction
on the horizon must vanish. This proves the following lemma.

Lemma 7. The potential &, of the electric intensity F,;I’ maintains a constant
value on each connected component of the horizon [2.34].

Definition. The value of @, on the horizon is called the electrostatic potential of
the black hole.
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2.4.3 Formula for the Mass of a Black Hole

In the general case of a stationary axially symmetric system, the total mass, total
angular momentum, and total charge of the system can be determined from the
requirement that the asymptotic behavior at large distances must correspond to
the Newton analog:

kMc* =2 }{ V'kids;;, Q=—(@4m)™! ?( F'ids;; , (2.4.6)
Seo Seo

wl=— ?{ Vitids,, ; (2.4.7)
Seo

here the integration extends over an asymptotically remote two-dimensional
space-like surface S, at the pseudo-Euclidean infinity.

When a large mass collapses, there is a loss of information about this star for
an external observer, for whom the resulting field of the black hole (as the final
state of the collapse) is characterized by only three parameters — the mass, the
angular momentum, and the charge. From the point of view of thermodynamics,
the final state of a collapsing system must be characterized by the maximum
value of the entropy. It has been shown by numerous authors [2.56-64] that in
the process of weakly nonspherical collapse the details of the internal structure
of the star have an influence on the external field which vanishes according to a
power law as the surface of the star approaches the horizon (see Chap.4), and
that no fields other than the gravitational and electrostatic fields can exist outside
the black hole.

Following [2.48], we shall derive a relation between the scalar A (the tem-
perature of the black hole), the area of the black hole, the angular speed of its
rotation, the electrostatic potential, and the parameters associated with the con-
servation laws (2.4.6,7), without making use of the proof given by Robinson
[2.45] that the Kerr-Newman solution is locally unique among the stationary
solutions of the electrovacuum equations possessing a nondegenerate horizon.

For this, we construct a three-dimensional space-like surface Y. According
to the generalized Stokes’s theorem {see (2.2.11)], the expression for the energy
(2.4.6) can be transformed to

kMc =2 }{ VK dsij —2 / V; VikdE; . (2.4.8)
H b
Using the result of Problem 1 in Sect.2.2.3, this expression can be rewritten

kMct = vaik‘]dSij +2/R;-k"d2i . (2.4.9)
H X

The integral over the horizon H on the right-hand side of (2.4.9) can be trans-
formed as follows:
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fv"kfds,-,- = /v"zfds,-, - Q}{v‘tids,,- : (2.4.10)
H H H

The differential 2-form ds,; is related to the element of area dA by the equation
ds,]- = l[,-nj] dA N

where [; and n; are isotropic vectors orthogonal to the surface H, with [;n* = 1.
Using (2.4.3), we obtain from (2.4.9) the following result for the coefficient A:

kM =2 ¢ AdA+20Iys+2 | RIKIdE, | (2.4.11)
7
H X

klg=— fV; tjds . (2.4.12)
H

The constant Iy is called the angular momentum of the black hole. The scalar
Iy defined by (2.4.12) is identical to the total angular momentum I defined by
(2.4.7) if, off the horizon, there are no nongravitational fields or matter which
give additional contributions to the angular momentum. In what follows, we shall
assume that outside a black hole there exists only an electric field with sources
equal to zero, and Iy = I in view of the absence of magnetic charges.

Using Theorem K, we can remove the scalar A from the integral sign and
write (2.4.11) in the form

kMc? _
5 =

/ R dE, + kI + AA . (2.4.13)
z

We choose the surface X such that the normal to it is orthogonal to the vector
t. Then

/ Rk dZ; = / RIdZ, . (24.14)
x z

Suppose that
PR = Z iy, et . .4.15)
7 87

Using (2.4.15), the expression (2.4.14) can be rewritten in the form

87

/ VRIS = o= / Vi@ FY 4T = — = f & Fildsy (2.4.16)
X H

z

since the integral over S, tends to zero because of the properties of the asymp-
totic behavior of the electric field.



2.4 Energetics of Black Holes 107

According to Lemma 7, the potential * is a constant on the horizon, and
therefore &* can be removed from the integral sign. Thus, (2.4.16) takes the form

4
/zf'R;ldzi _2 2Q” ,

since in the absence of sources off the horizon we have

?( Fildsy = f{ Fildsy = —47Q .
H

Seo

Therefore the formula for the mass of a black hole finally takes the elegant form
ME=20I+3Q+2AA/x . (2.4.17)

In the Kerr-Newman solution, all the parameters of a black hole can be ex-
pressed explicitly in terms of quantities satisfying conservation laws: the mass,
the angular momentum I, and the charge Q. If, however, the independent pa-
rameters are taken to be the area A of the horizon and the quantities I and @,
then for 2 and * we have the expressions

_4nl o, 4mQ (A @
Q=i ¢ AMCZ( 2) : (2.4.18)

The area of a black hole is related to its parameters by an equation discovered
by Christodoulou and Ruffini [2.65, 66]:

22 _ Qz Q4 22
(Mc%) 47r{ 4A (- (2.4.19)

Using (2.4.17-19), we find for the scalar A the expression

- 2 2
A MCZA(A/;H-Q /2 - GM?) .

2.4.4 “Thermodynamics” of Black Holes

If the collapse of a sufficiently large mass takes place in a restricted region, the
final state of the collapsing mass can evidently be only a black hole in which the
singularity is hidden from a distant observer by an event horizon. This hypoth-
esis is highly plausible; in any case, it is true for a body with small deviations
from spherical symmetry (see Sect.4.3). In the general theory of relativity, many
solutions belonging to the class of so-called “bare singularities” are known: the
Weyl solutions and the Kerr-Newman solution (in particular cases, the Kerr and
Nordstrém-Reissner solutions) with GM? < Q* + I*¢? /(GM?). It is physically
obvious that collapse cannot occur if a mass rotates too rapidly (when the cen-
trifugal forces prevent compression into a compact object) or if the matter is
charged (when collapse is prevented by the electrostatic repulsion).
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Theorem L due to Hawking {2.30,49]. For all classical interactions of black
holes, the total area of their event horizons cannot decrease.

As we have already pointed out in Sect. 2.1, in a space-time manifold which
is asymptotically simple in the weak sense there exists a family of space-like
surfaces {£(7)} which intersect the horizon H*(H* = 0Z~(B*)) on connected
compact two-dimensional surfaces L;(t), ¢ = 1,2, ..., N, and the conformal
pseudo-Euclidean boundary B* on a two-dimensional sphere. The number of
black holes N can change with time, since black holes can “fuse”, with the
formation of a common event horizon. Black holes cannot break up, since in the
Cauchy region for the surface £: D*(£) each time-like curve directed into the
past must intersect the surface £ outside the black holes, in the set £NZ~(B*).

Suppose that at 7 = 79 the boundary H™* consisted of two components L, and
L, (i.e., at 7 = 19 there were two black holes) and that at 7 = ; the boundary
H* consisted of one connected component L3. As we noted in Sect.2.1, the
isotropic geodesics which form the horizon H* can only expand. The closed set
L3 consists of the closed set of points belonging to the isotropic geodesics which
at 7 = 7p passed through L; and L,, as well as the open set of points belonging
to the isotropic geodesics having initial points between the surfaces L£(7p) and
L(m1). Therefore the area of the two-dimensional surface L3 is strictly greater
than the sum of the areas of L; and L, of the black holes before their fusion.

Imagine that for a certain time a black hole was subjected to external influ-
ences, as a result of which its initial parameters M, I, and @ have changed to
values M +dM, I +dI, and Q + dQ in a final stationary state, and that before
this state was reached all the perturbations not associated with the three basic
parameters have died away. It follows from the Christodoulou-Ruffini formula
(2.4.19) that the differentials dM, dI, d@Q, and dA are related by the equation

4ar A Q2 A
2y T 2
d(Mc) MCZA[ - GM]
, 4mQ [4 Q2 47rI
A UE [ ] dQ + dI . (2.4.20)
Making use of (2.4.18), from (2.4.20) we obtain
d(Mc?) = Add | dr+ F*dQ . (2.421)

We compare (2.4.21) with the first law of thermodynamics for a charged,
ideal, axially symmetric conductor rotating with angular speed (2:

dE=TdS+ 2dI+9dQ . (2.4.21)

Here @ is the potential of the conductor, F is its energy, T is the temperature,
Q is the charge, and [ is the angular momentum. According to the second law,
the entropy S in an adiabatically isolated body can only increase.

The analogy between the corresponding terms in (2.4.21) and (2.4.21') is
quite transparent. Comparing (2.4.21) with (2.4.21'), Theorem L offers grounds
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for supposing that the role of the entropy in the “thermodynamics™ of a black
hole is played by a quantity proportional to the area of its horizon (or a mono-
tonic function of A). By means of traditional thermodynamic arguments (relating
to the work of a heat engine in a Carnot cycle), it can be shown [2.67, 68] that
the entropy of a black hole must be proportional to its area. The exact value of
the coefficient of proportionality can be found only on the basis of arguments
involving quantum field theory [2.31,49]. Using the relation between the tem-
perature of a black hole and the scalar A mentioned in Sect.2.4.1, we find from
the equation TydSy = AdA/« an expression for the entropy of the black hole
in the form Sy = 2wkcA/(xh), where k and h are Boltzmann’s and Planck’s
constants, respectively.

Equation (2.4.21) can be obtained differently by relating the change in the
area of the black hole to the flux of energy and angular momentum of the matter
through the event horizon in the linear approximation.

Let us consider the perturbed equation (1.1.60) on the horizon, where in the
unperturbed stationary solution the rotation coefficients p, o, and & are equal to
zero on the horizon. In the case of a perturbation of the horizon, we assume that
the vector I remains isotropic and tangential to the light rays from which the
horizon is formed. Then in the perturbed state we have a vanishing coefficient
k =0, and this equation takes the form

do K

- t2
The parameter p has the meaning of an index giving the rate of convergence of
the light rays (see Sect.1.1):

20=-0In /g [0V ,

where g is the determinant of the metric on a two-dimensional space-like cross
section of the horizon. Therefore, if A is the area of this cross section, we have

dA/dv=-20A . (2.4.23)

TP, A=ec+e* . (2.422)

Solving the linear equation (2.4.22) for p, we obtain
0= —12? / T;i;1'V exp[A(v — v')] dv' . (2.4.24)

In (2.4.24) it is also assumed that when v — +oo the black hole reaches a
stationary state, so that o — O for v — oo. Substituting (2.4.24) into (2.4.23)
and integrating with respect to v from —oo to +o0o, we readily obtain

6A=% / TH1,dS;, dXj=1jdAdv, 1j=k;j+0t; . (2.425)

We now make use of the fact that the vector T,~J~Ic" is the energy flux density,
while the vector —T;;t* is the angular-momentum flux density. Therefore the
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integrated flux of energy and angular momentum of uncharged matter through
the horizon must lead to changes in the mass and angular momentum of the
black hole by the amounts

§Mc*) = / T;;k'dE?, 6I=— / T;;t'd27 .

Then for the change in area of the black hole we obtain from (2.4.25) the final
expression

AS(A/K) + 26T = 6(M) . (2.4.25"

When 6Q = 0, (2.4.25') is identical to (2.4.21), which we obtained formally
using Christodoulou’s formula.
We now consider the extraction of energy from black holes.

a) Consider the following thought experiment [2.69]. Suppose that a test
particle falls freely in the field of a stationary black hole described by the Kerr
solution, and that inside the ergosphere (as a result of some internal mechanism)
it breaks up into two particles, one of which is captured by the black hole, while
the other escapes to the pseudo-Euclidean infinity. Let us calculate what energy
and angular momentum are carried away by the escaping particle. Since the field
of the black hole is assumed to be stationary, the quantity p;k* = Ep is constant
along the trajectory of the particle (the time-like vector p; is the 4-momentum of
the particle). Outside the ergosphere the vector k* is time-like, so that the constant
Ej can only be greater than zero. However, inside the ergosphere the expression
p.k* can be negative, since the vector k* is space-like inside the ergosphere.

If the particle breaks up into two uncharged particles, the energy and angular
momentum must be conserved:

FEo=E+E,, L=L+DL I=pt . (2.4.26)

It is possible to choose the parameters of the breakup in such a way that one of the
produced particles has negative energy, i.e., E; < 0, and moves in the direction
opposite to that of the rotation of the black hole, ie., I; < 0. In that case, if
the original particle was moving in the direction of rotation of the black hole,
the second produced particle (which escapes outward) will have values of the
energy and angular momentum exceeding those of the initial particle. Therefore
the second particle extracts energy and angular momentum from the black hole,
carrying them away to the pseudo-Euclidean infinity.

The black hole “swallows” the first particle and decreases its mass and angular
momentum:

M) =E1 <0, 6I=IL <0 .

The process takes place with the maximum gain of energy in the case of breakup
of the incident particle near the horizon, when the first particle has 4-momentum
which is asymptotically parallel to the vector I; = k; + £2t;. However, in this
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case Ey and I; are related by the equation Ey = {21} (where {2 is the angular
speed of rotation of the black hole). It is only in this limiting case that the area
of the black hole will not increase, according to (2.4.25'). In the general case,
when a particle breaks up in the ergosphere with fulfillment of the conservation
laws (2.4.26), the surface area A of the black hole can only increase. In the
first (limiting) case it is natural to say that the process is reversible, whereas in
the general case the process is irreversible in view of the previously mentioned
analogy between the area A and the entropy S.

Using (2.4.19), we can readily estimate the maximum energy which can be
extracted from an uncharged black hole. When a black hole loses its rotation,
it becomes an uncharged black hole described by the Schwarzschild solution.
The maximum amount of energy can be extracted from a black hole by means
of reversible processes, when the final (irreducible) mass of the black hole is
related to the original area A by the equation kM = v4rA. Therefore the
upper limit on the energy which can in principle be extracted from a black hole
by means of reversible processes is

KM — kMo = \[4r A+ dxK?E 12| A — VAT A . 2.4.27)

b) Another classical process in which energy of rotational motion can be
extracted from a black hole was proposed by Press [2.70]. Suppose that a black
hole is situated in an external stationary field. Inside the ergosphere of the black
hole, this field cannot change in a stationary manner from the point of view of
a distant observer, since inside the ergosphere the Killing vector &’ becomes
space-like.

Therefore, if a rotating black hole is situated in an external stationary force
field, a local observer will see a flux of energy through the horizon. Because of
this, the black hole evolves into another configuration (with mass not less than
the irreducible mass). The direction of rotation of the black hole is aligned by
the external force field in such a way that in the final configuration the total flux
of energy through the horizon is equal to zero.

¢) The Penrose method of extracting rotational energy from a black hole
can be modified somewhat by considering, instead of incident particles, inci-
dent waves, such as scalar, electromagnetic, or gravitational waves [2.62,71-74].
Since the main background is stationary and axially symmetric, solutions of the
equations for the perturbations can be sought in terms of a superposition of solu-
tions of the form exp[i(wt + mep)]. For a monochromatic wave, the ratio of w to
m gives the ratio of the flux of energy to the flux of angular momentum in the
incident wave, and this same ratio will be preserved in the reflected and trapped
waves.

Therefore the ratio of the increment in the energy of the black hole to the
increment in its angular momentum will be w/m:

§Mc?

w
=2 2.4.28
61 m ( )
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On the other hand, it follows from (2.4.21) that
S(Mc?) > 08I, (2.4.29)

since §A > 0 according to Theorem L. It follows from (2.4.28,29) that the
reflected wave will carry away energy of the black hole, i.e., §M will be less
than zero, only if w < 2m [2.72]. We emphasize that this criterion of Starobinsky
for enhancement of a wave after reflection from a rotating black hole does not
depend on the specific form of the wave — scalar, electromagnetic, etc. This
phenomenon of enhancement of waves after reflection from a rotating black hole
has been called “superradiation™ [2.74].

d) Hawking {2.75] has presented elegant arguments concerning an upper limit
on the emitted energy when black holes collide.

When two black holes approach each other, it can happen that there is an
isotropic surface S having a compact space-like cross section and containing the
horizons of both black holes in its interior, when the light rays of the surface S
are unable to overcome the forces of gravity and escape to the pseudo-Euclidean
infinity. This process can be treated as the fusion of two black holes with areas
A; and A; into a third black hole with area As.

It is obvious that a portion of the energy (M + My — M3)c? must be emitted
in the process of fusion. Using (2.4.19), we can readily estimate an upper limit
on the emitted energy. If the original black holes with masses M; and M> and
the resulting one with mass M3 are not charged and do not rotate, each of them
obeys the relation

A=167G2M?/c* . (2.4.30)
According to Theorem L,

A+ A, < A3 .
Using (2.4.30), this inequality can be rewritten

M2+ MZ< M2
Therefore we have the following inequality for the fraction of the emitted energy:

M1+M2—M3<1 M1+M2<1 1

M, + M, - M1+M2 - \/i )

Thus, when uncharged nonrotating black holes collide, up to (1—1/v/2)100% ~
29 % of their initial energy can be emitted.

In the general case of the fusion of charged and rotating black holes with
masses M; and M, upto (1 -1/ V/8)100 % = 65 % of the initial energy (M +
M) of the colliding black holes can in principle be emitted.

We note that the actually calculated fraction of the energy emitted in a col-
lision of two black holes may be much lower than the upper limits given here
[2.76].



3. Stationary Axially Symmetric Fields
in General Relativity

In addition to gravitational and electromagnetic fields, neutrino fields are objects
of fundamental research in theoretical physics. The subject of this chapter is the
nature of the interaction of these three types of material fields in fairly general
situations.

In Sect. 1.2 we showed that in a region of neutrino emission there is a rotation
of the polarization vector of linearly polarized gravitational waves. If, besides the
neutrino emission, an external electromagnetic field is present, then gravitational
and electromagnetic waves propagate as if there were no neutrino emission but
there existed a certain effective electromagnetic field different from the given
field. As was first shown in [3.1] (see Sect. 1.2), the process of propagation of
waves in arbitrary external electromagnetic fields takes place as a gradual mu-
tual conversion of gravitational and electromagnetic waves, with a simultaneous
rotation of their polarization vectors.

In Sect. 3.1 we derive the canonical equations of the neutrino-electromagnetic
vacuum with an Abelian group of motions G, on V,. For the canonical equations
obtained in Sect. 3.1, in Sect. 3.2 we study a Lie algebra with a countable number
of parameters and carry out its exponentiation. We also give the general solution
of the electrovacuum equations for Ernst data on the axis of symmetry, using
an integral equation obtained by the present author for a unique function, and
we present new classes of exact solutions of the equations for the neutrino-
gravitational vacuum (Sect. 3.3). Use is made here of a model of the free neutrino
field described by Weyl’s equations. Like the Dirac model of the electron, this
model has a well-known defect (an indefinite sign of the energy density), and this
creates a number of difficulties, which can be eliminated by second quantization.
Experiments to detect a possible neutrino mass and to study solar neutrinos may
necessitate a radical revision of the existing concepts of neutrino physics. The
classical approach developed here for the neutrino field would then be merely
asymptotic.

Finally, in Sect. 3.4 we study a relationship among the integrable systems of
equations of mathematical physics, which consists in the possibility of a linear
representation of their internal-symmetry algebras (Lie-Bécklund algebras) by
infinite-dimensional matrices.
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3.1 Canonical Equations of Massless Fields
Admitting Abelian Two-Parameter Groups of Motions

We shall consider a space filled with free electromagnetic and neutrino fields
which interact with free gravitational fields — the so-called neutrino electrovac-
uum. The complete system of equations describing this vacuum consists of Ein-
stein’s equations with the energy-momentum tensor of the neutrino and electro-
magnetic fields, Weyl’s equations, and Maxwell’s vacuum equations.

We shall consider the form of the equations of this system for solutions
possessing an Abelian group of motions G2. The situation in which one of the
Killing vectors is time-like, while the second one is space-like and has closed
orbits, corresponds to the case of stationary fields with axial symmetry. The
situation in which both commuting Killing vectors are space-like corresponds to
the case of plane or cylindrical waves.

In what follows, we shall refer to these cases as cases (a) and (b), respectively.

a) We write the square of the interval in the form
ds® =2(linj; — m,m})dz’dz’ | (3.1.1)

where the asterisk indicates complex conjugation, and in this case the vectors
I, n, m, m* forming the complex tetrad do not depend on the time ¢ or the
coordinate angle . In what follows, we shall use capital Latin letters A, B, ...
(A, B, ... =1,2) for the indices corresponding to the coordinates ¢ and ¢, and
Greek letters p,v, ... (u,v, ... =3,4) for the remaining coordinates.

We shall write the complete system of equations in terms of projections onto
the indicated tetrad field. This will enable us to make use of the well-known
calculations of Newman and Penrose (see Sect. 1.1).

Let D, A, é, and 6* be the operators of differentiation along the vectors I,
n, m, and m*, respectively.

Weyl’s equations for the neutrino field have the form

D+6W=(o—e)P+(a—mF ,

G+ AV =(1— P+ (y—w¥ , 3.12)

where ¢ and ¥ are complex functions describing the neutrino field.

In order to calculate the rotation coefficients «, 3, 7, ¢, ... of the complex
tetrad, we reduce the arbitrariness in the choice of the coordinate subsystem
z* by requiring a conformal Euclidean character of the metric coefficients g#¥,
after which, instead of the real coordinates z3 and z*, we introduce the complex
coordinates v/2 &= z3 +iz?, \/if* = 73 — iz®. The square of the interval then
takes the form

ds? = gap(da® + BgAde + 09" de*)(dz® + 9B dE + 6gP*de™)
—20%de de* (3.1.3)
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where g4p and 6 are real functions of z*, and g# are complex functions of z*.
We note that in the presence of a neutrino field there do not exist two-dimensional
surfaces which intersect both Killing vectors orthogonally.

We introduce /4 and np by means of the definition

gaB =lanp+lpny .

We shall raise and lower capital Latin indices by means of the metric g 45 and
introduce the notation r = /| detg4p|-.

From the definition of the rotation coefficients of the tetrad field (see Sect.
1.1), we have

cpre L0 10 —inpa
T=—7"= 26r 0 k= gl 3€l v=ogn aan ,
_ * _ ___1_ a B B«
=—0"=2=55lp [65*(09 )—86(99 )] )

_ * _ _-_L. a B il Bx

A a0y, a0 ] _ L0
bl U

_ L[, a0, ], 1% A=
ﬂ_40 [n aélA—l agnA +2026€ , c=2=0 .

The tetrad components of the energy- momcntum tensor of the neutrino field,
47rT(")l'm] = QS(") and 47rT(")n'm’ = dig , can be expressed in terms of the
componcnts of the spinor ﬁeld & and ¥, as follows!:

&) = Ai[P6T* — U*5Y — kDD* + 08" T + (B — a* — 7*)PP"]
) = 47i[P6F* — $*6F — v IT* — pb* S+ (a* — f — 1)BD"] .

(We are using a system of units in which the speed of light and the gravitational
constant are equal to unity.)

The expressions for these same tetrad components of the Ricci tensor, ac-
cording to its definition, have the form

Q01=(6—a*—,3—3T)g/2+k‘;t/2 ,
Pp=0@+a"+5-3n)u/2+v%0/2 .

For what follows, it is important that the corresponding components of Einstein’s
equations [taking into account Weyl’s equations (3.1.2)] can be written in the
form of the system

1 For the electromagnetic field, the components dif,) and 45§°2“‘) of the energy-momentum tensor
are equal to zero; here and in what follows, the superscripts (#) and (em), respectively, label the
neutrino and electromagnetic components of the energy-momentum tensor.
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b—a*—B—-31)A—kB=0 ,

6+a*+B-31)B+1v*A=0 , G-13)
where

A=p+8ni0¥* , B =u-—8ridd* .
Here we use only the trivial solutions of the system (3.1.5):

A=B=0 . (3.1.6)

In this case, Weyl’s equations (3.1.2) can be rewritten in the form
§*0 = —4ni0* TP+ (o — )W ; 6P =—4ridd*T+(r—- )P . (3.1.2)

Using the expressions (3.1.4) for a, 3, 7, and =, we find that the system
(3.1.2') has the important “first” integral

i Ow

PV = Srtr o8

(3.1.7)
where w is an arbitrary real harmonic function, and the factor i/8n and the
expression for an arbitrary analytic function of £* in the form of the deriva-
tive of the function w with respect to £* are introduced for convenience in the
calculations.

Let us consider the tetrad components of the energy-momentum tensor of the
neutrino field, 33 = 47rTfJ'.’ 111 and ) = 41rT§;’ dnind:

B) = 8milkPT* — k*IP* +(c — YIT"]

(v) ook * * * * (318)

D)y =8ri[v* T — vPP* + (v* — 7)PP”] .
The underlined terms in (3.1.8) cancel with the terms —p? and —p? of the Ricci
tensor in Einstein’s equations, by virtue of the solutions (3.1.6). The correspond-
ing components of Einstein’s equations (after multiplication by 6) will contain
only the components of the energy-momentum tensor of the electromagnetic
field, the metric coefficients g4 5, and the harmonic function w.

Before writing down these equations explicitly, let us consider the fol-
lowing tetrad component of Einstein’s equations: 4xT};l'n? = &1, = —pu —
(6 — 21 + B — a*)n. The electromagnetic constituent of this component of the
energy-momentum tensor vanishes (in the stationary axially symmetric case,
the electromagnetic field is described by the two complex Newman-Penrose
scalars @y and &,, since ¢; = 0). The neutrino constituent of this component is
4ri[(e* —e)PP* +(y —y*)P¥*] = —pp, and it follows from Einstein’s equations
that

6—-2r—a*+P)r =0, 3.19)
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from which, using (3.1.4), we find at once that 8*r/9¢ ¢* = 0. Therefore the
real function r = \/|detg4p| is a harmonic function.

The choice of the coordinates £ and £* is subject to a conformal transfor-
mation &' = f(£), where f(£) is an analytic function. In order to eliminate this
arbitrariness, we can, for example, require that the harmonic function r be equal
to the real part of £v/2.

For what follows, it is convenient t0 go over to a tensor notation for the
tetrad components of Einstein’s equations which appear in (3.1.8,9). We shall
substitute the expressions (3.1.4) for the coefficients into Einstein’s equations

Boo = 4n (T + TE™IU
Py = 4n(T + TE™nind
P11 = 47rT,-(;)linj .

In general, a symmetric second-rank tensor M 4p in a two-dimensional space
is determined uniquely by the three projections M4pl4I18, M pn4n®, and
M 4pl4nB. However, the coordinates t and  themselves for a fixed determinant
gaB = lanp+n 4lp are fixed only with accuracy up to an arbitrary transformation
from the matrix group SL(2, R). This group of transformations leaves invariant
the Levi-Civita symbols e 4p and e4B(e; = —eg1 = €2 = —e?! = 1, €44 =
e44=0,4=1,2).

It is easy to derive the relations

A AC

rmA =e4Cne , i =e4C1;

(3.1.10)
na=reacn® , la=reacl®

for a fixed orientation liny — nilp =r.
It can be readily verified that we have a symmetric tensor with the projections
S+ 0> = —(6* —3a~ B +mk+Tk*
dn+ou=—E@-2r+8—a")r ,
Sp+pt=06+30+a" — T+t
in the case of the tensor R 4p /6 with
Rup= M@ g, LOrd0an 1 0r 03an
4B =5\ 5c0e 948 2, B¢ o6 | 2r de* 0O€

1894c 898D cp 1094c 998D cp
—_ . 1.11
3706 o Y T2 o6 ae (3.1.11)

It follows from (3.1.7, 8) that to reconstruct the energy-momentum tensor of
the neutrino field from the three projections it is sufficient to find a symmetric
tensor x 4p from the projections
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alA 1 anA
IAIB =9k=—lA— A B L
XAB 9 XAB On 65
Bearing in mind (3.1.10), it is easy to verify that such a tensor is

R POl S P - M
XAB ar gac 66 BD T gBC 65 AD

According to Einstein’s equations, we have
a T(cm)
Rup=-— (XAB o +XaB 35) )

where Tf:l";) are the components of the energy-momentum tensor of the electro-
magnetic field. Contracting both sides of these equations with rgBC, they can
be reduced to the form

9 [ BCM] + 9 [Tch d(gac +weac)
2 a* a* a¢
= 16m6*rTED ¢BC (3.1.12)

In the stationary axially symmetric case, only the components Ag (B =1,2)
of the 4-potential A, of the electromagnetic field are nonzero. Maxwell’s vacuum
equations in tensor form for the components F*B of the electromagnetic field
tensor have the form

BAC
0=V, F'B-——— V=3 @G §5¢ — 55 3.1.13
where the tildes over the contravariant components of the metric tensor indicate
that these components of the metric are calculated as components of the ma-
trix which is the inverse of g;; (:,j = 1,2,3,4). As is readily verified, in the
coordinate system (3.1.3) it follows from the equations V; F*# = ( that

A A
rd;=r (gB*%—; —gBaa—gB) =const=C) . (3.1.14)
In the particular case in which C; = 0, which is the only case considered here,
the Newman-Penrose scalar ¢; vanishes.

In what follows, we shall agree to raise and lower the indices of f4p and

p 4 by means of the tensor e 45 [3.2]:
faB=gaB , fA=Fface® ,
fAB = fDC&BCEAD = —gABT2 , fffBC = r2€AC .

Using (3.1.14), we can rewrite (3.1.13) in the form

ag[ 572 65, ] P [ f5 OEAC] =0 . (3.1.15)
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We go over to the real variables > and z*, and introduce the operator
V(d/823,0/z*) to denote the gradient (when applied to a scalar) or the di-
vergence (when applied to a vector). We now write (3.1.15) in the form

Vi 1f{VAc) =0 . (3.1.15")
It follows from this that there exist potentials B4 such that
r1f{VAc=VBa , (3.1.16)

where V = (9/0z*, —0/0x3).
We introduce a potential ¢ 4 [3.3] in the form p 4 = A4+iB 4. Using (3.1.16),
it is easy to show that the complex vector potential 4 satisfies the equation

irVoa=f2Vpp . (3.1.17)

We now find expressions for the components of the energy-momentum tensor
of the electromagnetic field, T g5, in the coordinate system (3.1.3), in order
to obtain a closed system of equations for the neutrino-electromagnetic vacuum:

e 1
4”7',51;) = - ,,AFg + ngBFucF”C

_ 1 [8AgdAp L A dAp] [ k.0 1 Ep
‘02[86 o * e 65“‘”‘5’3"29 gaz

Contracting these expressions with gB€ /6% (not to be confused with §Z€ /62!),
we obtain

0Ag 0A 0Ag 0A 1
2, Clem) _ EYSD EYZD E DC _ 1 ED¢C
4n6°rT, —r[ 5 oE + 56 O ] [6Ag 59 6A]

Making use of the equations (3.1.15) for the electromagnetic field, we rewrite
the expression on the right-hand side in divergence form:

V {r [6597¢ — 345P6S] AeVAD} .

Using the fact that 6§ fPPApVAp = AafCPVAp — AC fPV Ap, we rewrite
this expression in the form

v 2—lr (AafPCVAD+ACfRV AD)

Finally, Einstein’s equations can be written as follows:

\% %ffv(fg+wég)—2AAfDCVAD—2f£ACVAD =0 . (3.1.18)

It follows from this that there exists a matrix potential ()§):
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rV%S = fBV (f§ +w6§) —2AafPCVAp —2fR AV AD .
We introduce a complex matrix potential (H%):
VHZ =V (f§ +wf) — ¢%*Vpa
i v *
— ~fE [V (£& +w88) - ¢""Vec] . (3.1.19)

Taking into account (3.1.16, 17), the condition for the existence of such a potential
is provided by (3.1.18). It follows from (3.1.19) that the matrix potential (H 2)
satisfies the equation

irVHS = f$VHE . (3.1.20)
Following [3.3], we introduce potentials L2 and K such that
VLB =20%*VHE |, VK =20%"Voc .

The condition for the existence of these potentials is provided by the equations
VeC*VHE =0 , Vp©*Vpc=0 .

Following [3.5] (the Kinnersley-Chitre equations in 3 x 3 matrix form have
also been used by Alekseev [3.61), we form a complex matrix (H?) (a,b=1,2,3)
as follows:

HB
(H}) = (Lé “;;‘)

From (3.1.17, 19, 20) we obtain the following matrix equations for (H 2):
2irVIH! = VHSVH? | a,b,c,=1,2,3 . (3.1.21)

Thus, in the stationary axially symmetric case the Weyl-Einstein-Maxwell system
leads to the closed system of equations (3.1.21), which, as we shall show in
Sect. 3.2, possesses remarkable properties of group symmetry. A consequence of
this matrix equation is the relation

ViH=0 .

It follows from the definition of (H 2) and from (3.1.19) that VH¢ = 2(Vw—i_@r).
We introduce a harmonic function z conjugate to the harmonic function r (Vr =
—Vz). The trace of the matrix (H?) is

H; =2(w+iz) . (3.1.22)

Consider the components HZ and H} of (3.1.21). Using (3.1.17,20,22), we
obtain from (3.1.21) a system which is closed with respect to these components:
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(pp* +Re{H}) [vz + &}i-ﬂ’—)v] ¢ =Vo(VH +20*Vp) ,

V(r +iw) V] (3.1.23)
r

(py* +Re{H}) [V2 + H=VH(VH+20*Vy) ,

=-H, o=¢1 , Voo=Vw ,
where @ is the function which is harmonically conjugate to the function w.

b) We now consider the case in which both commuting Killing vectors are
space-like (the case of plane or cylindrical waves). The square of the interval in
such pseudo-Riemannian spaces can be written in the form

ds* =26*du dv — gAB(dzA + gfdu + gfdv)(dzB + gfdu + gfdv) R

where 6, gf, gf, gap are unknown functions of v and v. In this case, the
two-dimensional metric g4p is positive definite and can be represented in the
form

A

gAB=mAmB+mBm2 , mam =m*Am*A=0

, mam* =1
(the indices are lowered and raised here by means of the matrix g4p). In this

case, it is natural to define a field of isotropic tetrads as follows:

mi(@magl,0mags, —my, ~my) ,
li(oaoaoaoa) ) Tl,'(O,G,0,0) ) ml(o’o’ml,mZ) )
F0,67gL,60 , n'@71,0,61,60) , i=1,2,3,4 .

The operators é and §* give zero when applied to the various scalar characteristics
of the fields under consideration. The corresponding Lie derivatives of the tensor
characteristics are also equal to zero.

We write down the nonzero rotation coefficients of the tetrad for this case:

T=T —2ﬂ—2a —T(avn —E—'l> y
1 0 1 ,0mgu 1 9

0= —5—Z5 T, O=-—=m

8" ov * FT266u

1, 0m%4 L1100 1 ,0ma 1 ,0m}
A= w0 5—5[9231) 26" v 26 v | °
= |l et A - =mA—4 k=v=

=3 TR 28" w267 ou | v=0,

where r = \/detgap.

It is interesting that the components @10 and @21 of Einstein’s equations, to
which the electromagnetic field does not contribute, can be represented in the
form
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(D —3p+¢ —c*)a+47idP*) — o*(a* — 47id*P) =0
and

(A+3u+~v— 7)Y a+47idP*) + Ma* — 47id*"¥) =0

respectively. This system of equations, rewritten for the quantity « + 47id¥*,
has the trivial solution

a+4ridP* =0 . (3.1.29)
Using this solution, Weyl’s equations take the form

D® =(p — )P +4ridP*¥ |,
AV = —A4AqPPP* + (v — ¥ .

These equations have the “first” integrals

_ Ci(w) _ C2(v)

¢Q" = 87rd ’ " 8nrf

41

where Cy and C; are arbitrary functions of their arguments. The component &)
of the energy-momentum tensor of the neutrino field has the form

) = 8ri[o* BP* + 208T* + \DD*] . (3.1.25)

The same tetrad component of the Einstein tensor, R;, — gi; R/2, is equal to the
expression

00 21000 #ov 28" v 26" o

1 0 om*
A4l + — [ = AxZ A
4a° + <8u r) m E™

We note that the corresponding Einstein equation after multiplication by 6>
contains only the components of the tensor g 4, the functions C)(u) and Ca(v)
characterizing the neutrino field, and the components of the electromagnetic field
tensor, since the terms containing the factor « cancel with each other on both
sides of Einstein’s equations by virtue of (3.1.24).

The component @y, of the Ricci tensor is

1 Pr
r82 Ou Ov ax -

On the other hand, the same tetrad component of the energy-momentum tensor
of the neutrino field is

(3.1.26)

8ri(a*P¥* — ad*V) .
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Using (3.1.26), we obtain the wave equation for the function » = /detgup,
from which it follows that

r=f(u)+g() .

We represent the expression $2+4a? in the form mA*mB*R 4 g, where Rap
is a symmetric second-rank tensor. Then the tensor R 4 for fixed r obeying the
wave equation can be reconstructed with accuracy up to a transformation from
SL(2, R) (z!' = Az' + Bz?%; 2*' = Cz' + Da?, AD — CB = 1). We carry out the
same procedure in the case of the expression 45(2‘(’,) +4q? for the neutrino field:

4r6%(D) + 4a?)

(aPC HaPC
=m*mB* | C1(v) gAD'(g—L)‘SCB"'gBD'_(g—"T—)ECA
ov ov

8(aPC 5aDC
— Ca(v) <9AD_(gaTT"")'ECB+gBD gau TSCA)]

Here we have used the fact that rmB*ecp =im} and mim3 — mam{ =ir.

After this, the calculations become analogous to those already carried out
in case (a), and therefore we give only the final result for R, for the mixed
components A, B = 1,2 of Einstein’s equations:

[rg“C(gBc + Cepc) o7 [rg#C(gBc + Cepc),o] "

= 167gCTEDPr ; C.=Ci(w) , C,=Cov) , (3.1.27)

where Tf,";) denotes the components of the energy-momentum tensor of the
electromagnetic field.

Let Ap be the nonzero components of the 4-potential of the electromagnetic
field. Maxwell’s vacuum equations have the form

(rgABAB,u) ot (rgABAB,.,) =0 . (3.1.28)

u

The indices of f4p, v 4, and A will be shifted by means of the tensor ¢ 4 g. Cal-
culating the components of the energy-momentum tensor of the electromagnetic
field and substituting them into (3.1.27), we obtain

{r[£$ (18 + C8B) , —2fS Acu AP ~2fPC Ac,uaa) }

+ {r-‘ [ff (FB+C68) , —2fSAc,A® — 2fBCAc,.,AA]} =0 ,

o

S8 =-r*8 | Ac.=0Ac/0u . (3.129)

U

In order to obtain a complete system of equations, we rewrite (3.1.28) in the
form

(' ffAcu) , + (r' S Acw) , =0 (3.1.28)

v u
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We introduce variables = and ¢ by means of the relations
z+t z—t

U

Since (3.1.28") has a divergence form, there exists a vector potential B 4:

Uu =

r'f$Ac:=Bas , T 'fSAct=Ba: - (3.1.30)

Forming the combination Ap +iBp, we have from (3.1.30) an equation of sclf-
duality for the gradients of ¢ 4:

rVoa=if$Vee , (3.1.31)

where
0 0 = 0 9

S CEIRRICE)

It follows from (3.1.29) that there exists a complex matrix potential (H g ):

VHE =V (f8+C68) — P*Vp4

+ % [V (£8 + C6B) — B*Voc] £§ . (3.1.32)

From the definition of (H ) it follows that

rVHE =ifSVHE . (3.1.33)

Taking the divergence of both sides of (3.1.31,33), we obtain the equations

& O % O 0 0
s ik A _ _ik9¥cC Y gc Cx_Y
2irn dzi0zF  © Oz (ax’“HA *2¢ oz LPA) ’

(3.1.34)
( ik)_____ 1 0 .
" 0 -1/
. OPHB L OHE ( 0 17}
2i7"f]'k - Ak =€lk ?’ (__EHE"'ZSOC*_,C‘PA) ,
Ozt Oz Or oz Oz (3.135)

o (0 1
(Ek)‘(—l 0)

Introducing, as in [3.5], the 3 x 3 matrix (H",’) (a,b = 1,2,3) such that
H'=HB (a=A=1,2b=B=12), H) = o4, VHP =2p°*VHE, and
VH} = 2p%*Vpc, from (3.1.34,35) we finally obtain the following equation
for the matrix (H?):

o PHL i 40 .0

: = — H‘—H® . 3.1.36
07 9k = 37° Bgi e ggr e ( )
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From the definition of (H?) and (H 2) in (3.1.32) it follows that HS = 2(C +iz),
where z is defined by the equation Vr = —V 2.

For the components H? = —H and H} = , we obtain from (3.1.31,33-35)
the complete system of equations

; H 19¢r+iC) 8
ik * - —_—
n"ReH +op7) [amiax" T o amkH]
0 0 . 0 _
_%H(WH”’ dz* )_0 ’

; Py 19¢r+il) 8
ik * - —_—
n**(ReH + pp*) [az' 2k + ppr axkgo]

r

0 0 . 0
_%‘P(EFH“” a—m’) =0,
where C is defined by the equation VC = VC.
Qur canonical equations for the neutrino electrovacuum, (3.1.17, 18,20, 21,

23,29,31,33,36,37), are generalizations of the corresponding electrovacuum
equations [3.2, 3, 5] to the case in which a neutrino field is present.

3.2 Infinite-Dimensional Algebra and Lie Group
of the Equations for the Neutrino Electrovacuum

The description of the interaction of free gravitational, electromagnetic, and neu-
trino fields in the general theory of relativity (the neutrino electrovacuum) pos-
sesses, for solutions with an Abelian group of motions G, on V;, remarkable
analytic properties, which make it possible to reduce the Weyl-Maxwell-Einstein
system to a system of linear singular integral equations. This reduction is possible
because of the existence of an infinite-dimensional Lie group which transforms
one solution of the equations for the neutrino electrovacuum into another solu-
tion of these same equations. An arbitrary orbit of the group in its domain of
analyticity can be approximated by rational functions. The corresponding exact
solutions can be expressed in terms of the solutions of a system of linear alge-
braic equations (see Sect.3.3). In contrast to the well-known studies of Geroch
[3.2], Kinnersley and Chitre [3.3], and Hauser and Ernst [3.5], we develop here
a new approach which permits a generalization to the case in which neutrino
fields are present.

We begin with the system to which the Weyl-Maxwell-Einstein system is
reduced in the stationary axially symmetric case (see Sect.3.1):

irVHB = f(VHE |, irVd,=f{Vds ; AB,C=12 . (321)

(To consider the case of plane waves, it is sufficient to make the substitution
iz — t in the final results.)
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We introduce a complex matrix potential H 45 according to the definition
i ow
VHup=V(fap+weap) —205VP4 — - fSV(fecp+wees) . (3.2.2)

A 3 x 3 matrix H with components H? is defined as follows:

H'=HB  a=A, b=B, H =9, ,
B oo B s oo (3.23)
VHP =2¢°*VHE | VH} =28*Vé. .

The existence of H 4p satisfying (3.2.2) follows from Einstein’s equations,
and the existence of HP and Hj; follows from (3.2.1).

It is remarkable that the relations (3.2.1) and the definitions (3.2.3) can be
obtained from the single 3 x 3 matrix equation

(eD+ MV)H =0 ; (3.24)
here

D=2i(rV-2V), M=M'=eH-H'e-1IT ,

0 10 000
e=<—1oo),n=<ooo>,
0 00 00 1

and the superscript + indicates Hermitian conjugation.
Using (3.2.1,2), it can be shown that

2irV:H =VHVH . (3.2.5)

It follows from (3.2.5) that there exists an infinite hierarchy of left and right
matrix potentials @, and H,,, respectively, which can be defined recursively:

VH,,=VHH,, .,-DH,,_, ,

VQm = Qm—lVH+ DQm—l .

Each of the matrices H, (n = 2,3, ...) is uniquely defined, apart from a

constant matrix C,,. Therefore in the hierarchy of potentials we can perform
transformations of the form

(3.2.6)

H'm=Hm+Hm_]C]+Hm_202+...+chm_1+Cm . (3.2.7
The matrix C, satisfies the condition
eC) =Cje (3.2.8)

which holds as a consequence of the invariance of (3.2.4). The matrices H,,
which we have introduced, like H, satisfy the equations

(eD+MV)H, =0 . (3.29)
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In fact, owing to (3.2.4,6), we have

(eD+MV)H ., =eDH .1+ M(VHH, - DH,)
=eDH,. — (¢DH + MD)H,,
=2ir[eVH i — (eVH + MV)H ]

—2iz[eVH i — (eVH + MV)H ]
= [-2ir(e D+ MV) +2iz(eD + MV)|H, .

This expression is equal to zero, by hypothesis.
We introduce a generating function for the matrix potentials H ,.:

F(r,z,s)=sz(—is)'" , Ho=1, H1=H .
m=0

The expansion coefficients of the matrix which is the inverse of F' satisfy the
recurrence relations (3.2.6), and we therefore identify them in what follows with
the coefficients in the relation

oo

Fl= Z Q,.Gs)™ .

m=0

In the transformations (3.2.7), the matrix F' is multiplied on the right by the
matrix C(2):

F'=FC@® |, C(t)=}:(—it)"c,, , Co=1 . (3.2.10)
n=0

It follows from the relations (3.2.6) that the matrices F' satisfy a redefined
linear system, the consistency conditions for which are the second-order equations
(3.2.5) [this situation is unusual in that the first-order equations (3.2.4) must also
be satisfied, and the conditions (3.2.5) are differential consequences of (3.2.4)]:

0 is 0

2’ = " Teaes (EEH)F !
0 is 0
e F = T2 ('a'E;H)F ‘

It follows from (3.2.11) that the generating matrix F' has branch points at
s =1/2¢ and s = —i/2£*. In fact, from (3.2.11) we have

O p)Ftas= -~ H O p)pgs=- " 9H
/(a_ﬁF)F TR /(as*F)F 9= 2 g

(3% C2

3.2.11)

where ¢; and ¢z are closed contours in the complex s plane around the points
s=1/2¢ and s = —i/2£*, respectively.
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We shall demonstrate the existence of a Lie algebra of solutions of (3.2.4),
linearized around an arbitrary solution H.
We find from (3.2.4) that the perturbations § H satisfy the equations

(eD+MV)SH +(e¢6H — §H e)VH =0 . (3.2.12)

The system (3.2.12) has solutions of the form (I" = const)

SH=x,(I)=> (-D*H I'Gn_y , Gi=Hie+H{_ M (32.13)
k=0

under the additional condition I' + (—1)"I"* = 0 (it is easy to see that the G,
satisfy the same recurrence relations as the Q).
In fact, we have

§M =Y (—D)*e[H T H;,_; + Ho 1T H}le
k=0

n—1
+> (-D*eHTH}_,_«M — MH, ;_T"H;e) .
k=0

Changing the order of summation in the second and fourth sums, and using the
fact that I' + (—1)"I'* = 0, we find for 6 M the expression

n-—1
§M =) (-D)*[eH,TH}_; M- MH,T'H,_,_;e] .
k=0

Therefore, for (e D + MV)SH + 6 MV H we obtain

Z(—l)"erF(DG,,_k +H!_,_MVH)
k=0

+Y (~D*MH.(VGn_i — H},_,_eVH) .
k=0

This expression vanishes, since the expressions in parentheses are equal to zero.
The solutions (3.2.13) are related to each other by the recurrence relations

XnVH —VHx, +Dx, =VXpa1 - (3.2.19)

We shall now show that the solutions of the type (3.2.13) form an infinite-
dimensional Lie algebra. For this, we must find the perturbations §H,, and
6G, due to the perturbation éH = x,. On the basis of (3.2.6), it is easy to
prove by induction that

6H =X Hpmo1 — Xp1 Hm—2 4.+ (D™ I 1 (3.2.15)
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6Gm =Gm1Xp+Gm-2Xns1 + -+ Xntm—1 - (3.2.16)

In order to simplify the resulting expressions, we shall establish the existence
of an integral of the system (3.2.11):

F*(e +isM)F = ~(s) 3.217)

where 4(s) is an anti-Hermitian matrix which is independent of r and 2. Indeed,

2[F+(e: +isM)F]=F*uF

3
_ s oH" . . OH OM .
ﬂ,:m -—é'é.—(e"'lSM)—(€+18M)'¥+79'£—(1+2163)

The matrix g is identically equal to zero, since, as a consequence of (3.2.4),

oM  OH* oH N/
a—5+a—€M—Ma—é—0, M—EH—HE—? .

Under the transformations (3.2.4), the matrix +(s) transforms as follows:

¥'(8) = C*(s)1(s)C(s) .

We take advantage of the arbitrariness in the choice of C(s) to reduce the
matrix ~(s) to its simplest form. For this, it is sufficient to note that the expansion
of ~(s) in powers of s has the form ~(s) = 2 + o(s), where 2 = ¢ — isIT /2.
The arbitrariness in choosing a function C(s) which is analytic at the origin
[C(0) = 1] cannot affect the first two terms of the expansion. The remaining
terms in <(s), denoted by o(s), can be made to vanish by choosing an appropriate
matrix C(s) in (3.2.10).

We rewrite (3.2.17) in the form

2¢

F'(e+isM)= QF! (3.2.17)

and equate the terms here with identical powers of s. This gives

1 n
Gr=€¢Q, — -IIQ,_, , “D*GiHn_:=0; n>2,
r=€Qy 3 Qi1 g( ) G k n (3.2.18)

GyHy=¢ , GiHy—GyH,=-11/2 |,
since
Go=e , Hpo=1, Hi=H , Gi=eH-1II)2 .
Consider the commutator of two solutions x,(I") and xp(f’) of (3.2.12):
8xp(I) — 8x,(D) .

It is easy to show that it can be transformed to the form
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ptq—1

D DX prgmio k@) — XeDXprgo1 (D)) (3.2.19)
k=0

Making use of the relations (3.2.18) and the expressions for x;, from (3.2.19)
we obtain

X, (I = 6x (D) = Xprg-1(@) — 3 Xprg—2(@) - (3.2.20)

Thus, the commutator of two solutions of the form (3.2.13) gives another solution
of the same form, i.e., the relations

gH+H(DPTlgt = G+ ()P =0

g=Tel'-T'er , g=ror-ror
are simple consequences of the conditions

F+(—1)PI*=T+(-1)F" =0 .

Thus, the solutions of the form (3.2.13) do indeed form an infinite-dimension-
al Lie algebra.

We shall now find the corresponding Lie group.

For this, we multiply both sides of (3.2.15) by (—it)™ and sum over m from
0 to oo. Using (3.2.18), we find that

§F = —it » (it)’Xpsn F

p=n

from which it follows that

o<
SFF™ = —it ) (i) Xpen - (3.2.21)
p=n
Making use of the integral (3.2.17'), we rewrite the expression (3.2.13) for Xp
in the form

. 1
6xp =) (~D'H.T <€Qp-k il Qp—k—1> (3.2.22)
k=0

(we recall that F~' = 3, (is)¥ Q).
Applying the residue theorem, the expression for x,, can be readily repre-
sented in the form
ds
(1 s)p+1

§x L F(s)I'2(s)F~1(s) (3.2.23)
P 2r
L

Here L is a smooth contour which bounds a simply connected region L, in
the complex s plane, containing the origin s = 0. By hypothesis, the series
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S H x(—is)¥ converges in the region L,. Substituting (3.2.23) into (3.2.21),
we obtain

SFF™'+ — }{ F(s)T'$2(s) Z tr ds
gptl (ls)n
=6FF '+ — }{ F(s)rn(s)__t_d.s_ (3.2.24)
2r (s —Ds)* -
L

In the general case, the solution of (3.2.12) consists of a sum of solutions
of the form (3.2.13). Assigning the index n — 1 to the matrix I" in the solution
(3.2.13),

SH = ii(_l)kﬂkrn—lGn—k ’

n=1 k=0
we obtain from (3.2.24) the expression

tds
s(s—1t) ’

where we have introduced the generating function I'(s) = E‘;Zo(is)‘kl‘ k-

It is assumed that this series converges throughout the region L_ = C — L,.
We emphasize that the matrix I'(s) is Hermitian, since I'xi* = (I'ii*)*.

The expression (3.2.25) is the variation (for an infinitesimal variation of the
group parameters) of the expression

tds
s(s—1)

(3.2.25)

§FF™! * 5 f F(s)I'(s)2(s)F~1(s)

f F(s)u(s)F~ (s) =0, u(s) =exp[l'(s)82(s)] , (3.2.26)

where F(s) is the result of a displacement of the initial solution F(s) along the
orbit of the group. For F differing slightly from F" and for small I'(s), (3.2.26)
again leads to (3.2.25) (if we make use of the analyticity of F and § F in L,).
As an exponential of the product of a Hermitian matrix I'(s) and an anti-
Hermitian matrix §2 = ¢ ~isII /2, the matrix u obeys the Hauser-Ernst condition

utRu=0 . (3.2.27)

The central result of this section, which follows from (3.2.26), can be inter-
preted as the condition of analyticity of the matrix x(s) = F(s)u(s)F—](s) in
the region L_.

Thus, despite the presence of branch points in the matrices F' and F* at
s = if2¢ and s = —i/2¢*, the matrix x(s) is analytic in L_. Explicit exact
solutions of (3.2.26) can be found for rational u(s) having pole singularities in
L, (see Sect.3.3).

We shall now find a condition satisfied by the matrix x(s). Taking the Her-
mitian conjugate of the matrix x~!, we obtain
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Y =F @ )F . (3.2.28)
Using (3.2.27), we have (u~1)* = 2u2~'. From (3.2.17) we obtain

FY) =(+isMFQ™ | F'=0F '(Mis+e)™" . (3.2.28")

We note that det(c + is M) = det(e +isM) = (1 — 2zs)? + 4r%s? vanishes only at
the branch points 2s = (z £ ir)~!. We shall show that |det x| = 1. Indeed, from
(3.2.11) we have

3 -1 _ iS 3 a -1 _ iS 6

alF = TTemmaet et T T agsoe O
Taking the trace of both sides of the matrix equation (3.2.29), we have

0 is 0

= =_ 2 He

gendet F) =~y ae e

P i P (3.2.30)
—éz;(lndetF) = 12165 2i§*s(9_§*H“ .

It follows from the definition of H? that H2 = Tr{ H} = 2(w +iz2). Therefore
from (3.2.30) we have

detF=1/x , X=+/(1=2zt)2+4r22 explio) ,
Oow d¢ ow  dE* (3.2.31)
g = 2t —_——— + — —
of 1+2itt 06+ 1 — 2if*¢t
[we set the constant of integration in (3.2.31) equal to unity, since F' can be
multiplied by a matrix C(?)].
From the definition of ¥, it follows that det x = det F'detudet I~ = detu.

From (3.2.27), we have |detu| = 1. Substituting the expressions (3.2.28') into

(3.2.28), we obtain
(x™ DOt = (e +isM)x(e +isM)™! or (32.32)
xt(e+isM)x =e+isM . -

Another property of the matrix x is its analyticity at the branch points of the
matrix F'. From the definition of x, we find

0 is 7] a .
7%=~ Tamgs (s xgeh)
0] is 0 9 .
26X T1-2iers (EETHX_xa—&H) ’

Equation (3.2.32) is a first integral of the system (3.2.33).
In view of the analyticity of x at the points s = (z & ig) ™, it follows from
(3.2.33) that

(3.2.33)
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d d
— Hx(s) — x(s)=—=H
(36 x(s) x(S)af >a=i/26

= (_B_Hx(s) —x(s) acz*

o¢*
Thus, we could find the matrix x(s) directly from the conditions (3.2.32-34),
assuming that it is a rational function of s.
The zeros and poles of x(s) lie only in the region L, and are independent
of r and z, since they arise from the zeros and poles of the matrix u(s), which
is independent of r and z.

H) -0 . (3.2.34)
s=—if2¢*

Proof of the Geroch Hypothesis. Having discovered an infinite group of trans-
formations for stationary axially symmetric gravitational fields, Geroch [3.2] put
forward the hypothesis that an arbitrary asymptotically flat space (in the absence
of electromagnetic and neutrino fields) can be obtained from Minkowski space
by means of an appropriate transformation from the group. This hypothesis was
proved by Xanthopoulos, and also by Hauser and Ernst [3.5].

Here we present a proof that arbitrary free gravitational, electromagnetic, and
neutrino fields in general relativity with Abelian groups of motions G, on V5 can
be locally obtained from “Minkowski space” (generalized to the case in which
a neutrino field is present) by means of a displacement along the orbit of some
infinite-dimensional extended group of transformations L.

The proof consists of three parts: (a) the construction of an arbitrary 3 x 3
matrix H on the symmetry axis by means of data on ¢, ¢, and Ow/9r at r = 0;
(b) the construction of a 3 x 3 generating matrix F'(0, z,t) on the symmetry axis;
(c) the derivation of a relation between the components of H and the parameters
of the orbit of the extended group which carries the “initial” solution H into the
solution H.

a) The construction of the matrix H near r = 0. The 2 x 2 matrix fap is
singular on the symmetry axis r = 0, since det(f4p) = —r? by definition. We
assume that the 3 x 3 matrix H is an analytic function of r near the axis r =0,
and that H? = —H = —€ and H} = ¢ = ¢ at r = 0 are locally holomorphic
functions of z. If we assume that w # 0 at r = 0, then it follows from the condition
of boundedness of H4p at r =0 and from (3.2.2) that f12(0, z) = w(0, z). Then
the closed orbits of the Killing vector ¢ near the symmetry axis become time-like,
since ¢ - t = f2,(0, z) = w? > 0. Therefore, if we are to avoid the appearance of
closed time-like curves violating the principle of causality, we must assume that
w =0 at r = 0. It follows from the fact that w is a harmonic function that w
in the neighborhood of r = 0 has the form w = Y (—1)*wZ™(2)r?**! /2n + 1),
and therefore w = wy(2)r + O(r) near r = 0.

The expansions of the components H? (a, b = 1,2, 3) in powers of r according
to the system (3.2.1) and the definitions (3.2.2,3) are completely determined
by the functions H12(0, z), H13(0, 2), and w; (z). Calculations give the following
principal terms in the asymptotic forms of the components H? near r = 0:
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H! ~2iz+2wyr , H?~ —-E+irw0E/0z

3 . (3.2.35)
H} ~ & +irud6/0z ,

Hl~ fr , H?=mifn0€/20z , H; = —ifn08/20z ,
H} ~ —2f»8* , H}= —ifnd*0£/0z , H} ~ifsy8*08/0z .
Here fy = (w? — 1)r?/f(0, 2), f(0,z) = Re{E} + S&*.

b) The construction of the matrix F' near r = 0. We calculate the generating
matrix F' by means of the system

(3.2.36)

(A+2i€s)F ¢ = —isH (F , (1-2i¢*s)F e =—isH . F ,  (3.2.37)

substituting into it the asymptotic form of H according to (3.2.35, 36). From the
system (3.2.37) we find for F, apart from terms O(r), the asymptotic behavior
F ~ (1 —iwrd/d2)F(0, z), where

(1 -229)"1 is€Q —-228)71 —isP(1 —2z5)!
FQ,2) = ( 0 1 0 ) . (3.2.38)
0 0 1

c) The relation between the transformation of the internal symmetry of (3.2.4)
and the initial values £, ¢ and transformed values &, & of the solutions at r = 0.

A linear representation of the group L., of nonlinear transformations of
(3.2.4) is provided by the condition (3.2.26) of analyticity of the matrix function
X = Ful™" in the region L_, which includes the point at infinity. In L_, we
also have analyticity of the matrix function u(s) giving a displacement along
the orbit of the group L., which carries F into F' and is independent of r and
z. The matrix function u(s) must be represented in the form (3.2.26) and must
therefore satisfy (3.2.27).

The matrix functions I and F are analytic in the region L., which includes
the origin s = 0, and F(s = 0) = 1, (OF/0s),— = —iH. The regions L, and
L_ are separated by a smooth contour L. The branch points of the matrix F,
2s = (2 +ir)~!, belong to the region L_.

The conditions (3.2.34) are necessary and sufficient for analyticity of the
matrix 'y at the branch points.

From the conditions (3.2.34) at r =0, we have

(HEY'xE = Xe(HY' =0 5 ©:2.39)

here and in what follows, a prime indicates a derivative with respect to z, eval-
uated at r = 0.

We put a = 2,3 in (3.2.39), using the expressions (3.2.36) for H?. This gives
x}=0(a=2,3).

We now put a = 1 in (3.2.39). For b = 1 the condition (3.2.39) is satisfied
identically, while for = 2,3 we have
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2ix? = x1(HYY — (HY'xb — (HY'x® e (3.2.40)

Using the form (3.2.38) of the matrices F'(0, z), we have

1

i=ud—isul | 3 =ud+isdu!l | a=2,3 .

The components x? for b=2,3 at r = 0 have the form
A B
2 _ 3 _
XI=1 2, 0 X 1-2zs
A= —isg(z)(u}(s) + isf(z)ui(s) — is@u;(s)) + u%(s) (3.2.41)
+isE(2)ud(s) — isP(2)ud(s)

B =isd(u] +isEu) — is®ul) + ul +isEud — isdu3 .

For analyticity of x? and x3, and also fulfillment of the condition (3.2.40) at
2s =1/z, the numerators on the right-hand sides of (3.2.41) must vanish:

A=B=0 or 2s=1/z . (3.2.42)

We now factorize the group of linear transformations L., as follows. Let us
set u; = ug =0, ug = 1. Then it follows from (3.2.26,27) that the general form
of the matrix u is given by

a as(y —ia*a) isaa
u= (0 1/a* 0 > . (3.2.43)
0 —2a* 1

Here a(s) and a(s) are arbitrary complex functions of s, and «(s) is an arbitrary
real function of s. All these functions are analytic in L.

To verify that the matrix u can be represented in the form of an exponential
of the product of some Hermitian matrix and the anti-Hermitian matrix §2, it
is sufficient to take the logarithm of the matrix » by means of the Lagrange-
Sylvester formula.

Substituting (3.2.43) into (3.2.42), we obtain

€ =aa*(€ +iy —2a*® — aa®)
. (3.2.44)
P=a(P+a) .
We note that £ and ¢ can be continued analytically and uniquely into some
neighborhood of the axis » = 0 by means of the equations (see Sect. 3.1)
LE=0, L&=0, (3.2.45)
where the operator £ is defined as follows:

L = Re{E} + 3F*)[rV? + (Vr +iVB)V] — r(VE +28* VPV .
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Thus, on the basis of the relation between the parameters a(s), a(s), y(s) of
the group transformation and the functions £ and &, it can be seen that for any
pair of solutions H and H which are analytic near r = 0 there exists at least one
transformation of the internal symmetry of (3.2.4) which carries these solutions
into each other.

As an application of the results (3.2.44), we shall show how it is possible to
obtain a solution corresponding to a charged black hole with mass m and charge
g in a neutrino field.

If we suppose that £ = 1, ¢ = 0 [this is an exact solution of (3.2.45)], the
final solution for r = 0 takes the values

g=2tB"m g4 ism (3.2.46)

z+zp+m z+zp+tm
(the origin is displaced on the z axis in order to ensure that the solution is analytic
at z =0).

According to (3.2.14, 46), we have

_ 2¢gs
T 142s(zp+m)
a - w' = —

1+2s(29 +m)

=0, w
(3.2.47)

w=oaa .

The generating matrix P corresponding to £ = 1, & = 0 has the nonzero
components
FH = (—z+iw)t+ 1A +X)/2 ,
(F_l)% = —it )
FH =iz —w+(\-1))2it

. . (3.2.48)
(FY=FMNH=1,

Ow _ dg
B 1+ 2ict

X = /(1 — 2tz)? + 4t2r2 exp(2it) [ +c.c.

We find the matrix F' corresponding to the solution (3.2.46) from the equation

tds
s(s—1t)

/ F(s)yu(s)F ' (s) =0, (3.2.49)
L

into which we substitute u(s) in the form (3.2.43) with the specific functions
(3.2.47) and the matrix F_l defined by (3.2.48).
In the final solution, it is necessary to make the inverse displacement z+zp —
z. Then for £ and & in the coordinates r and z we obtain
_ 2q _ At A -2m
T2mA+A+tA T Ao +2m ]
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here

2 0 d
A+=\/(z+m) +72 exp /—0%r+i(z+ ‘Emz—qz) —c.c.|,

2 o
A= \/(z— \/mz—qz) +72 exp 5%7'+i(2 _dﬁmz_qz) —cec.

To go over to the coordinates in which the Nordstrém-Reissner solution is
usually written, we must make the substitutions

2R=2m+\/(z+\/mz——~qz)2+r2+\/( Vm?— ¢ 2)2+r2,
2T = cost= [ (s+ VB F) +r2— [ (s = VA=) 4

3.3 General Solution of the Einstein-Maxwell Equations
for Ernst Data Regular Locally on the Symmetry Axis

In this section, we present a method of constructing the general solution of
the Einstein-Maxwell system in the stationary axially symmetric case, and we
give new classes of exact solutions of the Einstein-Weyl system. We mention an
interesting paper [3.7] in which a solution of Einstein’s equations was constructed
for the vacuum with an arbitrary distribution of sources of mass and angular
momentum on the symmetry axis. Comparatively few exact solutions of the
combined system of Einstein-Weyl equations are known. An exact solution with
a group of motions G3 on V; has been found by Golubiatnikov [3.8]. Solutions
with an isotropic Killing vector (the case of pure radiation) and with a zero
energy-momentum tensor are known [3.9]. Solutions describing the interaction
of a step-like neutrino wave and a é-like gravitational wave have been found
by Griffiths [3.10]. A solution depending on a single variable has been found
by Repchenkov [3.11]. A self-similar interaction of neutrino waves in general
relativity has been studied by Blazhennova-Mikulich. Cosmological solutions
with neutrino fields have been studied by Henneaux [3.12].

Here we present (a) classes of solutions of the Einstein-Weyl equations de-
scribed by a first-order equation (in the absence of neutrino fields, they reduce
to solutions found by Bitsadze [3.13]), (b) a method of constructing the local
general solution of the electrovacuum equations regular locally on the symmetry
axis, (c) methods of constructing exact solutions of the equations for the neutrino
vacuum, (d) a method of obtaining topologically nontrivial vacuum solutions of
Einstein’s equations, and (e) gravitational fields of rotating magnetized stars.
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a) A Class of Solutions Described by a First-Order Equation. We shall con-
sider a class of exact solutions of an equation obtained, as we have already shown
[see (3.1.23)], from the Einstein-Weyl system in the stationary axially symmetric
case for ¢ =0:

rV2H + VH(Vr +iV®) — 2r(VH? /(H+ H*) =0

where @ is a real harmonic function. We rewrite this equation in terms of the
variables £ =r +iz, £* =r —iz:

Lo  (E+€%) |0 \2 98¢/ 9x\2 &

___2 0HOH
(H + H*) 0¢ O¢*

=aA+L<l+1%)+i—(l+19_ﬁ}>
o6  (E+E)\2 o) (E+E)\2 &
___2% oH,
(H + H*) 9+

=6_B+ B (l+16_15)+£__—(1+1@>
o (+€H\2 9/ (€+EH\2 o¢
2 OH
- (.H'f‘—I{*).a_fB =0 ; where
SO _ULeI) (1,,00) 5o 90U (1,00
o (E+€) \2 0¢)’ T T a6 (E+€) \2 o
Therefore solutions of the first-order equations A = 0 or B = 0 are also
solutions of the original equation.

b) Construction of the General Solution of the Einstein-Maxwell Equations
for the Stationary Axially Symmetric Case. In Sect.3.2 we proved that the

function x = Fub s holomorphic outside any closed contour L which en-
closes all the singularities of the matrix u and excludes the branch points of
the matrix F. We assume that the branch points s = (2z + 2ir)~! are the only
singularities of the matrix F' on the Riemann sphere and that the matrix F' is
holomorphic off the cut £ joining these two points. For F' we take the generating
matrix (3.2.48) of Minkowski space (the function w in this case is equal to zero).
Suppose that the matrix u is factorized in accordance with (3.2.43). Then the
components of u are related to the values of the Ernst potentials £ and ¢ on
the symmetry axis by (3.2.44), in which £ = 1, $ = 0. Let £(0,z) = e(z) and
#(0, z) = f(z) be arbitrary locally holomorphic functions (not only meromorphic
ones on the Riemann sphere). We shall find locally the general solution £(r, 2),
&(r, z) of the Einstein-Maxwell system with these values on the axis.

The matrix function y is analytic on the cut £, and therefore [x] = (x; —
X-)c = 0, where x are the respective boundary values of x on the left and
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right sides of the cut. Calculating the components of x and making use of their
continuity, we have
[F2]=ise[Fi] , [F21=—isf[F)] , a=1,2,3, (3.3.1)
is{Fl}e {F2} —2f{F2}=0 , {A}=A.+A_ . (332)

In these relations, e and f are functions of the argument { = 1/2s, and é(¢) =
(™)™, f(&) = (f(¢))*. The matrix F' is holomorphic off the cut £. Therefore
its components can be expressed in the form of the Cauchy integrals

dS ]]
F 27r1 G—1 ’
t

_5b

(3.3.3)
[F% , 5=23 .

27i s(s t)
c

In the expression for F!, we have not yet made use of the condition F!(0) = 6!.
Therefore the discontinuity [F,}] must satisfy the additional constraint

276! = / iisf[F,}] . (3.3.3)
c

The discontinuities [F,l] become infinite at the ends of the cut £. We introduce

the unknown functions g, = [F!]4/(1 — 22s)? + 4r2s2, which are continuous
and bounded on the cut £. We use for [F?] the conditions which follow from
their representations (3.3.3), namely,

1 _i ds 1
{Fa}—ﬂ'if(s-—t)[Fa] ]
L

t
i s(s t)
c

334

{F2}-60= [F21, b5=23,

where the principal values of the integrals are taken. In order to obtain singular
integral equations for y,, we substitute the expressions (3.3.4) into (3.3.2) and
use (3.3.1). In the integrals, it is very convenient to transform to the variable of
integration o defined by the relation 1/2s = z +iro. This variable o runs from
—1 to +1, and the required integral equations take the elegant form?

do p14(§)
2 m(a —-7)

where £ = z+iro, n =z +irr, r € [-1,1).

(e(€) + &m) + 2f () f(©)) = 277(82 = 2f(m)63) , (3.3.5)

2 For the case of cylindrical (or plane) waves, we must put £ = ¢ +ro, n = t+rr in (3.3.5-7).
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The components of the required matrix H can be expressed in terms of the
functions u, as follows:

1
o2 [ Epa©do
T V1 — a2

1

Oy [CTGL
N 77_1 V1-— o2 ’
1
o L [ fOp© do
R A Vv1—o?

(3.3.6)

For a single-valued definition of u,, the additional condition (3.3.3') takes the
form

1
ﬂa(f) do

- 1
\/IT_? = 7'('6‘l . (337)

We shall give the general solution of the homogeneous equation (3.3.5) for
a = 1, dropping the subscript on y; and using the well-known formula

©
1 dfcosnf  sinnp
wJ (cosf —cosyp)  sing
0

, n=0,1,2...

We expand the functions u(€), e(€), and f(£€) in Fourier series, making the sub-
stitution o = cos :

MO = pr(r,2)coskd , €)= exlr,z)coskf
k=0 k=0

) (3.3.8)
O = ka(r,z)cos k , E=z+ircosf .

k=0

From the condition (3.3.7) we obtain yo = 1. Substituting (3.3.8) into (3.3.6), for
the Ernst potentials £ = —H}, & = H3 we obtain the expressions

o0

1 1 &
E=e)+5) e , S=f@D+5D fun - (3.3.9)

=1 i=1

Substituting (3.3.8) into (3.3.5), we obtain the following system of equations for
H«k(r, Z)Z
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o0
ZNaTsn=Tn ) TL=1,2,3,... ’

s=1

TnE‘_z en+Z(fk+nfn"fnfk+n)+z.fkfn—k )
k=0 k=0
Tos = Z fk+sfn—k + Z(fk+n+sfk - fkfk+n+s - fk+afk+n)
k=0 k=0

s
- E fs—kfk+n + €g4n = Estn + Ton -
k=0

For s < n we have

n-—s s oo
Ton = €n_gtén_s+ Z fkfn—s-—k + zfs—kfn—k + Z fk+n—sfk ’
k=0 k=0

k=0

while for s > n we have

n s—n 0
Ton = €s—n+Egpn+ Zfs—kfn—k + Zfs—n—kfk + Z fn—s+kfk .
k=0 k=0

k=s—n

The solutions (3.3.9) can be expressed in a more compact form. Introducing
the notation D = detTox, D, = det(Tix + e;Tx), Dy = det(Tix + f,Ti), these
solutions can be written as ratios of determinants with infinitely many rows and
columns:

E=e(z)+(D.-D)/2D) , ¢=f(2)+(Ds—-D)/2D) . (3.3.9)

Thus, we have solved the problem of finding the general solution of the system of
Einstein-Maxwell equations3! From (3.3.9') we can calculate an arbitrary solution
with any degree of accuracy. We note that solutions in the Prandtl theory of thin
wings and hydroplanes [3.14] are frequently written in a similar form.

We shall now show how to find exact solutions of (3.3.5) for arbitrary rational
functions e(£) and f(£). We must first find the roots £1, &2, . .., €n of the equation
e(§)+ &)+ 2f(§)f(§) = 0. We denote their multiplicities by m1, ma,..., mp,
respectively. There can be only real roots and pairs of complex-conjugate roots.
The solution for p(£) must be sought in the form

N
wO) = A+ D (A€ — ™1 + ALE — €™ 2+ + ATRNE — E0)™™,

k=1

where A7 and A are functions of r and 2.

3 For the general solution of the Cauchy problem in the case of cylindrical waves, the functions e(¢)
and f(£) can be related to the Cauchy data by means of (3.3.9") by putting ¢ = 0.
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From (3.3.5,7), using the formulas

T

\/a2+b2 ’

1
/ do
A (a+ioh)V/1 — o2

][ do - T
@~ —NVI—02 (r—my/7?-1"

where a, b, and 4 are arbitrary constants, we obtain a closed linear system for
the determination of AZ(k =1, ..., N; n=1,..., my) after making a partial-
fraction decomposition of the rational functions and equating the coefficients
of the independent partial fractions to zero. Suppose, for example, that e(£) =
E-—m-—iw)/(+m—1iv) and f(€) = ¢/(€ + m — iv), where m, v, and ¢
are constants. The equation e + &+ 2ff = 0 in this case has roots £ = +a,
a =/m? — g% — v2. We seek a solution for p in the form

N A, + A_
E+a) (€-a)
It follows from (3.3.7) that

1=A+ﬁ+£ , re=y(xa)?+r2 .

Ty r_

u=A (3.3.8")

Substituting the solution in the form (3.3.8) into (3.3.5), we obtain

A= A, + A_ ,

m—a—iv m+a-—iv

Ai(m?* —ma — ¢ —ivm)  A_(m?+ma — ¢¢ —ivm) -0
rl(m — a)? + 2] r_[(m+ap+v?

After finding A and A4 and substituting them into the expressions for £ and ¢
calculated according to (3.3.6), we obtain

A (m+a+iv) A_(m—a+iv)

ro(m — a —1iv) - r_(m+a—iv)

r.ei? +r_e=1% —2mcosd
ryeif +r_e—1% + 2mcos

E=A~

’

A, A_
d=gq — + -
re(m —a—1v) r_(m+a-—iv)
_ 2gcos @
rei® +r_e 19 +2mcosf ’
sinf = Y
m? — g2

This is, in fact, the well-known Kerr-Newman solution. In the general case of
rational e(¢) and f(£), the expressions for £ and @ can be written as rational
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functions of \/(z — £x)2 + 72 and z — £ with k = 1,2, ..., N (the solution of
Sato and Tomimatzu [3.15] is obtained as a particular case).

¢) Construction of New Solutions by Means of a Displacement According
to Subgroups of an Infinite-Dimensional Group. The integral matrix equation
(3.2.26) with t € L, reduces to an integral equation for one unknown function in
two significant cases: (1) when the matrix 7(¢) = «— 1 has only one nonzero off-
diagonal component; (2) when the matrix (#) is diagonal. Although an arbitrary
matrix 7(¢) can be represented in the form of the product of four matrices of the
type 1, the study of transformations of the type 2 enables us to obtain physically
interesting solutions by solving an integral equation only once.

In this subsection, we derive integral equations and give their solutions for
matrices 7(t) which are arbitrary rational functions that are analytic in the neigh-
borhood of infinity, for the cases 1 and 2 defined above. With a particular choice
of the neutrino field w in the form w = +r, it turns out to be possible to obtain
a solution for an arbitrary displacement according to a one-parameter subgroup
of an infinite-dimensional group.

1) We shall consider the integral matrix equation (3.2.26) with ¢ € L, for
the component Flz(t) under the assumption that the matrix 7(¢) has only one
nonzero component 7, (t). We adopt the notation 7} (t) = T(t), F2(t) = —Y (¢)t.
We obtain a Fredholm integral equation of the second kind:

Y@®)-Y@) = 2lm / Y(8)T(s)M(s,t)ds (3.3.10)
L

M(s,t) = M) [FE()F(t) — FA()EFZ /(s — 1)
tY(t) = —FX¢t) , tY(@)=-F2@¢) ,
where F2(t), F2(t) are the components of the generating matrix F'() for the
initial solution from which we intend to generate new solutions. It follows from

the condition that 7'(s) is bounded in the limit s — oo and from its rational
character that this function can be represented in the form

(3.3.11)

N am m
T=YY (s—_“w +const (3:3.12)

m=1 n=0

where «,, +1 is the order of the pole at the point s = u,,, and N is the number
of distinct poles up, ..., uy. The restriction to the complex constants o7 and
U, 1S the condition that, after reduction to a common denominator, T(s) can be
represented in the form of a ratio of two polynomials with real coefficients, in
which the degree of the polynomial in the numerator does not exceed the degree
of the polynomial in the denominator.

Integrating by parts and calculating the residues at the points s = u,,, from
(3.3.10, 12) we obtain
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N am

Y(t) - Y(t) = ZZ (—Y(S)M(s t)) i (3.3.13)

m=1 n=0 =tm

We denote 8%Y (s)/8s* at s = u,, by Yoni. It follows from (3.3.13) that

N apn,
YO -Y®=) ) Yme™® ,
km=1 k=0 (3.3.14)
m a® M(s,t)
mk m 2
4 (t) = (L (_n )
; *\osm kit ) _,

We differentiate (3.3.14) ¢ times with respect to ¢ and set ¢ = u; (g takes the
values from 0 to aj, where [ =1,2, ..., N). From (3.3.14) we obtain a closed
linear algebraic system for Y;,:

N am
YIq_YIq:ZZYkaEk ,
e v (3.3.15)
1™ ()
= : = mk _ P
q—O,...,a, ’ l—l,...,N , qu _T
t=u,

The required solution H = H(r, z) of (3.3.1) can be expressed in terms of the
solution Y,,,; as follows:

N am Am—k

- — a;n k an ¥ io
H =iY(0) _IZZYM Z E!':;T (—6;—;[Y(s))\(s)e‘ ]) K (3.3.16)
m=1 k=0 n=0 $=Um
Using (3.2.48) for the initial solution, we obtain
N ap,
H= Z Z i (3.3.17)
m=1 k=0

In the absence of a neutrino field, the solutions (3.3.15, 16) include, as special
cases, the solutions found previously by Sato and Tomimatzu [3.15], Kinnersley
and Chitre [3.3], and Hauser and Ernst [3.5].

2) We note that in the general case the matrix u = 1+7(t), as the exponential
of a matrix whose trace is equal to zero, must have determinant equal to unity.
Therefore in the general case the diagonal matrix 1 + 7(¢) has the form

I1+7()= (Fét) (11(?))—1 ) s

where I'(t) is an arbitrary analytic function of ¢, regular at infinity and real on
the real axis.
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In order to derive an integral equation containing a single unknown function,
we make use of the result of Sect. 3.2 according to which there exists an analytic
continuation x(t) of the matrix function F(s)(1 + 7(s))(F'(s))~! given on the
contour L, into the region L_, by means of a Cauchy integral.

We write this equality on the contour L in terms of components:

'Y\ =R -FETHX , X=lexpio , (3.3.13")
Ir'y}=(-FRF+FRRTI 3\, (3.3.14")
I'xy =R F} - FRFDXY (3.3.15")
rxj=(-I*RE+FBEH) . (3.3.16")

We emphasize that the functions I'"!x{! and I'x4' (A = 1,2) are analytic in the
region L_.

We now make use of the well-known Privalov-Gakhov solution [3.16] of the
nonhomogeneous Riemann Problem of finding functions X4 which are analytic
in the corresponding regions L. and related on the contour L by the linear
equation

X_=aX++b y

where a = a(s) and b = b(s) are functions specified arbitrarily on the contour
L. In the case in which the index of the function Ina(s) is equal to zero, the
Privalov-Gakhov solution has the form

X_=X@) for teL_ ,
=X(t) for teL, ,

(3.3.17")
X(@) =exp(—2(1)) {const— — / b(s)(exp P(s)) G t)} ,
where
1 In a(s)
Q(t)_z—ni/ p— ds
Using (3.3.17'), from (3.3.13’,14') and the condition FE(O) = §8 we obtain
HOBEOX)=1+5— / NOIHOIOVa®) (t ds 5 (3.3.18)
FlOFAOA®) = = / M) FH)E} (5T (s) (t ds 5 (33.19)

Eliminating the function F1 (t) from (3.3.18, 19), we obtain the singular integral
equation
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Y(t)=ﬁ / Y(S)I2(s)W(s,t)ds (3.3.20)
L

where

sY(s)=—Fi(s) , sY(s)=—F{(s) ,

) g g (3.3.21)
(;\(j)t)[Fll (S)E2(t) — B} (s)F2) .

A similar singular integral equation can be obtained from the system (3.3.15', 16')
by eliminating F:

W(s,t) =

Z(t) = 5;—1 / Z()TH(s)W(s,t)ds
L (3.3.22)

sZ(s)=Fy(s) , sZ(s)=Fy(s) ,

where W(s, t) is given by (3.3.21), as before.

In the case w = r (or w = —r), it is easy to obtain the solution of (3.3.20, 22)
for an arbitrary analytic function I'%(s). In fact, in this case, according to
(3.2.48), the components F'2(¢) are given by the expressions

: C— . it . , )

El =1 +2ien71, F12=(1+—2i£t) , El=0, F}=1, €t=r+iz .

Therefore W(s,t) = 1/(s —t), and it follows from (3.3.20, 22) that

itI'(i/2¢)

F) = 1+2iét

Ro=F , B®=0, F®=1,

Thus, in the case w = r the function H(r,z) = I'2(i/2£) is the required
solution. Since I" = I'(s) is arbitrary, H is an arbitrary analytic function of the
complex variable £ = r + iz, regular at the origin.

In the case of an arbitrary harmonic function w, we assume that I'*(s) is an
arbitrary rational function which is bounded but nonzero at infinity. We represent
I'%(s) in the form

N,
[T(s — up)>*!

)= l%;—‘————— : (3.3.23)
o s

[1(s — va)Pn*1

n=1

where a = const, the exponent oy + 1 is the order of the zero at the point s = uy,
the exponent 3, + 1 is the order of the pole at the point s = v, (ug = const,
vy, = const), Np is the number of distinct zeros, N, is the number of distinct
poles, and
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N

N2
Dar+)=) (Ba+D=N .

k=1 n=1
If the denominator in (3.3.23) has complex-conjugate roots, the correspond-
ing gravitational fields have ring singularities. Integrating the right-hand side of
(3.3.20) by parts and taking the residues at the points s = v,, n=1, ..., Na, we

obtain
N,
. N1 b [1(s — ug)>+*!
Y(@#)=Y@®I' @) + Z R Y(s)W(s, t) ’;;:
n=1 " 1 (s — vg)Be!

k # n s=v
We simplify the form of this expression by introducing the notation

Ny

a H(s _ uk)a,,ﬂ
Y(s) k=l =Yom )
ds™ N,
« (s — vg)Petl
kfn
m=0,1,...,8, ;7 n=12,..., N ,
1 Pbn—m
m'(IBn —m)! (asﬂn—m W(svt)) . = Qnm(t) s
from which we have
N2 ﬂn
Y&)=YOI20)+> ) VamQ™™(1) (3.3.24)

n=1 m=0

In order to obtain the required solution for H, we put ¢t = 0 in (3.3.24), which

gives
. N2 ﬂn
H=A|H-i) Y YmQ"O)| ,
n=1 m=1
I vt (3.3.25)
_ n=l
A= am—
I ug”
k=1

Thus, the problem reduces to the determination of expressions for the quantities
Y, m. In order to obtain these expressions, we differentiate both sides of (3.3.24)
I times with respect to ¢t (! =0, 1, ..., a;) and then put ¢ = u;. This gives
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aY(u) Ni Gn . o (B'Q™™ ()
=3 YanQE . QF z(%——>t ,  (3.3.26)
s

n=1 m=0

where [ =0, 1, ..., aj, and k varies from 1 to Nj.
Thus, the relations (3.3.26) form a linear algebraic system of order N

(N Z«xk +1)= Z(ﬂn + 1))

n=1

for the N unknowns Yy,,,(m=1,..., Bnin=1,2, ..., N2).
We consider now the particular case of (3.3.23) in which ax = 8, =0, ie.,
the expression (3.3.23) has the form

] H(S — ug)
I ()=—-"H—wu— | (3.3.27)

“ H(s — vk)

k=

—

where u; and vy are distinct constants. We take the initial solution for Ff @)
(3.2.48) corresponding to the metric g1 = 1, j12 = w, §22 = w? —r2. We introduce
the notation

iFA(v1) i H(”’
Xl av2
! H (vi — i)
X

According to (3.3.26), the quantities X; are determined by the linear system

S m AL =1

+2 +umzv1_umX1v1 0, m=1,....,N , (3.3.28)

where

205 = Mum)/tm , 2A] = Xw)/w

() = V(1 = 2t2)2 + 2rt)2 exp(ic(®)) , (3.3.29)

_ ow d ow  d&*
o(t)=2t [ € A+2i6) ) 3= 2i§*t)]

When the constants u,, and v; (m, [ =1, ..., N) are real, it is convenient to
replace them by the constants z; and my given by the expressions

uk=1/2(zk+mk) , vk=1/2(zk—-mk) .

Then from (3.3.27) we obtain the linear algebraic system of equations
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N —
AL+ A7) _
2 ;Xl [1 ¥ (zk —z1+me+mp)| 0, (3.3.30)

A = V(zk + my — 2)2 +r2exp(io}) ,

(3.3.31)
A7 = V/(zk — my — 2 +r2explioy)
o= Ow de¢ . dw dex
k= ) Ot Gk +m+i6) ) B (zx +my —i€)
o ow it . ow a6 (3.3.32)
k= | 0 (zx —my +if) OE* (zk — my —i€*)

The solution (3.3.30-32) corresponds to a solution for N black holes situated on

the symmetry axis in an arbitrary neutrino field*. In the absence of a neutrino

field, this solution reduces to the Belinskii-Zakharov N-soliton solution [3.17].
To find the unknown components H B we must make use of the formula

d :
EFf(t) =—iH% .

t=0

As a result, we obtain

N N
H11=A(1+ZX,> , A=a[Jwafun) ,
=1

n=1
N (3.3.33)

Hyz =2(w +iz) + Xilw+i(z — z)) +iA] +imy] .
]
=1

We note that in the case of a single black hole the explicit solution has the form

I _ AT+ =-2m _

e a—+2m 2 T (3.3.34)
_ . w+i(z — 2z1) +iA™ +im e

Hyz =2(w +12) — 4m - +2m

d) Method of Obtaining Topologically Nontrivial Solutions of Einstein’s
Equations with an Abelian Group of Motions G, on V3 in the Absence
of a Neutrino Field. As we found earlier [see (3.2.44)], the matrix function u(s)
can be obtained by means of an analytic continuation, into the complex s plane,
of the functions £(z) and &(z) specified on the symmetry axis. For this, we must
replace z in the expressions for these functions by i/2s. Then in the general

4 In this solution for my > 0 (k = 1, ..., N) there exist §-like singularities of the Ricci tensor
on the symmetry axis between the black holes (so-called conical points) corresponding to rather
mystical structures. The same singularities occur in the solution even if there is no neutrino field
[3.17].
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case we obtain multivalued functions. For example, we could specify £ and &
uniquely on the z axis by means of a selected branch of an algebraic curve whose
branch points lie off the 2 axis. However, if an analytic continuation is made into
the complex plane, the matrix function u(s) is found to be multivalued. We shall
consider only the case in which the Riemann surface of the function u(s) has n
sheets and is determined by some algebraic curve. The genus ¢ of an algebraic
curve is given by the formula V = 2(n+g¢ — 1), where V is the number of branch
points, including their multiplicities. Then, as in Sect. 3.2, the analysis of the
group properties of the system of equations (3.2.1) makes it possible to deduce

the analytic structure of the matrix function x(s) = FuF~" on the indicated
Riemann surface. This surface is homeomorphic to a sphere with g handles. The
function x and the parameter s can be represented as single-valued functions
of a uniformization parameter o: x = x(0), s = s(¢). For ¢ > 2 the functions
x (o) and s(o) are automorphic (Fuchsian, in Poincaré’s terminology), for ¢ = 1
they are elliptic, and for g = 0 they are rational. We recall that an automorphic
function is one which is invariant with respect to some group of bilinear transfor-
mations. For g > 2, the functions x(¢) and s(o) depend parametrically on 6g —6
real moduli of an algebraic curve of the Riemann surface of u(s). According to
the Riemann-Roch theorem (see below), the function x cannot have less than
g + 1 distinct simple poles not situated at the Weierstrass points. Recently D.A.
Korotkin (Theor. Math. Phys. 77, No.1, 25 (1988) [in Russian]) succeeded to
find the exact solutions of the Ernst equations using the theta-function technique
developed by Matveev, Its, Dubrovin, and Novikov.

e) Restrictions Imposed by the Topology of a Two-Dimensional Manifold on
the Order of the Singularities of the Neutrino Field in the Stationary Axially
Symmetric Case. We assume that a two-dimensional manifold S with local
coordinates z> and z* for ¢ = const, ¢ = const is compact. The admissible changes
of variables preserving the form of the metric (3.1.3) are analytic transformations
€ = f(€) (€ = 23 +iz*) with a positive definite Jacobian. Consequently, the
manifold S is orientable. From the topological point of view, such manifolds are
homeomorphic to spheres with g handles (g is called the genus of the surface).
From the point of view of conformal transformations, the surface is defined by
the genus and by the 3¢g—3 complex parameters which determine the conformally
distinct compact Riemann surfaces with genus ¢ [3.18].

Every compact orientable surface S can be realized as an n-sheeted Riemann
surface of some algebraic function given by the irreducible polynomial

O+ O™+ L+ () =0 (3.3.35)
where r;(£) (z = 1,2, ..., n) are rational functions of the parameter £. Any other
meromorphic function f on S can be written in the form

f=Ru©p" " +...+Ru(®) , (33.36)

where R;(¢) (i = 1,2, ..., n) are rational functions of ¢.
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We use the properties of compact Riemann surfaces in order to determine
the restrictions on the order of the singularities of the neutrino field given by
the singularities of the harmonic function w. We assume that the meromorphic
function ¢, whose real part is equal to the harmonic function \/|gap/|, takes
each value n times on S. Then this function establishes a one-to-one conformal
mapping onto an n-sheeted Riemann surface.

If S is given by an algebraic curve (3.3.35), the analytic function W = w+iw
must have the form (3.3.36). The function W is specified not in the entire complex
¢ plane, but only in the half-plane Re{¢} = r > 0. In order to define this function
in the whole plane, we require that [W(£)]* = ~W(—£*). This equality will be
satisfied if the coefficients r;(u) and R,(u) (u = if) are rational functions of u
over the field of real numbers. We stress that meromorphic functions on S other
than constants cannot be everywhere regular.

The arbitrariness in specifying the singularities of the meromorphic function
W (£) is restricted by the Riemann-Roch theorem. In order to formulate this the-
orem, let us recall several definitions. Suppose that near an arbitrary point ¢) on
S the function W can be expanded in a series W (o) = a,o" +anpao™+. .. with
an #0 (o is the so-called uniformization parameter, and n is a positive or nega-
tive integer). The meromorphic function W on S can have only a finite number of
zeros and poles @, Qa, ..., Qn with prescribed orders a1, az, ..., ay of the
zeros or poles at all these points. We shall call the symbol A = Q7" Q32 ... Q%Y
the divider and adopt the notation (W) for the divider of the meromorphic func-
tion W. The degree of a divider A = Q7 ... Q}/, denoted by d[Al], is defined as
the sum of the orders, a; + a3 +. ..+ ay. For meromorphic functions, d[(1W)] = 0.

The dimension of the complex vector space L[ A] of meromorphic functions
f' having singularities at prescribed points Q;, @2, ... @ with orders o > a,
(:=1,2,..., N) will be denoted by r[A]. The space L[A] is empty for dividers
with positive degree d[A] > 0, since the degree of the divider of an arbitrary
meromorphic function is equal to zero.

For Abelian differentials with a local representation w = (a,£&™ + a,,+1£"” +
...)d¢€ at the points Py, P, ..., Py (ap# 0 at all other points of .S), we introduce
the symbol (w) to denote the divider A with prescribed orders a1, og, ..., an
of the zeros or poles at the points P; ¢ = 1,...,N): A = PPy ...
PR™. The degree of an Abelian differential is related to the genus of the surface
by the formula d[(w)] = 2¢g — 2. For a given divider A, the dimension of the
complex vector space of Abelian differentials w': {w'} = £2[A] with singularities
of orders o} > a; (i =1, ..., N) at prescribed points P, P,, ..., Py will be
denoted by i[ A]. We note that the space (2[A] is empty if d[A] > 2g — 1.

The Riemann-Roch theorem asserts that a given divider A has the property

A~ = d[A] +i[A] —g+1 .

From this theorem it follows, in particular, that on a surface of genus g it is always
possible to find ¢ distinct points such that there does not exist a nonconstant
meromorphic function whose singularities are poles of order not higher than the
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first at these points. This constitutes a restriction on the zeros and simple poles
of the function W = w +id.

As another corollary of the Riemann-Roch theorem, we give the assertion
that for g > 2 it is possible to specify a pole of order not exceeding g as the only
singularity of a meromorphic function W(£) only at a finite number of points
Py, ..., Py (the so-called Weierstrass points).

As has been shown by Musin and the present author, in the general case a
harmonic function w for the neutrino field must be multivalued if it satisfies the
inequality w? < r2 and thus makes it possible to avoid the appearance of closed
time-like curves violating the fundamental physical principle of causality. Thus,
in the presence of a neutrino field the two-dimensional space-time cross section
t = const, ¢ = const has, in general, a nontrivial topology (the topology of a
sphere with ¢ handles in the compact case).

f) Gravitational Fields of Rotating Magnetized Stars. For the calculation of
fields in the neighborhood of rotating magnetized stars a different form of our in-
tegral equation (3.3.5) (for a = 1) is more useful. We shall generate the functions
e(z) and f(z) in that equation by integrals of the Cauchy type:

b b
2rie(s) = [ L 2ife)= [wO 25

These functions are holomorphic everywhere in the complex z plane except for
the segment [a, b] on the real axis, where due to Sohotzky’s formulae they have
the discontinuity [e(¢)] = £(¢), [£(©)] = p(£).

Let us show that these functions play the role of sources of gravitational and
electromagnetic fields. For any given geometry of an axially symmetric star with
given Ernst functions on its surface it is possible to obtain sources on the axis
of symmetry which reproduce outside the star fields coinciding with those of the
given star. It should be stressed that the Ernst equations are of elliptical type and
that one cannot determine independently the Ernst functions and their transverse
derivatives on the surface of the star. Thus for a solution of the interior problem
one need not consider the exterior solution, because one can use the relationship
between £, ¢ and their transverse derivatives on the boundary of the stars as
boundary conditions for the solution of the interior problem. With these points
in mind the integral equations (3.3.44,45) as given below are very useful. We
shall also show that the Hansen-Torne coefficients in the multipole expansions
of Emst potentials at infinity can be expressed in terms of the moments of the
sources of the gravitational and electromagnetic fields on the symmetry axis.

Let us introduce functions X,(%) via the definition

1
7 X:@t) = -Vt -1 /,u(z + irs)x;(s)% V1-s2 |
21

(s—1)

xi=1, x2=e(z+irs) , x3 = f(z+irs)
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(for the notation see (3.3.1-6), x(£) = p1(£)). Then we arrive at
X3+ X, =e)XT + X)) , X5+ X5 = fOXT +X7) (3.3.37)

where X7, X are the values of the functions X; on different sides of the cut
from —1 to +1 in the complex ¢ plane and

Xi(c0) =0 , Xa(0)=& , X3(c0)=@ .
Our integral equation (3.3.5) for @ = 1 may be rewritten as
X3 — X5 +8OXT - X)) +2f(X5 - X5)=0 . (3.3.38)

Using ¢ = (A + 1/1)/2 one maps the exterior of the cut from —1 to +1 of the ¢
plane into the exterior or interior of the circle |A| = 1. We define X2()) to be
holomorphic outside the circle |A| = 1, while X;()) and X>()) are holomorphic
inside |A| =1 in the A plane.

Then we have®

X2(0) - Xz G) = &(&) (Xl(/\) -Xi G)) +2f (Xg(,\) - X3 (%)) .

With the help of (3.3.37) equation (3.3.38) can be brought to

X0 = (ezé +ff) X0 + (e - +ff) X G) 27X, (;) .

(3.3.39)
Let Y., Y_ be solutions of the Riemann problem:
Y. = (e;e+ff) Y., Y.0=1, (3.3.40)

where Y, and Y_ are respectively holomorphic outside and inside |A| = 1.
Equation (3.3.39) can be written as

X2 X XA/ (e—& 2\, Xa(1/N)
.00 Y)Y ( 5 +ff) 2f Yoy (3.3.41)

We use the relationship Y,(1/)) = Yi(co0)/Y_()). Multiplying both sides of
(3.3.41) by p/M\ — p), where y is inside |A| = 1, and integrating the resulting
expression along the curve |A| = 1, we obtain

_ 1 Yo
X =Y |1+ 5~ / e
IAl=1
x(X (A)(e_é+ff)—2fX(A))—-‘“— (3.3.42)
1 > 3 o-Up|- 3.

5 Another boundary problem is obtained by Neugebauer and Kramer see J. Phys. A 16, 1927 (1983).
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Similarly from equation (3.3.37) one arrives at

_e-1/w (X1 = pXi (1)
X = EE [ o Em T o (3343)

N

Now we specify the assumption about e, f being represented by Cauchy type
integrals and deform (contract) the curve [A| = 1 to the interior image of the
segment [a,b] in the A-plane using the holomorphic properties of X;j(\) and
X3()\) on the interior of |A| = 1. Returning from the variable A to the variable
¢ = z+ir(A +1/))/2 and substituting X1(¢) = A©w(®), X3() = BEw(®),
where w(€) = /(z — £)? +r?, into equations (3.3.42,43) we finally obtain

b
Y.Of, 1 [Y@
A@—M0b+m AN
X (A(n) [e ; c +ff} —Z[f]B(n)) dn} , (3.3.44)
1 / A A
B@:ﬁ/mi%j@@, (3.3.45)

where

b
1 € .z d
n@=m{§0/b{i9w0%mma%,

b
Y+(oo)=exr>§%r—i/[ln (%—e+ff~)]wig75 ,

w(é) — w(n))
€-n ’
while square brackets denote the discontinuity of the corresponding function on

the segment [a, b]. After solving the system (3.3.44,45), which can easily be
written as a single integral equation, the Emst potentials are be found to be

1
9@m550+

e —

b
1 é z z
£=Yi(cx) + 5 /Y—(é) {[ 2 +ff] A(§) - 2[f]B(€)} d¢
¢ (3.3.46)

b
¢=%fmm&k-
1
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In the case of various stars to be modelled, one must introduce several seg-
ments [a;,b;] : = 1,2,... N and give (3.3.44-46) in the form of a sum of
integrals on the segments [a;, b;] with sources [e}; and [f];.

Let us show how one can calculate the asymptotics of £, &.

1) First we calculate £, @ in the neighborhood of the axis of symmetry outside
the sources z > £, £ € [a, b]. The asymptotic behavior of A and B is as follows:

r? ( €@ +2f@f'z) | 1 ) N
— O \e(@)+&=) +2f()f(x) =z ¢
2
(c ~ OB© ~ f(2) ;f"<z) e - f’(z))
y ( €@ +2f@f' ) | 1 ) .
e(z) +E(2)+2f(2)f(z) z-¢

Then for the Ernst potentials from (3.3.46) we have the expansions:

(z—-OAO ~1-

N r? "y 2e'(e’ +2f f")
8~6(Z)+Z<—6 _—e+e+2ff ) ,
N r? n, 2 +2ff)>
e~ f+ 3 (_f etz +2ff

2) Next we consider asymptotic expansions of A(£) and B(£) for large R =
Vr2 + 22, We define z = Rcosp, r = Rsing, cose = t and introduce the
notation for the moments of the sources

b b
Dmiey = / [€)]ehde | 2nify = / LFEEHde .

The moments of the holomorphic function

¢

2mif(2)f(z) = / OO =5

are related to the moments f;. as follows:

b
[ LFOFO1dE =0

b
/[f(ﬁ)f(ﬁ)]ﬁkdﬁ =2mi(fi—1fo + fe2ft ¥+ fofi-1) -
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The moments of the holomorphic function In((e + €)/2 + f f) can be expressed

also in terms of the moments e, fi. Then the solutions of the integral equations
(3.3.44,45) are

1 21 1-)(1+3
A(f)zﬁ+i( (l—t)+§t) R3{3t §+( t); + t)eoﬁ

RZ 2
A-1+3t) td—1t) , (A—t2,
+ 3 A= Mm% (3.3.47)
L a —t)gl —3t)ia0mo+ a —t)(1+t)f0fo} ,
fot 3t — £)(1+31)
B~ B+ B o i+ E R g

Substituting these expressions into (3.3.46) one obtains:

1 1-t¢ 2 _
£~1+-62+—<te1——( 3 )e3)+3t 1o

R R? 2 R
a-nfas+sm 1+t m3t
+ R3 { 2 f fO 0
2 — — —
+iao(m0(1 >t) - A-1 . 0 (1 2t)la,om )}+
4 4 2 (3.3.48)

fo 1 a-v B2 -1
é"é‘“ﬁ(”” 2 e°f°) L

+ (1—];312{ (1 +3t) (e1fo+ eof1)

- 1 - 1
+f0( 3, aomo—( 4t)a(2,-%mo) ( +t)fofo}

In (3.3.47,48)

mo = Re{eo} , ao=Im{ep} , e =mo+iap .

3) Let us assume the Ernst function on the surface of the star to be given.
Using the integral equations (3.3.44,45) and taking into account (3.3.46), one
can consider the problem of finding the sources [e(£)], [f(£)], which determine
the fields for given functions £, @ on the surface of star. Thus one can express
the transverse derivatives of £, & as a functional of £, ¢ on the surface un-
der consideration. Hence the Dirichlet problem for the Emnst equations of the
electrovacuum is reduced to two linear problems:
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a) determination of the sources [e(¢é)], [f(£)] (the discontinuities of the holo-
morphic generating functions e(z), f(2)) according to the given values £,
on the considered curve r = r(z) with the help of (3.3.44-46);

b) determination of &£, @ for any point (r, z) using (3.3.44-46) for sources{e(£)],
[f(6)] derived in (a).

3.4 Lie-Biacklund Groups of Integrable Systems
of Mathematical Physics

Integrable systems of equations (or systems integrable in the kinematic sense)
usually refer to equations which can be represented in the form of compatibility
conditions for linear matrix equations [3.19]

0e=Up , pa=Ve , U=UNED , V=VO&n , G4l
Uy—Ve+UV-VU=0 . (3.4.1)

Equation (3.4.1') can be treated as the condition of zero curvature of a two-
dimensional manifold with the connections U and V, admitting a covariantly
constant vector field . It is important that the matrices U and V depend on an
auxiliary analytic parameter A\. However, the matrix equation (3.4.1') is satisfied
if and only if there are a finite number of equations not depending on A. These
represent initial integrable systems.

In most applications, n and ¢ have the meaning of the time and a space
coordinate (on the entire real axis or on a circle in the case of a segment with
identified ends). In relativistic models, it is convenient to interpret £ and 7 as
retarded and advanced times Fz +¢, respectively. For stationary two-dimensional
integrable systems, it is convenient to take for £ and 5 the complex coordinates
E=z+iy, n=2 —iy.

We now give some examples.

a) Suppose that the matrices U and V have poles in A at one and the same
point of the complex A plane, of order n and m, respectively. Without loss of
generality, we can choose this point to be the point at infinity. In nonrelativistic
models of this type, £ and 5 have the meaning of a coordinate and the time.

Example 1.
U=i(do3s+R) , V =iR2N0o3+2)\R—i0sR, —o3R?) .

Here o, (a =1,2,3) are the standard 2 x 2 Pauli matrices

0 1 0 i 10
a=(lo) 20 %) == 5)

and R is an unknown 2 x 2 matrix (2 6)
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The compatibility condition (3.4.1') reduces to the equation

iR, — 03R .. —203R* =0 . (3.42)

Example 2.

U=i(Ao3+R) ,
V =i(—4)303 — 4\’ R+2)03(R* +iR ;) +iRR , + R, +2R’) .

Equation (3.4.1') is equivalent to the equation

Ri+R ;s +6R*R, =0 . (3.4.3)

Example 3.
U=iQAM+[H,M]) , V=iAN+[H,N]) ,

where M = diag(ay, ..., a,), N = diag(b, ..., by), the square brackets denote
the commutator, and a; and b; are real constants. Here (3.4.1') has the form

[M,H,] —[N,H,] -i(MH][NH])=0 . (3.4.4)
Example 4.
A ix2 A
U—-ES’ V—TS'FESS,,;

where we have the 2 x 2 matrix S = Z?Fl S.04, in which o, (a =1,2,3) are the

Pauli matrices, with S? + S2 + 52 = 1. Then (3.4.1) is equivalent to the equation

2iS, =55 ,: — S2sS . (3.4.5)

Example 5.
U=iAJ+R) , V=i@)J+2\R—-iJR, - JRY) ,

where U, V, J, and R are n x n matrices, with J = diag(l, ..., 1,—1), and in
the matrix R only the last column and the last row with a zero diagonal element
are nonzero®. Equation (3.4.1) has the form

iR, — JR,, —2JR*=0 . (3.4.6)

b) The matrices U and V' have two simple poles. In relativistic models of
this type, £ and n have the meaning of either ¢ F z or z + iy.

6 In Example 5, we can take J to be an arbitrary matrix satisfying J2 = 1 and R = JM — MJ,
where M is an arbitrary matrix.
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Example 1.
2iU = ao3p ¢ + Aoy sin (%) + Aoz cos (%P') )
2V = —ao3p,, — %m sin (52) + %02 cos (3£)

for which the compatibility condition (3.4.1') is equivalent to the equation

ap ey +sin(ap) =0 . (3.47)

Example 2.

exp(@ar1 — Pa)

2 b
(3.4.8)

. 1 €x ( a — Y¥a

= —diag(p1,9, ¥2,9,...Pn,n) — ’)\'ea—P(p_;‘L)

U = diag(p1,¢,02,¢,..,Pn,¢) + Aea

In the matrix e, the component in row a and column a + 1 is equal to unity,
and the others are zero, while in the matrix e_, the component in row a+ 1 and
column a is equal to unity.

Here the compatibility condition (3.4.1') has the form

280a,£1) = exXp(Pa+1 — Pa) — €XP(Ya — Pa—1) ,

3.4.8)
a=1,...,n , pu1=¢1

Example 3.

= —H’€ V= H’n
=1 A+

with the following compatibility condition for the n x n matrix H:

2H:£'] + H:va" - Hv'lHyf = 0 " (3'4‘9)

Example 4.
Hp - H,

Ly :
A=-9 (A—n)
with the compatibility condition

U=

E—=mHeg+HeHy—HoHe=0 . (3.4.10)

The foregoing examples have an important practical significance in vari-
ous reductions allowed by the integrable systems (3.4.2-10). Great importance
attaches to the fact that the matrices U and V belong to some matrix algebra,
since the operations of differentiation with respect to £ and n and the commutator
of two matrices remain within this matrix algebra.
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For example, (3.4.2) with the reduction R € SU(2) (the algebra of anti-
Hermitian matrices) reduces to a nonlinear Schriodinger equation of the first
kind. If, however, R € SU(1, 1), then (3.4.2) reduces to a Schrédinger equation
of the second kind. Equation (3.4.3) with the additional reduction R* = o1 Ro,
reduces to a modified Korteweg-de Vries equation, which in turn reduces to the
ordinary KdV equation through a Miura transformation.

In the cases (3.4.4,6) we can impose the conditions H, R € SU(p,n — p),
where p can take one of the values 1,2, ..., n. In the case n = 3, the matrix
equation (3.4.4) reduces to a system of equations for three wave interactions with
various relations between the group velocities.

In the case (3.4.5,7), U and V clearly belong to the SU(2) algebra (more
precisely, to its algebra of currents; see below), and (3.4.5) describes the one-
dimensional model of an isotropic Heisenberg ferromagnet, while (3.4.7) de-
scribes the model of self-induced transparency in laser physics. For (3.4.10) an
additional reduction is given by the differential relation described by the first-
order equation (3.2.4). If the trace of the matrix H is not fixed, then for n =3
we obtain the general case of the neutrino electrovacuum, and for Tr{H} = £ +7
the neutrino field is “expelled” from the general case.

The expressions (3.4.8') for U and V are obtained from the general matrices
with simple poles at A =0 and \ = oo in the case of the so-called Z,, reduction:

u¢nN=2z'vnz , vin=zlvinz

where ¢ = exp(27i/n) is an n-th root of 1, and Z is a diagonal matrix of the
powers of (:

Zij=(6 ., 4=1,...,n .

The divider of the matrix functions U and V (i.e., the pole structure of the
rational functions U and V at definite points of the complex ) plane) is preserved
by so-called gauge transformations. These are related to the arbitrariness in the
choice of the redefined linear system with a given divider of the functions U and
V associated with the substitution ¢’ = f2¢, where §2 does not depend on \. The
matrices U and V then change as the connections

U=02:0"+0u0™" | V=0,07'+ovoe! . (3.4.11)

For example, in the case of the reduction R € SU(2) the equations (3.4.2,5)
with the same divider are gauge-equivalent. Similarly, the equation (3.4.9) of the
principal chiral field is gauge-equivalent to the sine-Gordon equation (3.4.7) and
the two-dimensional Toda model (3.4.8) with the reduction ) = —p2 = ¢ in the
case n = 2.

In principle, in a given region D of the complex A plane the divider of the
functions U and V is also preserved by the transformations ¢’ = {2¢ when 2
depends on A, provided that the matrix {2 as a function of A is nondegenerate
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and holomorphic in the region D. Then the transformation (3.4.11), which we
write in the form

U= 0270, V' =Qp) 07 027", (3.4.11")

can be extended to the whole complex plane if there exists a function {2y, holo-
morphic outside D, such that

(20,0727 = () o™ O 5 (29)007 27 = (1) 0 O]
on the boundary of D. It can be seen from this that on 8D we have
¢ = 21pG) , (3.4.12)

where G()) is independent of ¢ and 1.

However, (3.4.12) can be interpreted as a classical Riemann boundary-value
problem for the functions {2 and (2, holomorphic in D and outside D, respec-
tively, and related on the contour 9D by the linear equation (3.4.12). By means of
the indicated transformation (3.4.11'), which Zakharov and Shabat [3.20] called
the procedure of “dressing the bare solution U and V', it is possible to use a
given solution to obtain new solutions U’ and V.

_The possibility of representing a given system of equations in the form of
the condition of zero curvature is a major basic problem. After the fundamental
studies of Gardner et al. [3.21] and Lax [3.22], the greatest successes here have
been achieved by Zakharov et al. [3.23].

We now consider the general case of an integrable system with functions U
and V which are rational in the parameter \. It is remarkable that the system
(3.4.1) admits exact solutions of the linearized equations. Suppose that ¢y, Up,
and Vp are arbitrary exact solutions of the system (3.4.1). Then the following
theorem holds.

Theorem 1. The following expressions for §p, §U, and 6V are solutions of the
linearized equations (3.4.1,1):

2mise(u) = / S — w) A polu)

c (3.4.13)
3N = oMWy ')
2misU () = / [Do(N) — Uo(), 8O — ) ~dA (3.4.13"
L

27i6V(p) = /[Vo()\) — Vo), 8NIO — )~ 1dA .
c

In these expressions, the arbitrary matrix I'()) is independent of £ and n, and
its form is determined solely by the additional reduction applied to the matrices
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U and V. The contour £ bounds a simply connected region in which, according
to (3.4.13), the perturbations ép(u), 6U(y), 6§V (u) have the same analyticity
properties as the unperturbed solutions o(x), U(x), V(1) inside the contour’ L.

Theorem 2. The solutions (3.4.13) form an infinite-dimensional algebra of solu-
tions if the matrices {I"(\)} form a matrix algebra.

To prove this, we consider the second variation of the solution (3.4.13),

%@WW—/@%WUMFW—ﬂ»MMMTW)

d\
+ /45(/\))‘ —
c

and take the commutator of the second variations, 27i[8; (i) — 86 (p)]. Writ-
ing poM 1 (Vg (M) = $1()), we have

6160(p) — 616p(p)

1 , ddN'
= (2—7“‘)7{ //[951(/\ )ds(/\)]m¢o(ﬂ)

L Cy

[B(\), B1(\)] ,
d\
//o oo —p P

[BOYEN]
//o'»u )””%w}

/MW@W]

d\
wo(p)
—u

hp(p)
]

=54 vo(ﬂ)

b—/%WMWHWM(M ()

The algebra of solutions is infinite-dimensional, since the matrices I'()\) in the
general case depend on a countable number of parameters, which can be taken
to be the coefficients of the Laurent series in the neighborhood of the point at
infinity. In many cases, the algebra of the infinitesimal solutions (3.4.13) will be
isomorphic to the so-called algebra of currents associated with a certain matrix
Lie algebra. The algebra of currents is constructed from the formal Laurent series

7 The expressions (3.4.13) determine two functions Sp(p)py l(p) holomorphic inside and outside
L, respectively, which represent an explicit solution of the linearized Riemann problem. Unlike
(3.4.13), the expressions (3.4.13’), which are continuous on the contour £ determine §U(\) and
6V () throughout the complex A plane.
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with coefficients belonging to the matrix algebra, and the series in negative
powers of A is truncated. The variable )\ introduces a natural grading in the
algebra of currents.

If reductions are applied to the solutions of the systems (3.4.2-10), the I"()\)
matrix algebras have the same additional algebraic properties as the matrices
U()) and V(\). However, in contrast to the connections of U and V/, the analytic
structure of matrices I"()\) depending only on A can be arbitrary. We shall use an
asterisk to denote Hermitian conjugation of the matrices I'(\), without applying
the symbol of Hermitian conjugation to the argument A.

In the case (3.4.2), if R € SU(2), then I'™(\) = —I'()\); but if R € SU(1, 1),
then I"*()\) = —o31'(\)o3. In the case (3.4.3), in order to obtain the infinitesimal
solutions of the equation for the reduction I'*(A) = —I"(\), we must also require
that I'(—)) = o1 I'(\)oy, i.e., we have a Z; reduction. Similarly, in the case of
the two-dimensional Toda model (3.4.8), we have a Z,, reduction

r¢N=2"'r\nz

where Z is the n x n diagonal matrix of the successive powers of the root of
unity.

Unusual reductions arise in the case of the electrovacuum (see Sect. 3.2). In
this case, the 3 x 3 matrix I'()) is the product of an arbitrary matrix with the
property 7 *(A) = 7(—) and the special matrix {2 whose nonzero components
are 912 = —.921 = 1, .933 = 1/4/\.

The Lie-Bécklund matrix group {T'} for which the Lie-Bicklund matrix al-
gebra {I"(\)} is the tangent space in the unit of the group can be obtained as
the union of one-parameter subgroups of the form exp[al'()\)], where « is a
parameter.

We now consider how this group {7} acts in the space of solutions of a
given functional class of a specific integrable system, converting one solution of
this class into another.

By Theorem 2, (3.4.13) can be written in the form

A
27rid—§(”—)= / PN N2 (3.4.14)
a —u
L

where we have omitted the dependence of the matrices ¢ on «, £, and 7. The
initial condition for (3.4.14) is given by the “bare” solution ¢(u)|q=0 = wo(p).
Equation (3.4.14) is an ordinary differential equation in the space of functions
{¢(n)}. The intermediate “points” of the integral curve of this equation, which
are exact solutions of (3.4.1), join the initial solution p(y) to the final solution
©(p). On the space of solutions () there act one-parameter groups of diffeo-
morphisms generated by the elements of the algebra {I"(A)}. To show this, we
introduce a new unknown function S(u,+):

S, = @™ (W) = D/(e—7) .
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It is easy to see that (3.4.4) can then be rewritten as follows:
r(\)dx + S, NI(N) dA
A=A -7 A=
c c

B / 'A)SO,y)dA
A=

d
2mi— S, ) =
da

+/S(;¢,/\)I“()\)S()\,'y)d/\ (3.4.15)
c

We now introduce two important restrictions on the contour £. We assume
that: (a) inside the contour £, the matrix function ¢p()) is holomorphic in A
and nonsingular (i.e., its determinant vanishes nowhere inside £): (b) outside the
contour £, the matrix I'()) is a holomorphic function of .

On the basis of property (a), we introduce a “Heisenberg” representation of
the functions S(u, A) in the form of matrices of infinite order, in which at row
m and column n we have the coefficient S,,,, in the expansion of S(u, ) in
positive powers of A and u:

SN = > Smap™A" . (3.4.16)
m,n=0

If A = 0 does not lie inside £, then instead of (3.4.16) we must take an expansion
in powers of u — ¢ and )\ — g, where g lies inside the contour £. On the basis
of property (b), on the contour £ we write I'()) in the form of a Laurent series

IO = E {% ) (3.4.16")
n=0

Thus, all the singularities of I'(\) lie inside the contour £. In view of property
(b), the first term on the right-hand side of (3.4.15) vanishes and, using the
residue theorem, (3.4.15) can be written in the form of an equation for the
infinite-dimensional matrix S = (S,,,,) (m,n,=0,1,2,...):

ds

E =S — IS+ SI3S . 3.4.17)
In (3.4.16), I1 = (I';,—,) denotes a triangular matrix in which all the elements
above the main diagonal are equal to zero: I,,_, = 0 for m < n. The matrix
I is obtained from I3 by transposition, I> = (I,—,,), and is also triangular,
with all the elements below the main diagonal equal to zero. The matrix I3 is
constructed from the coefficients of the Laurent series for the matrix I' by the
rule (I3)m,n = In+n+1. In (3.4.17) the product of matrices should be understood
as the ordinary matrix product:

(AB)m,n = iAmsBsn .
s=0

We now multiply (3.4.17) on the right by the matrix
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— k I‘l’c
exp(—I1a) = Y (~a) o
k=0 ’

and on the left by the matrix

oo k1L 3
exp(la) = Z(a) T
k=0 :

Then (3.4.6) can be rewritten in the form

d
—E(cxp(a[’z)S exp(—all)) =exp(al>)SI3Sexp(—all) . (3.4.18)
We introduce the new unknown matrix
T = exp(alz)Sexp(—all) . (3.4.19)

Equation (3.4.18) can be rewritten for this matrix as

Z—Z =TQT , Q =explall)3exp(—al}) . (3.4.18"

Equation (3.4.18’) has the solution
T'= —/Q(a') d'+Ty' | To=Tla0=50 ,
0

which (in order to avoid complications associated with the inverses of infinite-
dimensional matrices T') can be written in the form

To=-T / Qa)dd' Ty +T (3.4.20)

0

or in the form
To = —To /Q(a') da'T+T . (3.4.20")

0

Multiplying both sides of (3.4.20) by exp(—aI3) on the left and returning to the
function S, from (3.4.20) we have

exp(—al3)Sy = —Sexp(—aly) / Q(a')da'Sy + Sexp(—all) . (3.4.21)
0

We note that exp(~all) and exp(—al3) are triangular matrices with zero ele-
ments above and below the main diagonal, respectively, and they are obtained
from each other by transposition. The element of exp(—al}) in row m and
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column n is equal to the coefficient ¢,,_, in the expansion of the matrix

exp(—al'(V) = Y-p2p pr/ Ak,
We shall now consider the infinite-dimensional matrix

2 = —exp(—all) / Q(a') da'
0

and show that 2,,,, = Ymin+l-
Indeed, we have

-an =— (CXP('—CVFI) /CXP(CV'FI)F3 CXP(—O[’Fz))

m,n

_Zz/(a —a)t d (F]FSF])m (=1

=0 ]—0

Sy 2 SNrinr N -
; (k+1)!§1 2

The result to be established follows from the identity

Zmrsr Ymm= >, Tyl ,

11 +...+i,,+1=m+n+l

where on the right we have the coefficient with index m + n + 1 in the Laurent
expansion of [I'(\)]*.
We now multiply the components in row m and column n of the matrix equal-
ity (3.4.21) by ™4™ and sum over m and n from 0 to co. Using (3.4.16, 16'),
we then have
exp(—al'(A)So(}, 7) exp(—al'(\)
[EERy T o [swn T

+/S(,u,)\)cxp(—aF()\))So(/\,'y)d/\ . (3.422)
c

Using the fact that exp[—aI'(\)] is holomorphic outside the contour £ and re-

turning from the function of two variables S(u, ) to the function of one variable
el (We(y) =1+ — NS, 7 ,

from (3.4.22) we finally obtain the integral equation

@o 1(V) dA

=0
A —=p) ’

/ o\ exp(—al (V)

c
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from which it also follows that

@5 ') dA
A= —p) ’

where the points u and ¢ lie inside the contour £. This relation was first obtained
in the particular case of integrable equations (for the stationary axially symmet-
ric electrovacuum in general relativity) by Ernst and Hauser. If we start from
(3.4.20"), we can also write (3.4.23) in the form

e~ (V) d)
C—o0—pm -

We now consider the integral (3.4.23) when p varies outside the contour £. In
this case, x = x_(u) determines a function which is holomorphic outside the
contour £ and which, owing to (3.4.23), has the following limiting values as p
tends to a point on the contour L:

X-) = eV exp(—al M)y (V) (3.4.24)

The condition (3.4.24) relates the two functions y_()) and (), which are holo-
morphic and nonsingular matrices outside and inside the contour £, respectively.
Instead of (), it is convenient to introduce the function x.(\) = @(AN)gy TO.
Then (3.4.24) can be written in the form of the traditional Riemann problem
of determining the functions y+ which are holomorphic outside and inside the
contour L, respectively, and linearly related on the contour:

X-) = x+NGQ) , GO = po(Nexp(—al W)pg ' (V)

Thus, we have obtained a complete classification of the integrable systems of
mathematical physics on the basis of the dividers of the connections and the
Lie-Bicklund algebras.

Out result permits new refinements of the above-mentioned Zakharov-Shabat
method of “dressing the bare solution Up, Vp”. In the investigation outlined
above, the following natural restrictions arise: (a) the matrices ¢o()\) and ()
are holomorphic inside the contour £; (b) the matrices I'(\) are holomorphic
outside the contour £ in the extended complex plane; (c) the matrices I'(\)
belong to some matrix algebra. We stress that the algebras of currents associated
with finite matrix algebras do not exhaust all the possibilities. The matrix algebras
of I'()\) are isomorphic to the algebras of infinite-dimensional triangular matrices
having the special form I = (I;_;), where I;_; =0 for i < j and Y ;o I/ 2k
is the Laurent series for I'()\) on the contour L.

Finally, we note that a study of the unique solvability of the Riemann problem
for solutions of the given functional classes of certain integrable systems was
given in a recent monograph [3.24]. In the case of dividers of U and V consisting
of a unique singular point, it is convenient to choose the contour £ to be a contour
passing through this point.

0=x= l:ri /cp(A) exp(—al'()) (3.4.23)

3

0= /‘Po(/\)cxp(al“(/\)) (3.4.23"



4. Propagation of Waves in the Gravitational Fields
of Black Holes

In this chapter, we consider the propagation of perturbations on the background
of the gravitational fields described by the Schwarzschild, Nordstrém-Reissner,
and Kerr-Newman solutions (see Sect.2.3); like the Kerr solution, these solu-
tions are representatives of asymptotically flat stationary spaces possessing a
nondegenerate event horizon.

The external fields of a collapsing star (assuming stability of the process
of contraction) must become asymptotically stationary at large times. If, for an
external observer, the boundary of a body eventually “freezes” on a nonsingular
horizon, then no physical fields (other than the electromagnetic and gravitational
fields) — scalar, vector, etc. — can be present outside this “frozen” star! [4.1,2].
There now exist a number of arguments which indicate that the final state of the
external field of a collapsar must be characterized by only three parameters: the
mass, charge, and angular momentum of the body; i.e., in the general case it is
described by the exact Kerr-Newman solution [4.4] (see Sect.2.3).

For the case of static Einstein-Maxwell vacuum fields, there exists a theorem
which asserts that the Nordstrom-Reissner solution is the only asymptotically flat
solution possessing a nonsingular and simply connected event horizon [4.5] (see
Chap. 2).

However, in the evolutionary stages preceding and during the collapse, com-
plex physical processes take place inside the star, which give rise to the existence
of various physical fields in the exterior space, and these fields (including the elec-
tromagnetic and gravitational fields) can have multipole components. Therefore
the formation of a black hole without rotation is accompanied by the attenuation
of the multipole components of the electromagnetic and gravitational fields in the
surrounding space and by the vanishing of all possible fields of different types.

Particularly detailed studies have been made of wave fields outside a collaps-
ing, weakly nonspherical star. The system of Einstein’s equations, linearized near
the Schwarzschild solution, has been reduced [4.6, 7] to two second-order equa-
tions, which have no eigenfrequencies for spherical harmonics of order [ > 2.
The stability of the black-hole state has been proved [4.6].

The gravitational collapse of a perfectly conducting, spherically symmetric
mass possessing a magnetic dipole moment was studied [4.8], and it was shown

1" An interesting approach to this problem was developed by Markov [4.3].
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that in the quasistationary approximation the total magnetic moment of a col-
lapsing star decreases with the time. It was shown [4.9] that when a weakly
nonspherical uncharged star collapses, the resulting external field is described by
the Kerr solution with a small angular momentum.

Under the assumption that the “primary” radiation (emanating from a col-
lapsar) is effectively switched off, the laws of attenuation of the “secondary”
(scattered) radiation have been studied [4.10, 11]. The quantitative details of the
asymptotic law of attenuation of the zails of the radiation from a collapsing body
were found [4.11]. We mention a preprint [4.12] in which the results of intensive
investigations of gravitational collapse were summarized. A major contribution
to the study of wave fields in the neighborhood of black holes was made by
Chandrasekhar [4.13].

Various aspects of the propagation of (scalar, electromagnetic, and gravita-
tional) waves in the Schwarzschild field have also been investigated [4.11, 14—
18].

The emission of particles, either rotating in circular orbits or falling radi-
ally in the field of black holes (including charged particles), has been studied
[4.19-23]. It was shown [4.14] that a collapsing dust cloud can focus, in it-
self, gravitational radiation from external sources, and the canonical equations
of Regge and Wheeler [4.6] and Zerilli [4.7] were interpreted in an invariant
manner as equations for the linearized invariants of the Riemann tensor. The
idea of a logarithmic branch point of the scattering matrix at frequency w = 0 for
Regge-Wheeler and Zerilli potentials was put forward [4.24], and it was shown
that there is an intermediate asymptotic behavior, which relaxes with the time
towards the asymptotic behavior found by Price [4.11]. A study was made [4.25]
of the attenuation of the tails of scalar waves emitted during the collapse of a
charged star with limiting charge.

In Sect.4.3 we outline the results of an investigation [4.26] of the external
wave fields in the case of weakly nonspherical collapse of a star which is, in
general, charged. Using a new method of finding the singularities of the scattering
matrix at w =0, we study the asymptotic attenuation of the tails of the radiation
from a collapsing body for various values of its charge, with allowance for
the interaction of the electromagnetic and gravitational fields. The investigation
is based on four independent canonical second-order equations with separable
variables, which we have been able to obtain from the combined system of
Einstein-Maxwell equations, linearized near the Nordstrém-Reissner solution, for
both even and odd perturbations?. We note that in the case of charged rotating
black holes it has hitherto been possible to study only short-wave perturbations
(see Sect.4.1).

When a black hole occurs in a binary system (in a pair with an ordinary
star), the black hole becomes a “source” of scattered radiation. This effect is

2 1t is worthwhile to note that this result was obtained independently of authors [4.26] also by
Moncrief [Phys. Rev. 1974, v. D9, p. 2707; ib. 1974, v. 10, p. 1057; ib. 1975, v. 12, p. 1526].
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considered in Sect.4.2. In Sect.4.1 we show that charged black holes, if they
exist, must mix the electromagnetic and gravitational radiation in the universe.

4.1 Propagation of Short Waves in the Field
of a Charged Black Hole

In this section, the general theory of the behavior of short waves in strong external
electromagnetic fields, developed in Sect. 1.2, is applied to the case of the field of
a charged black hole, see [4.27]. In accordance with this theory, we must first find
the trajectories of the light rays® along which short-wave perturbations propagate
and then determine the tetrad component @, of the external electromagnetic
field, which governs the mutual conversion of high-frequency gravitational and
electromagnetic waves.

4.1.1 Short Waves in the Nordstrom-Reissner Field

The eikonal equation g¢*/ u,,u ;j = 0 admits, in the Nordstroém-Reissner field, the
complete integral

u=t+R(r) £ 9@ +Nop , R(T)=/A-1 f_xanar
¢(0)=/V)\2—N2/sin29d0 s AEl—rg/r+GQ2/r204 )

Here A and N are arbitrary constants.
The trajectories of the light rays are described by the equations

4.1.1)

Ou/O0A =const , Qu/ON =const .

In the case of the Nordstrom-Reissner metric (see Sect. 2.3), the component
@y in the tetrad field associated with a given normal congruence of the null
geodesics has the form

$o=AQ/r . 4.1.2)

It is convenient to replace the affine parameter « by the radial coordinate r:

da:dr/,/l _ANr2

According to the general theory developed in Sect. 1.2, the period of the
sinusoid which modulates mutually converted gravitational and electromagnetic
packets can be found from the equation

3 For this, it is sufficient to find the complete integral of the Hamilton-Jacobi equation for the
isotropic geodesics (the eikonal equation).
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27 = \/(_;'/dio da/ = QAVG ™2 /dr/r3,/1 — AN /72 (4.13)

It follows from this expression that the effect of mutual conversion on a given
light ray depends on the constant A, called the impact parameter. Waves trapped
by a black hole have impact parameters for which the equation® 1 — 4AX2/r2 =0
has no real roots. The corresponding values of ) satisfy the inequality A < A,
where

/\3,=r2 [m2+%+m+(8x2)_1 (V1+8x2—1)] R

g
2 =1-Q*(GM) ,
da = V2Trg/2 for Q=0 ,
da=2ry for Q=MVG .

For A > )\, short waves incident on a black hole approach it up to a
minimum radius r,, which is the larger root of the equation 1 — AX2/r? =0. In
the case in which an electromagnetic wave with amplitude B is incident on a
charged black hole without being trapped, this wave, after experiencing several
conversions into a gravitational wave in the field of the black hole, again escapes
to infinity in the form of an electromagnetic wave and an emergent gravitational
wave, whose amplitudes are

f =Bcos 2Q,\\/5c—2/5j—:,/1—AA2/r2 , 4.1.4)

r2

o0

P =2¢"2BVGsin |2Q\G c? / %, /1— AX2/r2 (4.1.5)

T2

(see the notation in Sect. 1.2).

The integrals in (4.1.4,5) diverge whenever the equation 1 — AX?/r? = 0
has a multiple root A = \;. The corresponding value of the impact parameter
belongs to a ray winding around an unstable limit cycle — a closed circular orbit
of light rays with radius

Ter =Ty (3+m) /4

(the radius is rer = 3ry/2 for Q = 0 and re; = 1y for Q = MVG).
In the neighborhood of the limit cycle, the approximation of geometrical
optics is not appropriate, and we have here leakage of short waves through a

4 For a given ), this equation reduces to a fourth-order equation for r, which for A > Ao has
two real roots r; and r, outside the horizon. For A < A, this equation has no roots outside the
horizon. The value A corresponds to the case of a multiple root ry = r.
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potential barrier (see Sect.4.3.1) with comparable values of the reflection and
transmission coefficients.

The relations (1.2.48) for the Nordstrdm-Reissner field, after expansion of the
solution in spherical harmonics Y},,(, ) and in a Fourier integral with respect
to the time, take the form

)} =0 . (4.1.6)

i} Fij w? (d+1)l G Q\w
g (4gme) #re [? -4 ( 2 TVE

The ratio ¢/(I + 1){/w has the meaning of the impact parameter A.

For rays whose impact parameters are close to the critical value [A — M| ~
O(1/w), near a closed ray |r — r¢| ~ O(1/w) the relation (4.1.6) reduces to the
parabolic-cylinder equation

ré & w? 6r2 — A2
‘/\%ﬁXi X (r— rcr)er,,-—
2 /G Qc
= — = =0 . 4.1.
+/\cr Qe —A) £ p )‘“wr“] 0 “4.1.7)

The Weber (parabolic-cylinder) functions can be expressed in terms of the
confluent hypergeometric function, the theory of which makes it possible to prove
[4.28] that the amplitudes of the incident, reflected, and transmitted waves are in
the ratio 1: |R4| : |T«|, where the reflection and transmission coefficients |R.|
and |T| are given by

1
IR:E| = ’
v/1+exp(—may)
1
|Ts| =

1 +exp(ray) (4.1.8)

ar = [2(,\ BV PRy A ]
c A Aerwrer

It follows from the expansion of the hypergeometric function that at small
values of the argument the amplitudes of the waves near a limit cycle become
w!/* times larger than at normal points, where the expansion of geometrical
optics holds.

Suppose that an electromagnetic wave is incident on a black hole, with impact
parameters of the rays close to the critical value and with an asymptotic behavior
at infinity given by

f=Brlexpliw(t +r)] .

According to (4.1.7), the gravitational wave which appears as a result of the
reflection is given by the expression
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_ BVG ]
iy expliw(t — r)]
X |R:i:|exp 2i / (V¢+_w 1—% dr*+‘%+
Re{r,}

7 2
—|R_]exp |2i / (\/Q_—w 1—%) dr*+12:
T

Re{rz}

Here r; is the root of the equation 1 — A)\?/r? = 0 with
Tg Q2
Loy =—
Re{r2} > 2 (l GM2) ’

AN? [G Q xwA
2
= 1- 22 il Adbiodeks
P w( 1‘2):t ¢ ric
_ 1 iag atr a4

A —argl“(2+ > >+ ) (In(lax]) —In2] ,
and Ry and ay are defined by (4.1.8).

For a finite difference of A from A, with A > ), the solution of (4.1.7)
in the region r < r; for nontrapped short waves becomes exponentially small,
since, according to the definition (4.1.8), a4+ becomes of order w. In this case,

v+ —0 , exp(—may)—0 ,

2
Qi - W 1-— é/:— ~ ‘V/E‘; '—3_‘4‘Q/\2— y
v 7 SN E BT A
and we again obtain (4.1.5).
If |]A — Ax| < O(1/w), the total intensity of the reflected electromagnetic
wave and the resulting gravitational wave will form a finite part of the initial
intensity:

Iw = BA(|R:* +|R_[»)/2 .

The number of mutual conversions of the waves is comparable with unity if
Q ~ VGM.

Thus, charged black holes might in principle control the equilibrium of the
relic gravitational and electromagnetic radiation in the universe.
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4.1.2 Short Waves in the Neighborhood of a Rotating Charged Black Hole

The eikonal equation for the Kerr-Newman solution (see Sect. 2.3) admits a total
integral in the form

u=t+ R(r)£¢¥(@)+ Ny , 4.1.9)

where

R(r) = / [(r? + a®? + 2aN(rgr — GQ*c™) + a>N? — ,\2A]‘/2d—£ , (4.1.10)

/\2 _ N2 1/2
P(6) /[sinzé)—aZSinza] de . (4.1.11)

For the Kerr-Newman solution, the principal axes of the bivector of the
electromagnetic field and of the Weyl tensor in the coordinate system (2.3.67)
are given by the components (2.3.69).

In Chap. 1 we derived the expression (1.2.28') for the derivative of the argu-
ment of the tetrad component @ (which controls the mutual conversion of the
waves) with respect to the affine parameter.

For the Kerr-Newman field, which has a Weyl tensor of Petrov type D, the
rotation coefficients k, v, A, and o of the tetrad are equal to zero. Therefore the
expression (1.2.28') for arg @, takes the form

&Elg;éﬂ = '23"1 [, my(m +7%) = gy +7) 4.1.12)
—u m)0 — %) — um(p — )]
We now use the equations
L - —1‘2_15 , g{f_ % , (4.1.13)
substitute (2.3.70) into (4.1.12), and integrate. We then obtain
arg $p = —3 arctan(r /acos §) . 4.1.14)

For a rotating charged black hole, the electromagnetic field of the background
in the tetrad (2.3.69) has the form (2.3.68).

Using the formulas for the transformation of the tetrad components of the
electromagnetic field (see Sect. 1.1), we obtain

|&o| = Z32QVA2 +2aN .

Finally, making use of the expression for the argument, we obtain for the
tetrad component @, the elegant expression

P = QVA2+2aN(r —iacos ) . (4.1.15)
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In the absence of rotation, (4.1.15) reduces to (4.1.2).

A new effect for short waves, which occurs specifically in the case of their
propagation in the field of a rotating charged black hole, in contrast to the case
of the Nordstrom-Reissner field, is the rotation of the plane of polarization for
waves with initial linear polarization (with respect to a tetrad which undergoes
parallel transport) [4.27].

In the general case, at normal points of a congruence of null geodesics, the
equation for the amplitude F has the form

dz]-' L F d(arg &) dF

am? T dm  dm
(see the notation in Sect. 1.2).

The variable m for the Kerr-Newman field is related to the radius as follows:

dm = Q\/7V/\2+2aNA\/—dR/dr

Therefore the function d(arg $p)/dm which appears in (4.1.16) is given implicitly
in terms of m by the relation

d(arg $o) 3a ( dR dy ) 2
= A—cos 8 + rsin 0— .
dm~  QVEV/+2aN \" dr a8 ) VG

The largest numbers of mutual conversions and rotations of the plane of polar-
ization occur for waves on null geodesics which wind onto a limit cycle whose
radius is a multiple root of the equation

2+ a®)?+ 2aN(rgr — GQz/c4) +a’N? - XA=0 .

This root gives the radius of a closed trajectory of massless particles.

For trajectories lying in the equatorial plane 8 = /2, there is no rotation of
the plane of polarization. In this case, the period of the modulating frequency
can be found from (4.1.17). Mutual conversion of waves does not occur for rays
with N = —a lying in the equatorial plane.

Another interesting case is the case of trajectories winding around the cone
6 = arcsin(|N|/a) (with |N| < a, A? = —2aN).

For these trajectories of isotropic geodesics, the tetrad component $y is equal
to zero, so that the effect of mutual conversion of gravitational and electromag-
netic waves does not occur for the corresponding wave packets. The general
solution of (4.1.16) for large r admits the following series expansion:

2012 20\2
F=0 {1 _ GQ*(\*+2aN) iaGQ*(\ +2aN)cos00 }

=0 (4.1.16)

4.1.17)

(4.1.18)

8rict 10r3¢4
: 2 9.2 2
+C {iz B 21ac;>s 6o . A —2a 140a cos” 6y
r 4r

ia cos 00

(14a? cos? 6y + 6a* — A2)+...}
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Therefore, if a ray approaches a charged rotating body at the closest distance
R~ A > rg, the argument of F (for C; = 0) changes by an amount § < 1:

6 ~aGQ*cosbp/(*R%) .

The change in the argument of F is equal to the angle of rotation of the
plane of polarization with respect to a tetrad which undergoes parallel transport
along a null geodesic.

Finally, we note that for rays with large impact parameters ), or in the case
of a black hole with small charge, the rotation of the plane of polarization with
respect to the tetrad will be much smaller than the rotation of the parallel-transport
tetrad itself (a possible measure of the latter is given by parallel transport with
respect to the pseudo-Euclidean infinity from the “point of entry” of the ray
into the gravitational field to its “point of exit”). The ratio of the corresponding
angles of rotation is of the order of Q*/Mc*R. The two effects of rotation of
the plane of polarization become comparable with each other when A ~ A and
Q* ~ GM?, i.e., when the mutual conversion of the waves is not small.

4.2 Asymptotic Theory of Scattering of Wave Packets
in the Gravitational Field of a Black Hole

The problem of small perturbations of the Einstein-Maxwell equations on the
background of the Schwarzschild solution reduces to the analysis of equations
of the type

%_%gi+[(1-%)§+v<r)] Qr=0, 4.2.1)
where the quantities () are certain combinations of small perturbations of either
the m~ctric or the bivector of the electromagnetic field, r* = r + rgIn(r /rg — 1),
and A is the Laplacian operator on a sphere of unit radius. Regge and Wheeler
[4.6] have shown that V(r) = 3rg(1 — 1y /m) /73 in the case of perturbations of
the metric of odd type. For even perturbations of the metric (see the beginning
of Sect. 4.3.1), the potential V' was found by Zerilli [4.7,23]; for electromagnetic
waves of odd type, V = 0. Nevertheless, the differences between the potentials
V (r) for describing the propagation and scattering of short waves are unimportant
asymptotically.

Following [4.29], we shall describe here the effects of scattering by the field
of a black hole of radiation from the second component in a binary system.
Of course, there is also a contribution to the total radiation from the radiation
of the stellar wind and interstellar gas accreting on the black hole, which are
not considered here. However, the specific feature of the scattering is that the
black hole becomes a source of secondary radiation of a wave having the same
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wavelength as that of the second component, and the radiation comes from a
sphere of radius 3rg/2.

Before investigating this problem, we recall that a homogeneous linear or-
dinary differential equation of the second order with variable coefficients can
always be reduced, by means of a transformation of the unknown function, to
the canonical form d?y/dz?+&(z)y = 0. This equation retains its canonical form
under a transformation z = f(§) of the independent variable if the unknown
function is transformed as y = /f2(¢) (f' = dz/d€). Then z(£) obeys the
equation

f—g +$(6)z=0 , where
3(¢) = d(z)f"* + \/Ff— (—1—) . 4.22)
¢ \VF

In the case in which the scale L of the characteristic variation of the positive
function &(x) is much greater than 1//, the asymptotic solution of the second-
order equation (the WKB approximation) has the form

y ~ const - /4 exp (ﬂ:i/\/fdx)

If the function $(z) is positive only in a certain region, then near the zeros of
&(z) with @' # 0 (the so-called rurning points) a more accurate asymptotic form
for the solution is given by

y= ;;%Ai(z)exp(hs/zﬂ)exp (:ti / V@) da:) ,

z=—@|9'|7?P | & =dd/dc |

where Ai(2) is the Airy function. A wave incident on a turning point is ideally
reflected from it with a phase change w/2. The situation here is completely
analogous to the approximation of geometrical optics at normal points and to the
behavior of waves near caustics described in Chap. 1.

At certain isolated points, the scale L can become of order equal to or less
than &~1/2, although the function & remains positive. In other cases, the distance
between two turning points beyond which &(z) > 0 can be of order equal
to or less than |min &(z)|~1/2. In such cases, there is a partial reflection and
partial “leakage” of the waves through the potential barrier characterizing the
nonhomogeneity of the background [the function $(z) carries information about
the characteristic features of the background around which the linearization was
made in obtaining the linear equation y" + &(z)y = 0].

We write the scattering potential &(z) in the form A%)(z), where A is a
large parameter. Near a double turning point xp, the analytic function 3(z) can
be represented in the form
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P(x) = (¢ — z0)* + mo/A + a1(z — 20)® + aa(z — zo)* +... . 4.2.3)

We shall assume that the radius of convergence of this series is of order 1. The
constant mp can have either sign.

In the equation y"' + &(z)y = 0, we transform to the variable ¢ = v/A(z — zo).
Then this equation takes the form

3 4

ftz +oBy=0 , #)=mo+e+ % + % P 423"

The equation for the unknown function y(¢) with this potential () can be
reduced by means of a substitution y = \/dt/d¢ z(£) to Weber’s equation, whose
general solution can be expressed in terms of confluent hypergeometric functions.

In order to find this substitution £(2), i.c., the mapping ¢ — £, we must solve
the equation

d 1
o(t) = (€2 +m)( \/; dtz\/; 4.2.2")

We shall seek the unknown constant m and the function £(2) in the form of
asymptotic expansions

Lo S o~
mEmOT LT T T Lk
A , f(t) fr® @29
=t 4 I 1 2 k
W =t+ o=+ Z e

Substituting the expansions (4.2.4) into (4.2.2'), where the function ¢(t) is
represented in the form of the series (4.2.3'), and equating the coefficients of
identical powers of A~1/2, we obtain, in turn, the results

oqt® =2ty +2f]@ +mo) + f"/2 ,
ant' = 2tfy + 2 + mo) + £ /2 + f +mu + 4t ff “23)
+ (D2 +mo) = 3L(MA" 8+ fifi"/2, ...

It follows from the structure of the recurrence relations (4.2.5) that the solu-
tion for the functions f; can be found in the form of polynomials of degree k+1,
where the polynomials fa; contain only odd powers of ¢, while fx—1 contain
only even powers. We write the required solution for fy, f2, and m;y:

13 . 15
m =gt T g [32 30‘2] ’
f =F(t2—mo) : (4.2.6)

0 —13a2/36 5 mg, [103 ,
f2-— 8 t’+ 16t 36a1—3a2
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To analyze the character of the propagation of short waves in the Schwarz-
schild field, it is sufficient to know only the principal part of the differential wave
operator, which, after expanding in spherical harmonics, takes the following form
for a monochromatic wave with frequency w:

& w1+ 1) rg _
2@+ [? - == (1- 7)] Qr=0 . @.2.7)

Solutions of the Cauchy problem for short-wave perturbations which differ from
zero at the initial time only in a sufficiently small region are subsequently local-
ized in the neighborhood of the corresponding bicharacteristic (of the ray). Such
solutions represent the classical transition from a wave to a particle [4.30], and
the ratio /c/w has the meaning of the impact parameter p of the ray along which
the wave packet propagates.

Trapped wave packets correspond to impact parameters such that the expres-
sion

2 -
2= - 14+ 0 = rg/)

r

remains positive up to the horizon. This requires that the impact parameter p be
less than ry/27/2.

Wave packets incident from infinity are not trapped by a black hole if their
impact parameters are greater than rg\/2_7 /2: in this case, there is a reflection of
the solution from the first turning point which is encountered on the path of the
wave [the root of the equation &(r) = 0].

Finally, wave packets with near-critical impact parameters in the neighbor-
hood of the sphere r = 3r; /2 undergo strong scattering, and a certain fraction of
the radiation is trapped by the black hole. In fact, when p = rg\/2_7 /2 we have
the situation described above, since for p = rg\/2_7 /2 the equation &(r) = 0 has
a double root r = 3rg/2. Therefore when |p — ry+/27/2| < 1/w near the multiple

turning point r = 3rg/2 the differential equation (4.2.7) reduces asymptotically
to Weber’s equation

2 _ 2
Bz [n () () e
g

Using the known asymptotic form of the solution of this equation, we can de-
termine the coefficients in the WKB solutions of (4.2.7) corresponding to the
reflected and transmitted waves.

Thus, making use of the properties of the confluent hypergeometric function
[4.28], we obtain for a nontrapped wave packet incident on a black hole from
infinity the following asymptotic solution of (4.2.7):
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Q=B(p)ds-1/41 i(1+exp(—ma®)V2exp |—i | v+ / V& dr*
r
+exp | i / V& dr* for 3 <r*<oo , 4.2.8)

c,2=13'(p)45-1/“l (1 +expma®)~2exp |i 7+/\/5dr'
T

for r* <rf . “4.29)

Here B(p) is the amplitude of the incident wave, and

wt  ((+DIA —rg/r)

Q ?‘ T2 9

1 .a? a? 2 a
'y:argl“(-2-+1?)+—2——a 11'1(5) s
/\/—Q(T‘ )dr —w 2 2—7r2
1 —rg/r ~ V27 P 48

In (4.2.8,9), ry and rj are, respectively, the smaller and larger roots of the
equation @¢(r) = 0, in which r is expressed in terms of r*. The solution (4.2.8)
consists of the incident and reflected waves, and the solution (4.2.9) corresponds
to the part of the wave passing into the region r < r{. It is easy to see from
the structure of the solution that an “energy” balance holds for the waves: the
square of the modulus of the amplitude of the incident wave is equal to the sum
of the squares of the moduli of the reflected and trapped waves. In order to go
over to the coordinate representation of the solution, we multiply Q(r) by the
spherical harmonic p;(cos #) and sum the result over /. If the main contribution
to the sum comes from the coefficients of large [, then for normalized Legendre
functions in the range 0 < § < = we can make use of their WKB approximation
[ sin 8/2]~1/2 cos[(1+1/2)8+ /4] and replace the summation by an integration
with respect to [ from /27 wrg /(2¢) to infinity.

In order to simplify the resulting integral, we use the method of stationary
phase for the calculation of an integral:

b
. 27 T
iAf(z) ~ : 5l "
/ eIy (o) de ~ 4| AT {exp [1Af(a:0)+1 Zsenf (zo)]}dz(zo) :

a

where A is a sufficiently large number, and zy is the unique root of the equation
f'(z) = 0 in the interval (a,b). Carrying out the calculations for the solution
Q(t,8,r) corresponding to the incident wave, we obtain
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-1/2
0= 2| (se2) i) 20
c Op =5 r
x exp | —iw <t+‘%0) +i/\/5dr*+i% . (4.2.10)

Here we can replace p by its value from the equation

0=/ﬁ[r§—ﬁ2(x2—w3)]””2 de , z=rgfr . (4.2.11)

Zo

In (4.2.10) it is assumed that all the rays emanate from the point 8 =0, z = zo.

We shall calculate the flux of energy arriving at a black hole as a result of
scattering of untrapped wave packets in the case in which the black hole is one
of the components of a binary system, in which the other component is a source
of electromagnetic or gravitational radiation. We shall assume that the period
of rotation of the system is much greater than the time required for a light ray
to reach a distance 3rg/2 from the radiating component. The angle § will be
measured from the axis joining the two components.

Suppose that near the source r = rg, 8 = 0 the function @ has the asymptotic
form

0=-2 exp[—iw(t — f(r,r0)/c)]
VAT f(r,ro0)

Here

(4.2.12)

flr,ro) = \fr? + 1% — 2rrocos8 & 1/(r — ro)? + 1262

is the distance between the points with coordinates r and 6 and the source with
intensity o = const at the point r = rg, § =0, and the effects of the curvature of
space near the source are neglected.

Comparing the solutions (4.2.10, 12) near the source, we can determine the
function B(p) in the solution (4.2.10). Indeed, according to (4.2.11), we have for
0 the estimate

2\ —1/2
0%%(1—%) (r—ro) .
To

Therefore, near the source, f(r,ro) = (r—ro)/4/1 — p?/ r%. Thus, the expression
(4.2.12) has the following asymptotic behavior near r = rg, § = 0:

U\/l“l’z/rg r—rp

=t w | —t+ ——
Q \/4—7F(7'—7'0) exp |iw - 1_p2/r%

4.2.12")
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On the other hand, the expression (4.2.10) near the source has the form

Ja - 2/7~5)3

=i I roB(p)
x exp |i / VBdr* +iw | —t+ ——2 || . (4.2.10)
= cy/1 - p?/r}

Comparing (4.2.10', 12'), we obtain
D exp [ f V& dr* ]

B(p) =
7"0\/4_71"‘4/ 1 “})2/7'0

For the complete system of spherical harmonics, we have

[1@sinod =Y 1aH .
=1

In the case under consideration, the main contribution to this sum comes from
harmonics with large [/, for which the summation can be replaced by an integra-
tion. For the flux of “energy” arriving at the black hole as a result of scattering
of untrapped wave packets, we obtain, using (4.2.9),

_ 9Q 9Q" ,
—27rRe( Bt Bre r sm6d6)

27w’ / |B%(p)| dp
c 1 +exp(ra?) -~

e"im/4 4.2.13)

4.2.14)
V2Trg /2

For impact parameters p close to the critical value, a® ~ 2w(p?~277r2 /4)/v/2T crg.

Substituting the expression (4.2.13) for B(p) into (4.2.14) and calculating the in-

tegral in (4.2.14), we obtain, apart from small quantities of higher order in the
small parameter c/wrg,

=) -2
252 2y — 27r2/4
4crf 5 rgcy/27
2772 /4
wolrg V212 wo?y2TrgIn2

86 /1 — 2102 j4rd) 8rp

In the derivation of (4.2.15) we have made use of an asymptotic method of
calculating an integral of the form f0°° f(x) da:/(e"” + 1), where A is a large

(4.2.15)
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parameter. Expanding the function f(z) in a Maclaurin series in the interval
(0, R), where R is the radius of convergence of the serics, we obtain

< ) k
fg)j T Z ! (0) zrizl +0E™%)
0

f(k)(()) tk dt

=— +0(e™4R)
k
A s AFE! / et+1
In2 >
SEEH R PEad U 275 +0E4R)
k=
where 0 < ¢ <« R, and ((k) is the Riemann zeta function
w=3 L
B n=1 nk

In (4.2.15) we have retained only the first and most important term. We now
make use of (4.2.13) to calculate the flux of “energy” trapped by the black hole,
neglecting scattering:

\/ﬁrs/Z
2
I——% / |B@)P dp

0
27r2 2 /4

G / \/1_—7/;0

If we calculate the part of the flux of “energy” scattered by the black hole from
the rays trapped by it, we find a value of magnitude I; with the opposite sign.

Thus, we have obtained the final result that a black hole becomes a source
of secondary radiation, whose output [as can be seen by comparing (4.2.15, 16)]
is {2 times smaller (2 = wrg\/2_7 /2¢1n 2) than the flux of “energy” trapped by
the black hole.

We shall now give estimates. For a black hole with the mass of the Earth,
rg = 0.44 cm. For a wavelength 27c/w = 1072 cm (the infrared range of radiation
of the companion of a black hole), {2 has the value 165. This means that the
part of the radiation scattered by the black hole is 165 times smaller than the
part trapped by it. However, for the microwave range of radio emission with
wavelength 1cm, this ratio is of order unity. Consequently, the phenomenon of
diffraction becomes important for wavelengths greater than 1cm.

The effect of scattering of optical radiation will manifest itself for black holes
with mass greater than about 10% or 102 g.

ot 27r
(4.2.16)
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Let us now consider the effects of scattering for radiation emitted by a col-
lapsing body. Gravitational and electromagnetic harmonics with [ >> 1 emitted
by a collapsing body with rg < 3rg/2 (here rp is the limiting radius of the
body) can reach a distant observer with frequencies w > 2lc/ \/2_7rg (the part of

the spectrum of the radiation with w <« 2lc/+/27rg reaches a distant observer
with an exponentially small amplitude).

The scattered part of the radiation of a collapsing body with rg < 3rg/2
reaches a distant observer with an asymptotic time dependence determined by
the factor exp(2ilct/\/f'7rg). This result agrees with the conclusions of Press
[4.31], obtained by means of computer calculations.

4.3 Wave Fields Outside a Collapsing Star

In Sect.4.3.1 we make use of the Einstein-Maxwell equations, linearized around
the Nordstrom-Reissner solution, to obtain a set of four independent second-
order equations describing the behavior of arbitrary multipole perturbations. In
the case of zero charge, two of these equations reduce to the equations obtained
by Regge and Wheeler [4.6] and Zerilli [4.7] for perturbations of the gravitational
field on the background of the Schwarzschild solution, and the other two reduce
to equations equivalent to Maxwell’s equations on this background. Each of our
equations [4.26] for monochromatic waves with a fixed spherical harmonic has
the form of a one-dimensional Schrodinger equation with a potential function
which vanishes at the pseudo-Euclidean infinity and at the horizon. The WKB
approximation for our equations, and also their short-wave asymptotic behavior
taking into account the scattering of waves on an unstable closed circular photon
orbit, give the same results as those obtained previously [4.27] (see Sect.4.1).

In Sect. 4.3.2 we write down the asymptotic form of the boundary conditions
on the surface of a star near the horizon for radiated waves in the case of
different charge, and we describe the general features of the process of scattering
of monochromatic waves.

In Sect.4.3.3 the asymptotic properties of the “tails” of the radiation are
described in terms of a certain integral along the edges of the cut for functions
having a logarithmic branch point at the origin.

In Sect.4.3.4 we obtain the asymptotic behavior of normalized monochro-
matic waves, as well as the transmission coefficient for monochromatic waves
with a large period.

In Sect.4.3.5 we make use of the above-mentioned integral and the results
of Sect.4.3.4 to establish the laws of attenuation of the “tails” of the radiation
with time, and we find the intermediate asymptotic behavior, which, with time,
goes over into the behavior given in this section.
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4.3.1 Derivation of the Basis Equations

As is well known, the external field of a nonrotating, charged, spherically sym-
metric black hole is described by the Nordstrém-Reissner electrovacuum solution

ds? = Actdt® — A7 Vdr? — r?(d6* +sin® 0 dp?)

. Q _ 2m ¢
Fy,=-E |, E':;f , A=1—7+ﬁ ) 4.3.1)
_GM _VGQ
m = cz y 4= C2 ’

where @ is the charge and M is the mass of the black hole.

Notation and Relations Used Here. The indices take the values «,f,7, ...
3,4; a,b,c,...=1,2; 4,5,k,... = 1,2,3,4; the coordinates are z! = 6, z2
©, 2 =r, 2t = ct; gup and gop are the metric tensors on the coordinate
surfaces (z',2?) and (z*,2%), respectively, induced by the metric g;; of the
solution (4.3.1). The indices a,b and «, 3 are raised and lowered by means of
the metrics g,5 and gqg, respectively; V, and V, are the operators of covariant
differentiation on the coordinate surfaces (z!, z?) and (23, z*) constructed with
the metrics g, and gop; and €45 and e, are the Levi-Civita tensors on these
surfaces. The nonzero components of the Maxwell tensor for the Nordstrém-
Reissner solution are Fop = —e4E; p = Inr?, g = Vo pt, Va E = —pio E,
0= ¢V, Vs, A = —12g®V, V,, where A is the Laplacian operator on the
two-dimensional sphere of unit radius.

Regge and Wheeler [4.6] noted that arbitrary small perturbations h;; of the
metric on the background of the Schwarzschild metric can be divided into two
independent types: even and odd (in accordance with the different behavior of
these constituents under inversion of the coordinates on the sphere). Perturbations
on the background of the Nordstrém-Reissner metric can be divided in exactly
the same way according to their parity.

i n

Coordinate Conditions. We impose the following coordinate conditions on ar-
bitrary small perturbations h;; of the metric:

has =0 , hS=h3+hi=0 . 4.3.2)

These conditions can be satisfied by choosing a particular infinitesimal transfor-
mation of the coordinates, y* = z* + (2!, 22, 2%, 2*), and the required ¢* can be
determined from h;; by quadratures. The details can be found in [4.32].

A) Odd Perturbations. If the coordinate conditions are satisfied, the odd per-
turbations of the components of the metric tensor have the form

Bt =0 , hap=0 , has=ewVPlhy . 4.3.3)
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The perturbations of the components of the tensor Fx and of its dual tensor
F} = €ittm F'™ /2 have the form

SFP =0, 6F* =V, F* |, 6F° =¢%6H
5 4.3.4)
§F*B = caBsH , OF* = Va(EaﬂFﬂ —Eh®) , §F*b=0 .

Maxwell’s Equations for the Perturbations. Under the conditions (4.3.2), the
determinant g of the metric tensor remains unperturbed and Maxwell’s equations
for the perturbations take the form

(V=g6F"),;=0 , (V=g6F*");=0 . (4.3.5)
Using the notation introduced above, these equations can be written in the form

Vs FP=6H |, e**V,Fs+Eu®he=0 ,

, 4.3.6)
Vs 6H + ugbH — A(Fg — Eeg,h™)/r* =0 .

Applying the operator Vj to the last equation in (4.3.6) and eliminating F# by
means of the first two equations, we obtain

D6H/E — AGSH/(Er®)) = —A[e*PV, (hg/rD)] . 4.3.7)

Perturbations of the Components of the Energy-Momentum Tensor. The perturba-
tions (4.3.4) of the electromagnetic field lead to perturbations of the components
of the energy-momentum tensor:

5Taﬂ=0 , 5Tab=0 )

438
6T oo = €as VO [E?hy /87 — (E/AT)eap FP] . “38)

Linearized Einstein Equations. The perturbations of the components of the Ricci
tensor due to the perturbations (4.3.3) of the metric have the form
26Rua = —€ap VP [Ohy — Ahy [1? — Vo Vg hP + 1y Vg hP

— Ruho /2 — Vo (ugh?) + @Va pg + pang)h®]
SRop =0,
26Rap = €4c Vo VE(Vy B ) + €3V VE(VL, RY)

4.39)

where R, = d*A/dr? is the curvature scalar for the metric g,s. By virtue of
Einstein’s equations, it follows from (4.3.8,9) that

Vah® =0, (4.3.10)
Ohg — Aha/7? — Vo (ush?) + QVa pp + ttaptp)h? — Riha/2
= kEeopFP |21 — kE*ho[o7 . (4.3.11)

In (4.3.11) we have omitted terms which vanish by virtue of (4.3.10). We perform
the operation of contracting (4.3.11) with . and apply the Laplacian operator
to both sides of the equation:
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Oh — Ah/r* + 3R, /2 — kE?/87)h = kEeqpu® AF? 27 |

43.12
h=Apoh® . ¢ )

Using (4.3.6) and eliminating F'? from the right-hand side of (4.3.12), we obtain

Oh — Ah/r* + 3R./2 — SkE?/87)h = kE*¢*P 11, Vs (H /(27 E)) .(4.3.13)

A Closed System of Equations. Using (4.3.10,11,13), we can express the right-
hand side of (4.3.7) in terms of h. For this, we apply to (4.3.7) the operator
re*P 114, Vg , which in the coordinates 6, ¢, r, ct reduces to —29/c 9t and hence
commutes with all the other operators of differentiation. We obtain

0F — AP /r? + kE*®2x + (A+2)h/r? =0 , (4.3.14)
where @ = re"ﬂ,uavﬂ (6H/E). Then (4.3.13) takes the form
Oh — Ak/r* + 3R, /2 — 5k E*/87)h = kE*rd /27 . (4.3.15)

Equations (4.3.14, 15) form a closed system. On the basis of their solutions,
the components of the perturbations of the electromagnetic and gravitational
fields can be determined from the remaining Einstein and Maxwell equations in
the form of series in spherical harmonics, and the coefficients of these expansions
can be calculated by quadratures. In the coordinates 6, ¢, r, ct, these equations
take the form

1/ & o A 4% m 4¢?
Z(w—m)h+ﬁh—r—4h—~6ﬁh—7¢ , (4.3.16)
1 (62 & ) A_ 44 A+2
(L % \e+Z0-H 215

*2 2 942 2 4 3 ’
A ard ot r r r 43.17)
= [ Z -
=l [a+1 ,

where [ > 2, since for spherical harmonics with the index [ equal to 0 or 1 the
derivation of the equations becomes invalid.
It turns out to be possible to introduce new variables 7, and n_ in the form

ne =Cih+4g’® | Ci=3m+/Im? —4¢%(A+2) (4.3.18)

such that the system (4.3.16, 17) decomposes into two independent second-order
equations, each of which contains only one unknown (the sign + or — is chosen
according to the condition corresponding to the unknown 7, or n_):

& 8 A Cy 4q2
(W - c28t2) N+ (T_z t 3 T—4) Ang =0 . (4.3.19)

B) Even Perturbations. An analogous procedure is possible for the even per-
turbations. Under the coordinate conditions (4.3.2), the nonzero components of
the even perturbations of the metric are
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haﬂ(hz = 0) , haa = va Hor 3
and those of the tensor F;; and its dual tensor F}; are

§F*f = —¢*P§E , 6F**=V°f* , §F*=0 ,
F*P =0 | 6F** = _e®(Vye*Pfs — EH®) , 6F*t=¢6E |

Maxwell’s Equations fer the Perturbations. For even perturbations, we write
(4.3.5) in the form

Vsff=0, Af*+e*Vs(r*E)=0 ,

(4.3.20)
e*PV, fs+ EuagH*+6E=0 .

By analogy with the case of odd perturbations, by eliminating f3 we obtain from
(4.3.20) the equation

Oy — Ap/r? — A(uaH/r?) =0 , ¢ =6EJE . (4.3.21)

In addition, we shall use below the following equality, which is a consequence
of (4.3.20):

Ae® o fp = —QuVatp .

Perturbations of the Components of the Energy-Momentum Tensor. In the case of
even perturbations, we have

6Top = EgopSE/AT + E¥hap/87

§Toy = —Eb6Eg, /47

6Tna = Vo [—Eeopf?/4n + E*H, [87] .
Linearized Einstein Equations. From Einstein’s equations for the even perturba-
tions, using a method analogous to that given in [4.14] for obtaining a single
equation describing the behavior of gravitational waves on the background of
the Schwarzschild metric, it is possible to obtain an equation which, however,

contains on its right-hand side a function v characterizing the perturbation of the
electromagnetic field:

2 2

(o) 3 (- ) 28]
+kE*P AV () /A =0 |

p(r) = A+2 —6m/r +4¢* /% |

9 = (rha — AHY)/p(r)

V(r) = [A? — 4+ 12m/r — 12m?/r? + 4mg? /31 /(2 p?(r)) .

4.3.22)

A Closed System of Equations. Equation (4.3.22) together with (4.3.21), taken
after the transformation to the variable ¥ in the form
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® P
(a_r*f_éatz)'“[ p<r>] A
44 0 54 aa (3—?—5’?—) / p(r) — ]2—’419 0, (4323)

+ =19+
rZ Or*
form a closed system, whose solutions can be used to determine all the compo-
nents of the perturbations by quadratures.
Like the system (4.3.16, 17) for the odd perturbations, the system (4.3.22,23)
decomposes into two independent equations when we introduce the new variables

X+ =(Cx —46% /)9 +2¢% | (4.3.24)

where C4 are defined by (4.3.18). The variables y i satisfy the equations
* & . A Ca — Ve 842A
o~ 2o ) XE T T 4p(r)

4.3.2 Boundary Conditions and General Properties of the Reflection
and Transmission Coefficients of Waves

Ax+ =0 .

(4.3.25)

Inside a collapsing body, there can be various processes which influence the
waves emitted by it into the surrounding space. The external wave fields are
determined by the boundary conditions on the surface of the star. We shall
not solve the complex interior problem of obtaining the values of the unknown
functions on the surface of the star, but shall simply assume that they are finite
(nonsingular) at the instant at which the boundary of the body crosses the exterior
event horizon (according to a clock of a comoving observer).

The law of motion of the boundary of a charged sphere (without surface
charge), neglecting pressure forces, can be found by calculating the law of motion
of a free uncharged particle in the Nordstrém-Reissner field. We denote the charge
and mass of the star by ¢ and m, respectively. In what follows, we shall use
a system of units in which G = ¢ = 1. As in the calculations for an uncharged
sphere [4.33], we find that the rate of contraction of the boundary is

(dr/dt)r = —A(l — A/eD/? | (4.3.26)

where, as before, A = 1 —2m/r+¢*/r?, and ¢ distinguishes the elliptic (0 < € <
1), parabolic (¢ = 1), and hyperbolic (¢ > 1) laws of motion. The proper time 7
of a comoving observer is related to the coordinates ¢ and r of an observer at
infinity as follows:

_ 12
r=s(t+/A‘1(162A> dr) . (4.3.27)
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Substituting ¢ as a function of r from (4.3.26) into (4.3.27), we obtain the relation
between the proper time and the radius of the surface of the star:

r

T—T =—/(52—A)_1/2dr ,

T1

where 71 is the time at which the boundary of the body crosses the exterior
horizon r;.

Suppose that the function ¢(7) determines the law of radiation at the surface
of a star for waves receding from the surface. Near the exterior horizon r;
[the largest of the roots of the equation A(r) = 0], we can seek solutions of
(4.3.19,25) in the wave zone in the form of expansions in powers of r — r;. In
the zeroth approximation, we consider waves receding from the horizon; then
the approximate solutions (4.3.19, 25) have the form ¢ = (¢t — r*). However, it
follows from (4.3.26) that on the surface of the body

(By means of a displacement of the origin from which ¢ is measured, it is always
possible to ensure that the trajectory of the boundary of the body for t — oo is
tangent to the line ¢ + r* = 0.) Therefore we determine the form of the function
p(t — r*) by the equality

P(=2r*) = p(n — (r—r1)/e) .

For ¢*> < m? the coordinate r* near the horizon is related to r by r* ~ v In(r—ry),
and for ¢> = m? it has the form r* ~ —m?/(r — r1). Hence for t > r* we have

*) & W\ _m? 2_ 2
et —r*) = Y(n) — (3T ),.l pra— for ¢*=m* , (4.3.28)
Pt —r*) = () — (g—lﬁ)ﬁ g} exp (r*z; t) for q2 <m? ,

2 (4.3.29)
N S
/m2 — P ’
It is convenient to carry out the analysis of the scattering properties of the
field of a charged black hole for the Fourier transforms of the unknown functions
with respect to the time

2y =

Hw,r) = / e“ty(t,r)dt .
0

Then the differential equations (4.3.19, 25) for the perturbations become ordinary
second-order differential equations of the form
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d* % /dz? + [w? — U(@)]X = iwx|mo — Ox/Ot|0 , zT=7" . (4.3.30)

We shall call the real function U(z) the potential barrier of the curvature.
The differential equations (4.3.30) have, for £ — Fo0, wave zones in which
the homogeneous solutions possess asymptotic expansions of the form

o0
exp(fiwz) Zanr‘" for r —+c0 ,
n=0

exp(tiwz) Z bp(r —r)™ for r —r .
n=0

The domains of convergence of these series depend on w. The smaller w, the
further these domains recede to +oo and —oo, respectively, along the z axis.
Suppose that for z — +oo the solution has the asymptotic form

aout(w)Tow(w) CXP(in‘)

(the subscript “out” refers to a wave receding from the surface of the body to
+oo along the z axis). Analytically continuing this solution to the entire z axis
near the horizon in the wave zone, we obtain an expression of the form

aou(w)expliwz) + Row(w) exp(—iwz)] .

For a second-order equation in canonical form and with a real potential
barrier, we have the equality

yy*' —y'y* = const .

Here the asterisk signifies complex conjugation, and y(z) is an arbitrary solution
of the equation y" + $(z)y = 0, in which Im{®(x)} = 0. Using this equality, we
obtain the relation

| Tout(@)* + |Rouw@)? =1 ,

which indicates that the flux of “energy” is conserved.

The term aou(w)exp(iwz) indicates a wave emitted by the body near the
horizon, and aou(w) Rouw(w) exp(—iwz) is the part of this wave reflected by the
potential barrier of the curvature back to the horizon; aow(w)Tow(w) exp(iwz) is
the other part of the wave, which penetrates through the barrier and reaches an
observer at r — +oo. The determination of the functions T'(w) and R(w) is the
direct problem of scattering theory. [Equations of the type (4.3.30) containing
potential barriers have only a continuous spectrum.]

For a wave incident on a black hole from +oc0, the boundary condition at
z — —oo should consist in the absence of a wave coming from the horizon.
Therefore, for t — —oo the solution has the form

@in(w)Tin(w) exp(—iwz)
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while for x — +oco it has the form
ain(W)[exp(—iwz) + Rin(w) exp(iwz)]

(the subscript “in” refers to a wave coming from +00).

The transmission coefficient Tin(w) characterizes the frequency distribution
of the part of the energy of the radiation trapped by the black hole; the reflection
coefficient R;,(w) characterizes the part scattered by its field. The function Tj,(w)
can be analytically continued into the lower half of the complex plane of the
variable w, and the function To,(w) into the upper half of this plane. We adopt the
notation you(w, z) for the homogeneous solution of (4.3.30) which for z — +c0
has the asymptotic behavior exp(iwz). This function can be analytically continued
into the upper half-plane.

The equations with potential barriers U(z) obtained from (4.3.19, 25) do not
admit bound states, and therefore the operators of (4.3.30) have only a continuous
spectrum. It follows from this (see [4.34]) that for Im{w} > O the function T, (w)
is bounded.

4.3.3 Properties of Radiation Emitted by a Collapsing Body
Near the Horizon

We shall restrict ourselves to the problem of finding the asymptotic behavior of
the radiation at large ¢ only as a result of radiation of waves by a body near the
horizon, i.e., we shall set the initial perturbations equal to zero.

Thus, the properties of the coefficients of the scattering described above are
required only for finding the asymptotic behavior for ¢ —r* >> m of the following
integral:

+oo

x(t,z) = (2m)™" / @out (W) Tou(w)You(w, ) exp(—iwt) dw . (4.3.31)

—00

We shall calculate this integral by means of a contour integration on the basis of
the following two assumptions.

1) For = > t the integral (4.3.31) is equal to zero for a contour around the top
of the singular point w = 0. This follows from the fact that the functions
Aout(w), Tow(w), and you(w, ) are analytic in the upper half-plane. Therefore
the integral (4.3.31) is equal to the limit of the integral of the same functions
around a semicircle in the upper half-plane when its radius tends to infinity.
However, this limit is zero, as was to be proved.

2) For t > z the integral (4.3.31) can be calculated by means of a contour
integration. A cut is placed along the negative part of the imaginary axis,
and the contour shown in Fig. 4.1 lies on one sheet of the Riemann surface
for the integrand of (4.3.31), which has a logarithmic branch point at w = 0.
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o=0 Imew >0
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N

! Fig.4.1. Contour of integration in the Fourier
transform

When ¢ < m?, the function au(w) has poles A, B, ... on the imaginary
axis for Imw < 0 [which follows from (4.3.29)] (see Fig.4.1); when ¢*> = m?,
the function a,u(w) has a logarithmic branch point at w = 0:

aou(w) = W(n) + (%%) m?lnw

w

[see (4.3.28)]. If the radius of the semicircle tends to infinity, the integrals over
C1 and C; vanish. Therefore the integral (4.3.31) is equal to the integral along
the edges of the cut, i.e., along the contour C which goes around the top of the
singularity at w = 0 [apart from terms which fall off exponentially with the time
and arise because of the poles A, B, ... of the integrand of (4.3.31) inside the
contour of integration]. If the function Tou(w)you(w) were analytic at w =0, the
integral along C would be equal to zero, and for ¢ < m? the asymptotic form
of (4.3.31) would be an exponential decrease.

4.3.4 Behavior of the Transmission Coefficient for Small w

The differential equations (4.3.30) are equations with two turning points, which
for w — 0 come arbitrarily close to the exterior event horizon r = r; and
r = oo. Since for sufficiently small w the first turning point lies in the region
(r —r1)/m < 1 (the region {2), the solution in this region is able to change
from a wave solution to a static solution.

In the region w?r? < Al(l+1) (the region f2,, the sub-barrier region, which is
separated from both turning points), the solutions can be approximated by static
solutions, i.e., expanded in series in powers of w2,

In the region r >> m (the region (23), the solutions change from monotonic
to oscillating solutions.

It is easy to see that the regions of the different asymptotic expansions over-
lap, and therefore they can be joined in the intersections of the regions 2; and 2,
and of the regions {2, and 2;. In the region (23, we rewrite (4.3.30) in integral
form, assuming that for t — oo there is only an outgoing wave exp(iwz) (as a
rule, we shall omit the argument w of functions depending on w and z):

y(z) = H(z) + / Gi(z,2)y(z") da’ 4332)

Gi(z,z") = i[H(z)H*(z') — H@"\H* @)U (z") /2w ,



194 4. Propagation of Waves in the Gravitational Fields of Black Holes

where

(+ k)
1 — k! Qiwz)*

Uy =U@E") - 1(1+1)/z? .

{
H(z) = ev” Z(—l)"
k=0 (

For large z, we can express r asymptotically in terms of z:

r=z —2mlnz+2z_"<p,,(lnz) ,

n=1

where ¢, () are polynomials of degree n, which can be calculated recursively:
©1(2) = m? — ¢ — 4m?2z. Therefore, for z > m the perturbing potential U (z)
admits the expansion

U(@) =z7@mi(l+ Ding = 2m — C1)+ Y a7 "@u(Inz) .

n=1

In the region {23, we can seek a solution of (4.3.30) by the method of successive
approximations:

y@) =Y Zi=) , Zo@=HG@) ,
k=0°° 4.3.33)
Zi(x) = / Gz, 2") Zp1(2') da' .

In the region (2, an arbitrary solution of (4.3.30) is a solution of the integral
equation

y(@) = ayi(2) + Bya(e) + o / Gole, 2l e (4334)

Ga(z,z") = yi(@)ya(z") — y1(@Hya(a)

where y;(z) and y,(z) are the solutions of the static equation (4.3.30) (with
w = 0) which are bounded for £ — —oo and = — +oo, respectively, and z is an
arbitrary point in 2.

The method of successive approximations leads to a formal series in powers
of w?:
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Yw,z) = aW,(w, ) + fVo(w,2)

Wa(w,2) =) wa(a) ,

n=0
Valw,2)= 3 0n(@) (4.3.35)
wn(x)} ) {wn-1(x )} wo(z) = yi(2)
G2 ,
{vn(-'c) / (=, =) VUp—1(z") volz) = yz(a;) .

We determine the coefficients o and S by requiring continuity of y(w,z) and
y(w,r)at z = a:
a=yayw,a) - p@y'Ww,q , B=yw,duld-yw,ay) ,

and y(w, a) is calculated by (4.3.33).
In the region (2, after the substitution

— 2 2
y=rD , t=—=T | L+l =iq+n- CEF2M T 6L
m2_q2 ™ 7'1

we rewrite (4.3.30) in the form
- 1)%@2 - 1)%1) +[@? — @ - DI+ DD = (* — 1)Dd(®) , (4.3.36)

where &2 = w rz/(m - ¢%).

The perturbing potential $(¢) is small throughout the region §2;. Linearly
independent solutions of the left-hand side of (4.3.36) are given by the Legendre
functions Plia’(t) and Qiia’(t). We normalize them so that for t — 1 (for z — —o0)
we obtain exp(—iwz) and exp(iwz), respectively, with

g=m+ty/m?— @ +y/m?— ¢ [r%ln\/t— 1 —-r%ln\/t+1] ,
po(t) = 2792 (1 —i®)PP()
o " i)
— 9l+a /2 oy
qo(t) =2 [Q, ®-3ra -5
x TQ +1+i)[Ira —i@—" ,

Pli‘:’(t)] ra+1-io)

and the Wronskian of po(f) and ¢o(t) is

“2iwr?(t? — 1) (\/m2 - q2) -

An arbitrary solution of (4.3.36) in the region {21 can be represented in the form

q@®)/[T@)] + p)R@)/T@) , (4.3.37)
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where p(t) and ¢(t) satisfy the integral equation

p®)] _ [po(t) / {p( ’)}
{q(t)} {qo(t)} Gt g # 43.38)
Gi(t, 1) = [po(t)qo(t") — qo(t)po(tNIB(t')\/m? — ¢ [2iwr?

In the region (2; we can find solutions of (4.3.38) for these functions in the
usual way by taking po(f) and ¢o(t), respectively, as the zeroth approximation
and calculating the following approximations in terms of the preceding ones by
means of the integral operator in (4.3.38).

We determine the scattering coefficients T'(w) and R(w) by matching the
solutions of (4.3.30) of the form (4.3.35) with the solutions of (4.3.30) in the
form (4.3.37), using the conditions of continuity of the solution and its derivative
at an arbitrary point b € {1 N §2,.

Finally, for the transmission coefficient T'(w) we obtain the expression

T(w)={ yw,a) y2a)|| Welw,b) plw,b)
'y(w,a) yi(a)

y'(W,a) ()

(4.3.39)

-1
Vo, ) pw,b) , , ,
[Va(w, b)) p'(w,b) } 2iw(y1yz — v2y1) -

The primes indicate derivatives with respect to the variable z. Of course, the
scattering coefficients do not depend on the choice of the points a and b in the
regions 2y N {2, and §2, N §2;. In the asymptotic construction of T(w) according
to (4.3.39), y(w, a) is constructed according to (4.3.33), V,(w,b) and W,(w, d)
according to (4.3.35), and p(w, b) according to (4.3.38). We note that in the region
{21 N £2; the functions V,(w, b), W,(w, b), and p(w, b) are analytic in w.

We shall now show that for a > m, aw <« 1 the function y(w,a) can be
represented in the form

y(w,a) = [1+ o)™ X (w,a) +i[1 + Fw)w ™' X(w,a) , (4.3.40)

[Wa(w, 0] p'(w,b)
Ty w,a) yia)

where X (w, @) and X (w, a) are formal expansions in powers of w?, and ¢(w)
and @(w) are functions which have a logarithmic branch point at w = 0. We use
for this purpose the asymptotic expansions (4.3.33). For Zy(w, z) with zw < 1,
we have

Zo(w, ) = ! Xo(w, 2) +iw ™ Xo(w, z)

where

_ iw(i+1)/2 T\ (=Dfwa)**
Xo(w,z)=¢ (+)/\/7—"(§) Zszp(l+k+1/2)k! ’

- 1k 2%
Xo(w, z) =™D/2 /x (;) Z i (=1)*(wz)
k=0

I'(k—1-1/2)k!
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The part of Z;(w) nonanalytic in w can be contained only in the integral
[ <]
Qiw)™! f HY(z"YU(2")dz' . (4.3.41)

z

This integral consists of terms of the form
const /(z')‘slnk(z') expQiwz') dz'

where s > 3. By means of an integration by parts, assuming that Im{w} > 0,
these integrals can be reduced to a sum of terms of the form R™? with

const - R™® = (iw)’ /ln"‘(:c') expRiwz’)dz’ (m=1,...,k+1)

z

and terms analytic in w. However, the part of this integral which is nonanalytic
in w does not depend on z and has the value

> In(=iw)]"Ca

n=1

Cp = (w)*(-)™" / e #(np)™ " dy .
0

In fact, we represent the integral R™* from z to oo as the difference of the
integrals from 0 to co and from O to z. The first of these integrals is equal to
the expression written above (for the nonanalytic part). In the second integral,
we may make a series expansion of exp(2iwz') and integrate term by term, and
it follows from this that it is analytic in w.

According to (4.3.33), the part of Z;(w, z) which is analytic in w is given by

iH(x)
2w

[e o) } LET z 3
/H(a:')H*(z')U(z') dz' +a.p. ‘7§2 /Hz(z')U(.’I:') dz' }
where a.p.{f(z,w)} denotes the part of the function f(z,w) which is analytic in
w. As a result, we obtain

Zi(w, z) = wM X; +iw ™ X + (" Xo — iw ™ Xo)po(w)

where o(w) is the part of the expression (4.3.41) which is nonanalytic in w.
Repeating this process, it can be shown that Zy(w,x) consists of terms of the
following form:



198 4. Propagation of Waves in the Gravitational Fields of Black Holes

Zr(w,z) = Wt [ Xk + o) X1 +...+ pr(w)Xol
+iw Xy + Go(w) Xk_1 +... + Gr(w)Xo] .

Here X; and X; are formal series in powers of w? for zw < 1, £ > m, and,
since the perturbing potential U is small, we have

!X,I < |Xl—1| ) |‘Pz| < |‘Pi—1| ’ IXII < |Xt—1| ’ I‘)Ztl < I&i—ll .

Hence we find that

yw, o) = Y Zi(w,)

k=1

has the form (4.3.40), where
X=) X, X=3) %,
k=0 k=0
P =Y wrw) , W=D Frw) ,
k=0 k=0
with

po(w) = —Po(w) = 8il(l + IymAwlnw
k+n+2 1

1
- I+ B + n)I(=1)k+nH
A= k,zn;o k'nl(l — ) — n)i(k+n +2)! 2 1—) .

In fact, the principal terms of the nonanalytic part of (4.3.41) have the form

8Bml(l + 1)iw In*w

—-2iwlnw{

where the value of A is given above, and B is given by the expression

(81+ 1)1/6_2“ In g dp — 2m — Ci} B — 4Am(l + 1)1} ,
0

1
- (+ B+ n)i(=1)k*n
o kzn;) k(I = B!l — n)l(k +n +2)!

By means of cumbersome manipulations it can be shown that the expression for
B is identically equal to zero.

If ¢*> = m?, the relation (4.3.31) in the region {2; reduces to Bessel’s equation,
with the general solution

x+w,z) =z {ClH,(Ili(wm) + CzH‘(IZ:Z(w:t)} ,
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where v* = [ — 1/2, v~ = 1+ 3/2. In this case, the perturbing potential for
z — —oo has the form

o0

> T 2pa(nlal)

n=1

For |¢| < m, the transmission coefficient T(w) has a branch point at w = 0
because of the logarithmic power decrease of the perturbing potential at +oo. For
|g] = m, an additional nonanalyticity in T'(w) comes from the region —z >> m.

To find the asymptotic expressions for the transmission coefficients T'(w), it
remains to find the static solutions y;(z) and y2(z) of (4.3.30) (for w = 0). These
solutions for odd perturbations can be expressed in terms of hypergeometric
functions in two limiting cases:

1)q2<<m2 , a’<k1l , where azzl—qz/mz.

The expression 1 — ¢>/m? is non-negative because of the assumption that the
horizon is nondegenerate. Finally, from (4.3.33, 35, 39), using the asymptotic be-
havior of the Bessel, Gauss, and Legendre functions, we obtain the following
asymptotic expressions for the transmission coefficients T'(w) of the odd pertur-
bations: for ¢> <« m?

) & (wm)“'l +2+Cy/2m)I'(I - C+/@m))/mexp[—in(l+1)/2]
- PRI+ 3/ — pot@, D]

Ti(w
4.3.42)

for o2 < 1

o @U+3F DR+ 1/2 F 1/2)expl—in(i+1)/2]
Tl & om) e @ + 1 5 /2P — o, D]
4.3.43)

and for ¢% = m?

)21 Ql+3F1) 71+ po(w,]) + polw,l F 1)] . (4.3.44)

Ti(w) =~ —(w B ES)) 2Urd+1F1/2))?

4.3.5 Laws of Attenuation of the “Tails” of the Multipole Radiation

As we demonstrated in Sect. 4.3.3, the asymptotic behavior of the radiation emit-
ted from under the potential barrier is given by the expression

/ a(w)T(w) exp(—iwt)y(w, r) dw (4.3.45)
C

where C is a contour along the edges of the cut on the negative part of the
imaginary axis (see Fig. 4.1). For ¢ >> z, the main contribution to (4.3.45) comes
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from low frequencies w < 1/¢, so that for y(w, x) it is necessary to use precisely
the asymptotic form (4.3.40) for wz < 1. The principal term of the nonanalytic
part in (4.3.45) has the form

2p0(w)y1 (z) Tow**?

for |q| < m, where for T'(w) we have used the asymptotic behavior (4.3.42,43):
T(w) = Tow"*'[1 + ow)] .

The analytic part of a(w)T'(w)y(w, z) gives zero when the integration is made
around the contour C. We shall take into account the fact that, according to
(4.3.28), the function a(w) has a simple pole at w = 0, being single-valued in the
neighborhood of this point. Finally, when ¢ < m?, for the attenuation of the
perturbations in the case ¢t > r* = = we find, using (4.3.45), the law

1
X+, ) = Sz @) bofilg, m) (4.3.46)
t2! 3
where
fxlg,m) ~ 1 for Ff<m? , [~2,
filg,m) ~a!'F for Pl , 1~2.

When ¢> = m?, the attenuation of the perturbations acquires a qualitatively
different character:

x+(, ) ~ t,ipTo;lyz(z) . (4.3.47)

Finally, we note that the laws of attenuation (4.3.46,47) are established not
directly, but through a certain intermediate asymptotic behavior, in the region
beyond the wave front ¢ = r*: ¢+ — r* < r*, For the function y(w, x) in (4.3.45),
we must take the asymptotic form in the wave zone for z >> m, i.e., exp(iwz).
In the intermediate region, it is the wave zone for monochromatic waves that
forms the structure of the radiation immediately after crossing the forward front.
It follows then from (4.3.42-44, 45) that for ¢> < m? we have

1
x+(t,x) ~ mfi(q, m) . (4.3.48)
For ¢* = m?, we obtain
1
xx(t,z) ~ 4.3.49)

(t _ :1:)2’+2:F1

All the expressions (4.3.46-49) include, as a proportionality factor, the quantity
%o = t(m), which determines the radiation of the body at the proper time at
which its boundary crosses the event horizon.
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From (4.3.46-49) we deduce the interesting fact that for o® < 1 (¢? =~ m?)
the component x_ in the radiation which has passed through the barrier can
be neglected in comparison with ., since x_ is attenuated more rapidly. This
indicates that in the tails of the radiation for a? < 1 the ratio of the amplitudes
of the electromagnetic and gravitational waves tends to a fixed value, which is
independent of their initial ratio near the horizon:

h 20 2m

e ¢y I-1
[see (4.3.18,24)].

Our results concerning the attenuation of the multipole perturbations are valid
only for I > 2. For [ = 1, the linearized Einstein-Maxwell system admits a sta-
tionary solution without attenuation for a slow rotation, corresponding to the
Kerr-Newman solution in the case of a small angular momentum. From (4.3.17),
on the basis of the results of Sects.4.3.2-5, we can deduce that there is attenu-
ation of the odd dipole electromagnetic radiation: $ — 0 for ¢ — oo according
to the law (4.3.46) or (4.3.47), so that there remains only the stationary part of
§H, in terms of which it is possible to express the other components of the elec-
tromagnetic field tensor and the components of the metric of the Kerr-Newman
solution, linearized in the angular momentum. For ! = 1, there is also attenuation
of the even perturbations.



5. Relativistic Hydrodynamics

In this chapter, we consider problems of the wave dynamics of a relativistic gas.
Relativistic hydrodynamics is distinguished from Newtonian hydrodynamics in
the following respects: (a) it gives a correct description of the motion of particles
of a fluid having speeds comparable with the speed of light; (b) it uses, of
necessity, equations of state which are qualitatively different from those of the
Newtonian theory, either in regions of high densities (at low temperatures) or at
very high temperatures.

In the first two sections of this chapter, which have an introductory character,
we make a qualitative analysis of the evolution of the composition of matter
when its density increases up to the nuclear density in the case of relatively
low temperatures, and we note the difficulties in obtaining the corresponding
equations of state. In the case of high temperatures, it is pointed out that matter
is described asymptotically by the so-called witrarelativistic equation of state.

In Sect.5.3 we consider adiabatic motions of an ultrarelativistic gas. In the
particular case of isentropic motions, it is shown that the vortices are frozen
in the fluid particles and that there exists a class of potential motions (when a
curvilinear shock wave occurs, the isentropic and potential character of the flow
is, in general, destroyed). In Sect. 5.3.3 we derive equations of nonlinear acoustics
for short sound waves propagating in an arbitrary potential flow of a relativistic
gas. Using model equations obtained here, an analysis is made of the attenuation
of weak spherical, cylindrical, and plane shock waves in the case of the Friedman-
Lemaitre cosmological model for various equations of state of the matter. In
Sect. 5.4 we present the basic principles of relativistic magnetohydrodynamics. In
Sect. 5.5 we analyze self-similar motions of an ultrarelativistic gas with spherical
and cylindrical symmetries in the framework of the special theory of relativity.

In Sect. 5.6 we describe the stationary flow of an ultrarelativistic gas in the
Schwarzschild field, resulting from the production of particles near the event
horizon.
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5.1 Relativistic Dynamics of a Point and Gas of Free Particles

A material point on which forces act describes, in its motion in the manifold
M,, a curve called the world line of the particle. For arbitrary motion of the
particle, one can associate with it a natural orthonormalized tetrad, one of whose
vectors coincides with the unit vector u tangential to the world line and having
components dz/ds, dy/ds, dz/ds, dt/ds. The vector u is called the 4-velocity
of the particle. A second vector coincides in direction with the derivative of
the vector u with respect to the canonical parameter s, equal to the so-called
4-acceleration of the particle; the 4-acceleration of a particle characterizes the
presence of forces which deflect the motion of the particle from rectilinear and
uniform motion. By definition, an increment of the canonical parameter is equal
to the interval between two neighboring points on the world line. It is proportional
to the proper time of the particle, dr = ds/c.

It is natural to reformulate Newton’s second law in the theory of relativity in
the form d(mcu)/dr = F. The constant m characterizes the inertial properties of
the particle and is called its rest mass. If m = const, the force 4-vector F' must be
orthogonal to the 4-velocity u in the sense of the geometry of pseudo-Euclidean
space. The vector mcu, proportional to the 4-velocity, is called the 4-momentum
of the particle.

Kinetic Description of a Gas of Free Particles. We shall now consider a system
of many particles' and introduce the particle distribution function. We consider
at the point z the set T, of vectors tangential to all possible world lines, directed
to the future, and passing through the point z. In the tangent space T, at the
point z, we identify the vectors obtained from one another by multiplication by
a positive number.

Consider two world lines passing through a point z, and suppose that on each
of them there passes an infinitesimal time interval dr. After the time dr, these
curves are separated by an interval ds? = (u; — ug)*c?dr?. In the tangent space
T, of unit vectors in a locally Lorentzian coordinate system, the natural interval
ds* = n;jdu’du’ is induced, and the space T, becomes a Riemannian space.
Here 144 = —64, Where 84 is the Kronecker delta symbol, and «, 8 = 1,2,3,
Naa = 0, 744 = &. The geometry of this manifold is the same as the geometry of
a pseudosphere (or of Lobachevsky space). If for the coordinates we choose the
first three components of the 4-velocity vector in a Cartesian coordinate system,
the metric of the three-dimensional pseudosphere will have the form

2 _ _ Ualp o B
deT (6"'3 l+(u1)2+(u2)2+(u3)2>du &

1" The reader can become acquainted with the problems of describing a system of interacting particles
in the theory of relativity from the monograph of [5.1], for example.
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where the indices o and 3 take the values? 1, 2, 3, and the volume element in
this space has the form

_ du' du®du’
- 1+ @2 + @22 + (W3)?)/?

The invariant volume element on the pseudosphere in the tangent space at the
point ¢ is given by du = /=g du'du?du®Jus, where g is the value of the
determinant of the metric tensor at the point z.

Fourier integral expansions of arbitrary functions in Lobachevsky space in the
form of superpositions of spherical (or cylindrical) waves, and also expansions
in terms of different systems of eigenfunctions, were obtained in [5.2, 3].

Suppose that the world lines of particles cross a hyperarea dV' with projec-
tions onto the coordinate hyperplanes equal to (dz?dz3dt, dz3dt dz', dt dz'dz?,
dz!dz?dz?). Then the number dN of particles crossing the hyperarea with ve-
locity components in the intervals [u!, u! + du'; u?, u? + du?; v, + du®] can
be written in the form

du

dN = (n,u') f(u,z)dVdu |, (5.1.1)

where n; are the components of the 4-normal to the area, determined by
nmdV = dz?dz?dt, ..., nadV = dr'de?de?, and f(u, ) has the meaning of
the distribution function of the particles, given on the set of tangent spaces at
all the points of the manifold My. The total number of particles crossing the
hyperarea dV is given by the expression

+00 +oo +oo

dN =dV n; / / / u' f(u, z) du' dudu /=g /ua . (5.12)

—00 —00 — 00

Consider an elementary volume dz!dz?dz3dt at a point z. Suppose that at
this point all the Christoffel symbols vanish inside this volume. If the particle
world lines do not terminate in this volume, the total flux of particles through its
surface must be equal to zero, and by Gauss’s theorem we obtain the equation
of continuity® IN*/dz* = 0, where

+00 +o0 +oo

Ni= / / / u' f(u, z) du' duldu® Jug . (5.1.3)

—00 —~00 ~00

When they cross the hyperarea, the particles carry energy and momentum.
The 4-momentum of a particle is defined as the vector mcu. In the nonrela-
tivistic approximation, the first three components of the 4-momentum form the
momentum 3-vector mwv, and the fourth physical component of the 4-momentum

2 For what follows, we adopt the convention that Greek indices take the values 1, 2, 3, and Latin
indices take the values 1, 2, 3, 4. )
3 In an arbitrary coordinate system, this equation can be rewritten in the form V, N* = 0.
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has the value (mc? + mv? /2)/¢, i.e., it is proportional to the sum of the kinetic
energy and the rest energy of the particle.

In elastic collisions, the total 4-momentum of the particles, determined by the
motion of their center of mass, is conserved: mju] +mau) = miuf +mauj. The
flux of 4-momentum through the area dV is emu dN, where dN is determined
by (5.1.2).

The sth component of the flux of 4-momentum through the hyperarea dV is
n;T!dV, where

T,~,-=m/u,-uif(u,x)du . (5.14)

The tensor T,; which we have introduced in this way is called the energy-
momentum tensor of the relativistic gas. We note that the transition from the
discrete particle-number function to a continuous distribution function implies a
transition to a continuous medium moving in the phase space [5.4].

If no external forces act on the particles, and their momentum is changed only
in collisions, then the total flux of energy and momentum through the surface
of the elementary 4-volume dz!dz2dz*dt is equal to zero, and we obtain the
equations of conservation of energy and momentum*:

o ..
—-.T” = 0 .
ozt
The average macroscopic velocity in the gas can be defined in two ways:
either as an eigenvector of the tensor T [5.5] or as the normalized particle flux
vector N; (in this case, the normalization factor obviously has the meaning of
the particle number density [5.6]).

5.2 Thermodynamic Equilibrium in an Ideal Gas

Owing to collisions of the particles in the gas, thermodynamic equilibrium is
established in each volume whose dimensions are much greater than the mean
free path of the particles. The state of the gas in thermodynamic equilibrium is
determined by the following macroscopic parameters: the velocity 4-vector u’,
the temperature T, and the pressure p.

The analysis which follows is carried out in a coordinate system in which
the given small volume V is at rest. We adopt the notation @ for the value of
the thermodynamic potential & = E + pV — T'S of the volume of gas V (F is its
internal energy, and S is the entropy), and the notation y for the value of ¢ per
particle, u = ¢ /N, where N is the (variable) number of particles in the volume
V.

4 In an arbitrary coordinate system, these equations can be rewritten in the form V; T% = 0.
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The equilibrium state of the gas can be determined by specifying the tem-
perature T and the chemical potential u.

In order to find the equation of state of the gas, we must use the formula of
the Gibbs distribution for a system with a variable number of particles. According
to the general Gibbs formula, the thermodynamic function pV is given by the

expression
) nik] , 5.2.1)

pV = -—kTXi:ln zk:cxp [(#k_Tei

where e; and n;; are, respectively, the energy and occupation numbers of the
state 1.

According to the Pauli principle, for particles with half-integral spin the
occupation numbers of each state can take the values 0 and 1. Therefore from
(5.2.1) we have in this case

pV =—kT Y In [1 +exp (i‘k_—;)] : (5.2.2)

For a gas of Bose particles (particles with integer spin), the occupation num-
bers n;; are not restricted in any way and can have arbitrary values (0, 1,2, ...).
Summing the geometric progression in the argument of the logarithmic function
in (5.2.1), with the condition that the chemical potential is negative, we obtain

- _ r—ei
pV—kTZln [1 exp( = )] . (5.2.3)

The number of particles NV in the system is related to the function 2 = pV
by the equation

N= (—QQ) . (5.24
op TV

By “particles”we shall mean those having only translational degrees of freedom.
The quantum state of a particle is determined, for a given value of its momentum,
by the direction of its spin and by its charge state (we neglect completely the
interaction between the particles). Therefore, for a given e; in the sums (5.2.2, 3),
there are s identical terms. For electrons, s = 2 (two spin directions); for nucleons,
s = 4 (two spin directions and two charge states); and for pions, s = 3, since
there are three states 7+, 7—, 7°.

The energy of a free particle is related to its momentum P and its rest mass

m by the equation

e?

2= P?+m?? . (5.2.5)

In a small volume V of a continuous medium, the number of particles N is,
by definition, quite large. Using the law of large numbers, we can convert the
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summations in the distributions (5.2.2, 3) to integrations (this replacement is not
valid for a degenerate Bose gas, in which there is an accumulation of particles
in the state e = 0).

According to quantum statistics, the number of quantum states of the trans-
lational motion of the particles with momentum components in the intervals
[P, P; + dP,], [Py, P, + dP,], [P,, P, + dP,] in a stationary volume V is
VdP,dPydP,/ (2rhk)? (h is Planck’s constant). Let n be the number of particles
per unit volume: n = N/V. Then from (5.2.2-5) we have, in a locally Lorentzian
coordinate system,

s dP,dP,dP,

"T @rhy / exp ((e — w)/kT) £ 1’

o8 / e dP,dP,dP,
@rh)? J exp((e—w/kT) £1 ’

(5.2.6)

__ s / P*dP,dP,dP,
P= @rhy3m [exp ((e — w)/kT) £1] \/T+ PA(mo)—2 ' (5.2.7)

P*=P}+ P2+ P? .

Here and in what follows, the upper and lower signs correspond to Fermi and
Bose statistics, respectively.

For macroscopic motions of a gas in local equilibrium, the particle-flux 4-
vector is determine by (5.1.3), and the energy-momentum tensor by (5.1.4), where
the invariant distribution function is given by

f(P, TEF), uz¥), uiz®))

= (%)3 [exp (_T:Cil’_ + %%P,u') + 1] - (5.2.8)

Cold Fermi Gas. At low temperatures, k‘T/(mcz) — 0, we have quantum de-
generacy of the gas. For a Fermi gas, the distribution function tends to a step
function:

me \? e i - s(ﬂ)3 for e <
= ——— .4 Iu ’
1@ =s(57) [CXP(kT)+1] _’{o“ fore>p .

Therefore the chemical potential u for a degenerate Fermi gas is equal to the
limiting value of the energy e, called the limiting Fermi energy er. In this case,
(5.2.6,7) give, after integration,




208 5. Relativistic Hydrodynamics

s(mc)® 4n

a3 €0

/ dP,dP,dP, =
e<p

s / P*dP,dP,dP,
pP= 3
327h) me<ﬂ /1 +P2/m2c2 (5.2.9)
sm4c5 ™

(2 n)s 6 [ (€2 — 12 — 36 — 1)V/2¢ +31In(¢ + \/52__1)] ’

1
€= (2 h)s [(5 — D28 — S - V% - 1n(£+\/£2 )] ,

where ¢ = p/mc? = eg/mc?. The expressions (5.2.9) become particularly simple
in the ultrarelativistic limit, when the limiting Fermi energy is much greater than
mc*: € > 1; in this case, from (5.2.9) we obtain

SR B sm'c (=), e~s
"~ 62 \mc v PR o4 \me » ERIP -

Eliminating er from these relations, we have

1 2\1/3
fep=g (E) hentl® (5.2.10)

S

_ S
© @rh)y

In the nonrelativistic case, |ep — mc2| < md, ie., |€ — 1] < 1, and from (5.2.9)
we readily obtain

(mc) 47(' 3/2 3/2
Shp 3 ¢€-n7",

YA 5 (5.2.11)
PRI\ m ’

e~ mnc +3p/2 .

It follows from (5.2.9) that the limiting Fermi energy for a cold gas is related to
the density of the gas by the equation

2 2/3
L \/1 N (m) (421) , (5.2.12)
mc mc s

The ratio of the limiting Fermi energy (minus the rest energy) and Boltzmann’s
constant is called the degeneracy temperature: eg — mc* = kTp. A Fermi gas
at temperatures T > Tp much higher than the degeneracy temperature has a
Maxwell distribution, while at temperatures T < Tp the gas is degenerate. We
note that the temperature of a degenerate gas can be relatively high at high
densities.

In a cold gas, the condition for the transition to the ultrarelativistic equation of
state € = 3p is the condition eg > mc?. According to (5.2.12), this is equivalent
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to the condition that the average distance between the particles is much less
than their Compton wavelength A\c = A/(mcc) (for an electron the Compton
wavelength is 3.8 x 10! cm, and for a neutron it is 2.10 x 10~*cm).

Formation of a Gas of Free Electrons. Owing to the compression in stars which
have exhausted their supplies of thermonuclear energy, the density increases.
Therefore it becomes possible for electrons to escape from one atom to another
(the tunneling effect). The matter becomes ionized. The tunneling of electrons is
particularly effective when the average distances between the atoms, [ ~ n~1/3,
become comparable with the radius of the lowest energy level for the electrons
in an atom (the radius of the K shell), i.e. , for n~1/? ~ hz/meezz, where m.
is the electron mass and Z is the number of protons in the nucleus. Therefore
the density of particles required for complete ionization is of order

n ~ (meeZZ/}i,z)3 .
The corresponding mass density is of order
o~ Amqan ~ 102* g/cm3 ,

where A is the number of nucleons in a nucleus and m, is the neutron mass.

At sufficiently high densities, the bare nuclei of the atoms find themselves
in the environment of a degenerate electron gas (we have the “electron-nucleus
phase of matter”).

Neutronization of Matter. The condition of neutrality of matter reduces to the
condition of equality of the numbers of protons and electrons per unit volume.
For matter with mass densities o > 107 g/cm3 and for a limiting Fermi energy

er > 1 MeV (1 MeV, i.e., one million electron volts, is equal to 1.783 x 10-% g),
neutronization of matter sets in, since the nuclei become unstable with respect to
the process of inverse 3 decay, in which one of the protons in a nucleus absorbs
an electron from the electron gas surrounding the nucleus, emitting an electronic
neutrino ve:

A,2)+e - (A, Z - D+v, .

The limiting Fermi energy er of the electrons in the electron gas, corresponding
to this reaction, is

er=(M(A,Z —1)— M(A, 2))? .

Here M (A, Z) is the mass of the nucleus with Z protons and A nucleons. We
can calculate the threshold values of ep [and the density of particles related to
er by (5.2.12)] on the basis of the nuclear mass formula

M(A, Z) = (A — Z)my + Zmy + By /3, (5.2.13)
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where my, is the proton mass and the binding energy E is given by the semiem-
pirical formula [5.7, 8]

Ey=f(AZ) . (5.2.13")

Formation of a Gas of Free Neutrons. When the limiting Fermi energy er of
the electrons exceeds the binding energy FE, of a nucleus, the electron-nucleus
plasma must contain free neutrons as well. Thermodynamic equilibrium between
different components of the matter is maintained through the reactions

A, 2)+Ze = (4,n)+ 2y, .

Besides processes of S decay, in cold but dense matter there can also occur
so-called picnonuclear reactions, in which light nuclei fuse and form heavier
nuclei. Therefore, in cold matter in which the neutrons form a superfluid, heavy
nuclei forming a crystal lattice exist up to extremely high densities [5.9].

Qualitatively, the thermodynamic equilibrium can be described by means
of the principle of the minimum of the internal energy. Let n be the number
of nucleons per unit volume, and n, be the number of free neutrons per unit
volume. Then there will be (n — n,)/A nuclei per unit volume.

The energy density will consist of the energy of the nonrelativistic degenerate
gas of neutrons [see (5.2.11)], the energy of the relativistic degenerate gas of
electrons [see (5.2.10)], and the energy of the nuclei [5.10]:

e=M(A, Z)cA(n — nn)/A + NaMnc® + 3(127"L2/3/(10mn)c2
+3alZ(n —ny)/AI*3 /4 (5.2.14)

where a = (372)!/3kc, and we have taken into account the condition that the
plasma is electrically neutral:

Z(n —ny) = Ane .

For a fixed number of nucleons n, the energy ¢ as a function of nn, A, and
Z has a minimum for the most stable nuclei. Therefore, to determine n,, A, and
Z for fixed n as functions of n, we have the three equations

Oe Oe Oe

—_ = 0 —_ = —_—= . .2.14’
0A ' 0Z 0, Ong 0 ® )
At the threshold for production of the electron-nucleus phase with free neutrons,
the limiting Fermi energy of the electrons is equal to the binding energy Ejp of
the particles in the nucleus:

Zep=—FEp .

We stress that at high densities, owing to the reaction of § decay, the presence
of a gas of free protons is energetically forbidden.
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Although the extrapolation of the empirical formula (5.2.13) to the case of
nuclei in which the number of neutrons is much larger than the number of
protons is not entirely accurate, the relations (5.2.14') together with (5.2.13', 14)
nevertheless provide a means of gaining a qualitative idea of the rate of increase
of the number of free neutrons with increasing density of the total number of
nucleons.

At ¢ ~ 2 x 1013 g/cm?, a continuous nuclear medium is formed, consisting
mainly of free neutrons, with a small number of protons and electrons.

By means of scattering of high-energy electrons on heavy nuclei, the density
distribution in these nuclei has been determined. It has been found [5.7] that
the density at the center of the nucleus does not depend on the number of
nucleons in the nucleus. Experiments have revealed an attraction of the nucleons
in the nucleus and a strong repulsion of nucleons at distances of order 2 x
10~ cm (at supernuclear densities). At the same time, the nuclear forces at
very small distances cannot be determined from scattering experiments. It is
doubtful whether they can be described at all by a static potential [5,7,11].

So far, the only theoretical method which makes it possible to obtain equa-
tions of state of nuclear matter with equal numbers of protons and neutrons is
the method of Brueckner and Goldstone [5.7,12-14]. Semiempirical equations
of state have also been given in the literature (see the references in [5.7,10]).
At supernuclear densities, neither the theory nor experiments give as yet reliable
direct indications of how to construct equations of state.

Neglecting the strong interactions between the particles, the equilibrium in
a cold mixture of various free fermions and bosons with allowance for all pos-
sible nuclear-reaction channels was considered by Ambartsumyan and Saakyan
[5.10, 15] under the assumption that the heavy bosons which occur are condensed
onto the lowest energy level e, = m,c2.

Equilibrium in Hot Matter in the Relativistic Region. By “hot matter” we
mean matter whose temperature is much greater than the degeneracy temperature
[see the definition after (5.2.12)] at the density in question.

For particles whose number in the system is determined by the condition
of thermal equilibrium, the chemical potential is equal to zero. Therefore the
integrals in (5.2.6,7) must be calculated with u = 0. For particles with nonzero
mass, the energy and momentum are related by (5.2.5). Examples of a hot gas
are a gas of pions (Bose particles) produced by collisions of superfast nucleons
[5.16-19] or gases of photons (Bose particles) and neutrinos (Fermi particles)
[in this case, the rest mass of the particles is zero, and calculations based on
(5.2.7) are greatly simplified]. The masses of the #~, #*, and 7° mesons differ
on account of the contribution to the mass from the Coulomb energy of the
charged pions. These mesons can therefore be regarded as three different states
of the pions.

At high temperatures kT > m.c?, i.e., large collision energies, for a pion
gas we obtain from (5.2.7) the following equation of state:
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w2 ET\?
£~ EkT (E) , €=x3p . (5.2.15)

We note that in these expressions there is no dependence on the pion mass m,.
In the case of a photon gas, we obtain for all T the well-known Stefan-
Boltzmann formulas

72 ET\? kT
" (L = -0. it 2.1
€ 15kT<hC) . e=3p, n 0244(hc) (5.2.16)

At high temperatures, matter contains electron-positron pairs, and the equi-
librium distribution functions of the electrons and positrons are described by
(5.2.8). The condition for equilibrium with respect to pair production has the
form p, + p_ =0, where p, and p_ are the chemical potentials of the positrons
and electrons, respectively. The actual value of p. is determined by the condition
of electrical neutrality of the gas, n_ —ny = ), Zing, where Zj is the number
of protons in the nucleus of type k, and n; is the concentration of nuclei of
type k. If Z;, ni, and T are specified, we can completely determine . and
it—, and thereby determine the parameters in the distribution function (5.2.8).
At temperatures kT > mec? the concentrations of positrons and electrons are
practically the same, (n, — n_)/n, < 1, and in a first approximation we have
p+ = p— = 0. Then for a gas of electron-positron pairs we obtain from (5.2.6,7)
the equation of state

2 3 3
e=1"r(*E . e=3p ., n=0366 T\ (5.2.17)
he ke

5.3 Relativistic Dynamics and Acoustics of an Ideal Gas

The equations of the relativistic dynamics of an ideal gas in the absence of exter-
nal forces and heat exchange between the particles reduce to the five equations

Villp+eu'u; —psil=0 , j=1,234 , Vi(eu)=0 .  (53.1)

Here u; denotes the macroscopic 4-velocity of a fluid particle, and ¢ is the internal
energy per unit volume of the gas. These equations are written in covariant form,
and they hold also in the Riemannian space determined by the equations of
general relativity.

The continuous field of time-like vectors u, determines the world lines of the
fluid particles. We shall write dr for a small interval of length on a world line
of a fluid particle. Then the derivative of an arbitrary function ¢ with respect
to the proper time of a particle (called the rotal derivative in the nonrelativistic
limit) can be written as
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; d
cuw,;E-ﬁ .

From the thermodynamic identity (S is the entropy, and w is the enthalpy per
unit mass)

sw="L+755 | w=2r)
14 Q
it follows that
Vip=oViw—-TV,S) . (5.3.2)

Using (5.3.2) and the equation of continuity, we rewrite (5.3.1) in the form [5.20]
w2y =-TV; S , 2;;=—0j;i = Vi(wu;) - V; (wu,) . (5.33)

Contracting (5.3.3) with the components u/, we find that the motions of the gas
determined by (5.3.1) are adiabatic: dS/dr = 0.

In the particular case of isentropic motions of the gas, when p = p(p), the
determinant of the antisymmetric tensor £2;; is equal to zero, and in the comoving
coordinate system it follows from (5.3.3) that

4o = O4(wiy) — Ox(wig) =0 , a=1,2,3 . 534

The components of the velocity in the comoving coordinate system can be ex-
pressed in terms of the metric coefficients as follows:

4 =0 it = 1 fg = Jaut g =/Gaa .
9 §44 I o m b
By differentiation, from (5.3.4) we readily obtain the equations
O4 [aﬂ(wa,,) - aa(U)Uﬂ)] =0 , (5.3.5

from which we deduce the relativistic integral of freezing of the vortices (Thom-
son’s theorem):

Op(wita) — Oalwitp) = Rap , Oifap=0 .

In the Newtonian limit, the relations (5.3.5) also have the form (5.3.4), where
1o are equal to the velocity components in a Lagrangian coordinate system, and
the function w must be set equal to c?.
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5.3.1 Shock Waves and Vortex Motions of an Ideal Gas

According to (5.3.3), the motion of a gas cannot have a potential character if the
entropy distribution varies with the particles.

If the flow of a gas involves a shock wave with variable intensity, then the
flow beyond this wave has a variable entropy distribution in the particles and will
have a vortex character, even if the flow had an isentropic and potential character
before the break. This fact, which is well known in classical gas dynamics, is
equally true in the relativistic case. The corresponding analysis is given below.

The geometry of the surface of discontinuity is characterized by the first and
second quadratic forms. The first quadratic form is nondegenerate, since shock
waves propagate with speeds less than the speed of light. The first quadratic form
can be reduced at each point to the form —(dz?)? — (dz>)? + (dz*).

In the neighborhood of a shock wave, let us transform to a coordinate system
constructed as follows. From each point of the shock wave we construct, along
the normal to it, a space-like geodesic characterized by the parameter [ which
measures the arc length from the shock wave.

Let x* (a = 1,2,3) be the internal parameters of the surface of discontinuity.
The square of the interval in some neighborhood of the discontinuity then takes
the form

ds? = —d* + gapdx®dx® .

The coefficients of the first quadratic form of the surface of discontinuity are g,z
(at I = 0), and the coefficients of the second quadratic form b,z are (9gq5/00)=0.

The projection of the equation of motion (5.3.1) of an ideal gas onto the
plane tangential to the shock wave in the system of coordinates x', x2, x3, [ at
a fixed point has the form

JO(wuy)/ 0l + guﬂv,, (Wue) — Vop=0 . (5.3.6)

Here u,, is the component of the tangential part of the velocity, and the covariant
differentiation is carried out by means of the three-dimensional metric g,g|i0
J = 0Un)s Un) = Ul = u;n’, in which n is the normal to the shock wave.

The conditions on shock waves for a relativistic gas in an arbitrary coordinate
system have the form

[(p + &)uemyu; — pnil =0 , 637D

G1=0, Jj=ouwm - (5.3.8)

The square brackets denote the difference of the corresponding quantities “be-
fore” and “after” the break.

Writing the projections of (5.3.7) onto the normal and onto the plane tan-
gential to the surface of discontinuity at a given point, using (5.3.8), we obtain,
respectively,

[wu@y —pl=0 , (5.39)



5.3 Relativistic Dynamics and Acoustics of an Ideal Gas 215

[wual =0 , a=1,2,3 . (5.3.10)

Differentiating the condition (5.3.9) with respect to x, and subtracting the
result from (5.3.6) individually from each of the two sides of the surface of
discontinuity, after using (5.3.10) to separate the terms continuous at the break,
we obtain

’w2Uﬂuﬂ

2

(S al + [ﬁ] (wuﬂrz,go, +Va ) i NPIVai=0 . (5.3.11)
w
We stress that in deriving this relation we did not make use of the thermodynamic
identity (5.3.2).
Taking advantage of (5.3.3), in which we have made use of (5.3.2), from
(5.3.11) we have

[0TVa S1= - [£] V.

wzu,gu’g
2

According to the relations (5.3.11, 12), there is a break in the component
of the vortex bivector and in the tangential component of the entropy gradient
if at least one of the following two situations occurs: (a) nonuniformity of the
distribution of the square of the tangential component (with respect to the surface
of a strong break) of the pseudovelocity ¢, related to the 4-velocity components
by the equation ¢; = wu;; (b) nonuniformity of the mass flux density, {V, j} #0.
If the flow before the break has a potential character, these circumstances lead
to a nonuniformity of the particle entropy distribution and to a vortex character
of the flow beyond the break.

+[plVoa Inj =0 . (5.3.12)

5.3.2 Potential Motions

In the important special case of isentropic motions of a gas, there exists a pseu-
dovelocity potential, wu; = ¢ ;, so that the relations (5.3.3) are satisfied iden-
tically. For potential motions of a gas, the equation of continuity leads to an
equation for the potential ¢:

V; ou' = V; (V'p)e?/(p +¢))

=0*/(+e)Vi Vip+ VoV In(e? /(p+€)] =0 . (5.3.13)
From the relation (5.3.2) with S = const, we have
dlin((p + €)o™ )] = _L(d dnw?) | (5.3.14)
2 \dp

while V; chicp = w? by the definition of ®, so that from (5.3.13), using (5.3.14),
we deduce the equation

2(V; Vi) (Vi o V) + (S% - 1) (VX Vi (Vi pVEQ) =0 ,  (5.3.15)
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which can be written in the form [5.20]
P (4 _ iy iy -
d_e(g —u'u!)ViVip+u'u!V;Vip=0 . (5.3.16)

According to the theory of equations of hyperbolic type, this equation has
real characteristics ¢ = const:

d—pd).tﬁ (g7 —ulud) +utulyp ;=0 . (5.3.17)
dE E) 1] £ ,J

Equation (5.3.17) gives rise to a system of ordinary differential equations for
sound rays:

dz? . dp .. ..
2 id + ZE (gt _ i .
dor (uu +d€(g uu))kJ ,
dki _ O tm W im  im (5.3.18)
da ~ kikm Ozt (u ue ds(g wu™ )
k; =0y /0"

where « is a parameter on a sound ray, related to the proper time on the sound
ray by the equation

cdr = |u;k'|\/1 — dp/de da .

5.3.3 Acoustic Waves in a Relativistic Gas

We shall derive equations for rapidly varying perturbations propagating in an
arbitrary potential flow of a relativistic gas [5.21].

Suppose that the sound characteristics ) = const stratify some region of
4-space in accordance with (5.3.17) and that we can introduce a “comoving”
coordinate system for the sound rays: , a, ¢!, €2, where ¢! and ¢? are Lagrangian
coordinates of a sound ray on the sound wave front ¢ = const; the transition to
such a coordinate system is determined by the solution of (5.3.18).

In acoustic waves, the derivatives of hydrodynamical quantities with respect
to the coordinate i) will always be much greater than their derivatives with
respect to the coordinates a, ¢!, €2, except in the neighborhood of caustic sur-
faces. Therefore, in the equation for the perturbations we shall neglect the second
derivatives with respect to the slow variables, but we shall retain the quadratic
terms involving products of derivatives with respect to the fast variable . We
note that such an approach to arbitrary nonlinear hyperbolic systems was devel-
oped by Choquet—Bruhat [5.22]. The acoustic equation has the form
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drt dz? dp da:
i\3
—2(2—1> (kiu) i)’ 592 ¢ |

w oY
Op drt dp. ,
45_61/) , E=k,< (g’—uu’)+uu’) . (5.3.19)
We denote by dV the 4-volume element dV = +,/—g dz'dz?dz3dz?. If each
point of this volume is displaced along the sound lines, then a variation of the
parameter « on each sound ray by an amount A« leads to a change in the volume
by an amount

AdV =dV V;(dz' /da)Aa . (5.3.20)

This relation is analogous to the kinematic interpretation, well known in the
mechanics of continuous media [5.23], of the divergence of the velocity as the
rate of relative change of the volume. On the other hand, the element of volume
can be expressed in terms of the Lagrangian coordinates as

D(z!, 22, 23, z%)
D@, a ,61 £%)

Therefore (5.3.19) can be rewritten in the form
od 0 — dp\ 0
2—8_ +¢'a—1ﬂ\/—g+¢ (1 - d—€'> a—a-lng

de (kiu')® _OP
-2 (dp 1) ” 455;/; =0 . (5.321)

We shall assume that the gas has the equation of state p = Ae. We introduce the
notation

_ A = N(k;ut)da
v=2Y- p+6 A N D)

Then (5.3.21) reduces to the equation v , + vv 4 = 0. It can be seen that sound
waves in relativistic hydrodynamics have the same qualitative behavior as in
classical gas dynamics (see Sect.4.1). The only change is in how far the initial
sinusoidal wave varies up to the point at which it deviates from the parameters
of the unperturbed solution, and in the characteristic dissipation interval of the
wave. In the case of the most rigid equation of state p = ¢, we obtain, according
to (5.3.15), a linear equation for the pseudovelocity potential, so that this effect
does not occur in such a gas.

dv = /=g dpdade'de® , \/=G= V=9
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5.3.4 Nonlinear Acoustics of an Expanding Universe: Relativistic Theory

We shall consider an important example of the application of our equation
(5.3.21) when there is a background consisting of a homogeneous isotropic uni-
verse with a flat comoving space. For matter in the early stage of expansion
at high temperatures, we adopt the relativistic equation of state p = Ae with
A = const. In the case of the model commonly known as the Friedman-Lemaftre
model, it follows from Einstein’s equation R: — R/2 = ke that the scale factor
a in the metric ds? = —a?(t)(dz? + dy? + dz?) + dt? is related to the comoving
time ¢ by the law a = agt?/G**¥, where ap = const.

We introduce a variable 7 such that a dn = dt, 5 ~ t®M/GX3)_ The equation
of the characteristics (5.3.17) for one-dimensional motions (spherical, cylindrical,
and planar) on the background of the Friedman-Lemaitre model can be written
in the form A(s,)? — (3,,)* = 0, from which we have ¢ = r ¥ v/A 7. In what
follows, we shall consider waves moving in the direction of increasing r, i.e.,
we shall take the upper sign.

It follows from the equation of continuity that o ~ a2 and hence £ ~ p**! ~
a=3O0H) 42

We now calculate the determinant of the metric tensor constructed on the
sound rays. The components of the vector k(k,,k,) are k, = 1, k, = -V
Therefore, according to (5.3.18), the components of the vector tangential to the
sound rays are

According to (5.3.20), the elementary volume in the coordinate system co-
moving with the sound rays can be calculated from the equation

. = {0\ _ VAd, X d,
5;1]1 -—g——V, ( )——-—————a - Er )

Ba a* dn rva?

and therefore ¥/—§ = ar”/? const. Here v = 2 in the spherical case, v = 1 in the
cylindrical case, and v =0 in the planar case.
Substituting these data into (5.3.21), we obtain

2w 12? JovE sa% (vr"/zaz,/(p T s)) + 5%[1;%4(1, +er’I1 - N =0 .
(5.3.22)
In this equation, v is the perturbation of the velocity:

% B _(p +¢)va
oY 0 '

Substituting the dependence of the background quantities on 1, we have

=
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(¢+n~/_) gA-3N/GMDYX (1~ NXX =0 |

v/2
=0 (d’ +77\/—) (1—3,\)/(3,\+1) )

Hence we obtain, for the curves along which X = const, the differential equation

(5.3.23)

a —)\)X% (¢+n\/_ ) pA-30/GxD) (5.3.24)
X=const

In what follows, we shall consider separately the cases of plane, spherical,
and cylindrical waves. In the case v = 0, we introduce the variable 7 by the
equation

3A+1 6a/6a1)
—_— 1- .
e " a-x

Then (5.3.23) can be written in the form

T=

X, +XX,=0 . (5.3.25)

This equation admits discontinuous solutions, in which the discontinuity moves
with speed®

j—¢ = 'I'(Xl +X2) .

Here X; and X are, respectively, the values of X before and after the disconti-
nuity. This follows from the fact that at the discontinuity f [X]+ f 4[X 2] /2=0,
where f(, ) =0 is the equation of the surface of discontinuity.

Let us calculate the asymptotic behavior of weak shock waves propagating
through an unperturbed background. In this case, X, = 0. The intensity X; of
the shock wave is attenuated in time, since the Riemannian wave comes onto
the surface of discontinuity: the discontinuity moves with speed X /2, while the
particles move with speed X;. Therefore the shock wave is overtaken by the
particles with a smaller and smaller speed.

The general solution of (5.3.25) has the form

p—-X7=C(X) . (5.3.26)

The function C(X) can be expanded at small X in a series in powers of X:
CX)y~C1X+....

Differentiating (5.3.26) with respect to 7 for particles in front of the shock
wave, and using the fact that dy /dr = X /2, we obtain for X;(7) the equation

X12+1X1=-C1 X1 . (5.3.27)
5 Thus, weak shock waves move through the gas with a speed which depends strongly on the size

of the perturbation. In other words, the sound characteristics of the unperturbed solution do not
coincide with the fronts of the weak shock waves.
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By integrating, we readily obtain the asymptotic law of attenuation of plane
shock waves:

const
vVT+ C] )

For a plane wave obtained from an inverted periodic wave, we have X1+X; =
0 at the discontinuity, so that from (5.3.26), by differentiating with respect to 7,
using the fact that dvy /dr = 0 for points on the shock wave, and then integrating,
we obtain

X) =

X~1/7 .

Returning to the quantity v, the perturbation of the speed, we obtain the
law of attenuation of plane shock waves and periodic waves in an expanding
universe:

v~ VM) 1/\/a  for shock waves |,

1 for periodic waves .

v~
We note that for a photon gas (A = 1/3) these expressions are completely
analogous to the well-known formulas for plane waves in a gas at rest, provided
that 7 is replaced by the time t.
We now turn to the case of cylindrical and spherical waves. Using (5.3.23),
we find that the discontinuity moves with a speed given by

dp _ X1+Xa TR a-1/6a)
-2 (¢+n\/x) U] :

We introduce the notation v /2 + (1 —3X)/(1+3)) = b. The effects of inversion
and dissipation occur only when b < 1, i.e., only for A > 1/3 in the spherical
case, and only for A > 1/9 in the cylindrical case.

Ifb>1,ie.,if A<1/3 forv=2and A < 1/9 for v = 1, then the intensity
X becomes asymptotically constant, and this leads to a change in the amplitude
of periodic waves and in the intensity of shock waves according to the laws of
geometrical optics: v ~ n—°. The effect of wave inversion is absent, owing to
the expansion of the universe and the geometrical expansion of the wave itself;
the nonlinearity in these cases is unimportant.

The nonlinear asymptotic behavior of the attenuation in the case b=1 (A =
1/3 for v =2 and )\ =1/9 for v = 1) is as follows:

v~ (nlny)~! for periodic waves ,

-1
v~ (77 In 17) for shock waves .

For A > 1/3 the law of attenuation of the intensity of shock waves in the
spherical case is
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v~ 77(3)‘+3)/(6/\+2) ~ t—1/2 ,

while in the cylindrical case for A > 1/9 we have

v~ g VATLGND (2174

When )\ = 1/3 in the cylindrical case, we have v = ~3/4,

In the case of periodic sawtooth-shaped waves, independently of the sym-
metry and the equation of state, an essentially nonlinear law of attenuation is
established when b < 1, namely, v ~ 1 /7.

We note that the importance of nonlinear acoustic phenomena for an expand-
ing universe was pointed out by Peebles [5.24]; the treatment given above is due
to the present author.

5.4 Relativistic Magnetohydrodynamics

Various aspects of the relativistic electrodynamics of a continuous medium are
also considered in other books which should be consulted for further details®. In
the theory of relativity, the electromagnetic field is described by an antisymmetric
tensor Fj,. The properties of molecules of matter in changing their electromag-
netic characteristics under the influence of fields external to the molecules are
characterized macroscopically by a polarization and magnetization tensor M;;.
In a medium, electric currents can flow and charges can accumulate. In the the-
ory of relativity, one introduces the electric-current 4-vector j*, whose first three
components in the Cartesian coordinates z, y, z, ¢ are the components of the
electric-current density vector, while the fourth component gives the density of
charge.

If in some coordinate system the current 4-vector lies inside the light cone
in the tangent space, the fourth component of the current 4-vector cannot be
transformed to zero by means of a transformation of the coordinates. In this
case, it is possible to introduce the proper density of electric charge, c?o? = j;j°.
It is convenient to introduce the tensor Fy; which is dual to the tensor F,; by
the relation F}} = %Sikzm F'™_ Then Maxwell’s equations can be rewritten in the
form

. . . 4
ViFYi=0, Vi(F*+ M%) = T4k
C

Ohm’s law in the special theory of relativity can be reformulated as
7t = coeu’ + aFijuj

Magnetohydrodynamics (MHD) is the study of the dynamical properties of
a fluid with infinite conductivity, ¢ = oo, and a space-like electric-current 4-
vector. In this case, it follows from Ohm’s law that Fiiy ; = 0. We shall restrict

6 See [5.23,25-28] and the references to journal publications cited therein.
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ourselves to the case M;; = 0. It is convenient to introduce [5.27] a space-like
magnetic-field 4-vector h' = F**u,. Then the energy-momentum tensor of the
electromagnetic field, 7,; = [FyxF} — g,;Fi F*' /4] /47, can be represented in
the form

Tij = % {hkhk (—u,-u]- + %g,-j) — h,‘hj}

The combined energy-momentum tensor of the matter and the field has the form
Tij=|p+ L poht ; L ekt gi; — - ki, (5.4.1
L M p [ 47[' k ulu] - 87[' k ng 47r ity . S, )

Therefore the closed system of equations of relativistic MHD consists of the
equations of energy-momentum conservation V; T; = 0, where T;; is given by
(5.4.1), the equation of continuity, and the magnetic-induction equations

V; (hiu? — Ku?) =0 .

In the comoving system of coordinates ¢!, €2, €3, 7, this equation can be
readily integrated, since

9 [,.06° .
) PR Sy I 1,23 ; i=1,234,
or | Ozt g/g44] o 0, a ,2,3 l 3

from which, using the equation of continuity

a [ ~ ~ —
il —9/944] =0

for an arbitrary coordinate system of the observer, we have

.'Qf_a_ a1 2 3
h 5.7~ OX &Hx5x) - (54.2)

Analogous first integrals of the magnetic-induction equation hold also in the
nonrelativistic theory. After transforming the equations

0
—a—tB = curl[v x B]

to the comoving coordinate system, using the equation of continuity, we have

o [Broe] _ L0
8t[g 33:7]6“—0’ whence B azv—gx ,

X*=x%€,8), a,y=123 .

The equation V; F*F = 47 j* /c makes it possible to use the resulting solution
to determine the electric currents flowing in the matter.

(5.42"
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Let (x,y,2,t) = const be the equation of a characteristic surface of the
equations of relativistic MHD. Then the characteristics of the fast and slow
magneto-sound waves satisfy the equation

_ E _ L4 _l__‘_l_i k i7.32 m
P(k) = (p+¢) (dp 1) (u;k)* + (p+e o dphkh )(u k)2k, k
— @r) (R kmk™ =0

km = 0/0z™ | (5.43)

and that of the Alfvén wave satisfies the equation
) 1 .
pte— ihkh" (uik*)? — —(h,k)? =0 . (5.4.3"
4 47

The velocity of motion of the surface ) = const relative to the gas is determined
by the equation

v3 [/ = (W k) [[(u'k:)? — kik] (5.4.4)

From the requirement that the speed of sound in the gas does not exceed the
speed of light, dp/de < 1, it follows that the speeds of waves in relativistic
MHD are always less than the speed of light. Moreover, (5.4.3,3') imply the
inequalities

vs <vpA < Vf ,
where vs, vr, and va are the speeds of the slow and fast MHD waves and the
Alfvén wave, respectively.
5.4.1 Shock Waves in Magnetohydrodynamics and the Hugoniot Adiabat

The conditions of continuity of the flux of energy-momentum and of the rest
mass in crossing the surface of a break in the theory of relativity have the form

[T;;1n? =0 , [ouln*=0

where n; is the 4-vector of the normal to the surface of the shock wave. For
the energy-momentum tensor in the case of an ideally conducting gas, we must
substitute the expression (5.4.1). Maxwell’s equations lead to the condition of
freezing of the magnetic field:

fn;=0 , f9=h'w —hid' . (5.4.5)

The corresponding algebraic equations in the nonrelativistic case are ana-
lyzed, for example, in the book of [5.29]. In the relativistic case, the analysis
of the conditions on MHD breaks as shown by Lichnerowitz [5.27] also has an
inherent elegance.
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From the conditions of conservation of the flux of energy-momentum and of
the magnetic induction on the break, we can form four scalars:

[Tiln'n¥ =0 , [TuTiIn*n'=0 ,
[ TinIn* =0 | [fi;filn'nf =0, or

[0 +e+ R W2 +(p+h2/2) — hE /4] =0

B2 = —hFhijar | hn=h'n; (54.6)
[+ e+ 1Dl — (p+ 12 /2)?

—2(p+e+ R (p+ R /2)0k + ph? [27] =0 | (5.4.7)
[(p+€)unhr]=0 , (5.4.8)
[H1=0 , H=(h¥? - h/4n) . (5.4.9)

In (5.4.6-9) the subscript n is used to denote the normal components of
vectors, for example, u,, = u;n'. We have made use of the fact that, according
to its definition, h; has the property h,u* = 0. We add to (5.4.6-9) the condition
of conservation of the flux of mass across the surface of the break:

G1=0 , j=oun . (5.4.10)

We introduce the notation w = (p + ¢)/p for the specific enthalpy, and also
the function W = (p+¢)/0%. If we form the expression IlkT]"n‘nf +(T.xnink)?,
which is continuous on the shock wave, then from the conditions (5.4.6,7), using
(5.4.9, 10), we obtain the relation

[w? + W22 +2W (K2 + H)+ (h* + H)H/j*]1 =0 . (5.4.11)
After squaring (5.4.8) and eliminating h,, and u,, we obtain

[(W?25%h? — w?H] =0 . (5.4.12)
Using (5.4.9, 10), we rewrite the condition (5.4.6) in the form

[E]1=0 , E=Wjl+p+(h2+H)/2 . (5.4.13)
Using (5.4.12) to eliminate the function w from (5.4.11), we obtain

[F1=0 , F=®+HWji*+H)? . (5.4.14)

We note that, according to the definition of H in (5.4.9), the expression h%+H
cannot be negative. We therefore rewrite (5.4.14) in the form

[\/h2+H(Wj2+H)] =0 . (5.4.15)

According to this relation, the function W j2+H remains unchanged in sign on
crossing the shock wave. Fast and slow MHD breaks correspond to W52+ H > 0



5.4 Relativistic Magnetohydrodynamics 225

and W; 2+ H < 0, respectively. On Alfvén breaks, the function W2+ H is equal
to zero. ’
Using (5.4.13, 14), we write the relation (5.4.11) in the form [5.27]

H(Z1, Z2) = wh — w} +(p1 — p)(W2 + W)

2
+%(W2—Wl)(\/h§+H—\/h§+H) =0, (5416

where the subscripts 1 and 2 are used to denote quantities before and after the
break, respectively, and Z; and Z; denote the states before and after the break.

Equation (5.4.16) is called the equation of the relativistic Hugoniot adiabat.
If we fix the constants F, F', and H, the state Z; for (5.4.13, 14) is determined
by specifying two parameters, which can be taken to be j? and the entropy S,
or W and the effective pressure 5 = p + (h? + H) /2.

5.4.2 Properties of MHD Breaks

In Newtonian gas dynamics, the equations of state of many gases satisfy the
conditions

) 8V/dpl, <0 , M) dV/dS|, >0 , I &V/dp*, >0 , (5.4.17)

where V is the specific volume and S is the entropy per unit mass.

If the function W is substituted into these conditions in place of the function
V, we obtain following Lichnerowitz [5.27] the corresponding conditions for a
relativistic gas.

From the thermodynamic identity

dw=dp/o+TdS (5.4.18)

it follows that d(w?)/0p = 2W.

Corollary I. We fix the state Z; and consider the state Z, + dZ, where Z; is a
point on the Hugoniot adiabat, for given j2, E, F, and H. From (5.4.13,14,16)
we find that

dH =2wTdS . (5.4.19)

Corollary II. The propagation speed of small adiabatic perturbations c+/9p/d¢|,
is less than the speed of light c. Indeed, from the definition of W and from the
condition I of (5.4.17), 0W/8p|, < 0, we have OW/3p|, = ¢~2(1—0¢/dpl|s) < O
and hence 9p/0¢|, < 1.

Corollary III. The Poisson adiabat S = const in the p, W plane is convex:
9*p/OW?|, > 0. Indeed, from (5.4.14) it follows that

K2+ H=FW;j*+H)? .
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Using this, by differentiating p = p+(h?+H)/2 with respect to W with S = const,
we obtain
&'p/OW?|, = —Q@W/dpl) >
(R + H)(OW/8p|,)*5*
(Wj2+ H)?

Q= PW/op*|, -3

This expression is greater than zero as a consequence of the conditions I and III
of (5.4.17).

Corollary IV. On a line A in the p, W plane, any extremum of the entropy must
be a maximum. If we differentiate .S with respect to W twice along the line
(@ — 1)/ (W1 — W) = const, at a point at which 5/0W |4 =0 we obtain

#s Q

oW?| ~ OW/aS|,(dW/dpl)

This expression is less than zero, in view of the conditions I-III of (5.4.17).

Corollary V. On weak shock waves, the discontinuity in the entropy and the
discontinuity in the pressure are related by the equations

12wT[S] = Qlp)® . (5.4.20)

In view of the conditions I and IIl of (5.4.17), @ > 0, and a positive discontinuity
in the pressure causes a positive discontinuity in the entropy of the third order.
In order to prove (5.4.20), we expand w2 in a series in powers of [p] up to
the term of third order and retain only the first power of [S] in the expansion.
We represent the term (W, + Wi)(p; — p1) in the form {2W; + (OW/0p)[p] +
2-1(W/0p*)[pl*}[p). The last term in (5.4.16) is of third order in [p], and we
transform it by means of a linearization of the condition (5.4.14). After this, the
relation (4.20) is obtained by means of thermodynamic identities when collecting
similar terms in (5.4.16).

Corollary VI. If the conditions I and III of (5.4.17) are satisfied on breaks of
finite intensity, it follows from the law of growth of the entropy on crossing a
break, S, > Si, that p; > p; and W, < W;. We shall prove that p, > p; for
Sz > Si. Let us assume the contrary, i.e., that p, < p;. Then along the Poisson
adiabat S; = const, using its convexity [condition III of (5.4.17)], we have

P1
w? — w(py, §1) =2 / Wdp < (- p)Wpp, S)+Wh) . (5.421)
p2

Making use of the inequalities dw?/8S|, = 2wT > 0, 9W/3S > 0, from
(5.4.21) we obtain
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w? — wi < (p1 — p) (W + W)
Wi=W(m,5) , Wa=W(p,S2) .

However, it now follows from this and from (5.4.16) that W, < W;j. This
contradicts the assumptions p; > p;, S2 > S; and the conditions I and II of
(5.4.17).

We shall now prove that W, < W). If we assume the contrary, i.e., that W, >
Wi, then from (5.4.16), using p; > p1, we obtain I = w2 —w? —2Wa(p2—p) < 0.
However, the expression I cannot be negative, since it can be represented in the
form

(5.4.22)

P2
I=2 / (W', $2) — Wipa, S dp' +w(pr, S2) — v, 51)
Pt

where W(p', S2) > W(p2, S2), since p, > p' and 9W/3p < 0. The expression
wk(p1, S2) — wk(p1, S1) is greater than zero because dw?/dS|, > 0.

Corollary VII. On slow MHD breaks, the magnetic field intensity k2 decreases
on crossing the break; in the case of fast breaks, it increases. This property of
MHD breaks is readily obtained from (5.4.14) by using the condition W, < W1,
which holds according to Corollary VL

5.4.3 Relative Positions of the Poisson and Hugoniot Adiabats

It follows from Corollary V that the Poisson and Hugoniot adiabats passing
through a point p;, W1 in the p, W plane have a second-order tangency at this
point.

Corollary VIII. The Hugoniot function H(Z, Z;) on the Poisson adiabat passing
through the point Z; is negative for W < Wj. Calculating the second deriva-
tive of the Hugoniot function H(Z, Z1) along the Poisson adiabat, we obtain
PH/OW?|, = (W — W))0%*p/OW?|,. For W < W, it follows from condition
I of (5.4.17) that the function 9*H/OW?|, is negative. Using the fact that
OH/8W |, = 0 for W = W;, we conclude from this that OH /W |, > O for
W < W) and, in turn, H(Z, Z1) < 0 for W < W1.

Corollary IX. In the p, W plane, let us draw an arbitrary straight line A with
slope —j% = (p—p;)/(W — W) which is less than the slope of the tangent to the
Poisson adiabat at the point Z = Z;. The line A intersects the Poisson adiabat
at two points Z; and Za, since the latter is convex. We shall prove that on the
line A there is a unique Z; belonging to the Hugoniot adiabat H(Z;, Z1) = 0.
The entropy has the same value at the points Z; and Za: S = S;. Therefore
the entropy has at least one extremum on the line A between these points. It
follows from Corollary IV that this extremum can be only a maximum, and
therefore the entropy has no other extrema. Consequently, 3S/0W |4 is greater
than zero at Z = Z, and less than zero at Z = Z;. According to Corollary
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I, on the line A the function H(Z, Z;) has a maximum at the same point as
the entropy, and OH/OW|a > 0 at Z = Zp and FH/OW|s < 0 at Z = Z;.
According to Corollary VIII, at the point Z, we have H(Z4, Z1) < 0, while at
the point Z = Z; this function is equal to zero. Consequently, between the points
Za and Z; there is a unique point Z; at which H(Z;, Z) =0.

Corollary X. In relativistic MHD, for a given initial state Z; and mass flux ;2
the state Z, after a shock wave is uniquely determined.

Corollary XI. For a small change of the state along the line A, it follows from
(5.4.13, 14) that

(OW/8S),(Wj* + HXDS/dW)| 4 = P(n) , (5.4.23)

where P(n) is defined as P(k) according to (5.4.3): P(n) vanishes on the fast and
slow MHD characteristics, and W ;2 + H vanishes on the Alfvén characteristics
(5.4.3"). We now make use of Corollary IX: 3S/0W|s > 0 at Z = Z, and
0S/0W|a < 0 at Z = Z;. Then for the speeds of propagation of the waves
calculated according to (5.4.4), we readily obtain from (5.4.23) the following
inequalities: for fast MHD breaks,

vis <va <vir<Dp
vs < 124 < D2 < v2r ;

for slow MHD breaks,

(5.4.24)

vs < D) <via < it
D2 < vys < v2a < v2f

where D; and D, are the speeds of propagation of a strong break in the particles
before and after the break, and vs, va, and vr are the characteristic speeds of
propagation of the slow, Alfvén, and fast MHD waves. In the derivation of
(5.4.24), we have taken into account the fact that on fast MHD breaks Wj2+H >
0, while on slow breaks W;? + H < 0.

We note that Corollaries I, IV-VI, VIII, and IX are ingenious generalization,
to the case of relativistic MHD [5.27], of well-known results (in particular, results
due to Weyl [5.30]) in Newtonian gas dynamics.
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5.5 Hydrodynamical Flow Resulting from Production
of Ultrarelativistic Particles in the Field of a Black Hole

In the case of quantum production of particles near a black hole, there is a gas-like
dynamical flow which carries the particles to the pseudo-Euclidean infinity.

As a quantitative characteristic of this process, we cite its parameters for
various black-hole masses M [5.31-34]: for example, for M ~ 10'7 g, the main
component of the radiation consists of electronic and muonic neutrinos and an-
tineutrinos (~81 %), about 17 % of the energy is radiated in the form of photons,
and about 2 % in the form of gravitons. The total power of the radiation is

1017g 2
. 1012E§ e )
33 % s \ M

With decreasing mass of the black hole, the output of energy increases: for
example, for M = 10'5 g the power of the radiation is 6.3 x 10'® erg/s, and in
this case ~45 % of the energy is radiated in the form of electron-positron pairs,
~45 % in the form of neutrinos and antineutrinos, ~9 % in the form of photons,
and about 1% in the form of gravitons.

The smaller the mass of the black hole, the heavier the particles which appear
in its radiation, and this leads to a quantum explosion of black holes [5.31, 35, 36].
To calculate the mass distribution of the produced particles at a given temperature,
we can use semiempirical theories.

We shall confine ourselves to black-hole masses of order 10'° g and above,
when the main contribution to the radiation comes from light particles and we
can use the ultrarelativistic equation of state p = ¢/3. For such black-hole masses
the rate of loss of mass is comparatively low, and we shall therefore neglect the
changes in the gravitational field due to the decrease of the mass of the black
hole.

We shall assume that the resulting spherically symmetric hydrodynamical
flows have been established. In static gravitational fields, the equations of hy-
drodynamics admit the relativistic Bernoulli integral T'us = T = const [5.5]. It
is assumed that at infinity the gas has finite temperature and zero velocity. From
the condition of constancy of the flux of energy, we have

Ar(p+)ugu'r = M . (5.5.1)

Let v be the three-dimensional radial velocity of the gas in units of the speed
of light, in terms of which the components of the 4-velocity can be expressed as
follows:

u'=ﬂv/\/1—v2 ,
u4=\/1_—_;/(cV1—v2) R

z=rg/r , rg=2GM/S .
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Then Bernoulli’s equation and (5.5.1) can be written in the form of the system

l-z)=1=v) , 7220 -2)v=61-vH)z? ,

. 552

T=(T/Te)’ , &= Mc/ [An(p+€)oory) e
Eliminating either v or 7 from the system (5.5.2), we obtain

P?l—r1-2)]=2%?, v(1-v®)=6a2-2) . (5.5.3)

The case of accretion corresponds to M < 0 or § < 0, and in the case of outflow
of the gas to infinity we have M >0o0r 6> 0. The equations (5.5.3) describe
both cases. It is interesting to note that the gravitational field of a black hole acts
as a huge Laval nozzle with the minimal cross section’ for r = (3 [2)rg.

We pose the problem of finding the stationary regimes of the hydrodynamical
flow of the particles produced by quantum processes in the region [rg, (3/2)rg]
with a finite temperature corresponding to the temperature of a black hole. The
only curve from the family of curves described by (5.5.3) for which the tem-
perature is finite and nonzero for £ — 0 (r — oo) and for £ — 1 (r — ry) is
the curve with a continuous transition through the speed of sound. This solution
corresponds to § = v/27/2.

The solution in question can be given in parametric form as follows:

LR I PYE S 2
= =5 [+ 0= DVAGA D)
T =3yrg/r v=\/§7‘g/(2y7‘) .

As y varies from \/5/2 to infinity, r varies from rg to co, 7 varies form V27 /2
to 1, and the speed decreases from the speed of light to zero at infinity. The
point y = 1 corresponds to a transition through the speed of sound. In this case,
z=2/3, r=2,v= \/§/3

Thus, a stationary outflow from a black hole is possible only when the tem-

perature of the black hole is \/\/5'7 /2 greater than the temperature of the gas at

infinity. Stationary outflow regimes with § > 1/27/2 are impossible, and here,
as in the case of the Laval nozzle in the nondesign regime, shock waves occur.
For § < +/27/2, stationary subsonic regimes are possible only in the case of
unbounded growth of the temperature at the horizon. The asymptotic behavior
of the temperature for small accretion numbers §, but for all z, is as follows:

(T/To) =1 —2)' -1 -2)2* , vr bl -2z)? .

In the case of a finite temperature at the horizon, subsonic regimes must entail
rarefaction waves violating the stationarity condition.

7 1t follows from (5.5.3) that the families of curves = = 7(§, z), v = v(§, ) can be continuously
deformed into families of curves for the distribution of temperature and Mach number along a
current tube whose area has a minimum at some interior point and is maximal at the ends of the
current tube, for adiabatic flow of an ideal gas in classical gas dynamics.
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In supersonic outflow regimes with § < 1/27/2, the speed of the gas tends
to the speed of light at large r and near the horizon, and the temperature tends
to zero at large r.

We note that accretion onto dense objects has been studied in [5.37,38], and
the stationary flow of a gas in the field of a black hole has also been studied in
[5.39].

5.6 Self-Similar Motions of an Ultrarelativistic Gas
with Spherical or Cylindrical Symmetry

In Sect.5.2 we described the physical conditions under which matter can have
the ultrarelativistic equation of state p = ¢/3. We shall distinguish the cases of a
cold superdense gas [see (5.2.10)] and a hot gas whose particle-number density
is determined by the condition of thermal equilibrium [see (5.2.16,17)]. In a hot
gas and in a nuclear fluid [5.11, 16,40], the flux of the number of particles on
a shock wave is not conserved, owing to the production of particles on a strong
break.

In an ultrarelativistic gas, the conditions of conservation of the flux of energy
and momentum on a shock wave are sufficient to describe p; and v, when py, v1,
and the speed of the wave are known. The condition of continuity of the flux of
the number of particles serves to determine the jump in the entropy in crossing
the shock wave.

The conditions of continuity of the flux of energy and momentum on a direct
jump in the coordinate system in which the jump is at rest have the form

[(p+ed/cH/A=*/H] =0 , [bp+e)/A—*/)]=0 ,

where ¢ is the speed in this coordinate system. These conditions can be solved
[5.5] for the square of the speed before and after the jump:

8 _ (o —p)(p1 +e2)

2 (e — ’

c e2)(p2 + 1) (5.6.1)
9 _ (2 —p)(p2+e1)

2

T (e2—e1)(p +€2)

Multiplying the relations (5.6.1), we readily obtain

b2 p1—p2
—_— . 5.6.2
2 eg1—¢e ( )

In a coordinate system in which the speed of the shock wave D is ¢\, we obtain
for the speeds ©; and 9, according to the relativistic rule for the composition of
velocities, the values

t12= (12— cA)/(L+v12)/c) . (5.6.3)
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Fig. 5.1. The integral curves (5.6.5) for 0 < I <  Fig.5.2. The integral curves for 1 — 1 /\/3 <

1 —1/+/3, v = 2. The point A corresponds to [ < 1+1/+/3, v = 2. There are 1o solutions

a weak break. A transition onto the separatrix  with a weak break. A transition from the curve

segment OA is possible through a strong break K B onto the curve QB is possible through a
strong break

For an ultrarelativistic gas, p = ¢/3, we find from the relations (5.6.2,3) that

302 —1-2K)
TVIOZ = 3)+2)

It is convenient to study the transformation (5.6.4) in the ), V plane; it carries
the straight line V4 = 1 into the curve NB, V3 = (3\+1)/(3+ ) (see Figs. 5.1-5).
The image of the line V; = —1 is the curve MB, V3 = 3\ — 1)/(3 — )). On the
curves EB, V = (A\V/3+1)/(v/3+)) and FB, V = (AV/3 — 1)/(+/3 — \) there are
points which, after the break, transform into themselves. Since the speed of a
shock wave is bounded by the speed of light, breaks are possible only for A < 1.
No breaks are possible in the region NBMON.

The system of equations representing the conservation of energy and mo-
mentum for self-similar motions of an ultrarelativistic gas can be reduced to the
equation

dvV (1= VHBA+ (@ -3DV2A — V]
dx (1-VA2) -3\ -V) ’

where A = r/ct, and v = 2 in the spherical case and v = 1 in the cylindrical
case.

In self-similar solutions, p = P(\)r—*. From the known function V(}), the
function P()) can be found by quadrature:

V2 WN=vy, ch=v . (5.6.4)

A

(5.6.5)
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~74 -7 0

Fig.5.3. The integral curves for 1+ 1/v/3 <  Fig.5.4. The integral curves for [ > 2, v = 2.
1 <2, v =2.The point A is anode. Continuous  The point A is a focus. The solution of the
solutions for A < 1 coincide with the separatrix ~ Cauchy problem for all initial speeds of dis-
OB. Discontinuous solutions for A < 1 coincide  persion is given by the piecewise-smooth curve
with the piecewise-smooth curve OQK B with  OQK B ... with a strong break at the point Q
a strong break at the point Q

d(In P())) _ 4X(\ — V)dV/dX +41(1 — V?)
d A1 = V(1 - AV)

(5.6.6)

In what follows, we summarize the results of a previously published investiga-
tion and physical interpretation of self-similar motions of an ultrarelativistic gas
[5.40, 41]. The problem of finding self-similar solutions in the theory of relativity
was raised in [5.42,43]. Self-similar solutions in the planar case (v = 0) were
considered in [5.44,45].

5.6.1 Qualitative Investigation of (5.6.5)

We shall list the properties of the integral curves of (5.6.5), which are qualitatively
identical for the spherical and cylindrical cases. If 0 < I < (1 — 1/y/3)v/2
(Fig.5.1), there exists a singular point A (a node singularity) with coordinates
v/l(v — 20V/3], V31/(v — 3]). All the integral curves reach the point A, being
tangent to the separatrix of the node A with asymptote

V3l
V—V—3l

2 — vy
) (A B \/5(:— 21)) 85/(31/ i/)1)2 (~o+ Ve —1481GT- 1)
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v # 50,9

Fig. 5.5. The integral curves for [ = 0, v = 2. The point A, a
degenerate node, corresponds to a weak break. A transition
/ from a point on the curve KA onto the segment QA is

~76 /«b possible through a strong break

A
I
[
|
!
1
|
|

where a = 312 — 12lv — 6v. The asymptote of the other separatrix of the point
A differs from this expression only in the sign in front of the square root. As [
increases, the singular point A moves along the curve FB, V = W3- 1)/ W3-
A) from the point (1/\/5,0) (for I = Q) to the point B(1,1) (for | = (1 —
1/V3)v/2).

In the interval (1 — 1/V3)w/2 <1< 1+ l/\/_)u/Z (Fig. 5.2), the singular
point A is absent. When [ > (1 + 1/\/—)1//2 but a? > 144v1(31 — v), a singular
point A(21—- u)u/\/_ V3 31/(31—v)) reappears. As [ increases, the node A moves
from the point B(1, , 1) (Fig.5.3) along the curve V = (\/3 + 1)/(\/_+ A) up to
some critical point A for | = I, where [ is a root of the equation a? = 144v1(31—v).
If | varies in the interval ((1 +1 /\/_ Ww/2, 1), then the curves reach the point A
being tangent to the separatrix OB at the point A (a node singularity) with
asymptote

Vi3l
<V_ 3l—u>

2
- <,\+ Y ) @ -v) (—a — /@ Z 1440131 - u))

V3 —20)) 8v@Bl—v)?

For the other separatrix of the node A, the asymptote differs only in the sign
in front of the square root. For all | € (0,0), the separatrix of the saddle
point O(0,0) reaches B with asymptote® V —1 = (A — D[2+v/2 — 31 +

8 The asymptote of the other separatrix of the degenerate singular point B, on which V — V*
as A — oo, differs from the one given here in the sign in front of the square root. Curves on
which V(co) > V* reach the point B, being tangent to the line V = 1. When V(o0) < V'*, the
corresponding curves do not reach the point B.
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V@ +v/2 =30 +v —1].Inthe intervals 0 < I < (1—1/v/3)v/2 and (1+1//3)
vf2<l< I, the separatrix of the saddle point O, passing through the node A,
coincides with the separatrix of the point A to which the integral curves are
tangent. For [ € (1 — 1/v/3)v/2, (1 +1/+/3)v/2), some of the integral curves
reach the point B, being tangent to the separatrix OB.

The node A degenerates when [ = [; we shall write A for the point A when
=1 Forl> 7, the singular point A (Fig. 5.4) becomes a focus, and as [ increases
we move along the curve V = (\/3+1)/(v/3+) from A to (0,1/v/3) as | — co.
We now note the difference between the cases v =2 and v = 1. In the spherical
case (v = 2), practically all the integral curves at the point B for all [ are tangent
to the line V =1 with the asymptote V' — 1 = const - (A — 1)2. The asymptotes
of the separatrices at the point Bare V —1=(\—1D[3(1 - )£ /901 — )2 +1].

In the cylindrical case (v = 1), the integral curves (with the exception of the
separatrix and the line V' = 1) reach the point B, being tangent to the line V =1
on only one side (the asymptote is

V—1=(-1/[(6X —5)(const+1In(A — D)]) .

When ! < 5/6, the tangency is only on the left; when [ > 5/6, it is only on the
right. When [ = 5/6, the integral curves do not reach the point B. The point B
has, for all /, only one separatrix, and its asymptote at Bis V —1 = (5—60)(A-1).

The character of the point A for [ = 0 is different in the spherical and
cylindrical cases: for v = 2 the point A (Fig.5.5) is a degenerate node with
asymptote of the integral curves given by

V =3 = V3)/[In(A — 1/v/3) +const] ,

while for v = 1 it is an ordinary node. All the integral curves for v = 1 reach the
point A, being tangent to the line V = (3\ — v/3)/4. The foregoing qualitative
investigation of (5.6.5) admits a double physical interpretation (Sects.5.6.2, 3).

5.6.2 Ejection of Matter from a Singular Point (Axis) at the Instant ¢t = 0

At a fixed instant ¢, the matter ejected from a point can be contained only within
a sphere (cylinder) with radius ¢t and with center at the point (on the axis) of
symmetry. The difference between the methods of ejection of matter is controlled
by variation of the parameter I. The separatrix OB gives the velocity distribution
at a fixed instant for [ € (0, D.

Ifi>7(@=2frv=2and]=@3+11)/8 for v = 1), the motion
takes place with a shock wave: the point in question jumps from one separatrix
to the other and, along it, reaches the point B(1,1). For the pressure, we have
for all ! near the center (axis) of symmetry, A <« 1, the expansion p(r,t) =
const[1 + Br/(ct) +...]/t", where 8= 12I(lv — 21+ v+ 1)/(v+ 1)2. If | < 5/6
for axial symmetry, and for all [ in the case of spherical symmetry, near B(1, 1)
the pressure along the separatrix has the asymptote
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It can be seen from these expressions that the matter is concentrated mainly near
a sphere (cylinder) which expands with the speed of light.

For [ > 5/6 in the cylindrical case, outflow from an axis is also impossible
without a shock wave, but the nature of the motion becomes different: beyond
the shock wave (the point K), all the matter moves with the speed of light.
Outside the core restricted by the shock wave, where the velocity distribution
is represented by the segment of the separatrix of the saddle from the point
0(0,0) to the point @), the intersection with the image V = 1 of the curve
V =(3A+1)/(3 + )\), the pressure distribution is given by the expression

2-41
_ const r
P=—a \a—r

5.6.3 Solution of the Cauchy Problem

We pose the Cauchy problem for an ideal gas with the equation of state p =¢/3
and with initial distributions of the speed vp(z) and pressure po(x) given by
vo(z) = BVr, |B| < ¢, po(x) = a/r¥, where c is the speed of light, and « and
3 are characteristic dimensional constants. We shall assign the argument r the
meaning of the distance to the center or to the axis of symmetry. For such initial
conditions, the subsequent motion will be self-similar and will possess spherical
or axial symmetry.

The Problem of Focusing. For | € (0, (v + 1)/4), there exists a solution to the
problem of focusing onto a point. There is a spherical (cylindrical) core restricted
by the shock wave, which expands with constant speed (for | = 0, with speed
less than ¢/+/3). Inside the core, the velocity distribution is given by the segment
of the separatrix of the saddle (0,0). For ! = 0, the matter inside the core is at
rest® [5.46]. For [ > (v + 1) /4, there does not exist a self-similar solution of the
problem of focusing with a subcritical speed, since in this case the separatrix of
the point O does not intersect the curve V =3\ — 1)/(3 — A).

The Problem of Dispersion. When v = 2, there exists for all [ a certain critical
dispersion speed V*. When v = 1, a critical speed does not exist for [ less than
5/6. Dispersive motion (with subcritical initial speeds for v = 2 and arbitrary
initial speeds of dispersion for v = 1) for [ € (0, (1 — 1//3)v/2) take place with
a weak break.

9 We have cited the monograph [5.46] in order to emphasize the qualitative analogy between the
conclusions of this section and the corresponding results of Sedov in nonrelativistic gas dynamics.
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In going from infinity to the center, the speed first increases up to some value
V = max V()) on the curve 3I\ + (v — 31)V?\ — vV = 0 and then decreases
down to V = /31 J/w—=3Datr= u\/§ct/(3u — 60), corresponding to the point
A. At this value of r, there is a weak break. Inside the spherical core r <
u\/§ct/(3u — 61) for fixed ¢, the motion is standard for all initial speeds. It is
given by the segment of the separatrix of the saddle from the point O(0,0) to
the point A (vv/3/(Bv — 61), V3l(v — 3D).

Forle ((1-1/ V&)Y /2, (v+1)/4) in the case of dispersion of the gas (with
subcritical initial speeds when » = 2 and arbitrary initial speeds when v = 1), a
shock wave is formed: the image point comes onto the separatrix of the saddle
0(0, 0) discontinuously.

In all the solutions with ! > (v + 1)/4, the pressure becomes infinite on
approaching the sphere (cylinder) r = ¢t from either the outside or the inside.
We shall consider this case separately for spherical and axial symmetry.

For v =2 and I € (3/4, 5/4), the solution of the Cauchy problem for any
supercritical initial speed inside the light sphere has a unique continuation. It is
given by the separatrix OB, onto which it is possible to come only at the point
B (on the light sphere), since for [ € (3/4, 5/4) it is impossible to jump onto
the curve OB through a shock wave.

For [ > 5/4, the continuation of the solution for » < ct becomes nonunique.
In the interval 5/4 < | < 2, one (smooth) solution is given by the separatrix,
and another solution is discontinuous. For [ > 2, only discontinuous solutions
are possible.

The cosmological solution of Milne [5.47] is a particular solution for [ = 1. It
coincides with the separatrix OB with the equation V' = A. The other separatrix
of the point B has the equation V =1/A.

Thus, the analysis of the solution of the Cauchy problem with the initial
pressure distribution p = a/r* for a stationary gas leads to the conclusion that
inside the light sphere the solution is given by the known cosmological solution
of Milne, while outside the sphere the motion of the fluid particles is uniformly
accelerated and is given by the expressions

v=ctr , p=ar Bt - AP

In the case of axial symmetry v =1 with 1/2 < 1 <5/6, there are solutions
with initial speed of outflow from the axis equal to the speed of light, and only
such solutions. When [ € (1/2, 3/4), the curve OB is the only continuation of the
solution V =1 into the light cylinder. The continuation into the light cylinder is
nonunique if I € (3/4, 5/6), but shock waves occur for all continuations through
A = 1. In particular, the solution V' = 1 can be analytically continued through
the singular cylinder ) = 1 up to a certain value ), at which the speed decreases
discontinuously from the speed of light to the speed c¢(3) + 1)/(\ + 3).

If | > 5/6, there exists a certain critical initial speed. Only motions with
initial speeds not less than the critical speed V* can be physically realized.
The continuation of the solution into the light cylinder becomes unique but
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nonanalytic. For r < ct, the matter moves with the speed of light up to a certain
value r =~ct/\ (thrr,~ point K), at which the speed decreases discontinuously to the
value ¢(3) + 1)/(X + 3) (corresponding to the point Q).



6. Some Problems of the Dynamics of Waves
in Relativistic Cosmology

In spite of the striking successes of modern observational astronomy — the
discovery and investigation, by means of artificial satellites, of x-ray sources,
quasistellar objects (quasars), radio pulsars, and achievements in the study of
individual stars, galaxies, and clusters of galaxies — comparatively few facts are
known at the present time about the global structure of the universe, and these
must be extracted from observations for the most part by means of a statistical
analysis. We shall enumerate the most important of these facts.

1) Hubble’s Law. The celebrated law of Hubble states that the remote galaxies
are receding from us with a speed proportional, on the average, to the distance.

This law was established in two stages. From observations of Cepheids in the
Magellanic Clouds situated at approximately the same distances from the Earth,
Shapley concluded that the period of oscillations of the apparent magnitude (the
flux density of radiated energy from a star per unit time at the surface of the
Earth) is related to the total Cepheid luminosity (the energy radiated by the
star per unit time). This made it possible to determine the relative distance to a
Cepheid on the basis of the period of oscillations and the apparent magnitude.
The method of statistical parallax was used to find the absolute distance.

By observing Cepheids in other galaxies of the local system (in particular,
in the Andromeda Nebula M-31), Shapley estimated the distance to neighboring
galaxies for the first time?.

The second stage consisted in the use by Hubble of the brightest stars as
indicators of the distances to remote galaxies, assuming that they are distributed
uniformly on the average over the galaxies. It is possible to calibrate the total
luminosity of a “typical” bright star in a galaxy on the basis of the distance
determined by means of Cepheids in the same galaxy.

Using data obtained by Slipher on the red shift of spectral lines and comparing
them with estimates of the distances to remote galaxies, Hubble concluded that

! Baade subsequently discovered an error in the period-luminosity calibration: this relationship gives
for the classical Cepheids (stellar population I) a luminosity four times larger than for variables
like RR Lyrae (stellar population II). Population I consists of stars like the Sun with a relatively
high content of metals. Population II includes stars with a lower content of metals. These are
weakly luminous, slowly evolving stars, which represent the first generation of the galaxy.



240 6. Some Problems of the Dynamics of Waves in Relativistic Cosmology

v = HI, where v is the speed of recession of a galaxy from the Earth, [ is its
distance from the Earth, and H is a constant.

2) Age of the Universe. There is some uncertainty in the value of the Hubble
constant H. From 1936, when Hubble obtained the estimate H = 530 km/s Mpc
[Mpc (one million parsecs) = 3.086 x 10?4 cm], to the present time, the value of
this constant has dropped by almost a factor of 10 (see the references in [6.1]),
and we can only say with confidence that the true value of the Hubble constant
can hardly fall outside the interval 50-100km/s Mpc. The quantity H~! has the
dimension of time and is of the order of 10'° yr; for the very simple Friedman-
Lemaitre cosmological model, H~! is equal to the time which has elapsed since
the infinitely dense and hot mass (the primordial fireball) began to expand.

It is remarkable that the value H~! = 10" yr agrees with estimates obtained
from data on the radioactive decay of the isotopes of uranium and from the
theory of stellar evolution. We shall cite such estimates.

a) In ore of uranium U%8, the content of lead Pb2® is related to the geological
age of the ore, since the lead is the final decay product of the uranium.
Therefore, knowing the rate of decay of uranium, it is possible to determine
the age of the ore from the ratio of the contents of lead and uranium. On the
basis of this method, the estimate 1.3 x 10° yr is obtained for the maximum
age of the ore.

b) A more delicate method of estimating the age is based on the abundance
of the uranium isotope U%3, whose final decay product is the lead isotope
Pb?7. The ratio of the abundances of the uranium isotopes U?** and U?* is
0.003. The relative content of the isotope Pb?* in lead ore is 0.07. Knowing
the rate of decay of uranium U?8 we can calculate from this what interval
of time is required for ore with the same content of U3 and U%? to be
converted into ore with the ratio of the contents equal to 0.003. This interval
of time is 3 x 10° yr.

c) Estimates of the age of stars on the basis of the theory of stellar evolution
with thermonuclear sources of hydrogen combustion lead to a characteristic
lifetime of a star on the main sequence in the range (3-25) x 10° yr.

Thus, it follows from independent data that an extraordinary event took place
about 10'° yr ago in the life of the metagalaxy surrounding us.

3) Homogeneity of the Universe. The positions of the bright galaxies in the night
sky indicate that the distribution of galaxies is far from uniform; for example,
very many objects are concentrated in the Virgo cluster and in a band emanating
from it. Therefore a statistical analysis of the distribution of galaxies must be
made over characteristic scales much larger than the distance to the Virgo cluster
(equal to approximately 10 Mpc).

To test the hypothesis of a uniform distribution of galaxies, it is customary to
construct a curve from the data of observations of distant galactic radio sources
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by plotting the number N of sources with magnitude f greater than a fixed
value as a function of the apparent magnitude for a given wavelength?. Counts
of radio sources by different groups of observers have given mutually consistent
results, in spite of the statistical scatter and different wavelengths at which the
observations were made. The experimental data show [6.1] that the dependence
of In NV on In f is practically linear, with the tangent of the slope angle equal to
—1.8 (InN =~ —1.81n f + const); in the region of weak sources, the tangent of
the slope angle is —0.8. Allowance for the expansion of the universe makes it
easier to obtain good agreement between the theory and the observations. The
mean density in structures with a scale of 1000 Mpc varies in any case by not
more than a factor of two. It has not yet been possible to give a definitive proof
that the universe does not have a hierarchical structure. The microwave and x-ray
radiations are relic phenomena not associated with a possible hierarchy: galaxies,
clusters of galaxies, metagalaxies, etc.

4) Cosmic Microwave Radiation. The most important of the observations from
which we can learn about the state of the universe in the distant past is the
cosmic radiation in the microwave range, discovered by Penzias and Wilson in
1965. The spectrum of radiation with wavelengths A 2 0.3cm is close to the
Planck spectrum with temperature 2.83 K. This radiation cannot be created as a
result of scattering of radiation from sources in interstellar or intergalactic gas or
dust. However, if we assume that in the distant past the universe was dense and
hot, we can conclude that the radiation interacted with the matter as a result of
scattering by the hot plasma. After recombination of the hydrogen, the radiation
ceases to interact with the matter, retaining a “memory” of the thermal spectrum.
The isotropy of the background radiation has been established with a very high
degree of accuracy. The interpretation of the “cosmic” noise in the radiometers
of Penzias and Wilson as relic black-body radiation and the modern scenario of
the evolution of the chemical composition of the universe with time were given
for the first time by Dicke et al. [6.2].

A theory of an expanding universe with a high temperature of matter and
radiation in the early stages of the evolution — the model of a hot universe — was
put forward by Gamow (see [6.1]). Gamow and his coworkers were responsible
for the first consistent theory of the formation of the chemical elements in the
early stages of expansion of the universe, in particular, for the theory of the
formation of helium.

5) Uniform Distribution of Helium. The observational data on the presence of
helium in the cosmos indicate [6.3] a surprising uniform distribution of helium in
the universe. The relative helium content Y in the Orion Nebula is approximately

2 In a statistical homogeneous Fuclidean model with a uniform distribution of sources, the number
of them inside a sphere of radius r is proportional to r%, and the radiation flux f from a source
falls off in inverse proportion to the square of the distance. Therefore the number N of sources
with magnitude greater than a fixed f depends on the magnitude as f~3/2: N(> f) ~ f~3/2.
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the same as in the Sun. In regions of ionized hydrogen H in our galaxy and
in other galaxies of the local system, ¥ = 0.28-0.29. Models of the stellar
populations of classes I and II are best fitted to the observational data if one takes
a relative helium concentration ¥ = 0.30-0.32. Such a helium concentration is
estimated in the case of the planetary nebula of the spherical cluster M15, which
belongs to the oldest stellar population II.

It is quite possible that the reason for the uniform distribution of helium lies
in the universality of its origin in the period of high temperature in the history
of the universe.

6) Mean Density of Matter. A basic tool for the calculation of the mean density
of matter in the universe is the luminosity function N(> f) for galaxies, in terms
of which one can calculate the luminosity of galaxies per unit volume, as well
as the mass-luminosity (M — L) relation for typical galaxies: for spiral galaxies
M/L ~ 1-10 My /L, and for elliptic galaxies M/L ~ 50 M /L, where M,
and L are, respectively, the mass and luminosity of the Sun. Multiplying the
luminosity £ of galaxies per unit volume (Oort, Van der Berg, and Kiang estimate
L as 3 x 108 L Mpc™3) by the mean mass-luminosity ratio M/L ~ 20 My /L,
we obtain the value 4 x 10~3! g/cm? for the mean density of matter. A discussion
of the systematic errors in finding the mean density of matter was given, for
example, in Chap.IV of the book by Peebles [6.1]. The neglected forms of
matter (apart from galaxies) can strongly alter the estimate of the mean density.

7) Cosmological Magnetic Field. Hoyle was the first to indicate the difficulties
in explaining the origin of the magnetic field 10-° G of our galaxy. Estimates of
the lifetime of the galactic magnetic field on the basis of ohmic dissipation give
a time much longer than the age of the universe.

If we assume that the magnetic field of our galaxy has a relic origin, then
for the cosmological magnetic field we can take the value 10~1°G; it is this
value that leads to the appearance of a field of intensity 10~%G in our galaxy
if the matter with a frozen magnetic field and with an assumed mean density
1073 g/cm? in the universe is compressed to the mean density of matter in the
galaxy, 10~2* g/cm3, with conservation of the magnetic flux.

Cosmology is characterized by a large number of models of the expanding
universe, special attention to the various possible physical and chemical pro-
cesses taking place during the expansion, and bold assertions about the distant
past of the universe (going right back to the time of the singular state). Neverthe-
less, a reasonable interpretation of the accumulated facts is possible only on the
basis of definite theoretical constructions, which must be sufficiently flexible to
encompass as many as possible of the observationally accessible manifestations
of the part of the universe around us. For a detailed exposition of problems only
mentioned here, see the monographs of [6.1,4-10]. At present the concept of the
inflationary universe is popular, its mathematical model was first introduced by
Starobinsky [Phys. Lett. B91, 99 (1980)].
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6.1 Development of Inhomogeneities in Models
of the Universe with a Cosmological Magnetic Field

Solutions of Einstein’s equations which admit three-parameter groups of mo-
tions on three-dimensional space-like surfaces of transitivity (Bianchi groups)
have been studied intensively in recent years in connection with the problem of
choosing a general relativistic homogeneous model of the universe (Zel’manov
[6.11] first introduced a definition of homogeneity, not related to the concept of
a group of motions, on the basis of his theory of chronometric invariants).

Particularly interesting properties hold for the corresponding dynamical sys-
tem of ordinary differential equations in the case of the nonsolvable Bianchi
groups VIII and IX [6.12-14]. The accumulated observational data (see the intro-
duction to this chapter) do not enable us to make a categorical choice of a definite
theoretical cosmological model from the class of models with isotropization® in
the time or with initial isotropic conditions.

Secondly, the theoretical model must ensure a rate of development of arbi-
trary small perturbations after the instant of recombination* which is capable of
explaining the observed strong concentration of matter in the galaxies (this being
six orders of magnitude greater than the cosmological value). The current status
of this problem is described in several books [6.6,7,9]. Investigations have been
made of the development of inhomogeneities on the background of expanding
Friedman models [6.16,17], and also of the development of perturbations in
axially symmetric Bianchi-I models [6.18].

Below, we present the results of investigations [6.19,20] of the development
of small perturbations in cosmological models with a magnetic field (the corre-
sponding homogeneous solutions were found in [6.21-24]). Such an approach
offers the attractive possibility of explaining the appearance of a magnetic field
in our galaxy as a result of the curvature of the lines of force of a cosmological
magnetic field frozen into the large-scale perturbations. Upper estimates have
been obtained [6.25] for the intergalactic magnetic field on the basis of the Fara-
day effect of rotation of the polarization. We note also that some authors [6.1]
believe that the presence of a magnetic field in the early stages of expansion
would facilitate the production of primordial helium.

3 By “isotropization” we mean equalization of the velocities of the cosmological expansion in all
directions.

4 Prior to this instant, small perturbations in the plasma are resorbed under the action of the radiation,
which, owing to the Compton effect, smoothes the inhomogeneities [6.15].
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6.1.1 Unperturbed Solution

Suppose that the group properties (axial symmetry and spatial homogeneity) of
some solution of the Einstein-Maxwell equations make it possible to write the
interval in the synchronous coordinate system, which is the comoving system for
a gas, in the form

ds? = di? — a2(t) [dﬁ + k1 sin? (\/E r) dﬁ] — R d?

where k = +1, 0, —1 for closed, flat, and open models, respectively (the system
of units is such that the speed of light is ¢ = 1).

Einstein’s equations for spaces with such a metric reduce to the following
system of ordinary differential equations:

Rl —R/2=é/a+ablab+b/b=—k(p+ W) ,
R} — R/2=2i/a+(a/a)? —k/a* = —k(p—W) , 6.1.1)
R} — R/2=(a/a)* +2ab/ab —k/a* = k(e + W) .

It is assumed here that only the = component of the magnetic field Fj; is nonzero,
W = Fj,F1? /87 = Bg / 8ma*(t), where By = const, and the dots always indicate
differentiation with respect to ¢. We assume that all space is filled with an ideal
gas with the magnetic field frozen in it.

It follows from (6.1.1) that when k = 1 this system describes oscillations of
the comoving (“fluid”) ellipsoids of rotation between the “pancake” configuration
(b= byt — 0, a — ap =const, p = gy/t — oo) and a certain limiting ellipsoid
(these solutions are qualitatively similar to the Dirichlet solutions [6.26] for
oscillations of the ellipsoid of an incompressible gravitating fluid). The role of
the magnetic field is to prevent the ellipsoid consisting of any particular fluid
particles from being drawn out into a filament.

Flat models for certain equations of state of the gas undergo isotropization
for t — oo, ie., they tend asymptotically to the Friedman-Lemaitre solution
(a solution with a flat comoving space). Here the magnetic field forbids the
appearance of filament-like singularities.

For k = —1, the solutions tend in the limit ¢ — oo to the well-known axially
symmetric solution of Milne (uniform outflow from the axis) in the special theory
of relativity.

6.1.2 Notation for Small Perturbations and Coordinate Restrictions

We shall assume that one of the solutions of (6.1.1) is the basic homogeneous
cosmological background, and superimpose on it arbitrary small inhomogeneous
perturbations of the density and velocity of an ideal conducting medium and of
the gravitational and electromagnetic fields. The electric field in the comoving
coordinate system is equal to zero. In the perturbed Riemannian space with the
metric g,, + h;,, we also use the synchronous reference frame:
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h44=h4”=h43=0 , ;1=1,2 .

Here and below, the indices u, 1, v take the values 1, 2. Covariant differen-
tiation will be carried out in what follows by means of the metric

() [drz + & sin? («/E r) dapz} . 6.12)

We adopt the notation 6A for a perturbation of the quantity A. In the linear
approximation, fug = 0.

We introduce the following notation for perturbations of the magnetic field
components;

_8F2 OH' 6Py OH?* §Fy
Ry’ 0 F, ° 0z P

The perturbation of the total energy-momentum tensor of an ideal gas and of the
magnetic field frozen in it, in the linear approximation, has the form

8TV = —[6p+ WQH> +h )16k | §TY =2WHH")/0z ,
6T = —6p+ WQRH? +hy) 8T = (p+e+2W)éu* | (6.1.9)
§T2 = (p+e)6u® | 6T} =6+ WQRH>+hy) .

H3

(6.1.3)

Here and in what follows, hy = h] + k3, by = A},

The required system of equations for small perturbations is obtained by lin-
earization of the combined system of relativistic magnetohydrodynamics (see
Sect. 4.4) and Einstein’s equations near the solution (6.1.1).

It can be shown that in the case under consideration the system of linear
equations for small perturbations decomposes into two independent subsystems
for even and odd perturbations (for the definition of even and odd perturbations
for this case, see the footnote below).

Let €,, be the Levi-Civita tensor in the two-dimensional subspace of the
coordinates r, ¢ with the metric (6.1.2). Instead of the three components of the
tensor k% in the two-dimensional space (6.1.2), we can introduce three scalars
h 1, Q, K:

BY = ki /2+(V*Y, Q — 6£AQ/2)

+a% ey VAV + "V, VK . (6.1.5)

Instead of the two-dimensional vectors hs,, §u,, H,, we can introduce scalars
L, M, &, ¢, H, G in accordance with the relations®

h3, = OV, L +ad%,, V' M1/dz |

, (6.1.6)

bu, =V, +a%,, V' ,

5 In (6.1.5-7) the terms containing e, correspond to odd perturbations, and the remaining terms

to even perturbations. The independence of the even and odd perturbations follows from the fact

that Laplace’s equation does not admit nonconstant solutions which are everywhere bounded and
regular.
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H,=V,H+d%,VG . (6.1.7)

Rotational perturbations (see the definition in [6.16] for Friedman models) in
anisotropic models in a “pure” form do not exist; the transverse components of
the curl of the velocity are coupled in the differential equations to the perturbation
of the density.

Gravitational waves in anisotropic models can be distinguished only for short-
wave perturbations; for perturbations of sufficiently long length, gravitational
waves interact with the matter.

We now expand all the scalar perturbations in a Fourier integral with respect
to the coordinate z and in terms of cylindrical waves, i.e., the eigenfunctions of
the Laplacian operator V,, V# in the plane of 2! and z2. For k = 0 (flat model)
and for k¥ = —1 (open model), the eigenvalues of “cylindrical” waves form a
continuous spectrum (for a discussion of cylindrical waves in an open model,
see [6.27]) and take the values —n?/a? and —(n? +4~1)/a?, respectively. For
k = 1, the eigenfunctions of the Laplacian operator are spherical harmonics with
the discrete eigenvalues —n(n +1)/a® (n = 0,1,2,...). In all three cases, we
shall denote the eigenvalues of the operator V, V# by —a?(t), and those of the
operator V3 V3 by —3%(t).

6.1.3 Equations of Conservation of Energy-Momentum
and of the Magnetic Induction

If we substitute the perturbation of (6.1.4) into the equations for the conservation
of momentum, §(V, T,) = 0, we obtain equations for the even perturbations,

2WBHH + L)+ [(p + € + 2W)a?bB]" /a?b + 6p
+WQH? +hy)+Wh =0 ,
Sp+[(p+€)a®bUY [a*b—2Wh, =0 |, bus=0U/dz ,
and for the odd perturbations,
2W B2aX(G + M) +[(p+ € +2W)a*bp] /a?b=0 .

Here a dot signifies differentiation with respect to the time.
It follows from these equations that in the absence of a magnetic field the
curl of the velocity is frozen in the fluid particles, so that

[(p+e)ab(@ — U)] =[(p+e)abp] =0 . (6.1.8)

Eliminating the electric field from Maxwell’s equations Vf; Fi;; = 0 by means of
the condition of freezing, we obtain for the even perturbations

(H* =o?® , (H/a®) =&/a* , H®=o*H |, 6.1.9)
and for the odd perturbations
G=yp . (6.1.10)
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6.1.4 A Closed System for the Odd Perturbations

Each of the expressions 5R?7 — K&Tg and 5}2‘,‘7 - mST,‘; , after substitution of the
perturbations of the metric and of the matter, taken in the form (6.1.4—7), can be
regrouped and represented in the symbolic form

V,A+e,,V'B . (6.1.11)

Equating to zero an expression of this kind, by virtue of Einstein’s equations we
obtain for the even perturbations the symbolic equation A = 0, and for the odd
perturbations the equation B = 0.

The components of the two-dimensional tensor § [RZ - ;c(T;j -Té6 " /2], after
substitution of the expressions (6.1.5-7) and after grouping of the even and odd
terms separately, can be represented in the symbolic form

6,C+V'VuD+(e""Vy V, E + ¢,y V'VYE) (6.1.12)

from which, by virtue of Einstein’s equations, we obtain for the even perturba-
tions the symbolic equations C' =0 and D = 0, and for the odd perturbations the
symbolic equation E = (.

These equations for the odd perturbations [the B components of the equations
§R) — T3) = 0, 6(R;, — <T,) = 0 and the symbolic equation E = 0] have,
respectively, the form

M+ M(a*/b) b/a* + 4sW M

+(@2+k/a)(M — K)+4cWG =0 (6.1.13)
B*M + (o +k/aD)K - 26(p+e+2W)p =0 , (6.1.14)
—BXM — K)+ K + K(a®b)' /a®b=0 . (6.1.15)

Eliminating the functions G and ¢ from (6.1.13, 14), by means of the mag-
netic induction equation (6.1.10) we obtain

{a®[M + M(a*/b) b/a* + 4 WM + (o + k/a®)(M — K)1}'
+2Wa(p+e + 2W)[BEM + (0 + k/a>)K] =0 . (6.1.16)

Equations (6.1.15, 16) form the required closed system for the functions M
and K, and the function M can be eliminated. It is interesting to note that we
then obtain a fourth-order equation for the single function K, which we have
written down elsewhere [6.19]. The exact solution K = const corresponds to a
perturbation of the metric in going over to a perturbed coordinate system and is
therefore physically meaningless.
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6.1.5 A Closed System for the Even Perturbations

The C component of the equation §(R¥ — (T} — 64T/2)) = 0 [see (6.1.12)] has
the form

—2k(hy +02Q) + a®(hy +a2Q) + 27 [(hy + a2Q)
+2(hy + hyafa+ (hi + Q) (a®b) /d?H]
— k[be — Sp+ WQRa?H +h )] =0 , )

and the D component of this same equation has the form
B(Q —2L) — by + a®[(Q/a®) +(Q/d’) (ab) [a®b] =0 . an

We now separate the A components of Einstein’s equations 6 [R] — xT3] =0
and 6 [R] — &T}"] =0 [see the definition (6.1.11)]:

—(ho+a?Q)2+kQ/a* — L+bL/b—2cWH

— L{k(p+¢) +4ab/ab] =0 , (11D
— hy + Ay + (hy + BLY(b/a) a/b— 2727 (hy + &2Q)
—kQ/d® — a?a®(Q/a®) ] — k(p+e+2W)(H/a®) ¢* =0 . av)

Einstein’s equations 6(Rf — R/2) = x6T} and §R3 = «(§TZ — 6T /2) have,
respectively, the form

hi(ab)'/ab+2hya/a+20*B*L + PRy — o*B7Q
+(hy +2Q)B* + */2+ k/d®)

=2k(8e +2WolH + Wh,) ; V)
2a2ﬂ2L + ,Bzh_x_ + a2h|| + h“ + 2h||(ab)/ab + h_Lb/b
= k[(8e — 6p)/2 — WQRa?H + hy)] . (V)

In deriving the system (I-VI), we have used Maxwell’s equations (6.1.9) to
eliminate ¢ and H3.

6.1.6 Exact Solutions of the Linearized Equations Corresponding
to Perturbations of the Coordinate System

Not all solutions of the linearized combined system of Einstein’s equations and
equations of magnetohydrodynamics are physically meaningful. The point is that
if in the unperturbed homogeneous model we go over to a perturbed coordinate
system Z* = z + £*(z), where the functions ¢*(z) are regarded as small displace-
ments, then in the perturbed coordinates all the quantities at the point x acquire
increments, although the pseudo-Riemannian space itself remains the same.

The metric tensor acquires increments h,, = V, ¢, + V; ¢, If the “new”
coordinate system is to be synchronous, the components of the vector ¢ will
have the special form
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€=, € =VrENE [aie e
(6.1.17)
{3=V3f(z“)b2/b‘2dt+f3(x“) , p=1,2; a=1,273 .

We stress that the functions f, f#, and f3 depend only on the spatial coordinates
z!, 22, and 2°.

By means of the expressions (6.1.17) for the components £*, we obtain the
following exact solution of the system (I-VI) for the even perturbations, defined

in accordance with (6.1.5,6):
hy = —2a%fid® / a”dt+4fiaja —2d%a* fy

hy = —2p%f 6 / b2dt +2f1b/b - 28%0 f5
(6.1.18)
Q=2f1a2/a‘2dt+2a2f2 ,

L=f (b2 / b~2dt + a? / a‘zdt) + fra® + f3b* .

Here fi1, f2, and f3 do not depend on the time ¢. We make use of our “false”
solution of the system (I-VI) for the even perturbations in order to reduce its
order.

For this, we make a linear replacement of the unknown functions: instead of
hi, hy, L, and @, we introduce unknown functions fl, fz, fg, and ¢ according
to the relations

h) = —2a%a® (/a—zdt) fl +4f1d/a - 2a2a2f2 ,
hy = —2p%0 ( / b‘zdt> A +2hb/b—28 s +2g ,

Q =2fid? (/a_zdt) +2d°f ,
L=f (az/a‘zdt+b2/b‘2dt> + fhat+ f1b? .

After the substitutions (6.1.19), the system of equations (I-VI) for the even
perturbations contains only the derivatives of the functions fj, fa, and f3 with
respect to the time. It is therefore convenient to seek not these functions directly,
but the following combinations of them:

(6.1.19)

f—_—-fl , mzflaz/a_zdt+a2f2 ,

. _ (6.1.20)
n= fl b2 / b-zdt + b2f3
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This linear substitution enables us to reduce the order of the system for the even
perturbations by three units.

6.1.7 Closed System of Equations for the Even Perturbations

We shall assume that the perturbations are adiabatic and eliminate from (I-VI)
the perturbations associated with the magnetic field and with the matter, H, e,
and dp [see the definitions (6.1.3-5)]. We then obtain a closed system of four
equations for the functions hy, h, L, and Q.

To obtain the first equation, we eliminate H from (III) and (IV). We obtain
the second and third equations of the system by substituting in place of §¢ and
H in (I) and (IV) their values calculated by means of (III) and (V). We take (II)
to close the system.

We now replace by, k), L, and @ in this system by the expressions (6.1.19)
and make use of the notation f, m, and n defined in (6.1.20).

We obtain the following closed system of equations for the functions f, g,
m, and n:

a 2 {a [+ i+ (@2/b) (b)/a*)m +bn/b+2f1} +4xWm
+2W(p+e+2W)~! x [-2km/a? + f2(n — m) +2f(ab) /ab
+2¢+2g(b/a) a/b] =0 , (6.1.21)

a(—a*m — B+ f + §) + k(1 + dp/de)(W + k/a®) f
= (1 ~ dp/de)[—a(ab) [2ab+ (§ — BPn)a/a + aPg/2]

— (1 +dp/de)d™!

x o[+ 0+ (a®/b) (b/a®)m +nb/b+2f] , (6.1.22)

g+2(ab) §/ab+ a*g — B — 2B*na/a — o*mb/b

—B2f+bf/b+2f(B/b+2ab/ab)
=211 — dp/de)a®g + (ab)’ /ab(—aPm + 2af ] a)

+2a/a(—P*n+ g+ bf/b)]

+(3 — dp/de)a™!

x o[ + 1 + (a2 /b) (b)/a¥)m +nb/b+2f] | (6.1.23)

—g+mb/b+m+f=0 . (6.1.24)

In the absence of a cosmological magnetic field, the system is of fourth order,
since it admits an integral corresponding to conservation of the even component
of the curl of the velocity [see (6.1.8)]:

(&® + BH(m — n) +2§ +2(g + f)(b/a) a/b—2km/d?

6.1.25
=L(a*b)~' , L=const . ( )

Moreover, for W =0 we can integrate (6.1.21).
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6.1.8 Analysis of the Closed System of Equations for Odd Perturbations

The system of equations (6.1.15, 16) for M and K with odd perturbations having
a scale of variation much smaller than the characteristic scale of variation of the
background contain solutions for gravitational and Alfvén waves. In fact, if we
seek solutions of (6.1.15, 16) in the form of rapidly oscillating expressions

M=,ucxp(i/.(2dt) , K=Xexp<i/.(ldt) ,

where £2 > max(a/a, b/b), we obtain for £2 the two values

D =va2+B |, h=\2W/p+e+2W)P ,

of which 2; corresponds to a gravitational wave, and (2, to an Alfvén wave.

For the amplitudes p(t) and x(¢) in the gravitational wave, we obtain the
expressions

p(t) = poad / a2 | x(#) = —uoBh / \/a?b23 | po = const .

The rate of change of the amplitude of gravitational waves in anisotropic models
depends on the direction of their propagation. Therefore in anisotropic models the
spectrum of gravitational radiation cannot be isotropic, provided that the gravita-
tional radiation is not thermalized by some process, such as the interaction with
the electromagnetic radiation (see Sect. 1.3), which has an equilibrium character
at a high temperature of the matter.

For 2W(p + ¢ +2W)~142 < 1, the Alfvén perturbations have a character-
istic time of variation of the order of the characteristic time of variation of the
scale factors a(t) and b(¢), which, according to the system (6.1.1), is of order
(vk( + W))~L. It is meaningless to speak of gravitational and Alfvén waves
individually if the characteristic time of their variation is greater than or of the
order of (v/k(e + W)™, since for such scales the odd subsystem cannot be split
into purely Alfvén and purely gravitational perturbations.

6.1.9 Analysis of the Closed System for Even Short-Wave Perturbations

For short-wave perturbations, we shall seek solutions for f, g, m, and n (6.1.21-

24) in the form of amplitudes f, §, 7, and 7, multiplied by a rapidly oscillating

factor exp( [ 12 dt). Each of the amplitudes is represented as a formal series in

powers of 1/2, whose principal terms we denote by fo, go, o, and no.
Retaining the principal terms in (6.1.21-24), we obtain
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— 2%(mg +no) +2iRfo — 2W(p+e +2W) ™!

x [B*(no — mo) — 2if2g0] =0 ,
— (1 — dp/de)go/2 + 471 (1 + dp/de)[i2mg +12ng +2f]1 =0 |

(2> +a®go +iNBru+ B fo=0 , —go+ilmo+fo=0 ,
f=f0+f1/.9+... , §=g0+g1/9+... ,
m=mo+m/R+... , fi=ng+m/N+...

This system has the solution mg = ng, go =0, fo = —if2np. In order to obtain
the modes of the short>wave oscillations in the equations, we must retain, after
the principal terms, the following terms:

(mq — n1)(22 +2B%w) +12mo[2(a/b)’ b/a — 4w(ab) /(ab)]
+2i2g1(1+2w) =0 ,

w=W/(p+e+2W) ,

2/4(1 + dp/de)a*(my — ny) — o®(dp/de)gy (6.1.26)
+mola/a(A%dp/de — 2%) + o*(b/a) (a/b)dp/de] =0

iNA%(my — n1) + (A% + 2)mp(b/b — afa) — g1 (A2 + N =0 |

i2my +Bm0/b+f1 -—q =0, A= 012+ﬂ2 .

Equating the determinant of the system (6.1.26) to zero, we obtain

(2% — A2{* — P[A%dp/de + 2w(A? — aPdp/de)]
+2wB A’dp/de} =0 . (6.1.27)

The roots {2 = + A refer to a gravitational wave. The corresponding solution of
(6.1.26) does not contribute to the perturbation of the density and velocity of the
matter, and also does not lead to the appearance of an electromagnetic wave.

The expression in the curly brackets in (6.1.27) is the dispersion relation for
the fast and slow magnetohydrodynamic waves (see Chap.4). Substituting the
magnetohydrodynamic modes for 2 into the system (6.1.26), we can calculate
the perturbations of the metric, of the magnetic field and of the density of the
matter in these waves (the corresponding expressions were given in [6.19]).

Short-wave even perturbations diffuse in magnetohydrodynamic and gravita-
tional waves. However, if the inhomogeneities have a sufficiently large charac-
teristic scale, they will be sustained by the forces of gravity. We assume that for
such scales the solution for the gravitational waves is, as before, rapidly oscil-
lating, i.e., A > max(|a/al, |b/b]). Then, using the gravitational-wave solution,
we can reduce the order of the system (6.1.21-24) by two units.

After this, with accuracy up to terms of order a/aA and i)/bA, we ob-
tain the equations of general relativistic magnetohydrodynamics with gravity in
a cosmological model with an unperturbed metric tensor satisfying the system
(6.1.1). An analysis of the resulting system of equations leads to the following



6.1 Perturbations Evolution in Magnetic Universes 253

conclusions. In the presence of a cosmological magnetic field, the minimal di-
mensions of the inhomogeneities of the matter which are sustained by gravity
are different from those in isotropic models, where one can use the Jeans cri-
terion: if along the field the critical size of the inhomogeneities is of the Jeans
order \/[x(e + W)]~'dp/de, then across the magnetic field the critical size of
the clustering of matter is of order

Vdp/de +20(1 — dp/dIs(e+ W)! , w=W/(p+e+2W) .

The evolution of a cluster of matter with dimensions much greater than these
critical dimensions takes place according to the linear theory during the char-
acteristic time of development of the unperturbed model. The rate of increase
of the density of matter in these clusters depends significantly on the configu-
ration of the initial perturbation (i.e., on the ratio a/f) if the dimensions of the
perturbations are much smaller than (v/x(e + W))~L.

6.1.10 Evolution of Perturbations of Arbitrary Finite Scales
Near a “Pancake” Singularity

Let us consider the character of the development of inhomogeneities in a suffi-
ciently small interval of time near the singular instant at which a “pancake” is
produced. For a gas with the equation of state 0 < dp/de = )\ = const < 1, we
can deduce from the system (6.1.1) the following asymptotic behavior for the
energy density and the scale factors:

a=ap[l+Q2 =20 "Tkeot""V+...] , brbt ,
e=eot™ "N+ .., A=dp/de
ag =const , by=const , ¢og=const .

Because of the contraction of the scales along the z axis, the moduli of the
gradients of the functions with respect to z, for a sufficiently small interval of
time, will be much greater than the moduli of the gradients in the plane of z!
and 2. We shall now assume that o® < (2. For any scale of inhomogeneity,
this inequality is satisfied for sufficiently small ¢, since § has the asymptotic
behavior 8 = fo/t.

Equations (6.1.21-24) for a gas with the equation of state indicated above
take the following asymptotic form:

[m+n—m/t+n/t+2f] =0 ,
f+@—-n/tHr=0,

G+23/t - Byn+ flt— fB5/E =0,
~g+mft+m+ f=0 .

(6.1.28)

A solution of the system (6.1.28) can be sought in the form
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t7+1 t'y+l

m=mo n = ng ,  f=fot7

(6.1.29)
g=got” , y=const ;

substituting the expression (6.1.29) into (6.1.28) and equating to zero the deter-
minant of the resulting system for myg, ng, fo, and go, we obtain the “dispersion
equation”

VB +(r+2%] [(y+1 =Ny + A5 =0 . (6.1.30)

The relative perturbation of the density, é¢/e, then has the asymptotic behavior
7.

Thus, the magnetic field near a “pancake” singularity is of little importance,
so that the angular momentum in an ideal gas is conserved. We recall that if
there were no magnetic field at all, the system (6.1.21-24) would admit the first
integral (6.1.25).

It should be stressed that the dispersion relation (6.1.30) indicates the exis-
tence of a wave zone for perturbations of arbitrary scales in an ideal gas and in
a gravitational field near a “pancake” singularity.

The root « = 0 corresponds to rotational perturbations which are frozen in the
matter. The vanishing of the second factor in (6.1.30) corresponds to the modes
of the gravitational waves. A “pancake” singularity is unstable with respect to
such perturbations, which become infinitely large in the limit ¢ — 0.

The third factor corresponds to adiabatic perturbations in an ideal gas. The
dispersion relation for adiabatic perturbations, v(y + 1 — A) + 82\ = 0, indi-
cates that there are wave properties only in the case of perturbations for which
/33 > (1=M\)? /4 (analog of the Jeans criterion). The amplitude of “sound” per-
turbations falls off with time as t~1~%/2, Long-wave perturbations, for which
the inequality sign is reversed, do not have wave properties. The larger the scale
of these inhomogeneities, the slower the falloff of the relative perturbations of the
density. Finally, for the largest scales, the relative perturbations become frozen
(see below).

As t increases, the boundary between the scales of the perturbations which
diffuse in sound waves and those which are sustained by gravity is shifted toward
smaller scales. Therefore the perturbations of a fixed scale with 33 > (1 —))2/4)\
first diffuse with a decrease of the amplitude éc/e ~ t~1=Y/2 but after a
certain time the perturbations become frozen, as it were, losing their oscillatory
properties. This means that after that time the inhomogeneities fall in the long-
wave part of the spectrum.

After isotropization (equalization of the rates of expansion in all directions) of
anisotropic models, the inverse process begins: the growth of the inhomogeneities
leads to an increase of the gradients of the density. In a certain interval of scales,
the growth of the gradient of the density causes the inhomogeneities to “burst”,
and they then diffuse in sound waves.

As to the rotational perturbations, for sufficiently small scales, some time after
the singular instant they begin to diffuse in slow magnetohydrodynamic waves.
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By the time of isotropization, the strength of the cosmological magnetic field
falls so much that slow MHD waves are again converted into frozen vortices.

6.2 Self-Similar Motions of a Photon Gas
in the Friedman-Lemaitre Model

In the early stages of expansion of the universe, the dominant contribution to
the energy of the matter comes from the electromagnetic radiation, which is
related to the cosmic radiation of a black hole with temperature 2.83 K [6.2]. In
the simplest model of a universe filled with radiation — the Friedman-Lemaitre
model with a flat comoving space — the analytic expressions for the metric and
the energy density in Lagrangian coordinates have the form

ds? = *dr? — aor[dE? + £X(d6? + sin 6 dp?)]

6.2.1
e=3c/32nGr% . ©2.

Here ap is a constant, 7 is the “world time”, and ¢ is the Lagrangian radial
coordinate.

The solution (6.2.1) of Einstein’s equations is a particular self-similar solu-
tion. Therefore it is natural to consider the position of the Friedman-Lemaitre
solution in the class of self-similar spherically symmetric solutions and to study
the physical and analytic properties of these solutions, including solutions with
shock waves.

In this section, spherically symmetric self-similar motions are studied in an
orthogonal spherical coordinate system of an observer:

ds? = cte’dt? — eVdr* — r}(d6* +sin 0 dp?) . 6.2.2)

Here v(r,t) and ~(r,t) are unknown functions.

The problem of self-similar spherically symmetric motions of a gravitating
gas in the general theory of relativity was first formulated in [6.28]. Owing to a
choice of variables which was not entirely successful, the correctly written con-
ditions on gas-dynamical shock waves in general relativity lacked the simplicity
that is inherent in these conditions in the special theory of relativity [6.29]; how-
ever, it was possible to derive a condition on a break after which the gas goes
into a state of rest.

Einstein’s equation was reduced [6.28] to a second-order equation with rad-
icals. For a fixed velocity of the shock wave, the parameters of the gas were
calculated behind the shock wave, and from these data an integral curve outside
the stationary core was constructed numerically. A system of ordinary differential
equations for self-similar motions was written down [6.30] and was later greatly
simplified [6.31] by choosing a new scaling variable. In the comoving coordinate
system, a study was made [6.32] of the self-similar problem in the case of the
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maximally rigid equation of state p = . In the theory of small perturbations, self-
similar perturbations of the Friedman-Lemaitre model were considered in [6.33].
A qualitative analysis of a self-similar system in a conformally static coordinate
system was given in [6.34]. An extended concept of self-similarity in general
relativity was analyzed from a group-theoretical point of view in [6.35].

The system of ordinary differential equations for self-similar motions of a
gravitating gas in general relativity was studied in the comoving coordinate sys-
tem in [6.36], where it was shown, in particular, that it is possible to match the
known solutions by means of the conditions on the breaks. A study was made
[6.37] of the self-similar formation of nonstationary black holes in cosmological
models which at large distances tend to the flat Friedman-Lemaitre model. Use
was made of the comoving coordinate system.

This section is based on [6.38]. Here we derive a closed system of two
first-order ordinary differential equations, which is convenient for a qualitative
investigation. It is shown that the conditions on shock waves for a gas with the
equation of state p = ¢£/3 have, in special variables, the same form in general
relativity as in special relativity. For certain solutions, we demonstrate the exis-
tence of a limiting sphere (a nonsingular horizon) outside which the coordinate
system (6.2.2) becomes meaningless. This happens because, for these cosmolog-
ical solutions, particles outside the light horizon have a speed with respect to the
center of symmetry exceeding the speed of light.

The integral curves on which the speed of the gas is equal to zero at the center
of symmetry form a one-parameter family containing the Friedman-Lemaitre
solution. Therefore all solutions not containing a source or empty space at the
center of symmetry must be converted into this family by means of either a
shock transition or a weak break. It is interesting to note that all solutions with
weak breaks have a light horizon on which the speed of the gas with respect
to the system (6.2.2) is equal to the speed of light but the pressure is finite. In
these solutions, the whole of space-time cannot be covered by the coordinate
grid (6.2.2).

The situation with regard to solutions possessing shock waves is quite differ-
ent. It turns out that there exists a critical wave intensity. If a solution exhibits
a break with a subcritical intensity, then the solution possesses a light horizon.
Solutions containing a break with a supercritical intensity do not possess a hori-
zon and have all the qualitative properties of the self-similar Cauchy problem of
focusing of a gas to the center, as described in [6.39].

In the case of formation of a stationary core, none of the solutions with
a shock wave in the system (6.2.2) have a light horizon and, conversely, all
those with a weak break do have one. We establish for what initial data the
problems of outflow and focusing are physically meaningful. We describe the
phase portraits of the integral curves near the light horizon, the sound line, and the
coordinate origin. We present the results of the following numerical calculations:
(1) solutions with a spherical shock wave of subcritical or supercritical intensity,
inside which there is either a “segment” of a Friedman-Lemaitre universe or
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a stationary core; (2) solutions with a weak break on a sound surface, inside
which there is either a Friedman solution or a stationary core; (3) inhomogeneous
cosmological models possessing a light horizon.

6.2.1 Derivation of a Closed System of Ordinary Differential Equations
and Conditions on Shock Waves

For our purposes, it is convenient to introduce the radial velocity V, measured
in terms of the speed of light, which is defined at a point as the ordinary velocity
with respect to a local Lorentz coordinate system with basis vectors directed along
the coordinate lines of (6.2.2). In terms of the components of the 4-velocity u’
and the metric coefficients exp~y and exp v, the velocity V' can be expressed as
follows:

V = u"expl(y — v)/21/u*

For self-similar solutions, the unknown functions v(r, t), v(r,t), V(r, t), and
p(r,t) have the form

v=v()) , y=v(N) , xkp=PW/rt , A=r/(ct) .

We introduce a new scaling variable ¢ having the meaning of the velocity of
the surface A = const with respect to the local Lorentz coordinate system:

¢ =Xexpl(y —v)/2] . (6.2.3)

We introduce the notation z = exp -, and we shall find the dependence of the
functions v, z, P, and V on the variable (.
Einstein’s equations in this case have the form

K:T4" = RI s 4PV = z—242(1 -0 - V2) d.’t/d( ’ (624)
«TT =Rl —R/2 ,
_P(3V2+1)= I:]—%_Q(I_L) C] (1_V2) ’ (625)
xT; =Ry — R/2 ,

¢ de (6.2.6)
P(3+V2)=[ +—2d—<} a-vy,

_ 2z - )YV +(-2V)

L=——Gvvm_av 6.2.7)

In the expressions on the left, we have indicated the corresponding components.
The function P(¢) can be calculated explicitly from (6.2.4, 6) if the solutions
z(¢) and V(¢) are known:

PO =(z - DA =VHz NG+ VH -4 . (6.2.8)
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The coefficient v({) can be found by quadrature from (6.2.5) in terms of the
known z(¢) and V() if P(¢) is replaced by the expression (6.2.8):
dv 4V -1)

‘P maw

Eliminating the function P(¢) from (6.2.4,6), we obtain

ﬂ 4V(z — Dz

=D =GV —ay

(6.2.9)

Eliminating the pressure from the conservation equations V,T? = 0 and
V., T} =0, we have

d_V(l L= (1 -VHRV —(V?/2-3(/2+ 1]

b= 3V -2 - (1-V()7? ’

2 =4z — DIV =3VE+332+VE—Vi¢?/2)
x[¢(3 +V?) —av]!

(6.2.10)

Equations (6.2.9, 10) constitute a system of equations for z(¢) and V({). The
relation between the variables ¢ and A can be obtained by integration of the
equation

(A —IL)dln)/d(=1, (6.2.11)

which follows from the relation (6.2.3).

Conditions on Breaks. The definition of differentiable manifolds involves a
fixed class of local coordinate systems, within which the transition from one
coordinate system to another must satisfy given smoothness conditions. In order
to encompass the possible appearance of gas-dynamical shock waves, the coor-
dinate transformations in the distinguished class of coordinate systems must be
twice differentiable and must have piecewise-smooth third derivatives. In this
case, in the absence of a medium, breaks in the second derivatives of the metric
on nonisotropic surfaces can be eliminated by an appropriate choice of breaks in
the third derivatives of the coordinate transformations.

The differential operator (R;; — g,xR2/2)n* contains only first derivatives of
the metric along the normal to the surface of the break and is therefore continuous.
As a consequence of Einstein’s equations, we can then deduce continuity of the
flux of energy and momentum across a shock wave, [T, ]n* = 0.

When a coordinate system is distinguished by means of some auxiliary con-
straints on the form of the metric of the four-dimensional space, it may happen
that the distinguished coordinate grid does not belong to the class of coordinate
systems indicated above. In such coordinate systems, there can be breaks in both
the metric itself and its first derivatives. In this case (see, for example, [6.40]),
on a nonisotropic surface of a break the first and second quadratic forms of the
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surface of the break must both be continuous. For the coordinate system (6.2.2),
this implies continuity of the metric and of the flux of energy and momentum
across the surface of the break.

Suppose that the equation of the surface of a shock wave has the form
f(r,t) = 0. We denote by c( the velocity of the shock wave with respect to
an orthonormalized tetrad of the local coordinate basis (6.2.2):

{=—exply = v)/2fs/fr -
We write down the components of the 4-normal to the shock wave:
ny = —exp(y/2(1 = )7? . ng=exp(v/2){(1 - BTV .
From the conditions n,[T}] = n,[Tj] =0 it follows that
[(p+e)V —p(1 = VI = (p+e)V/(1 - VH] =0 , (6.2.12)
[(p+e)C —V)/(A =V} —p{l1=0 (6.2.13)

respectively. It is remarkable that these conditions have the same form as in
special relativity [6.41].

Eliminating the pressure from the conditions (6.2.12,13), we obtain for an
ultrarelativistic gas the expression

Va=B3 -1-2W)/Q{+ W -3) , (6.2.14)

where V; and 1, are the speeds of the particles of the gas before and after the
break, in units of the speed of light.

Equation (6.2.14) means that, in the photon gas in the coordinate system
associated with the break, the product of the speeds before and after the break
is equal to the square of the speed of sound.

6.2.2 Friedman Solution and Qualitative Investigation of the System
of Equations for x(¢) and V({)

The metric tensor in the Friedman solution in the Lagrangian coordinates (6.2.1)
can be readily transformed to the coordinate system (6.2.2) of the observer. One
transformation is obviously r? = ag7¢2, and another can be found from the
condition of orthogonality of the metric (6.2.2). It is convenient to seek it in the
form

r=r/f()) , A=r/et .

After simple calculations, we obtain for the function f()\) and the speed V()
the expressions

V=F2=)/ (1 +V/1= /\2) . (6.2.15)

The metric coefficients exp 4 and exp v in the Friedman solution are identical:



260 6. Some Problems of the Dynamics of Waves in Relativistic Cosmology

eXpy = exp v = (1+\/1—,\2) /2 1-x2 . (6.2.16)

For the pressure as a function of the coordinates, we have

p=t (1 —V1= ,\2)2 / 8rGr . (6.2.17)

The coordinates (6.2.2) can span only part of the Friedman solution in the infinite
comoving space.

We shall carry out a qualitative investigation of the system (6.2.9, 10).

We first linearize the system (6.2.9, 10) near the straight line ( =0, V = 0.
We introduce the notation V/{ = ¢ and reduce the system (6.2.9, 10) to the form

% _ 2dg[3 —4q — 2(z — 1)(1 — 2q)]

¢  (B—493(1 -29) -4z - 1)1 - g)]
_dz[3 —4q+2(z — 1)(1 ~-2q)]
- 49(z — Dz

(6.2.18)

It follows from this that in the first approximation in V and ( the integral
curves near the straight line ( = 0, V' = 0 will lie on surfaces z = z(V/(, ),
where z(g, ) is an integral curve of the equation

@ _ 8q(z — 1)z
dg (3 —49)[31 —29) — 4(z — 1)(1 — ¢)]

A schematic representation of the integral curves of this equation is shown
in Fig.6.1. According to (6.2.19), in order to reach the value ¢ = O along the
integral curve with the direction V/( = qq, it is necessary that the point go, z¢ be
a singular point of the equation (6.2.19). Further investigation shows that one of
these singular points (the point E in Fig. 6.1) has coordinates g9 = 1/2, o = 1,
and the other point D has coordinates ¢ = 0, 2o = 7/4. The family of integral
curves depending on a single parameter P, and going into the point E(gy = 1/2,
zo = 1) has the following asymptotic behavior:

m—1=P1¢2[1+(‘51_5;l>g2
207 17 4 L\ .4
(-2—8—0—-35P1+§§P1)C+...:I y
LA A (6.2.20)
V'<[2+(40 5>C

! (ﬂ—épl—gpf)gu...

6.2.19)

bl

+—
14\40 2
kp=Pit 1+ —2P)Ct+..] .

For the parameter value P; = 1/4, these expressions represent the first terms of
the expansion of the Friedman solution (6.2.15-17). The exact solution z¢ = 7 /4,
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\&

N

Fig.6.1. Integral curves of (6.2.19). The sin-

pra gular points have the coordinates A(7/10, 0),
B(3/4,0),C(3/4, 1), D(0, 7/4),and E(1/2, 1)

g A 6

Vo =0, po = (Txr?)~! corresponds to a static configuration of the gas (the state
of rest).

The complete set of solutions of (6.2.9, 10) depends on two parameters, while
the solutions (6.2.20) depend on only one parameter, so that all the other solutions
must go over into one of the curves of (6.2.20) or into a static solution, either
through a weak break along a sound line or through a strong break (if, of course,
there is no source or empty space at the center).

We shall now study the behavior of the integral curves of the system
(6.2.9,10) near the light cone V =1, ( = 1.

If we linearize the system (6.2.9,10) in ( — 1 and V — 1, then, introducing
the notation (V — 1) /(¢ — 1) = ¢, this system can be reduced to the form

d¢ _(4-§-22)@+1~-4dj _(4—§—22)dz
(-1 §2-9Bi-@F+1) 2z — 1z

(6.2.21)

In the first approximation, the integral curves lie on the family of surfaces z =
z((V — 1/ — 1), o), where z(§, o) is an integral curve of the equation

ﬁlf _ 2(z — l)ar:(q2 +1-49)
dj ~ §2-9Bi—F+1)

(6.2.22)

A schematic representation of the integral curves of (6.2.22) is shown in
Fig. 6.2, where the arrows indicate the direction of increase of . A schematic
representation of the integral curves of (6.2.21) for z > 1 and for a fixed value
of the constant of integration in (6.2.21), projected onto the plane of V and (,
is shown in Fig. 6.3. The direction (V — 1)/(¢ — 1) =2 is singular.

The asymptotic behavior of the ends of the loops (Fig. 6.3), which approach
the straight line V' = ( =1 and z — oo with a finite slope g #0, is as follows:
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Fig. 6.2. Integral curves of (6.2.22)

V-1
g
¢-7
Fig. 6.3. Integral curves of the system (6.2.21),
projected onto the plane of V' and ¢
= +0() ,
T
V—1=g(-1)+0( -1 , (6.2.23)
q0
P~ .
go—2

For the slope ¢ = 0, we find that the curves have the following asymptotic
behavior:

@-D=a( -D+0(¢ - DY ,

V-1 =-A-D*+0( - 1)

P=a1pi(( - 1?%/2 .
Here oy and f are arbitrary positive constants.

It is quite essential to consider the asymptotic behavior of the curves for
g — o0. An analysis shows that there exists a one-parameter family of integral

curves, not contained in the two-parameter family of integral curves of (6.2.21),
having the following asymptotic behavior:

V=1-—ay/(1-0+@/4+a2/16)(1 - +... ,
z(a2+2)=a/\/(1 O +(a*—-36)/16+...

(6.2.24)
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For a = /2, the expressions (6.2.24) represent the asymptotic form of the Fried-
man solution for ( — 1. Numerical calculations show that the one-parameter
family having the asymptotic behavior (6.2.24) for ( — 1 will have the asymp-
totic behavior (6.2.20) for { — O.

As we shall show below, these solutions are submanifolds of inhomogeneous
cosmological models bounded by a light horizon. It is interesting that for the
Friedman-Lemaitre solution the coefficient a/(a?+2) in the asymptotic behavior
(6.2.24) for = has the maximum value.

We now investigate the structure of the weak breaks near the sound lines,
which are determined as the zeros of the numerator and denominator of the
right-hand side of (6.2.10):

()

(o= ——— g — 1=

(6.2.25)
(%+V3)
As (o varies from 1/3/3 to 1/3/2, we obtain the sound lines in the various
inhomogeneous cosmological models described above. When ¢ is equal to /3 /3,
we obtain from (6.2.25) the sound line in the static solution zo = 7/4, Vo = 0.
Near this line, the curves form a degenerate node at which the curves intersect
the sound line, being tangential to the straight line V =0, z =7/4.
For /3 /3<< V3 /2, the curves near the sound line (6.2.25) form a node
lying in the plane:

z—z0=68(C~C) ,
% (3-V3) (V3+W) (7-2v3% - 3V3)
2(1- V)’ (V3-3V3V3+at) (1+v3 V)

Finally, if (o = v/3/2, we obtain from (6.2.25) the sound line in the Friedman-
Lemaitre solution (6.2.15-17) (z0 = 3/2, Vo = \/3-/2), near which the curves
form a degenerate node. All the curves intersect the sound line, being tangential
to the straight line

3 V3 V3 V3
z~5=2\/§(<——5—) , V—?=4(c—7>/3.

For {y > V3 /2, the points on the sound line (6.2.25) are foci.
An investigation of the system (6.2.9,10) gives the following asymptotic
expressions for z(¢), V({), and P(({) in the limit { — oo:

z=20+0(1/0) , V=V+0(1/0) , P=P+0(1/() ,

) (6.2.26)
Py=(1-V5) (20— Dag' (3+V3)
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(Concrete expressions for the coefficients of 1/¢ were given in [6.19], and for
zo—1=B+V3)[2(1+V3)]~! the solutions were decomposed [6.19] into powers
of (~1/2)

The relation between the scaling variable A and the variable ¢ defined in
(6.2.3) has the following form at large (:

din¢/din ) =1-2(zo - 1) (Vi +1) / (3+V})
Large positive values of ¢ correspond to A > 1 for 1 — L > 0 or for
z0< (5+3VH R(1+VY)] . (6.2.27)

For such zg, when ( — oo, we obtain a restriction on the possible value of the
constant Py in (6.2.26):

Py< (1-V2)(5+3V3)7" . (6.2.28)

Thus, the self-similar Cauchy problem of focusing or outflow for a gravitat-
ing photon gas has a solution subject to the constraints (6.2.27,28). The actual
integration of the system (6.2.9, 10) may make these inequalities even more strin-
gent.

6.2.3 Discussion of the Results

In order to investigate the possibility of analytic continuation of the solutions
beyond the light horizon, let us consider the relation between the comoving
coordinate system and the coordinate system of the observer for self-similar
solutions. Suppose that the metric in the comoving coordinate system has the
form

ds? = a*dr? — B*de? — r}(d6® +sin® 0 dyp?) (6.2.29)

where the metric coefficients a2, 5%, and 2 are unknown functions of ¢ and 7.
In the comoving coordinate system, the momentum equation gives p = f(r)a™*,
and from the energy equation it follows that p*/4r2b = ©(¢), where f(r) and o(€)
are arbitrary functions of their arguments. We fix the time 7 and the Lagrangian
coordinate ¢ by putting f(r) = A*r~2, (€) = A3¢1/2, A = const.

The self-similar solutions in the comoving coordinate system are distin-
guished by the requirement

a=a(u) , b=bu) , r=ER(w) , p=A*/(T%" W) ,

where p = €/7.

By definition, the velocity 4-vector in the comoving coordinate system has
only one nonzero component u*: 4%(0,0,0,a~!). According to the rule for trans-
formation of the components of vectors in the coordinate system with the metric
(6.2.2), the vector u* will have the components
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uw" =a"'0r/0r , u'=a"'0t/0r . (6.2.30)

Dividing the first of these equations by the second and making use of the defi-
nition of the velocity V, we obtain

Or/dT = Vexpl(v — v)/2]0t/0T . (6.2.31)

From the condition of orthogonality of the comoving coordinate system (g-¢ =
0) we obtain, using this relation,

V 0r/9¢ = expl(v — 7)/21/(t/0¢) . (6.2.32)

Substituting into (6.2.31,32) a self-similar dependence of r and ¢ on £ and 7 in
the form r = £R(u), t = £R(p)/ A, from (6.2.31,32) we obtain

(- L)dInR/d(=V(V -O7¢
(1 - L)ydInp/d¢ = ~1-VHV -0 -V

[L is defined by (6.2.7)].

Using (6.2.33) in going from the system (6.2.2) to the system (6.2.29) ac-
cording to the tensor law of transformation of the components of the metric, we
obtain for the coefficients a and b the expressions

at = (uR/Ox(1 - VP /A=VY) |
B = (R/O)*z(¢ — V)2/(1 =V .

Equations (6.2.33, 34) determine the dependence of R, a, and b on p in parametric
form (in terms of ().

Substituting into (6.2.34) the asymptotic behavior (6.2.24) of the inhomoge-
neous cosmological models near the horizon, we obtain expressions for R((),
w(0), a*(¢), and b*(¢) in the form of series in powers of /1 — (:

R= Ry [1+(@®+29y/1=(/@a)+0(1-0) |
p=po[1— (@ +2yT=(/a*+001 - 0]
@ = 13RS [o?/Ca? +4)+0 (VI= ()]

7 = B} [o?/2a? +4)+O (Jl_—Z)] ,

where po, Ro, and « are arbitrary constants. Expressing +/1 — ¢ in terms of
§ — o, we obtain for R, a2, and b? analytic series in powers of p — po which
contain no singularities on the light horizon. Formally, the continuation through
the horizon in this case corresponds to a reversal of the sign in front of the square
root /T — ¢, with ¢ remaining less than unity outside the light horizon as well.

Solutions with the asymptotic behavior (6.2.23) can also be analytically con-
tinued through the light horizon. For the functions R((), 1((), a®(¢), and b%(¢)
in this case, we have series expansions in powers of ( — 1:

(6.2.33)

(6.2.34)

(6.2.35)
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Qo —2
= S (.7 }
R R"{l @-Da" "7 }
u=uo{1+2q—‘;(q°—“—2—)(c—1)+...} :
(%=1 (6.2.36)
= oRoa B
2
2 _ p2 (410—1)2
b —Roa—zqo + ,

where Ry, po, «, and go are arbitrary constants.

Expressing ¢ — 1 in terms of yu — uo, we obtain analytic series in powers of
u — uo for the required functions. The solution outside the light horizon is given
by (6.2.36) for ¢ > 1.

Thus, the continuous and discontinuous self-similar motions of an ultrarel-
ativistic gas which we have described above indicate that all the continuous
self-similar motions of the gas have a cosmological character, since, accord-
ing to (6.2.35), they can be analytically continued beyond the light horizon. This
one-parameter class of solutions, which contains the Friedman-Lemaitre solution,
represents a set of (in general) inhomogeneous expanding cosmological models.

The segments of the curves of this class of solutions up to the sound line
(6.2.25) appear as central cores in the larger two-parameter class of solutions
possessing weak breaks. [In the space (z,V,(), the sound spheres are repre-
sented by the points on the sound line (6.2.25).] Each central core of the sound
sphere can be attached to some solution in the two-parameter class of solutions.
The analytic continuation beyond the light horizon of each of these solutions
with weak breaks in the comoving coordinate system is given by (6.2.36). These
solutions are inhomogeneous cosmological models with a weak break along the
sound characteristic. They have greater generality than the class of regular cos-
mological solutions (6.2.20, 24), since they depend on two parameters.

In contrast to solutions with a weak break, in solutions with shock waves
of sufficiently large intensity there is no light horizon. Inside a shock wave, a
solution is described by a segment of one of the solutions (6.2.20,24) or by
a static solution. Thus, the uniformity and expansion of the matter around an
observer does not guarantee the uniformity of the universe as a whole. At a
sufficiently large distance from the center, a shock wave can lead to a complete
change in the structure of the solution, when the pressure of the matter falls off
to zero at infinity. In other words, regions with a uniform outflow (segments of
Friedman-Lemaitre universes) can be formed as a result of focusing [Vp < 0
in (6.2.26)] (accumulation) of the gas to the center, with preservation of the
pseudo-Euclidean asymptotic behavior at infinity.

The results of a numerical integration of the system (6.2.9, 10) are shown in
Figs. 6.4-7, in which the abscissa represents the scaling variable A = r/(ct).

In Figs.6.4 and 6.5 we show the solutions for the velocity and the pressure
with a stationary core. The curves a with weak breaks correspond to inhomo-
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v, A

P=1/7
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=-7 a A

A

Fig. 6.4. Graphs of V = V() for solutions with weak and strong breaks in the presence of a static
stationary core. Here and in Fig.6.5, the point A corresponds to a weak break; OAa is a typical
solution with a weak break, and Ob is a typical solution with a strong break

Fig. 6.5. Graphs of P = P(J) for solutions with weak and strong breaks in the presence of a static
stationary core

7

v ABO, ¢ V=1

vy

g A
Fig.6.6. Graphs of V = V()) for solutions with weak and strong breaks in the presence of a
homogeneous Friedman core. Here Oa, Ob, and Oc are typical curves with a strong break: Oa is
a solution with a light horizon, on the curve Ob we have V — 0 for A — oo, and the curve Oc
corresponds to a solution of the problem of accumulation towards the center. On the Friedman curve
0OSO0; there is a point with a weak break at A = v/3/2, V = 1/3/3, z = 3/2, and OSB is a typical
curve with a weak break. Inhomogeneous cosmological solutions are shown as O A and OC

Fig. 6.7. Graphs of P = P()\) corresponding to the curves in Fig. 6.6

geneous cosmological solutions possessing a light horizon. The curves a with
strong breaks represent solutions of the problem of initial focusing to the center,
when a stationary core is formed inside the shock wave. The point A in these
two figures corresponds to the surface of a weak break with A = 1/1/3, V =0,
P=1/1.

In Figs. 6.6 and 6.7 we show the solutions for the velocity and the pressure
with a core of uniform outflow. The curves OS0; in Fig. 6.6 and, correspond-
ingly, OS'0; in Fig. 6.7 represent the Friedman-Lemaitre solution for the velocity
and the pressure inside the light sphere. The curves OSB and OS' B’ represent
a typical solution with a weak break, for which part of the solution (the curves
0S and 0S") coincides with the Friedman-Lemaitre solution.
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The curves a and a' correspond to a typical inhomogeneous cosmological
solution with a shock wave and a light horizon. The shock wave includes the
Friedman-Lemaitre solution. The curves b and b' give an idea of the dynamical
evolution of the initially stationary gas, in which a “fragment” of a homogeneous
universe is formed inside the shock wave.

The curves ¢ and ¢’ correspond to a typical solution of the problem of initial
focusing to a point. Besides the Friedman-Lemaitre solution, in which the pa-
rameter P; in (6.2.20) has the value 0.25, we have plotted in Figs. 6.6 and 6.7 the
solutions (6.2.20) with P, = 0.125 (the curves OA and O A') and with P, =0.75
(the curves OC and OC'). These curves correspond to smooth inhomogeneous
cosmological models. The point S in these two figures corresponds to the surface
of a weak break for \ = \/§/2, V= \/3-/2, z=3/2.



7. Acoustic Phenomena in Strong Gravitational
and Magnetic Fields

The launch of the spacecraft Uhuru, Ariel, SAS-3, and Copernicus containing
x-ray detectors led to the discovery of a large number of sources of pulsating x-
ray emission (x-ray pulsars). The largest of the known periods of their pulsations
exceeds the smallest period by three orders of magnitude. For example, the x-
ray pulsars Her X-1 and Cen X-3 have periods 1.24 and 4.8 s, respectively, and
the x-ray sources 3U0352 + 30 and 3U0900 — 40 according to the third Uhuru
catalog have periods 835 and 284 s, respectively. The pulsations of the emission
from an x-ray source can be explained by the variability of the direction of the
emission from the regions of the magnetic poles, which occurs because the axis
of rotation does not coincide with the axis of the magnetic dipole. If the x-ray
pulsars belong to a single class of physical objects and are magnetized, rotating,
accreting stars belonging to binary stellar systems, it is natural to ask why there
is such a large spread in the angular speed of their rotation. (We note that at least
six long-period sources belong to binary systems [7.1].)

We shall trace the main stages in the evolution of the mechanisms of retarda-
tion of a neutron star in a binary system whose normal component is characterized
by strong loss of mass!. In its early stages, a neutron star is characterized by
rapid rotation and is an ejecting pulsar (like the pulsar in the Crab Nebula) which
produces intense acceleration of cosmic rays and emits radiation in all parts of
the electromagnetic spectrum. The resulting radio emission may not be observed
because of its absorption in the stellar wind of the normal star. The period of
rotation of the pulsar grows as a result of the loss of the total angular momentum
carried away by the magnetic dipole radiation. In turn, the power of the magnetic
dipole radiation of the ejecting pulsar falls off rapidly with increasing period, and
at a certain time the plasma pressure of the stellar wind begins to exceed the
pressure of the cosmic rays. The plasma penetrates into the region of the light
cylinder r < ct and disrupts the operation of the pulsar mechanism.

Accretion of matter onto the neutron star during this stage is impossible. The
pressure of the magnetic field stops the matter on a certain surface, called the
magnetosphere, on which p = H?/8x. Since the surface of the magnetosphere
is not spherical, it acts like a propeller and throws off matter which is incident
on it. Naturally, the propeller mechanism contributes to the retardation of the

! The observational data and theoretical ideas on x-ray sources have been reviewed in a number of
papers [7.1-5].
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rotation of the neutron star. This mechanism operates as long as the component
of the rotational velocity of the magnetosphere normal to the surface of the
magnetosphere is much greater than the parabolic velocity.

At lower rotational velocities, other mechanisms of retardation of the neu-
tron star operate. The rotating neutron star generates acoustic and shock waves,
which effectively heat the plasma surrounding it. There is turbulent convection,
which deflects the angular momentum. An important role in the retardation of
the rotation of the neutron star is played by the viscous forces acting in the gas
surrounding it. The operation of these mechanisms is possible because of the
subsonic (see Sect.7.3) flow of the accreting gas.

The retardation of the neutron star continues until the angular momentum
carried by the accreting matter per unit time begins to compensate the moment
of the hydrodynamic forces acting on the magnetosphere. The equilibrium period
of rotation of the neutron star is determined by the parameters of the binary
system. The acoustic and viscous mechanisms of retardation lead to dissipation
of energy in the accreting gas, heat it, and hinder the accretion. Therefore it is
highly probable that accretion becomes possible only when the period of rotation
of the pulsar comes close to the equilibrium period. The neutron star is then
converted into an x-ray source. If allowance is made for the nonspherical form
of the pulsar and the resulting moment of the gravitational forces in the presence
of accretion, there will be a long-period variation of the angular velocity of
rotation of the pulsar (see Sect.7.8).

The periods of long-period x-ray pulsars are so long that they are not likely
to be converted into radio pulsars that can be seen by observers after the normal
star runs through its evolutionary path and is converted into a dead star. Thus,
besides the mechanisms of retardation of the rotation of magnetized neutron
stars which have already been considered (such as magnetic dipole radiation
[7.6], acceleration of cosmic rays [7.7], and the supersonic “propeller” [7.8]),
there exist also gas-dynamical mechanisms of retardation of the rotation, which
become very important for long-period pulsars: (a) generation of shock and sound
waves by the rotating magnetosphere in the plasma surrounding the star; (b)
retardation of the rotation due to the viscosity of the plasma and its transition to
turbulence at large Reynolds numbers. These processes are important in the case
of a subsonic value of the normal component, with respect to the surface of the
magnetosphere, of the rotational velocity of the boundary of the magnetosphere
(see Sect.7.3).

In Sect. 7.1, which is introductory in character, we present the fundamentals
of the theory of short acoustic waves on the background of an arbitrary poten-
tial flow of a gas with constant entropy. In the case of variable entropy in the
particles, acoustic waves and rotational perturbations influence each other. In
Sect. 7.4 we investigate the behavior of arbitrary small adiabatic perturbations of
radial pulsations in a well-known model of the Cepheids, in which the entropy is
distributed nonuniformly over the particles and the unperturbed density depends
only on the time. In Sect.7.2 we develop analytic methods which make it pos-
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sible to determine the explicit form of the magnetosphere, both in the case of
supersonic rotation and in the case of negligible small rotation. In Sect.7.5 and
7.6 we study nonlinear transverse oscillations in layers of a weakly compressible
liquid or gas with ideal conductivity in strong magnetic fields in the presence
of resonant oscillations of the electric current at the boundary. It is found that
a characteristic feature of such oscillations is the appearance of shock waves
and Alfvén breaks. We note that it is possible to write the equations of ideal
magnetohydrodynamics in Lagrangian coordinates as the equations for a certain
material with nonlinear elasticity.

7.1 Propagation of Nonlinear Short Acoustic Waves

In Sects. 7.1.1 and 7.1.2 we derive model equations for the description of acoustic
waves at normal points on sound rays and near the envelope surfaces for sound
rays on an arbitrary potential background. Formally, the problem reduces to the
addition of quadratic terms in the approximation of geometrical acoustics, these
having the maximum order.

In Sect.7.1.3 the model equations are reduced to the simplest form, and
known results in the one-dimensional case are used to analyze the formation and
dissipation of a sawtooth wave in the general case.

In Sect. 7.1.4 we analyze the reflection of acoustic waves from a shock wave
in the case of direct or oblique incidence. Some of the results of that section have
been obtained by many authors, beginning with Rayleigh (of Soviet authors, we
mention R. V. Khokhlov and O. S. Rizhov). For example, the second approxima-
tion in the theory of acoustic waves has been discussed in the literature since the
1930s. For detailed references, we refer the reader to various monographs and
articles [7.9-13]. The references given in the text make no claim to completeness.

7.1.1 Derivation of the Model Equations

Suppose that in some region, in which the external forces have a potential U,
the motion of a perfect gas is described by the potential in the form v = Vp
and is isentropic. Then the pressure p is related to the density ¢ by a power law
p = const - o7, where v is the ratio of the specific heats at constant pressure and
at constant volume.

Under the stated assumptions, the equations of gas dynamics have the
Cauchy-Lagrange integral

0%  v? a? a3

5 T2 7—_—1 7_1=const , a2 =~vplo .

Eliminating the density from the equation of continuity, by means of the
Cauchy-Lagrange integral we obtain
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2 2 2
(ﬁw-v) (a¢+v—+U)+(7—1) [—7(1" +a—qj+v—+U Ayp

t ot 2 1" ot 2
- (7.1.1)
The characteristic 1) of (7.1.1) satisfies the equation
Q=Q(r,t,k,w)_=.-2%[k2 2 _(w—k-v)?]=0, (7.1.2)
where k = V¢, w = —9, and » is the vector with components z, y, z (the

radius vector).
For the first-order partial differential equation (7.1.2), there is an associated
characteristic system of ordinary differential equations in the Hamiltonian form:
dr _0Q a _ 0Q dk _ 0Q dw 0Q

do Ok’ da 0w ' da Or ' da Ot °
here « is the canonical parameter on the integral curve of the system (7.1.3). The
system (7.1.3) determines a normal congruence of sound rays, the bicharacteris-
tics of (7.1.1). We note that the sound rays lie on a surface v = const, covering
it, as it were, since Vi(dr/da) + 4 dt/da =2Q = 0.

The individuality of each sound ray on the three-dimensional surface i =
const can be characterized by means of Lagrangian coordinates ¢! and ¢2, so
that the solution of (7.1.3) can be written in the form of the dependence of
the functions =, ¢, k, w on the arguments «, 1, ¢!, €2, this dependence being
determined by the initial data for the system (7.1.3):

(7.1.3)

k=v_f(:1:(),y(),zo) , P=To for t=1ty .
These conditions correspond to initial conditions for the solution of (7.1.2):
= f(z,y,z) for t=ty .

Suppose that some solution of (7.1.1), which we shall call the background (or
unperturbed solution), has a characteristic length L and a characteristic time T' of
variation of the gas-dynamical quantities. We shall henceforth speak of a solution
corresponding to an acoustic wave in the case of a perturbed solution of (7.1.1)
which has a characteristic scale of variation ! such that | « L = min(L, aT),
where a is the characteristic speed of sound in the unperturbed solution. We shall
assume that the relative amplitude of the perturbations is of an order not greater
than the ratio of 2 to L2.

We shall denote the perturbations of the hydrodynamic quantities in an acous-
tic wave by a prime. Let ¢ be the potential of the perturbation of the velocity:
v' = V. Quantities referring to the unperturbed solution will appear in the
coefficients in the equations for the perturbations. We shall consider the terms
of highest order in (7.1.1) when the solution is formally expanded in the small
parameter € = /L.

In an acoustic wave, the field of the hydrodynamic quantities varies “rapidly”
along the directions “extracted” from the surface i = const. If we transform from
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the variables z, y, z, t in (7.1.1) to the variables a, 1, €1, €2, then ¢ is a “fast”
variable, while «, ¢!, and ¢? are “slow” variables “almost everywhere”; near
caustics, a also becomes a “fast” variable. The largest of the nonlinear terms
in (7.1.1) will be those of the form ¢ , and ¢ ., Where ¢ is the potential of
the velocity perturbation. We shall assume that the characteristic length in an
acoustic wave is of the order of [Vy|™1, i.e., I ~ |Vy|~L.

In what follows, the index j in the notation z7 will take the values 1,2,3,4,
and z* = t. We note that the affine parameter a on sound rays is determined
only to the extent that an arbitrary function f(1,¢1,¢%) can be added to it.
Transforming in (7.1.1) to the variables a, 1, ¢!, £ and neglecting the derivatives
with respect to ¢! and ¢? in comparison with the derivatives with respect to «
and 1), we find that the potential of the velocity perturbation satisfies the equation

Fo 0 (6Q(¢,,-;xf)

L
)(% S”Q(a,],m)

20¢ da Ozt 0
0 6Q(a,~;:cj) dp
Yo (T) Fa * BT DR = k000,00 =0
(7.1.4)

Far from caustics [envelopes for the bicharacteristics of (7.1.3)], the third and
fourth terms in (7.1.4) can be dropped in comparison with the terms containing
derivatives with respect to . Therefore, far from caustics, we obtain from (7.1.4),
after multiplication by ¢ y, the equation

—k 2 k.
%9(——w g v>(¢¢)2:| +d1V[(v+w_k(;.v)Q< ) v)(‘Pd))z]

+ a—‘;(», + DR W — k- 0)p%p pp 20 (1.1.5)

If there is an envelope for a family of rays (a caustic surface), we shall assume
that it is convex. Sound rays which are tangential to a caustic remain on the same
side of it. Caustics separate the “light” region from the “dark” region, i.e., the
region with real bicharacteristics (constructed on the basis of the initial data)
from the region with imaginary bicharacteristics. If o(z7) = 0 is the equation of
a caustic, then, by the definition of a caustic, the normal to it is orthogonal to
the direction of a ray:

dr dt BQ Jo _

'VO'+——0't=0

da da or 01/) oz7 (7.1.6)

Taking advantage of the arbitrariness in the definition of the affine parameter on
a sound ray, we shall measure the affine parameter on each ray from the point
of tangency of the sound ray to the caustic. From the fact that the rays remain
on the same side of the caustic, o > 0, it follows that

P,

t
Ec_vi d <30, >0 . (717)
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We transform in the neighborhood of the caustic to the coordinates o, u!, u2,
u?, i.e., we stratify the space of the variables z, y, z, t by means of an analytic
definition of the surfaces o = const in the neighborhood of the caustic o =0 (!,
u?, u? are internal variables on these surfaces). Then the conditions (7.1.6,7)

take the form

%=0 , %:2(;%0 for a=o=0,
where ¢ is some function of u!, u2, u>.

At their tangency, the sound rays leave a field of directions on the caustic
o = 0. From this field on the caustic, it is possible to reconstruct a normal
congruence of curves which cover the caustic?. Let (!, u2, v?) be a continuous
continuation of the characteristic i) onto the caustic.

It follows from (7.1.6) that o ~ c?o? and do/da = 2c*a ~ 2¢\/o. On the
other hand, according to (7.1.3),

do _ 09
da ™~ O,

From the fact that 8Q /8v,, ~ /o according to (7.1.8), it follows that ¢ , ~ /0.
Consequently, near a caustic the solution of the equation for the characteristics
has the form

2 0_3 /2
3
[This form of the solution can always be obtained by multiplying & by some

function f(u', u?,u3), with no change in the equation of the caustic.]

It follows from (7.1.8,9) that near a caustic the quadratic form @ has the
structure

(7.1.8)

Pp=0=+

(7.1.9)

3

2Q@ 55 ) m 2,0 + Y cabats

A,B=1
where the c4p are certain functions of u!, u2, u3.

We now calculate, near a caustic, the coefficients which appear in (7.1.4):

0 (0Q)_ 0 (0Q\ e 1
5:67(a¢,,)~aa (81/)’0)~\/5~a ’

3

1 1 1
s P ) 2 R — R
Qla,;; ') ) co,0)" + A%:l CABX,ACB dco  4ca?
o foQ). 1 1
Oz7 | Oa ; 2632 7 28303

2 These curves can also have envelopes corresponding to cusps on the caustic (see, for example,
[7.14]).
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Thus, near a caustic the equation for the acoustic waves takes the form

2 Be D1, 10 (0)

Opoa Opa 23ada da
+1
+ (A/a—z)gkz(w —k-v)pppup =0 . (7.1.10)

Making the substitution

Pp=0+

253/2 o
—C- )

3 7

from (7.1.10) we finally obtain

o dp] 0%
W—[a Aae]a(ﬁ 0. (7.1.11)

We stress that the coefficient A in (7.1.11) is a function of 6, ¢!, and ¢2. In the
particular case in which 0A/96 =0, (7.1.11) is readily reduced in the hodograph
plane to the Tricomi equation (A. A. Bagdoev). Indeed, making the substitution
¢ =(p+0a6)/A, we obtain for ¢ the equation

3230 L 98 [ 0%
o " 86 962

We transform from the variables o and 6 to the variables A = ¢, and
p = @ 9. Dividing both sides of (7.1.12) by the Jacobian of the transformation
B.00P,60 — (P 56)%, we obtain 8 , + po x = 0. From the condition X g = p 4,
which follows from the definition of A and p, we obtain 6 = o ,. From this
equation it follows that there exists a function F'(A, x) such that § = F, and
o = F . For this function we obtain the required Tricomi equation

PF, PF
a2 Foax

£ =0 . (7.1.12)

=0 . (7.1.13)

7.1.2 The Energy Density, Enthalpy Flux Vector, and Momentum Density
in an Acoustic Wave Traveling Through an Arbitrary Background

The equation of conservation of energy in adiabatic flow of an ideal gas has the
form

2 2
gt [ (v—+s)] +div [g'v (% +e+§)] =0 . (7.1.14)

In the expression g(v?/2 +¢) for the volume energy density, we substitute v + v’
in place of v and p+ o' in place of g, and we expand this expression in a series
in the small quantities ' and o' up to the terms of the second order inclusive.
Then we obtain
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(v +v')? ee) , . BPoc o
=(o+0 +0e+ ! >
E (Q Q) 2 o€ 69 e 892 2
= ”2+ +o v—2+ +2) i 00w
=p 2 € 0 3 € P 1%
2 ”
. {Q,v,,ﬁlglza_w”_} , (7.1.15)
2 0 2

When (7.1.15) is integrated over a volume much greater than the scale / but less
than the scale L, the linear terms drop out.

It follows from the equations of motion that in an acoustic wave in the first
approximation the perturbations of the velocity and of the density are related by
the equation

ov'(w—k-v)=kp . (7.1.16)

In (7.1.15) the energy density in the acoustic wave is obviously represented
by those terms in the curly brackets which are quadratic in the perturbations.
Eliminating the density perturbation, we obtain

By = —22 o7 . (7.1.17)
w—k- v

We now consider the flux vector of the total enthalpy:

2
W = v (5+£+U—>
e 2

By analogy with the procedure for extracting the density of acoustic energy from
(7.1.15), for the enthalpy flux vector in the acoustic wave we obtain

!
Wae = (£v+v'> @ +ov-v')+...
4
Using (7.1.16), this expression for W,; can be readily transformed to
k 2
Wi = 0v (’v+ g ) v (7.1.18)

w—k-v)w-Fk-v

Omitting the analogous calculations, for the momentum density in the acous-
tic wave we obtain

Jac = 00"k/(w — k- ) . (7.1.19)
Taking into account the fact that v’ ~ k¢ ., we can write (7.1.5) in the form

o g,vlz . ka2 9,012
ot (w~k-v> +div [(v+w~k-v> (w—k-'v)]

oy+) 0
R (w—Fk-v)v 59

+

=0 . (7.1.20)
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Multiplying (7.1.20) by w, in accordance with (7.1.17,18), we obtain an
equation for the acoustic energy; multiplying (7.1.20) by k, we obtain an equation
for the momentum in the acoustic wave. Therefore (7.1.20) has the meaning of
a kinetic equation for the acoustic “particles”, where the last term describes the
dissipation of the acoustic particles as a result of the effect of distortion of the
acoustic waves. We note that for v = 0 the expressions (7.1.17, 18) reduce to the
well-known expressions for the corresponding quantities in a stationary gas. For
one-dimensional motions and perturbations, when the vector k is parallel to v,
we find from (7.1.2) that w — kv = Fak. Therefore the expressions (7.1.17, 18)
take the form

Ew=ow Fa)?/a , Wi =00 Fa)?v?/a .

7.1.3 Distortion of Short Acoustic Waves

We denote by D the Jacobian of the transformation from the variables z* (¢ =
1,2,3,4) to the variables a, 9, ¢!, £2:
D= D(z,y,z,1)
D(a7 ¢7 é.] ? 52)

It is easy to show that

d 0 (dxt

“mD=— (=

da b oz ( da )
by analogy with the interpretation of the divergence of the velocity as the rate
of relative change of the volume.

Away from caustics, we have D #0, and therefore (7.1.4) can be rewritten
in the form

Po 1[0 Op  oy+1)
2a¢aa+"('aZD)EzZ+ P

K w—k-v)pp04p=0 . (7.121)

In (7.1.21) we make the substitution u = ¢ /D and take advantage of the fact
that the function D is a slowly varying function of its arguments. Then (7.1.21)
takes the form

Ou (y+1Dg , Ou _ '
2D+ R — k vyug =0 . (7.1.21')

Instead of the parameter « on sound rays we introduce the parameter y given
by

(v+ 1)gk2(w - k-v)
= da
2a%2v/D

Equation (7.1.21") then takes the form

dx (7.1.22)
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Ou Ou
-0 7.1.23
whose general solution is
u=f( —uyx) . (7.1.24)

On the basis of (7.1.24), by means of a well-known analysis (see, for example,
[7.10]), it can be shown that any sinusoidal profile of an acoustic wave for x =0
leads to the formation of a sawtooth profile as y increases.

If u = upsiny for y =0, then in the range 0 < x < 1/uop there is a smooth
growth of the higher harmonics, and the Bessel-Fubini solution of (7.1.23) has
the form [7.10]

w= 312 o S

n=1

At yup = 1, breaks begin to form, and the profile takes a sawtooth shape. The
process of formation of a sawtooth profile is completed at xuo = 7 /2, and the
required solution for yup > 7 /2 acquires a sawtooth profile:

2ug )
u——zmsmnd) .

Thus, the ampltitude « decreases in inverse proportion to x, and the energy of
the acoustic wave is converted into heat with the passage of time.

Let us consider the particular case in which the vector k is parallel to the
velocity v and the unperturbed solution is planar (v = 0), cylindrical (v = 1), or
spherical (v = 2) and, in addition, stationary, depending on the single coordinate
Tr.

Then from (7.1.21) we obtain

0 r¥p (y+ Dw
25 (%w >:F(1:FM)32\/97°99WW~0 )

dr ow

(7.1.25)

da - a
Here M = v/aand ¢ = &t + f dr [(aFv). According to (7.1.22), the coordinate

x, which characterizes the distortion of the profile, is related to the coordinate r
as follows:

(v + Dw / r ,

= 7.1.25
T2 Vertaa*(1 ¥ M)3 ( )
Equation (7.1.25) leads, in particular, to the well-known results that in the
case p = const and M = 0 the distortion of the profile for v = 2 increases with
the distance as its logarithm, while for v = 1 the distortion of the profile grows

as /v [19].
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7.1.4 Reflection of Acoustic Waves from Strong Breaks

The conditions on direct discontinuities in the coordinate system in which the
gas after the discontinuity is at rest have the form (see, for example, {7.15])

ow—0=—gic , p=p+(1—p/0arc® ,
a? +(v—c)2
y-1 2

Here the quantities before the discontinuity have no subscript, those after the
discontinuity have the subscript 1, and c is the speed of the shock wave. In an
acoustic wave incident on a shock wave from the region before the discontinu-
ity, the state 1 cannot be perturbed, since perturbations after the discontinuity
propagate with speed less than the speed of the shock wave. Therefore for small
perturbations (denoted by primes) in the acoustic wave we find from (7.1.26)
that

(7.1.26)

= a%/('y - 1)+c2/2 .

d(w—0o+o0 —c)=-pc ,

/2.2
;_ 1 _ egoac
p =201 —01/0) + 2 (7.1.27)
/ /

Hence, eliminating ¢’ and using (7.1.26), for the unperturbed solution we have

EFWM—W—DQJ%+U&—W—D—Mgﬂ=0,Gl%)
D 4 4 [

JB— g =0 . (7.129)
B 3—7+(Z+1)91/9 (7.1.30)

It follows from (7.1.16) that in the incident wave (denoted by the subscript
“in”) and reflected wave (subscript “out”) the perturbations of the velocity and
of the pressure are related by the equations

’ " ' "o
pin_gavin_o ) pout+gavout—0 .

From (7.1.29), after simple manipulations, putting v' = v +v{,, and p' = p{ +pl,,
we obtain the elegant result

Vo 6B —1 ,  o%a® 1
—= = h ==55=c
o T 6B+1 e g 2

m

2

G+ —(y—1)
01
(7.1.31)

Therefore the coefficient of reflection of acoustic waves from a shock wave is
given by the expression
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Wou _ (a —v)?vgsy _ (6+1—o/e)*(6B — 1)
Win (@a+v)?2  (6—1+p/a1)X(6B+1)?

Here W, is the flux of enthalpy in the incident wave, and Wy is the flux of
enthalpy in the reflected wave. For strong shock waves, we have [7.16]

a_G6G-bH 51 222
o (y+1) '’ 2’ v-1

Therefore the reflection coefficient in this case is

Wou _ [6(y — 1) =21 (6 =20 2y

Win  [B(y+1)+2]2 (6+2)2 ° y—1

A shock wave which has an acoustic wave incident on it in the subsonic region
will radiate acoustic and entropy waves, as a consequence of (7.1.28). In the
entropy wave, the perturbations are frozen in the fluid particles, and some of the
energy of the incident acoustic wave is irreversibly expended on heating of the
gas.

We note that since the direction of the wave vector is reversed, the frequency
in the reflected wave changes discontinuously: wqy = k(v —a); this can be treated
as a Doppler effect, since win = k(v + a).

Suppose now that an acoustic wave is incident on a shock wave at an angle
6, i.e., that the vector k is directed at an angle § with respect to the normal
to the shock wave. We shall perform a calculation of the local quantities ~ the
angle of reflection 6, of the acoustic wave and the reflection coefficient — in a
coordinate system in which, at the point M of incidence of the acoustic wave on
the shock wave, the velocity of the unperturbed flux is directed along the local
normal to the shock wave (taken as the z axis). After the shock wave the gas
is at rest. We take the y axis to be directed along the projection of the vector
k onto the plane tangential to the shock wave at the point M. Then instead of
(7.1.29) we obtain, in a similar way,

pPB—gicv, =0 , v, =0 . (7.1.32)

We represent the perturbations of the velocity and of the pressure on the shock
wave in the form of sums of perturbations in the incident and reflected acoustic
waves (the perturbation of the density also includes an entropy perturbation):
p' = pl, + plu» v’ = v}, + v,y Using (7.1.16) and the dispersion equation (7.1.2),
for the incident and reflected waves, respectively, we have

’ [
Din — 09Y4in

1 _ !
=0 , Pow — 2%z0m _ ¢ (7.1.33)
cos bin

€0S Gout
Here 6, is the angle which the vector k,, makes with the normal to the surface
of the shock wave.

We introduce the notation §; = 7 — 6ou, so that the angle 8, varies in the
range from O to 7 /2. Using (7.1.33), we can then write (7.1.32) in the form
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Yi U
6B|—— — —~| —(vi+v5) =0
[cosG cos 91] (v +vo) ’ 7134
vitan § = votan §; s (7.1.34)
Vi = Vhin , Vo =Vhowm -
From the homogeneous equations (7.1.34) we obtain an equation which re-
lates the angle of incidence 6 to the angle 6;:

6B(sinf; —sin §) —sin(@+6;) =0 . (7.1.35)
Solving (7.1.35) for 6;, we obtain

tan(6/2)
6B —1

tang—z1 =(B+1) (7.1.36)
We define the critical angle of incidence 6., as the angle at which the angle of
reflection is 6; = « /2. At supercritical angles of incidence § > 6 there is no
reflection, since in this case, according to (7.1.36), the angle 6, becomes greater
than the direct angle = /2. For tan(6,,/2) we obtain from (7.1.36) the equation

6B+ 1)tan(6,/2)=éB —1 . (7.1.37)

The expression (7.1.37) makes sense only for B — 1 > 0 or for §2B2 -1 > 0.
According to the definition of B and § by means of (7.1.30,31), we have

1 2 2
wo1m (8 (5 g
8°B 32(9 o1 = 01 o )

Therefore the expression for tan(6,, /2) makes sense only for /g1 > (y*—1)(3—
4)~2. On the other hand, the degree of compression o/p; in shock waves cannot
exceed the value (y + 1)/(y — 1) [7.15]. Therefore reflection of acoustic waves
from a shock wave is possible only for v < 2, which is a consequence of the
inequality

+1 21

2l > -

=1~ 6=
For v < 5/3, reflection of acoustic waves is possible for any intensity of the

shock wave.
For 5/3 < v < 2, reflection of acoustic waves is possible only in the interval

r+l e -1
=17 " B—7? "~
We define the reflection coefficient for an oblique acoustic wave as the ratio

of the moduli of the incident and reflected fluxes of enthalpy. It follows from
(7.1.34) that
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lvj,l 6B —cos b
lvhe| 6B +cos8

According to (7.1.18), for the incident and reflected fluxes of enthalpy in an
acoustic wave we have the expressions

a+vcosf

|[Win| = 0V a2 +2av cos 8 + v2 )
a-—vcosb
|[Wou| = 0v/a? +2av cos 6; + v? _“—l(vé\n)z :

Therefore the reflection coefficient in this case has the form

_ (8B —cos8;\’ (8§ —(o/er — 1)cos by
“ \ éB+cosb §+(o/o1 — 1)cos b

N 62 —268(o/ 1 — 1)cos 6 + (9/ 01 — 1)?
82+26(0/01 — 1)cos 8+ (o/ o1 — 1)?

WOU‘
Win

The reflection coefficient attains its largest value for strong shock waves, but this
is a small value which tends to zero as v — 2. This implies almost complete
“absorption” of the incident acoustic wave, i.e., almost complete transformation
of it after the reflection into an entropy wave. For example, for y = 1.4 and § =0

the reflection coefficient (for a maximum degree of compression g/g1 = 6) is
0.0018.

7.2 The Form of the Magnetosphere in a Nonuniform Plasma

7.2.1 The Form of the Static Magnetosphere in a Nonuniform Plasma

Neutron stars, owing to their high density of matter, have small dimensions (their
radii are of the order of 10 km). In the process of evolution of a star, its magnetic
field is frozen in the matter in a first approximation, so that the magnetic flux is
conserved. Simple estimates show that if a star with the characteristic parameters
of the Sum is compressed to the dimensions of a neutron star, the magnetic field
strength on its surface rises to enormous values of the order of 1012 G.

The atmospheric plasma surrounding the neutron star then is casted by its
magnetic field to distances of the order of 100200 km from the star. The surface
on which the pressure in the plasma is balanced by the pressure of the magnetic
field is called the magnetosphere. On the magnetosphere, there are flows of
surface electric currents, which screen the magnetic field of the neutron star. From
the continuity of the normal component of the magnetic field, which is absent
outside the magnetosphere, it follows that the latter must consist of magnetic
lines of force. As the neutron star is approached, the magnetic field tends to
the field of a magnetic dipole, since the characteristic dimension in the problem
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is the size of the magnetosphere, which is much greater than the radius of the
neutron star.

The determination of the surface of the magnetosphere in the three-dimensional
case is a cumbersome problem of mathematical physics. In the static case (with-
out allowance for the rotation of the star) it was solved approximately in [7.17]
for a uniform plasma, and in [7.18] for a nonuniform plasma with a pressure
which falls off according to the law p ~ r—5/2,

The two-dimensional case is attractive, above all, in that it is then possible
to obtain a solution of the problem in closed form. Certain qualitative features
of two-dimensional solutions make it possible to get some idea of the character
of the solution in the three-dimensional case. For p = const the two-dimensional
problem was solved in [7.19], and for p ~ »~2 in [7.20]°.

Below, we give an exact solution for the case of an atmosphere with an arbi-
trary power-law distribution of pressure p = por~!, where py and ! are arbitrary
constants. For the special values [ = 0 and ! = 2, our solution is identical to the
solutions known from [7.19,22]. We note that the form of the magnetosphere
cannot be stable for [ > 4. In this case, for a small perturbation of the magne-
tosphere the forces of the magnetic pressure and of the pressure in the plasma
take the elements of the surface of the magnetosphere away from the position of
equilibrium. In the three-dimensional case, the surface of the magnetosphere is
not stable if the pressure in the plasma falls off according to the law r~! with
1>6.

In the planar case, it follows from the equation div H = 0 (where H is
the magnetic field intensity) that there exists a function ¢ such that H, = ¢ 4,
H, = — ;. The complex potential W of the magnetic field is ¢ + iy, where ¢
is the potential of the magnetic field. The function W depends on the complex
variable z = z +iy, with |z| =r.

On the magnetosphere, the function 1) must be constant, and we choose it
so that ¢ = 0. If we determine ¢ = In{WW} as a function of = and y, then the
required surface of the magnetosphere is determined by the equation v (z,y) = 0.
On the magnetosphere there are flows of surface currents, which screen the field
from the point dipole situated at the point z = 0. The pressure of the magnetic

field for 1 = 0 must be equal to por "

aw

2_ 87po
dz |

l

(7.2.1)

r

We introduce the new variable 7 = (az®)~!, where @ = 1/2 — 1. For the
variable Z, the boundary condition for ¢ =0 can be rewritten in the form

2

ldW =87py . (71.2.2)

di

3 The generalization of this problem of the case of a quadrupole magnetic moment instead of a
magnetic dipole was given in [7.21].
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In the limit 2 — 0, the function W must tend to the complex potential of a point
dipole:

W~ Afz = A(ad)'/* .
As a result, for the derivative dW/dZ near z = 0 we have the limiting behavior
dW/dz ~ A(az)t/*1 |

Consequently, the functions W and dW/dZ near » = 0 are related by the
equation

W~ A%/« Dqw/dz)1/0 - (7.2.3)

We direct the z axis along the axis of the dipole. Then A%/(>~D will be a real
constant. To find the required dependence of W and dW/dz, we recall that a
circulation-free flow around a cylinder of radius R in the plane of the complex
variable ( is described by the complex potential

W =voo(( + R2/)

where v, is the speed at large ¢ (the solution with arbitrary circulation is dis-
cussed below).

The role analogous to the coordinate ¢ is played in our case by the variable
@w/dz=

and the role of v, is played by the expression A%/(@=1),

In fact, according to (7.2.3), W at large { behaves as v,(, and on the circle
|¢| = R (corresponding to ¢ = 0) (dW/dz)!/3~%) must be equal in modulus to
the quantity (87po)!/21=® in accordance with the boundary condition (7.2.2).
Therefore the role of R? in our case is played by the quantity (8wpg)!/d—,
Thus, the required relation between the functions W and dW/dZ has the form

W = A/ dW/dz)"/ = + Bapo) /M~ (dW/dz) /1] .

Solving this equation for dW/d%, we obtain

(1-a)
dW/dz = [2—1WAa/(l—a) + \/4—1W2A2a/(1—a) - (87rp0)1/(1—a)]
(7.2.4)

In the W plane, we have a cut along the real axis, where 1 = 0.
It can be readily shown from (7.2.4) that

1 (1—a)

Brpo 1 (4)" W W ()
Aza;(;) =/dw 7_\/7“ (AZQ . (25
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The cut in the W plane is transformed by the conformal mapping (7.2.5) into
the surface of the magnetosphere. In order to obtain the equation of the surface
of the magnetosphere in parametric form, in (7.2.5) we must take points W lying
on the cut:

W =W* = ¢ =2[8xpy/A2*]/BA-N o506 .

The upper edge of the cut corresponds to variation of § from O to «, and the
lower edge corresponds to variation from 7 to 2.
Then from (7.2.5) it is easy to show that

R/z=e7(1 + aexp(2i6)/2 — a)!/* |
where
R= [A2/8rpe] /0=

Separating the real and imaginary parts in this equation, we obtain the equa-
tion of the surface of the magnetosphere in parametric form:

cos{f — alarctg[a sin 202 — a + a cos 26) ']}
[1+(a/2—a))?*+2a/@2 — a)cos20]}/@
_sin{6 — atarctglasin26(2 — o + acos 26)~'1}

Ve N+ (@/@ = a))? + 20/ — a)cos 28] /@)

(7.2.6)

These equations describe the shape of the surface of the magnetosphere as «
varies from —1 to +1. For « = —1 and p = const, the expressions (7.2.6) give a
known result. Letting « tend to zero, from (7.2.6) we obtain in the limit

| A2 ox cos 20 cos |8 sin 24
= B O 2 2 |

| A2 ox cos 26 o la sin26
v= 87y P 2 s 2

It follows from (7.2.6) that the magnetosphere has a symmetry with respect to
replacement of z by —z and y by —y. In the neighborhood of the points 6 = 0
and @ = =, the shape of the magnetosphere is described asymptotically by the
equation of a semicubic parabola:

T 2 3_ 3y 2 ~ 2 —a\V/*
[(§—1)2—a] '[R<a2+2—3a)] ’ RzR( 2 )

For § = 7 /2, we obtain on the magnetosphere a point with zero abscissa and
ordinate yo = R(1 — a)~1/*. As the degree of nonuniformity increases, i.e., as
«a increases, the magnetosphere deviates more and more from a circle: the ratio
of the distances from the center to the cusp of the semicubic parabola on the z
axis and to the point on the y axis tends to zero (Fig.7.1).
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Fig. 7.1a—d. Evolution of the shape of the magne-
tosphere with increasing «, the degree of nonuni-
formity of the pressure distribution, with equal
R: (a) a = —1 (uniform case); (b) a = —1/2, (c)

a=0;(d) a=1/2

Above, we studied a special class of solutions with symmetric surfaces of the
magnetosphere. We shall now consider the general case. We introduce the variable
% = /8npg (az®)~!. Then the boundary condition (7.2.1) on the magnetosphere

can be rewritten in the form
aw |?
dz

=1 . (7.2.7)

Using the asymptotic behavior W = A/z for z — 0, in the neighborhood of this
point we have, for the relation between W and dW/dz, the asymptotic expression

dW 1/(1*‘01) Aoz 1/(1—01)

Let us consider the plane of the complex variable £. For £ — co, we have
W = veof according to (7.2.8). For [£| = 1, we have ¢ = const according to
the boundary condition (7.2.7). A function W (£) which is harmonic outside the
circle |¢| = 1 and satisfies these conditions, with allowance for the real constant
Voo» 18 given by

W =veo(6 +1/€+ilIn¢) | (1.29)

where I is an arbitrary real constant.
Differentiating (7.2.9) with respect to £, we have

W e (1-441)

dZdE - de e\ Te )
from which

(1o o L, _« il

az=¢ (1_(a—2)§2+(a—1)§> . (7.2.10)

Returning from the variable Z to the variable z, from (7.2.10) we obtain

N1/
E’i:&(l_ b l.{. a EI_) ,

z R-& (a-1)¢

1/(a=1)
()

(7.2.11)
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Equations (7.2.9,11) give a parametric solution to the problem of the dis-
tribution of the magnetic field inside the magnetosphere and the configuration
of the magnetic lines of force, since, according to (7.2.9,11), we have for the
complex magnetic intensity

AW e 2(1 a 1« ri)““‘)/“

= R \tTeweTatit

Vo 1+ « i . 1
Tz 2-a)§ (@-1¢
The equation of the magnetosphere itself can be readily obtained from (7.2.11)
by putting ¢ = exp(—if):

. —1/a
z io al i0 «a 2i6
— =1+ Ie’” + ———e
Ro ( (a—-1) 2-a) )

From this it is easy to obtain a parametric form for the equation of the surface
of the magnetosphere in polar coordinates z = r exp(ip):

a V' 2 o? 2 4o . /e
r=Ro[1+(2_a> +mcos2¢9+(a_l)211 +2_a1"sm0 ,
(7.2.12)
1 [~ a)lcos b+ (a — 1)sin26]
=0 Jarcig {0‘[(2 &)@ — 1) +a(a —1)c0s28 — a2 — o) sin 0] }
(7.2.13)

For the conformal mapping of the £ plane into the 2 plane to be one-to-one
outside the circle |£] = 1, it is necessary (but not sufficient) that in the ¢ plane
for |£] > 1 there be no branch points, i.e., that the derivative dz/d¢ not vanish
for |£| > 1. From this it is easy to obtain a bound on the arbitrary constant I" in
the solution (7.2.9): |I'| < 2.

For o > 0 finite points of the plane with |¢| > 1 cannot be mapped into the
point at infinity in the z plane, in view of the compactness of the magnetosphere,
and for o < 0 the point z = 0 cannot have several inverse images in the £ plane.
Therefore the expression 1+ ail'é~!/(a — 1) + e ~2/(2 — ) cannot vanish for
|¢] > 1. This requirement also imposes a bound on I™:

Il <2(1 — &)*/[|al@ - )] . (7.2.14)

We now calculate the derivative dp/df of the function (6) defined by
(7.2.13):

dy r\1-a, . .
4= -
20 (Ro) 5= a(sm¢9+a1)(sm9 a) ,

_Ta2-a) T
2 —a2 @ ®T72

ay
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Owing to the bounds on I', the quantity ¢ as a function of 8 in the interval
|§] < = has four extrema for |I'| < 2 and three extrema for |I'| = 2. In what
follows, we shall assume that I' > O (the case I' < 0 is reduced to the case
I’ > 0 by the transformation § — 6 + 7).

Consider the value of the function ¢ at the extreme points 6; and 6, where
sinfy2 = —ai1, |61 < 7. According to (7.2.13), the value of ¢ at the point
6 =6, is (o — 1)8;/a, and p(6,) is equal to # — (& — 1)61 /e for & < 0 and
—7 —(a —1)6; /o for a > 0. The change of the function between these extreme
points is |p(61) — p(62)| = m +261(a — 1)/ e If the curve r = r(y) is to have no
self-intersections, taking into account the fact that r(6,) = r(6,), it is necessary
that |(61) — ¢(62)| be less than 27. Hence we find that |6;| < 7a/Qa — 2)|,
and therefore

(7.2.15)

F<—sin( K )2(“'1)2

20 -2 /) a2 - a)

This inequality holds for —1 < a < 1/2 (for example, I' < 4+/2/3 for
a=-1,I' <n/2fora =0, and I" < 2/3 for & = 1/2). We note that for
1/2 < a < 1 the change of the function ¢ between the extreme values (6;) and
p(62) is always less than 27, and therefore the constant I" must satisfy only the
inequality (7.2.14) (the inequality I" < 2 is satisfied automatically in this case).

We now consider the extrema of the function ¢(6), at which sin 63 4 = I'/2.
At these same values of 6, there are extrema of the function r(6). Indeed, from
(7.2.12) it follows that

dr  4cosb [ . r 2eetl
-d—a-——z—_—&—<sln0—5>(r/R0) -RO .

The extrema of r(d) and () for siné = I'/2 in the case I" < 2 correspond
to cusps on the magnetosphere [near cusps, the curve r = r(y) has the asymptotic
behavior of a semicubic parabola]. Thus, for & < 1/2 the unit circle in the ¢
plane is mapped in a one-to-one manner into a curve without self-intersections
in the z plane for I" satisfying the inequality (7.2.15), while for 1/2 < a < 1
there is a one-to-one mapping for I" satisfying the inequality (7.2.14) 4. It follows
from the one-to-one character of the conformal mapping on the boundaries of the
region and from the absence of branch points inside the region that the conformal
mapping z(£) is single-sheeted everywhere inside the magnetosphere. In Fig. 7.2
we show the evolution of the shape of the magnetosphere for a = —1 with
increasing I' up to the critical value 41/2/3.

We now calculate the principal vector F' of the forces acting on the mag-
netosphere. We form the complex number F, —iF,, where F, and F, are the

4 In a multisheeted solution for a supercritical value of the parameter I', there is trapping of the
plasma inside the magnetosphere, which evidently corresponds to the formation of a plasma droplet
with simultaneous restructuring of the magnetosphere. The subsequent severance of the droplet and
its fall onto the neutron star should lead to a burst of radiation from such a star.



7.2 The Form of the Magnetosphere in a Nonuniform Plasma 289
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Fig.7.2a—c. Evolution of the shape of the surface of the magnetosphere as the parameter I' varies
in the case @ = —1: (a) I' = 0; (b) I' = /2; (¢c) ' = 4v2/3

components of the vector F'. According to the Blasius—Chaplygin formula (see,
for example, [7.23]), we have

. i dw \? i AW \* d¢
Fz—le—gf('E) dz—g;/('f) £d£ .

Cc2

In order to calculate the integral on the right-hand side of this equation, we
deform the contour ¢; into an infinitely remote contour ¢ in the ¢ plane. Then
this integral can be calculated by means of the residue theorem if we expand the
derivative d€/dz in the ¢ plane in the neighborhood of the point at infinity in a
Laurent series, retaining in this series the terms up to the third order inclusive.
This gives

Fo_ip o WletD) (20 IPa—17
TV 4R 2—a 3

It is clear from symmetry arguments that the moment of the forces acting on
the magnetosphere is equal to zero.

From the expression just obtained, we find the natural result that in the
uniform case (a = —1) the principal force vector is equal to zero.

7.2.2 Shape of the Magnetosphere of a Star Rotating
in the Supersonic Regime

Let us consider the situation in which a gas falls onto a star rotating around
some axis, in a uniform manner from all directions with supersonic velocity.
The pressure in the gas can be neglected in this case {7.16]. We shall consider
the gas as an aggregate of dust particles which, after colliding elastically on the
magnetosphere, recede from it with velocities sufficient to overcome the attraction
of the star. In [7.8] this model was called the propeller model. Under the action
of the collisions of the dust particles, the magnetosphere acquires some unknown
shape. Let v}, be the normal component of the velocity (n is the outward normal
to the magnetosphere) of a particle with respect to the magnetosphere. Then along
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the normal there is a force per unit area of the magnetosphere equal to 2o(v’,)?,
where o is the density of the gas falling on the surface of the magnetosphere.

The calculation of v/, presents no difficulty. In a coordinate system rotating
together with the magnetosphere, its form does not depend on the time. In a
stationary spherical coordinate system, the equation of the surface of the magne-
tosphere has the form r = R(6, ¢ — £2t), where 2 is the angular speed of rotation
and the z axis is coincident with the axis of rotation. The speed of motion of
this surface along the normal is

OR
D, =2y— , where
Yo

B R\ . ., RV
v = [1+(6ln—a—9—> +sin 6(61n8—¢)]

In spherically symmetric accretion, only the radial component of the velocity —uvg
is nonzero. Its projection onto the normal to the magnetosphere is v,, = —vo~.

Thus, for the velocity of the gas with respect to the magnetosphere we have
the expression

vy = Uy — n=—(0%+vo)7 .
Op

The component of the magnetic field intensity normal to the magnetosphere
vanishes on the magnetosphere. Let ¢ be the potential of the magnetic field.
Then for the harmonic function ¢ we have the following conditions on the
magnetosphere:

-1/2

2
|V®|? = 8mp (ng—ﬁ + vo) 4, (7.2.16)

0 OPOR1 O0POR 1

——t—=—t———————= 7.2.17
Or 06 80 R* 0y Op R*sin®@ ( )

Near the neutron star, the magnetic field tends to the field of a dipole:
$—-(A-V)1/r) for 7—0 , (7.2.18)

where A is the magnetic moment of the neutron star.

In the three-dimensional case, the boundary-value problem (7.2.16-18) has
not yet been studied. In what follows, we present our solution for the two-
dimensional case, obtained in explicit form. In the two-dimensional case, the
boundary conditions (7.2.16-18) can be rewritten for the complex potential W =
& +1i¥ in the form

2 2 211
Iﬂ =8mp (Q@ + vo) l:l + <dln i) } , (7.2.19)
dz ) )
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=0 for r=R(p— ) , (7.2.20)

W—)é— for z—0 ; z=z+iy=rexp(ip) . (7.2.21)

From the boundary condition (7.2.19), for the increment of the potential along
a magnetic line of force we obtain

dP = ++/8np(2RdR+ vRdyp) . (7.2.22)

For the magnetic pressure to balance the pressure on the magnetosphere, v],
must be negative everywhere on the magnetosphere; otherwise, the gas would
break away from the surface, and it would be impossible to satisfy the boundary
condition (7.2.19). Consequently, the right-hand side of (7.2.22) does not change
sign. In what follows, we shall choose the upper sign and impose on the solution
the additional condition of positivity of the right-hand side of (7.2.22).

In the two-dimensional case, vy is the speed of axially symmetric flow toward
the symmetry axis. The density p and the speed vy depend on the radius r.

The conditions (7.2.20,21) are identical to the conditions for plane-parallel
flow of an incompressible fluid around a cylindrical body in the 1/z plane.
Therefore the solution for W must have the form

W =D*C+D¢ ' +2' In¢ . (7.2.23)

Here (~1(z7!) is a function which gives a one-to-one conformal mapping of the
exterior of the streamline body onto the exterior of the unit circle, in which the
dependence of ¢ on z near z = 0 must be linear:

(~ Dz/A . (7.2.24)

Consider the function F(¢) = id(In z)/d(In {), which is analytic inside the
unit circle |[¢| < 1. Then the condition (7.2.22) can be written as a linear relation
between the real and imaginary parts of the functions F'(¢) on the contour |(| = 1:

aReF +bImF=c¢ , (7.2.25)

a=+/87oNR* , b=+/8mpwR , c=iD*¢(—-D¢ ' +il) . (1.2.26)

The condition (7.2.25) for the required function F({) could be interpreted
as a Hilbert boundary-value problem if the coefficients a and b in (7.2.25) were
given together with ¢ = ¢(¢) as functions of § = —iln( for [¢| = 1. From the
condition W =~ A/z for z — 0, we have F(0) =i.

As is well known, the solution of the Hilbert problem (7.2.25) (in the case in
which it is uniquely solvable with the condition F'(0) = i) has the form [7.24, 25]

2¢(r)dr 2w

— 2.27
@ — o =0 @ | 0 T

F©O = 50 | ¢ /

|r]=1
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where
1 InG
WO=opgs [ T2
Jrl=1
_ a(r)+ib(r)
G =25 T

However, according to (7.2.26), a and b are given as functions of R, and not
as functions of 6§ = —iln ¢ for |¢| = 1. This makes it difficult to obtain solutions
with the functions a(R) and b(R) specified arbitrarily.

Particular exact solutions can be constructed as follows. We shall specify
a and b as real functions of 6. Using (7.2.27), we determine z = z((). The
magnetosphere corresponds to the circle || = 1. Therefore from 2 = 2({) we
obtain the expression R = R(d). Using this expression to eliminate the parameter
6 from the originally specified a(¢) and 5(#), we obtain a(R) and d(R).

Suppose, for example, that

a(d) = ap (a + —1- +2cos€) cosy ,
‘; (7.2.28)

b)) = ag (a+ - +2cos0> siny .
a

Here ay, a, and ~ are positive constants, with 0 < & < 1and 0 < y < 27 !7.
Then

G(Q) =exp(2iy) , () = ¢(0) =exp2iy) .

From (7.2.27) we now obtain

_. ¢ [ (Dt —D/r+il)dr
FO=i-- Gt + a0 -0

o ¢ expiy) D* — Da? —ila
=i [ P C+1/a) ) (7.2.29)
From (7.2.28), using (7.2.24), we have
_ mA _exp(iy(D* — Da? —il'a)
z=(l+a)" 5, m=— (= ab) (7.2.30)

Let us consider the case of a real constant m, which, as is shown below,
corresponds to a power dependence of a and b on R. Then from (7.2.30) we find
for ¢ = exp(if) that

R=|z| = ‘% (1+a®+2acos§)™? |

from which
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RD Y™

1+a?+2 6=
o a COS A

Eliminating 6 by means of this relation, from (7.2.28) we have

2/m D 2/m

A

a(R) = apcos vy 1

, b(R)=apsiny

It follows from these relations that the constants « and m cannot be equal
to zero. For m = 2 the equation of continuity gvgR = const is satisfied, since
in this case p ~ 1/R? and vy ~ R. As a consequence of (7.2.30), the shape of
the magnetosphere is determined with accuracy up to a similarity transformation,
corresponding to the arbitrariness in the choice of the modulus of the constant
D. If the circulation of I" is equal to zero, the argument of D is determined
uniquely by the requirement that m be real.

In parametric form, the shape of the magnetosphere is determined by the
equations

R= ‘%‘ (1+a?+2acosh™/? | (7.2.31)
asin g A
w— {2t = § + m arctan (m) +arg —5 . (7232)

The relation (7.2.31) follows from (7.2.30) with |(| =1 and arg( = 6.

A sufficient condition for the curves (7.2.31) in the plane to have no self-
intersections is that the derivative dip/d6 be greater than zero. Then from (7.2.32)
we have the inequality

1+a*(1+m)+a2+m)cosf >0 |, (7.2.33)

which must hold for all 6. From (7.2.33) we obtain a bound on the arbitrary
constant o which enters into the solution (7.2.30):

1
Im+1|

We recall that 0 < a < 1. Therefore the bound (7.2.34) is significant only for
m > 0 and m < —2. Self-intersections of the curves for & > 1/|m+ 1| evidently
correspond to drops of the magnetized plasma which become detached from the
magnetosphere and then fall onto the pulsar.

A limiting case for the solution (7.2.30) is the case in which @9 — 0 and
a — 0, with the existence of a nonzero limit of ap/a. In this case, proceeding
to the limit in (7.2.30), we have

a <

(7.2.34)

A
z = pexp(u() .
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@ (b) (©)

@ (e Fig.7.3

This solution corresponds to functions a(R) and b(R) which degenerate into
constants. Then the shape of the magnetosphere is given parametrically as fol-
lows:

R= % exp(pucos8)

@p—S2t=0+ pusinf +arg (%)
This family of curves with the arbitrary parameter u will have no self-intersection
only forO < pu < L.

We note that each curve belonging to the family (7.2.31, 32) will be a circle
for all admissible « if m = —1.

The equations of these circles are as follows:

2

|2%| = %

It follows from (7.2.31, 32) that the real constants m and ap|D|™/?/a and the
complex constant A are physically specified. Thus, there remains an arbitrariness
associated with the constants I" and «. In Fig.7.3 we show the characteristic
evolution of the shape of the magnetosphere for m = 2 when the parameter
a evolves from 0 to 1. The curves with no self-intersections for a < 1/3 are
physically meaningful.

We now calculate the force and the torque of the magnetic field acting on
the magnetosphere. They can be determined by means of expressions of the
Blasius—Chaplygin type (see, for example, [7.23]):

2 2
87rF*=i/ w dz 87rM=Rc/z w dz
dz dz
c c
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where C is the contour of the magnetosphere in the complex z plane, and F* is
the complex-conjugate force F™* = F; — iF,. Conformally mapping the interior
of the magnetosphere into the interior of the circle |(| < 1 by means of (7.2.30),
we have

w_: [ 4 da¢
87rF—1/—(dC)dC, 87 M = Re/ (dc)dc

[¢}=1
Hence we have
ir'|D? maD
F*= 2|A | 1 (7 +2D%)
_ 3
B (m 4)8(2 +1)a? DI — m(m + lé(im + Da D3 , (7.2.35)
2

2M =Re |maDr +ip?™mt D" (7.2.36)

2

As the accreting matter is discarded, an amount of work Mw per unit time
is done. It follows from (7.2.36) that this work is equal to zero (in the absence
of circulation, I" = 0) only if m = —1, i.e., if the magnetosphere has the shape
of a circle (the cases with m =0 and « = 0 are degenerate). Besides the torque,
according to (7.2.35) the magnetic dipole will be acted upon by a force which is
constant in the rotating coordinate system. For a(R) = const and b(R) = const,
we must proceed to the limit lim,,, o, ma = g in (7.2.35,36). We then obtain

: 2
F*= % (r2 +2|D?)) — " iDI -

}L3D3
34

* N2
2M =Re [;LDFH”ZD ]

7.3 Generation of Acoustic Waves
by the Rotating Magnetosphere in the Stellar Wind®

For slow rotations of a neutron star, the main contribution to the radiation of
acoustic perturbations comes from the rotation of the magnetosphere as a solid
body; if the boundary conditions are formulated with allowance for the deforma-
tion of the surface of the magnetosphere due to the rotation, there is a relative
correction to the shape of the magnetosphere of the order of the square of the
Mach number, (2R/a)?, where §2 is the angular speed, R is the radius of the

5 The author expresses gratitude to R. A. Sunyaev for his part in the formulation of the problems of
this section and for discussion of the results.
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magnetosphere, and a is the speed of sound. Slowness of the rotation implies
that the Mach number 2R/a is small. In order to calculate the generation of
sound by the rotating ellipsoid which approximately replaces the magnetosphere,
we must know the speed of motion of the surface along the normal to it.
Suppose that in the principal axes the equation of the ellipsoid has the form

zg+y§+z§/(l—ez)=R2 .

The moving system of coordinates zo, yo, 20 rotates together with the ellipsoid.
The angle « is the angle between the minor axis of the ellipsoid (taken as the
20 axis and the corresponding axis of the magnetic dipole) and the vector £2
of the angular velocity of rotation of the neutron star (taken as the z axis of
the stationary system of coordinates z, y, z). Let the relation between the two
Cartesian systems of coordinates o, yo, 20 and z, y, z be given by

T cosf2t sinf2t O cosa 0 sina o
(y):(—sin.()t cos 2t 0)( 0 1 0 )(yo> ,
z 0 0 1 —sina 0 cosa 20

from which it follows that
zp = sin o[z cos 2t — ysin 2] + zcos o .

Apart from terms of order e*, the equation of the ellipsoid can be written in the
form

x%+y3+x%+ezzg=R2 .

Using the fact that z3 +y2 + 22 = % +y% + 22, in the stationary coordinate system
we have

f(fE,y,Z,t) Ex2+y2+22+6223 —R2=0 .
By definition, the speed of motion of the surface along the normal to it is
D, = —|gradf|~'0f /8t ~ —€*20020/OtR™"
= 2 2R sin asin(yp + £2¢) sin O[sin o sin 6 cos(yp + 2t) +cos a.cos ] .

Here R, 6, ¢ are the coordinates in the spherical system associated with the
stationary Cartesian system of coordinates z, y, z with center at its origin. The
boundary condition that the gas does not flow across the magnetosphere obviously
has the form

v =vy—Dp=0 | (7.3.1)

where v, is the component of the velocity v normal to the surface of the ellipsoid.
We note that the expression for D,, is a linear combination of two independent
quadrupole spherical harmonics.
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In Sects.7.3.1 and 7.3.5 we calculate the total flux of acoustic energy gen-
erated by a slowly rotating ellipsoid in various models of the atmosphere sur-
rounding the magnetosphere: in an isothermal atmosphere (Sect.7.3.1) and in
an adiabatic atmosphere with allowance for viscosity of the gas (Sect.7.3.5). In
Sect. 7.3.2 we calculate the power of the acoustic energy carried away by short
waves. In Sect.7.3.3 we study the question of the distances from the magneto-
sphere at which inversion of the acoustic waves occurs as a result of nonlinear
effects, and in Sect. 7.3.4 we carry out a qualitative analysis of the consequences
of the heating of the plasma by the acoustic waves. In Sect. 7.3.6 we give a quali-
tative description of the generation of acoustic perturbations in the case of super-
sonic rotation of the magnetosphere. In Sect.7.3.7 we consider a model problem
of stationary accretion of gas in the presence of energy release. In Sect.7.3.8
we show that, for the hydrodynamical mechanisms of retardation considered in
Sects. 7.3.1-6, nonsymmetric pulsars have a stable long-period variation of the
angular velocity of rotation.

7.3.1 Acoustic Waves in an Isothermal Atmosphere

In equilibrium of an unperturbed isothermal atmosphere filled with an ideal gas,
we must have fulfillment of the condition p = a’o, a* = const, and of the
equilibrium condition

dp GM GM
E+ ) =(0 , and hence 9=QOCXP(((1TT')) ;

here M is the mass of the star (we neglect the gravitation of the gas). The
perturbations of the pressure p' and of the density o' are related at constant
temperature by the equation p’ = a2’
From the Cauchy—Lagrange integral for potential perturbations, we have
2 . 2f

T +a -E =0 . (7.3.2)

Here & is the potential of the perturbed velocity, and we neglect the term v?/2 as
a small quantity of the second order. From the equation of continuity it follows
that
24 _GMoe
0t o a?r? or

Using (7.3.2), from (7.3.3) we have

+AP=0 . (7.3.3)

1 o o, O 2
—— — — —— = a = M . 7. 4
250 o Ad=0 , r GM/a (7.3.4)
We shall expand the function @ in spherical harmonics and seek a solution of
the form & = exp(if2t) P["(cos §)e'™#P(r). Then from (7.3.4) we obtain
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2. ddr, &Ed 24 W(I+1)

a? drr® dr? rdr r?

Owing to the boundary condition of impenetrability (7.3.1), the acoustic emis-
sion has a quadrupole character, i.e., [ = 2, and the boundary condition (7.3.1)
contains two linearly independent angular harmonics: [ =2 with m =1, 2.

We shall assume that the radius R of the magnetosphere is less than r,:
R < r,. The condition of slowness of the rotation can be written as £2r,/a < 1.
Then the region outside the magnetosphere can be divided into a near zone
[where in (7.3.5) the term 2%& / a? is small] and a wave zone. In the wave zone,
for the power of the emitted energy we have (see Sect.7.1.2)

=0 . (7.3.5)

W = pa / vids (7.3.5"
where s is a sphere in the wave zone. The solution of (7.3.5) for [ = 2 in the
near zone has the form

& = A1(1 — 6z +122?)

+ Ag[—1+6x — 1222 +e71/5(1 + 62 + 1227)] (7.3.6)

where A; and A, are arbitrary constants, and = = r/r,.
For r > r,, in the wave zone we can neglect the second term in (7.3.5).
Then the solution of (7.3.5), valid throughout the wave zone, takes the form

= _Ba io,/, . a a
$=—>5¢ / (1 ~3ig- - 3@) . (7.3.7)
Here B is an arbitrary constant.

The second linearly independent solution is omitted in (7.3.7) because of
the condition that there are no incident waves. In the case of a homogeneous
atmosphere, ¢ has the form (7.3.7) for all » > R.

Combining (7.3.6,7), for r, < r < a/f2 we obtain

A _. 32400
A (2rg/a)y

and hence |A3z| 3> | A1|. Therefore in the near zone we neglect the term containing
the factor A;, and put

B =(2r,/a)®A2/180 . (7.3.8)
We adopt the notation
f(z) =20[~24z +6+e V/*(18 + 24z + 6 /z + 1/2?)] , (7.3.9)

where f(z) is the derivative with respect to z of the part of the expression (7.3.6)
containing the factor Aj.
From the boundary condition (7.3.1), we have
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od

6_ ~ GZRQ sina .
T |l=R

Using (7.3.6), we find the constant Aj:

Ay f(zm) 5 .
20r. ~e“f2Rsina
and hence
207, RN2e? sin a R
g~ —— | Iy = —
f(zm) Ta

It is easy to calculate the flux of energy W in the wave zone: W = 4wpaB?/15.
The final expression for the flux of acoustic energy generated in the presence of
rotation of the magnetosphere can be represented, using (7.3.8), in the form

W= 4re* R1Q8sin® o 1
“\ 1215 a’ 28 fAzm)

The expression in the brackets is equal to the emitted flux of acoustic energy
in the case p = const. The factor [z8, f2(z,,)]! is the ratio of the power of the
acoustic energy generated in the presence of weak rotation of the magnetosphere
in an isothermal atmosphere to the power of acoustic emission in a homogeneous
(p = const) atmosphere for identical speeds of sound and identical densities for
r — oo. For z,, — oo, the factor tends to unity, which is perfectly natural,
since the density of an isothermal atmosphere tends exponentially fast to a con-
stant value. For z,, — 0, this factor attains large values, and this fact indicates
that sound is generated more effectively in an isothermal atmosphere than in a
homogeneous one.

In fact, according to the definition (7.3.9), with increasing z the function f(z)
falls off monotonically: f(0) = 120, f(0.25) = 23.7, and f(z) — 0 as z—* when
x — 00, and, for example, for =, = 0.25 the power of acoustic emission in a
homogeneous atmosphere is less than in an isothermal one by a factor 117, i.e.,

[z}, F(em)] ™! = 117

7.3.2 Generation of Short Waves

We assume now that the angular velocity of rotation of the star satisfies the
inequality $2R/a > 1. To ensure that the component of the velocity of its motion
normal to the surface of the magnetosphere does not exceed the speed of sound,
the following inequality must hold: ’

e?NRsina < a

In this case, the pulsations of the surface of the magnetosphere give a con-
tribution to the acoustic emission of the same order as the contribution from the
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rotation of the magnetosphere as a solid body. An exact calculation in this case
is extremely complicated. The order of magnitude of the power of the acoustic
emission can be estimated by assuming that the boundary of the magnetosphere
is rigid.

For short waves, the wave zone begins at once from the magnetosphere, and
therefore we obtain the following expression for the emitted power of acoustic
energy:

W = 4—7rage4R4[22 sin®
15
It is of interest to note that in the case of an isothermal atmosphere the emitted
power of acoustic energy according to this expression (for fixed «, {2, a, and o)
attains a minimum when the radius of the magnetosphere is one quarter of the
radius r,. Indeed, the expression R* exp(r, /R) has aminimum at R = r, /4[W ~
R*exp(r, /R) if we take into account the fact that p = g, exp(r, /R)].

7.3.3 Inversion of Acoustic Waves

In the wave zone, each element of an acoustic wave moves approximately as
a plane wave in the radial direction with phase velocity a + v, where v is the
unperturbed radial velocity of the gas (v < O in the case of accretion). The
motion of each element of the wave front is described by the equation of the
characteristic, 1 =t — [dr(a+ v)~! = const.

The characteristic scale over which inversion of the wave takes place can be
found by determining the point of intersection of the characteristics corresponding
to the crest and the valley of the wave. We make use of the fact that up to the

instant of inversion the flux of acoustic energy of the spherical waves is constant
(see Sect.7.1):

W=4r(1+ M)zgarzv'2

Here v’ is the amplitude of a spherical wave propagating through an arbitrary
spherically symmetric background, for which M is the Mach number, M =
|v/al.

If at r = rp the amplitude of the perturbation was vy, then from the condition
of constancy of W we have

o = (1 + Mo)ro,/goao o
(1+Myfea °

In the acoustic wave, from the equation of motion we obtain, in the first approx-
imation,
, 2q’
v =
(v—1D

Then the equation of motion of the crest can be written
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T

t_/___ir_=t_/ dr +b/d”— VaW_ _ . (13.10)

a+v+a +v a+v r(a+v)3, /o
ro o To
where
(y+1)
VW = Var vgro\/eoas (1+ Mp) , b= @

The equation of motion of the valley can be written by analogy, using the
fact that it is emitted half a period earlier:

‘e (7.3.11)

— Y - =
a+v r(a+v)3\/§ °T 0
To To

r dr b] drvaW T

Subtracting (7.3.11) from (7.3.10), for the determination of the point of in-
tersection of the characteristics we obtain

Q/ drv/aW _T
r(a+v)3\/§_2 ’

To

(7.3.12)

or, introducing the notation ¢ for this integral, we have ¢ = 7 /2 for the point of
intersection of the characteristics. Equation (7.3.12) is an algebraic equation for
the inversion radius 7. We shall consider the form of this equation for various
models of the atmosphere.

For the homogeneous case in which v = 0, we obtain from (7.3.12) the
well-known result [7.9]

o = Quj(y + Dro(In7#/r0)/(2a®) = 7/2 .

For an isothermal stationary atmosphere, v =1, v =0, and ¢ = gpexp(r, /7).
The inversion radius is determined by the condition

W [dr

- 2v/Too0d’ r
To

In comparison with the homogeneous case, inversion in an isothermal atmosphere
takes place nearer the point of acoustic emission.

Stationary spherically symmetric accretion (the solution of Bondi [7.26]) is
described by the expressions

o e Ta [2r

™
7 - (7.3.13)
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the radial velocity v is directed to the gravitating center, and the motion of the
perfect gas is assumed to be isentropic. Then according to (7.3.12) we obtain
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vWw -2 2
o= 2 3 / 2 (T‘ - 7'0) =
3\/’7?7'0&0 (1 + M)31/Q()
The foregoing expressions hold only for the wave zone. In the case of long-

wave emission, we must interpret ry as the radius of the wave zone, and vy as
the perturbation of the velocity at this radius.

T !
5 (7.3.14')

7.3.4 Heating of the Plasma Due to Dissipation of Acoustic Waves

A more accurate analysis based on Sect.7.1 for periodic waves shows that in-
version of the acoustic perturbations begins at o = 1, when on a discrete family
of spheres the gradients of the perturbations of the velocity and density become
infinite (the wave acquires a sawtooth profile), and not at o = 7/2, as given by
(7.3.12).

For o > 2, the flux of acoustic energy is dissipated according to the asymp-
totic law [7.10]

W=Wo(l+0)"2 . (7.3.15)

Equation (7.3.15) holds on the segment on which the sawtooth profile of the
inverted wave has been completely formed. In the range 1 < ¢ < 2, (7.3.15) is
inaccurate. Equation (7.3.15) has the same form for both isothermal and adia-
batic atmosphere. The only difference is that in the first case & must be replaced
by the expression (7.3.13), and in the second case by (7.3.14’). In the dissipa-
tion of a sawtooth profile, there are irreversible losses in shock waves (in the
approximation of large acoustic Reynolds numbers).

For acoustic waves propagating through a spherically symmetric stationary
background perturbed by the rotation of an oblate magnetosphere with angular
velocity 2 around the z axis, the flux of outgoing energy and the z component
of the flux of angular momentum are related by the equation

L.=W/Q .

Therefore the dissipation of acoustic waves for o > 1 leads to the transfer of
angular momentum to the layers of the flowing gas, and they acquire nonradial
components of velocity (the total flux of angular momentum must be conserved,
so that if the acoustic waves vanish, a rotational nonwave motion of the gas must
appear).

The stronger the accretion, the closer it presses the zone of heating of the
plasma by the acoustic waves to the magnetosphere. Strong energy release in-
hibits the accretion.

For vanishingly small viscosity, falling off with increasing r, there is practi-
cally no laminar outflow of angular momentum from the system if the zone of
acoustic dissipation is situated sufficiently close to the magnetosphere and the
flux of acoustic energy W vanishes according to (7.3.15) sufficiently rapidly.
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Owing to the strong differential rotation of the layers of the gas in the zone
of heating, an instability develops. As a result of the chaotic motion of turbulent
sections, angular momentum flows out from the zone of heating. The discharge
of heat in this zone leads to a superadiabatic temperature gradient, and this in
turn leads to turbulent convection in the gas, which, as estimates show, carries
away heat to infinity much more effectively than the electron heat conduction.

The acoustic waves themselves do not carry away angular momentum to
infinity, but serve to induce turbulent angular momentum, which retards the
rotation of the neutron star.

7.3.5 Inclusion of Viscosity of the Gas in Calculating the Torque
Acting on the Rotating Magnetosphere

The problem of calculating the torque acting on a nonsymmetric body rotating
around a stationary axis in a viscous compressible fluid is one of the least studied
problems in classical fluid mechanics.

We shall describe briefly the facts about the motion of a fluid around a rotating
sphere which have been well studied experimentally and theoretically [7.27]. At
small Reynolds numbers (steady flow), the motion of the fluid is described by the
Kirchhoff solution (a generalization of this solution to the case of viscosity which
varies with the radius in the presence of spherical accretion is given below). At
Reynolds numbers 1000 < Re < 40000, a laminar boundary layer is formed
around the sphere. In this case, the rotating sphere experiences a torque of the
viscous friction given by m = 13p22R%/+/Re (o is the density of the gas, {2 is
the angular velocity of the sphere, and R is its radius).

The rotating sphere acts as a fan: it sucks in gas from all directions and
ejects it in the equatorial plane. In a thin boundary layer, the gas flows along
spirals toward the equator. In the equatorial plane, aerial jets collide and are
ejected in the form of twisted plaits. The volume discharge of “fanned” air is
then V ~ 3R2V/v£2. At Reynolds numbers Re > 400000, a turbulent boundary
layer is formed around the sphere, and at the equator this layer has thickness of
the order of the radius of the sphere. The volume discharge of the gas flowing
to the sphere and ejected in the equatorial plane is of order R3£2/(Re)!/?. The
torque acting on the sphere is then of order

m~ 107102 R3¥/Re .

The sphere experiences the strongest drag in the case of rotation in the turbu-
lent regime. In view of the local character of the boundary layer, the expressiong
for the retarding torque at large Reynolds numbers can be used to estimate the
characteristic time of retardation of a neutron star with a strong magnetic field.
At small Reynolds numbers, it is necessary to perform an analysis of the prob-
lem as a whole with allowance for the nonhomogeneity of the distribution of the
parameters of the gas.
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In this section, we give a combined analysis of viscous and acoustic effects
accompanying the rotation of an ellipsoid with small eccentricity in a nonho-
mogeneous atmosphere around an arbitrary stationary z axis® at small Reynolds
numbers. We begin with the Navier-Stokes equations with zero second viscosity:

dv' _ ap a % % z .
Ya&& T " or 69:1 [“ (69:1' +azi - 35-1‘11"”)] . (7.3.16)

All the perturbations and the Navier-Stokes equations for them on a spheri-
cally symmetric background can be divided naturally into two groups: even and
odd, in accordance with the different behavior under inversion of the coordi-
nates on the sphere r = const. The velocity component tangential to the sphere
is a vector with respect to coordinate transformations on the sphere. Any vec-
tor tangential to the sphere can be represented in terms of a scalar ¢ (an even
perturbation) and a pseudoscalar (an odd perturbation):

vy =0 s+eapg®Yc ; A,B,C=12 ,

where g4p and € 4 p are the covariant components of the metric and of the Levi-
Civita tensor on the sphere of radius r, respectively. In spherical coordinates 4,
¢, the metric on the sphere has the form ds? = r2(d? sin® 6 d?). Then

vg=Pg+v,/sin0 , v,=P ,—Pgsing .

By virtue of the Navier—Stokes equations, the function @ is related to the
perturbations of the density and pressure, i.e., to the acoustic perturbations. In
contrast, the function 1 is related to the perturbation of the component of the curl
of the velocity w, = — A /(2r?), where A is the Laplacian on the sphere of unit
radius. The odd perturbations are not related to the perturbation of the density. A
classical example of a solution for the odd perturbations is the Kirchhoff solution
for the rotation of a sphere in a viscous homogeneous fluid.

From the Navier—Stokes equations (7.3.16), linearized around a spherically
symmetric stationary solution ¢ = o(r), v, = r(r) in which u = u(r), 4npv,r? =
—M = const, it follows that

ov'y ovh,\ _ op ap Ovy  Ov. 20,
Q( v >__8 ar\ar F2A 7

0 Ad  O*P
“[a—xz(ﬁ*w)
i (% 39)

eABS T BeC ar2
20v. 1 0
+'u(raa:A+36Adwv)

6 The axis of rotation evolves slowly with time under the influence of the torques acting on the
ellipsoid. However, this evolution can be neglected in the calculation of the torque themselves.
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Here and in what follows, the perturbed quantities are indicated by primes. As a
consequence of these equations, we have the following relations:

o6 o0 , Ou(d8 ., &
‘-’(dt ’dr>‘ ”+ar( tor =27

+#[A¢+62¢ 2-L+ div v] ; (1.3.17)
or? 3

oAl oy O (O 24 &y Ay

(6t ar) ar ('5,? - T) TH ("aT + ——) : (7.3.18)

Odd Perturbations. From (7 3.18), using the equation of continuity for the
unperturbed solution 47rgvrr = —M = const, where M is the flux of mass
flowing to the magnetosphere per unit time, we have

200 MOy _ 6[( 209

_____ or

e T e = B 21'1,/)) ]+u(A+2)1/; :

If we expand ¢ in spherical harmonics Y,™(6, ¢), a solution which gener-
alizes the Kirchhoff solution is obtained for [ = 1 and with the assumption of
stationarity. The equation for v in this case can be integrated with respect to r.
We shall denote the constant of integration by . Then we obtain

d M ,
urza—'f —2urp+ =7 . (7.3.18")

Let us explain the physical meaning of the constant §. From the equations of
motion of a fluid with a symmetric stress tensor it follows that

[g(v x r)] = 6k {ov*(r x v) +p* x »} (7.3.19)

where p* is the vector whose components belong to row k of the stress tensor.
The moment of the hydrodynamical forces acting on a body rotating in the fluid
is

/[g(vn — D)) xv)+p" xr]dS= Z—T ) (7.3.20)

where m is the angular momentum of the rotating body, S is the surface of the
body, and = is the outward normal to S.
The total angular momentum of the body and the fluid is

+/g('vxr)dV=M ,

where the integration extends over the entire volume occupied by the fluid. It
follows from (7.3.19,20) that
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d
M= /{gvk('r x v)+p* x r}ngd2 (7.3.21)
Py

where X' is a surface which tends to infinity.

The rotating magnetosphere will experience a torque which effectively retards
it only if angular momentum is carried away to infinity.

We choose X' to be a sphere of radius r, since in the stationary case the
expression (7.3.21) does not depend on the value of r, and for the gas we adopt
the Navier—Stokes model with zero second viscosity:

Py = —p8ij + p(vij +vj; — 36, div) .

Substituting into (7.3.21) the odd perturbations with [ = 1, in the stationary case
we readily obtain

dM, 8r (M , 0 ;
= T(MW’”E_Z”“/’) . (1.3.21")

const=1L, =

For the odd perturbations with ! = 1, we shall neglect the deviation of the
magnetosphere from a sphere and write the condition of adhesion at r = R.
Therefore the constant § in (7.3.18") is determined by the equation

8rG/3=L, .

Equation (7.3.21') can be integrated in explicit form. It is necessary here
to use the boundary condition of adhesion on a sphere having radius R and
rotating around the z axis with angular velocity £2. For the viscosity we adopt a
power-law dependence on the radius, 4 = ug(r/R)~%, and we introduce the new
variable z = r/R and the constants

M __3
" 4muwR 1 8ruo R F

v

Then (7.3.21') can be written as the equation

sy tyfat=q , f=2 . (1.3.22)
dz r2

with the boundary condition f(1) = 2. The properties of the solution of (7.3.22)

for 0 < @ < 1 and « > 1 are very different. Physically, this is due to the fact

that the condition of smallness of the Reynolds number throughout the region

occupied by the gas may or may not be satisfied:

Re = lerlT = M = M (—T—)a_l = ’yxa_l
7 4nry  4nRug \R
From the condition of smallness of the Reynolds number it follows that v < 1.

For o < 1, the rotation of the sphere produces smooth motion of the external
layers of the gas, and the angular momentum determined by the angular velocity
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12 will be carried away to infinity. For « > 1, a viscous boundary layer is formed
around the sphere. The Reynolds number grows as r increases, and therefore in
this case the effects of viscosity become unimportant with increasing distance
from the sphere. In an ideal gas, for barotropic motions the vortices are frozen
into the fluid. They can be arbitrary in magnitude. For « > 1, the flux of angular
momentum is not determined by the rotation of the sphere and can be arbitrary.

An analysis of the solutions of (7.3.22) confirms what we have said above.
For a < 1 (7.3.22) has a unique particular solution which does not increase as
r — oo. It has the form

a—1 by a—1
f(z) = —qexp (W ) / 2= exp (— 7t ) dt . (1.3.23)
11—« 1—a

From the boundary condition f(1) = {2 we obtain an expression which determines
the flux of angular momentum carried away to infinity:

® a-—1
=g / 7 exp (_7_('5__—_12> & (7.3.24)

1—-a
1

As an example, let us consider the case of an isothermal atmosphere in which
4 =const and « = 0. In this case, from (7.3.24) we obtain

27

T e S 14 =22

For v+ — 0 (the case of small accretion), we obtain by means of (7.3.25)
the classical Kirchhoff result L, = —87uR3(2 [7.28]. The solutions for arbitrary
a < 1 have analogous properties. In the case of weak accretion (y — 0), for the
torque acting on the sphere we obtain

L,= 8{9123(01 -3) .

In the case a > 1, (7.3.23) does not hold, since all the solutions of (7.3.22)
are physically meaningful. The solution of the homogeneous equation (7.3.22)
with exponential damping at infinity gives the distribution of velocities in the
boundary layer, and the general solution which takes into account the boundary
condition f(1) = {2 has the form

f(x) = exp (lg_:{.a—l——l)) N+ q/ta_4 exp (j.t_a_:_l.) dt
l1-a 1
1

(7.3.25)

o —

The constant ¢ is determined by the flux of angular momentum frozen (in view
of the small viscosity) in the barotropically accreting gas.

For v > 1 and a > 1, the characteristic depth of penetration Ar of the
viscous forces is found from the relation Az = Ar/R ~ 1/~ to be
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4npuoR?
M

Ar

The physical condition for the formation of a boundary layer is the smallness
of the mean free path )\ of the molecules in comparison with the thickness of the
layer. From the elementary kinetic theory of a gas, we have o ~ Aag. Therefore,
from the condition \ < 4wuoR%/M = po/ g, it follows that v,./a < 1. Thus, in
the case a > 1 the viscous-fluid model is applicable only for subsonic accretion.
In the case of supersonic accretion with a > 1, it is necessary to consider the
interaction of a rarefied gas with the magnetosphere in the framework of kinetic
theory.

In the case of the Bondi adiabatic atmosphere (the exponent of the adiabat
is equal to 5/3),  falls off with increasing r as r=5/2, i.e., a = 5/2. Therefore
in this case the model of retardation of a pulsar solely by smooth motions of a
viscous gas is inapplicable.

Even (Acoustic) Perturbations in the Bondi Adiabatic Atmosphere in the
Case of Subsonic Accretion. In what follows, we shall assume that the ac-
cretion is weak and shall always neglect the square of the Mach number in
comparison with unity. We shall make use of the fact that for completely ion-
ized hydrogen the viscosity depends on the temperature according to the law
p =12 x 1071875/2g/cm s, where the temperature is measured in degrees
Kelvin. Therefore the dependence of x on the radius is u = p,r—>/2 with
[+ = const. We recall that in the Bondi atmosphere the density and the speed of
sound depend on the radius as follows:

e=or? , d=djr , d&=2GM/3 ,

where M is the mass of the star. We shall assume that the perturbations have a
time dependence exp(if2t).

The Navier—Stokes equations (7.3.16) for the even perturbations in the case
of the Bondi atmosphere for small Mach numbers take the form

i o (P, v [P 50v. A 248
Bor=—a\Q)" T \o% a2 32
1 vr 87‘ ( Q) * r [ 81‘2 2r 87‘ + 7‘2 1‘3 ] ’ (7 3 6)
. p v [PE 508 (A+59 i o
= _— Z |\ _ - == _ .__Q_
IQ@ 0 + r [07‘2 27‘ 61‘ + — 7‘2 3 0 ] (7327)
Ve = ,“'*/Q* .

Here we neglect the viscous dissipation and use the adiabatic dependence of
the pressure on the density, taking into account the equation of equilibrium for
the unperturbed solution. Equation (7.3.27) represents (7.3.17) for the case of
the Bondi atmosphere with allowance for the perturbed equation of continuity,
which has the form
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!
L+—=0. (7.3.28)

We rewrite (7.3.26-28) by introducing the notation

_ 3N _
T3V 0 fT at ’
2
Q= —=x 2 o = _2
\/m*—rg ’ r ’ X—T ’

and using the fact that p’ = a2'/r and

lQ Pv 200 41€Q'

- U

Q+ Bx -3 x2 3 2 (7.3.26')

_2Q Fx U4x 2.Q . ,
Y= T3 "2 T 92 9%, (7.3.27)
. o lv 2Ax '
1€Q+%+§;+3 - =0 . (7.3.28")

In what follows, we shall assume that ¢ <« 1. Physically, this means that the
characteristic scale /v/f2 (the penetration depth of tangential viscous perturba-
tions) which arises in periodic motions of the viscous fluid is small in comparison
with the wavelength a/ 2. In addition, we shall assume that /v /{2 is much larger
than the radius R of the magnetosphere. It follows from this that

rpr<K<e<k 1l , where 3zr=2,/R:Q/v* .

In the zone of action of the viscous forces (in the zone near the magnetosphere),
the effects of compressibility can be neglected.

In (7.3.26'-28'), in a first approximation, we can drop the terms containing
the coefficient €. In contrast, in the wave zone in (7.3.26-28) we can neglect the
viscous forces, but we must take into account the compressibility. Actually, in
the wave zone the scale of variation of the functions of z is of order 1/./¢, and
(7.3.26-28) can be rewritten in the form

_ ~ 1 Q 62 20 ’v 41 Q X "
iv= ———ZQ+ 35 te <6z2 5273, ) (7.3.26")
20 . 14 2iQ "
=_x ; 3.2
iy = 3 +5(az2x 9z2x 92) H (7.3.27")
i0 + w + L2488 . (7.3.28")
32z 3 2
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We first consider the behavior of the perturbations in the near zone. Substi-
tuting A = —6 for the quadrupole acoustic waves and eliminating @) and x, from
the system (7.3.26'-28') we obtain

119 ,d s &P , &> 268
?[51‘ W+18.’IJ @—1293@+T v
(9 2 & d
=—1 (Ex m +9.’IIE - 11) v . (7329)

For z <« 1, the solution of (7.3.29) can be expanded in a series in powers of

4
v=Y Az"k(l—iagz’ +..) , (7.3.30)
k=1

where the Ay (k = 1,2, 3,4) are arbitrary constants. In (7.3.30), nx (k = 1,2,3,4)
is one of the four roots of the equation

$(n) = n(n — D[In(n —1) -21]+ & =0 , (7.3.31)

which is obtained by equating the left-hand side of (7.3.29) to zero.

The fact that the roots of (7.3.31) are complex has the consequence that
the trajectories of the fluid particles near the magnetosphere are bounded. The
appearance of mixing near the magnetosphere is a consequence of the variation
of the coefficient of viscosity with the radius; the effect disappears in the case
of constant viscosity (an isothermal atmosphere).

The roots of (7.3.31) can be represented in the form

n=(1xaxib)/2 , a=~328 ; b=0.66 . (71.3.32)

For z > 1 but \/e z < 1, the solution of (7.3.29) has the asymptotic behavior
(C and D are arbitrary constants)

o emevi [ 19Vi . (m)i
v=Ce (1 3 +...>+Da: (1+———-—9(1_m)z2+...)
(7.3.33)

Here m_ is the negative root of the equation obtained by equating the right-hand
side of (7.3.29) to zero:

I9m(m+1)—22=0 , m=-2.13 . (7.3.33)

In (7.3.33) we have omitted two solutions of (7.3.29) which increase’ as
z — oo. The condition that the two increasing solutions of (7.3.29) are absent
imposes two conditions on the four arbitrary constants A; in the asymptotic

7 One of them increases with z as an exponential exp(\/i- z), and the other as a power ™+, where
my is the positive root of (7.3.33').
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behavior of (7.3.30) for v as + — 0. We obtain two other conditions from the
boundary conditions on the magnetosphere by assuming that the functions v,
and x are given at r = R, i.e,, at 2 = zp < 1: v} = vy, x = xo. We recall that
for a weakly oblate impenetrable ellipsoid vp =~ D,, ~ ¢22Rsina.

Thus, on the magnetosphere z = zg we have the conditions

a1A1 +a2A2+a3A3 +a4A4 =0 ,

biA; + by Ay + b3 A3 + b4 A4 =0

1 1n b Az nba 3 n4A4 ) (7.334)
Arxy + Arz? + Asa i + Agzgt = vo

n1A1zg + na Az + n3Asz g +ngAszy = xo .

The first two equations, which contain the constants a; and by (k= 1,2,3,4) are
the conditions for the absence of solutions which increase at infinity, and in the
last two equations we have used the asymptotic behavior of (7.3.30) for zz < 1.
The coefficient D in (7.3.33) is a certain linear combination of the coefficients
Akt

D= C]A] + Ay +c3A3 + C4A4 . (7335)

We now study the behavior of the solutions in the wave zone by means
of the system (7.3.26"-28"). For this, we use the matching condition in the
region 1 € z < 1,/¢, in which the exponentially small term in (7.3.33) can be
neglected. In the wave zone, the analytic continuation of the solution (7.3.33)
has the form

y_ pisinbr DA =8) (2N ind [ (2

*

where ¢ =2r3/2/3, b=1/96/6 ~ 1.63, Hy(y) is a Hankel function, I'(z) is the
Euler gamma function, and § = (1 —i)4/$2/2v*.

The solution (7.3.36) is an exact solution of the system (7.3.26"-28") for
¢ = 0, corresponding to a diverging quadrupole acoustic wave. Therefore the
flux of energy (7.3.5') carried away to infinity by the acoustic waves is given by
the expression

0.\ P05
W~ ( az*) |D|2osay . (7.3.37)
Thus, the problem of the flux of energy or angular momentum carried away
to infinity by the acoustic waves reduces to the problem of determining the
coefficient D.
According to the system (7.3.34) and the relations (7.3.32, 35), for v9 = Xo
we have

|D| ~ max | A¢| ~ oz & g . (7.3.38)

From (7.3.37), using (7.3.38), we finally obtain
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.Ql/* 213 Qv 2.13 R20 1.14
W~ g,a,,vg(zR)z'zs (a—z) = gaRZv% (7) ( )

. v

(7.3.39)

In (7.3.39-39") the values of all the quantities are taken on the magnetosphere
r=R.

In the case in which there is no accretion and the magnetosphere is impene-
trable, we have vo ~ e22Rsin a, and then from (7.3.39) we obtain

213 , p2 o\ 14
W ~ ' 2R pasin® (9_2") (R 2 ) . (7.3.39)
a

v

We note that if no allowance is made for viscosity in the case of rotation
of a weakly oblate ellipsoid as a solid body in an adiabatic atmosphere, the
following expression is obtained for the output of energy radiated as a result of
long acoustic waves:

2b
W =~ vet o PR’ NRN G 2?1 sin? o + cos? a)
a ’ (7.3.39")

b 1.63 5 v =16sin’(bn)| (1 — B)[>/[15 -3} — 5?1 = 0.05 .

7.3.6 Supersonic Rotation of a Pulsar

When a pulsar rotates supersonically, e22Rsin o > a, the surface of the magne-
tosphere is very different from its static shape. Indeed, otherwise, part of the sur-
face of the static magnetosphere would have a velocity greater than the speed of
sound with respect to the gas. At certain instants of time, the surface of the static
magnetosphere would move away from the gas with velocity greater than the
maximum velocity of the gas expanding into empty space, vmax = 2a/(y—1) =3a
for v =5/3. The gas would break away from the surface of the magnetosphere,
and it would not be possible to satisfy the boundary condition which requires
that the pressure of the gas be equal to the pressure of the magnetic field on the
magnetosphere.

Let us consider the figure formed by the static surface of the magnetosphere
during a period 27 /2. We shall refer to it as an “apple”. In the case of rapid
rotation, the gas cannot penetrate deep inside the apple: the characteristic pene-
tration depth is of order a/f2. Therefore the shape of the magnetosphere in the
case of rapid rotation will be approximately the same as the shape of the apple.
The fields produced by the currents flowing along the surface of the rotating
magnetosphere are extremely complex, and we shall not enter into their analy-
sis. We note only that the main variation in the pressure of the magnetic field
on the magnetosphere is produced by the rotation of the magnetic dipole. The
pressure of the magnetic field on the magnetosphere is stationary in the rotating
coordinate system, and it can therefore be expanded in spherical harmonics, with
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a dependence on the azimuthal angle ¢ and the time ¢ which appears in the form
of the expression ¢ -- £2¢. We shall assume that the variation of the pressure of
the magnetic field is determined mainly by the rotation of the pulsar, and not by
the currents flowing on the magnetosphere.

In the case of supersonic rotation, perturbations in the gas will be generated
mainly by oscillations of the surface of the magnetosphere. The wave zone for
acoustic waves begins immediately from the surface of the magnetosphere, each
segment of which, independently of the others, generates a practically plane
wave.

The speed of sound for v = 5/3 is related to the pressure by the equation
a'/a = 57'p'[p, where the primes designate the perturbed values of the corre-
sponding quantities. We shall assume that each segment of the magnetosphere
acts like a weightless bar to which a magnetic pressure, varying according to
a harmonic law. is applied. The resulting motion of the bar in the gas causes
the generation of waves, which are inverted at a certain distance from it. If the
process of emission of acoustic waves is to be periodic, there must be a loss of
heat, which is liberated in shock waves.

The perturbation of the velocity is related to the perturbation of the speed of
sound by the law v’ = 3a’. Therefore the power of the acoustic emission by the
whole surface of the magnetosphere [see (7.3.5")] is given by

!

2
W= [ apvds ~ 0.36a39/ (p_) ds ~ pa®R*sin®a .
p

Here all the quantities are evaluated on the magnetosphere, and it is assumed
that the relative oscillations of the pressure on the magnetosphere are, on the
average, of order sin a.

Owing to the dissipation of acoustic waves, the gas is heated in the vicinity
of the magnetosphere. The instability of this equilibrium of the atmosphere leads
to the appearance of turbulent thermal convection, in which the surplus of heat
in comparison with adiabatic lamination is carried away to infinity.

7.3.7 A Model Problem of Stationary Accretion of a Gas with Index
of the Adiabat v < 5/3 in the Presence of Energy Release

We shall show that stationary spherical accretion in the presence of strong energy
release is impossible if the mechanisms of cooling of the gas are sufficiently
weak.

For this, we consider the following model problem. Suppose that in a unit
volume of a perfect gas an amount of heat () is released per unit time, where this
quantity depends on the radius according to the law Q = Ar~3/2 with A = const.
This heat is transferred completely to the incident gas. We denote the expression
pe~ Y by S. The function S depends only on the entropy S.

The equations of motion and the energy can be written as follows:
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2 S 1—2@__GM - 7—1£

v
— 7.3.40
> o0 Z e oo ( )

v—=Q=Ar""? . (7.3.41)
r
We seek a particular solution of this system in the form

o= o™, §=SPODAN

where the asterisks indicate the corresponding constants.
Eliminating the entropy from this system of equations, we obtain

v} —2GMv, =5(y— D[1 = 3(y - 1)/2]'4 . (7.3.42)
We introduce the notation

B=5(y-D1-3(y-1)/217'4 ,
v, =3Bz/2GM , o« =2TB*/QGM)® .

Then (7.3.42) can be written in the form
az® -3z —-1=0 . (7.3.43)

In the regime of accretion, the velocity of the gas is directed toward the center,
so that v, < 0 or z < 0. However, negative solutions of (7.3.43) exist only
for a < 4. Therefore, if the rate of energy release is sufficiently large (a > 4),
accretion of this type is impossible.

7.3.8 The Stability of Rotation of Pulsars in Close Binary Systems

In this section, we show that in the presence of accretion the rotation of a pulsar
with a long-period variation of its rotational angular velocity is stable. This
corresponds to a stable limit cycle in the corresponding dynamical system and
is confirmed by the statistics of observations of pulsars with acceleration and
retardation of the rotational angular velocity [7.1]. An important point in the
discussion is the assumption that the pulsar is nonspherical and hence that there
is a moment of the gravitational forces. In fact, prolonged accretion of matter
in the region of the magnetic poles makes the ellipsoid of inertia of the pulsar
triaxial in the general case (excluding the case in which the axis of rotation
coincides with the axis of the magnetic dipole). An indirect theoretical argument
in favor of asymmetry of the pulsar is the instability of the axially symmetric
figures of equilibrium (Maclaurin spheroids) of a gravitating homogeneous fluid
in the case of supercritical angular velocities of rotation, when the triaxial Jacobi
ellipsoids are stable.

Thus, we consider a pulsar as a solid body moving along a circular orbit
and simultaneously rotating around some axis. We apply the theorem on angular
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momentum to this body. In the coordinate system associated with the principal
central axes of inertia, Euler’s dynamical equations have the well-known form

Ad:: +(C = Bwyw, =M, ,

dw,
B—t+(A-COuwefla= M, , (7.3.44)
cd;‘;’ +(B — Awgwy =M, .

Here w,, wy, and w, are the components of the instantaneous angular-velocity
vector in the indicated rotating system, A, B, and C are the moments of inertia
of the pulsar with respect to the principal axes of inertia, and M., M,, and
M, are the projections of the moment of the external forces with respect to the
center of mass of the pulsar in the same system of moving axes.

The moment of the external forces acting on the pulsar can be divided into
three parts:

1) The stellar wind from the second component, which is partially trapped by
the gravitational field of the pulsar and accretes onto it, imparts an angular
momentum M, per unit time to the latter.

2) The magnetosphere of the pulsar experiences retarding hydrodynamical
forces Mp, which we studied in detail above.

3) Because the pulsar is nonspherical, it experiences a moment of the gravita-
tional forces ,A?ig, (in the center-of-mass system of the pulsar).

We calculate the moment Mg, under the natural assumption that the distance
between the centers of mass of the pulsar and of the second component is much
greater than their dimensions. The moment of the Newtonian force acting on an
elementary mass p;dr with radius vector 7 from the mass gpdr, with radius
vector Ry + 7, is

Goio [Fl x Vi (L)] drdr, . (7.3.45)
Rz

Hence Ry is the radius vector of the center of mass of the second component in
the center-of-mass system of the pulsar, and Ry, = |Ro + 7, — 71].

To find Mg,, the expression (7.3.45) must be integrated over the volume of
both stars.

Expanding 1/Ry, in a series in the small quantities 71 /Ry and /Ry, and
including only the largest terms, after elementary calculations we obtain

4R3Mgrk - 3GM2€k1mI1,,Xan .

In (7.3.45), I;, is the moment of inertia tensor of the pulsar

Iin= /91(51nT12 —xzy,)di
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exin 18 Levi—Civita tensor in R3; z1, =2, and 3 are the components of 71; M,
is the mass of the second component; and X; = X, X2 =Y, X3 = Z. In the
system of principal axes of inertia, we have

4R My, =3GMy(B -C)YZ ,

AR Mg, =3GMy(C — AXZ

4R Mg , = 3GM(A — B)XY .

Let us consider the simplest case in which the axis of rotation of the pulsar
is perpendicular to the plane of the circular orbit. We take the x axis along the

axis of rotation, and the y and z axes in the plane of the orbit, in such a way that
B > C. Then wy = w, = Mg, = Mg, =0. Suppose that in the fixed system

Ro(0, Rocos i, Rosiny)

where

¥ =1/G(M; + M) R3

according to the well-known equations for circular motion.
Let ¢ be the angle of rotation of the pulsar around the axis of rotation:
wy = dp/dt. Then for M, , we have

3GM(B - C)
We now write (7.3.44) under the assumption that the gas jet accreting on the

pulsar is symmetric with respect to the plane of the orbit and carries a time-
independent angular momentum:

Mg, =asin2(p+y) , a= (7.3.46)

Mae = (Mac,0,0) ,  mac =const .

According to the treatment of this section, the moment of the hydrodynamical
forces can be taken in the form

M, =(m,2w)",0,0) , m,=const , n=const

bl

where w is the angular velocity of rotation of the pulsar with respect to the sec-
ond component: w = ¢ + 1/; We recall that n = 1 for slow (smooth) rotation [see
(7.3.25)] and n = 2 for fast rotation in the turbulent regime (see Sect.7.3.5). The
deviation of the shape of the magnetosphere from the spherical shape leads to ex-
citation of quadrupole acoustic waves and shock waves (see Sects.7.3.1,2,5,6).
The exponent n then varies over a wide range. Therefore, using (7.3.46), the
relations (7.3.44) reduce to

) de . dyp\" .
AW = My — My (27{ + 25) +asin2(p+1v) . (7.3.47)
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We introduce the dimensionless time variable 7 = \/A/2at and put 2(¢ +
1) = @ + w. Then from (7.3.47) we have

s . ds\"

ﬁi’SlﬂQ*‘ﬂ(E) =x , a0o=—, =— . (7348)

It is remarkable that (7.3.48) has the form of the equation for the oscillations
of a mathematical pendulum in the presence of a constant moment in a medium
with nonlinear resistance. Equation (7.3.48) on the phase cylinder 2 = &, &
modulo 27 has the form

df
3
For a > 1, (7.3.49) has no singular points. We shall show that there exists a
stable limit cycle for o > 1, i.e., a stable periodic solution 2 = 2($). In fact,
for sufficiently small ¢ and 2 = ¢ it follows from (7.3.49) that d2/d® > 0, i.e.,
all the trajectories enter the region {2 > (0 as & increases. On the other hand, for
2 =N, +¢, where 2, = 3/(a+1)/8, all the trajectories also enter the region
(0, £2,) as @ increases, since for 2 = 2, + ¢ we have df2/d$ < 0. For the
direction of winding of the cylinder by the integral curves of (7.3.49) to change
inside the region (0, §2,), one of the following conditions must hold: either (a)
there is a closed curve on which d®/df2? changes sign, becoming equal to zero
on this curve, or (b) there is at least one closed curve onto which the integral
curves wind indefinitely both “from above” (from the direction {2 > f2,) and
“from below” (from the direction {2 < 0. However, version (a) is impossible by
virtue of the boundedness of df2/d® in [e, §2, + €]. Thus, we have proved that
there exists at least one limit cycle.
‘We now consider the case n = 2, in which (7.3.49) admits an explicit solution:

2 _ _ a 45 2
£2° = constexp( 2ﬂd5)+ﬂ 4ﬂ2+1smq§+4ﬂ2+lcos¢ .

Obviously, here a limit cycle is given by the closed (on the cylinder) curve

2_a 43 2
Ky _ﬂ —-——4ﬂ2+1sm¢+————4ﬂz+1cosdS . (7.3.50)

The dimensionless period of variation 7 of the angular velocity can be cal-
culated from the formula

+BN2" =a—sind . (7.3.49)

2
T= %‘i . (7.3.51)
0
Substituting (7.3.50) into (7.3.51), we have
_ WAV K 2= 48 (7.3.52)

(@) , .
/a\/“»ﬂz_+1+2ﬁ ’ v a\/4B2+1+28
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Here K(z) is the complete elliptic integral. For small friction 8 — 0, the period
of variation of the angular velocity is also small:

T =2m\/B/a .

For large friction 8 — oo, the period T according to (7.3.52) increases without
limit:

radBla+ DK (\/2/(01 n 1))

Thus, knowing from observations the minimum wmin and the maximum wmax
of the rotational angular velocity of the pulsar, as well as the period of its
variation T, we can use (7.3.50, 52) to calculate the parameters « and 3. In fact,
from (7.3.50) we have

O = (/3B +1-28) [ (B35 +1)
G2 = (a/ATTT+26) [ (537 1)

Then

WninT = PminT = 01(0, ) ,  wnaxT = Omax7 = p2(a, f) .

By using the observations to calculate the parameters of the orbital motion,
we can estimate the degree of deviation of the inertia tensor of the pulsar from
sphericity [i. e., the parameter (B — C)/A]. In fact, according to the definition of
7, from (7.3.47) we have 7 = \/A/2at and hence

r=T\A/(B - O)\/AR[3M,G . (7.3.53)

The period T} of the orbital circular motion is 274 /R?,/ G(M; + M3). There-
fore, knowing the ratio of the masses of the components in a close binary system
and the period of the orbital motion, we can use (7.3.53) to calculate the param-
eter (B — C)/A, which (as was shown above) is determined by the observable
quantities wmin, wmax, 1> 11, and M /M,.

7.4 The Stability of Uniform Nonlinear Pulsations
of Gravitating Gaseous Spheres

Among the various models of the pulsations of variable stars like the Cepheids, a
special place is occupied by a solution with uniform nonlinear pulsations of grav-
itating gaseous spheres [7.15,29, 30]. This is a physically simple model, which
can be calculated analytically. It does not explain why the maximum luminosity
of a star occurs not at the instant of greatest compression, but, as observations
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show, a quarter of a period later. Moreover, in the theory the asymmetry of
the curve giving the periodic time dependence of the ray velocity for a star of
hydrogen manifests itself only for large amplitudes of the pulsations, whereas
observations show that for the majority of the Cepheids the degree of compres-
sion during the pulsations does not exceed 10-15 %. Nevertheless, this solution
predicts quite accurately the period of the pulsations on the basis of the den-
sity of the star (if the Cepheid mass is determined on the basis of the empirical
mass-luminosity law).

The methods of investigating the stability of gravitating objects arose in
the theory of figures of equilibrium. The main results in this field apply to an
incompressible fluid. Besides solutions describing the rotation of masses of an
incompressible fluid as a solid body (the Maclaurin and Jacobi spheroids, the
Laplace ring, etc.), studies have been made of problems involving a velocity
field linear in the coordinates (the solutions of Dirichlet, Dedekind, Poincaré,
and others; see the references in [7.31]).

Lyapunov showed that the only possible static equilibrium shape of a gravitat-
ing mass of incompressible fluid is a sphere. If we assume that in the conceivable
varied states the body rotates as a solid object, we can regard it as a dynami-
cal system. Then a given equilibrium of the body will be stable if in this state
the energy of the body attains a minimum value for fixed values of the gener-
alized momenta corresponding to the cyclic coordinates. This idea was used to
study the stability of the linear series of Maclaurin and Jacobi (Poincarg, Darwin,
Jeans, and others). In its general formulation, the problem of small oscillations
was studied by Poincaré and Bryan. With inclusion of small corrections of the
post-Newtonian theory in general relativity, the problem of the stability of clas-
sical figures of equilibrium was formulated and investigated by Chandrasekhar
[7.32], who, in particular, studied the way in which the stability is influenced by
a new phenomenon of general relativity: the emission of gravitational waves in
the presence of oscillations.

Allowance for the compressibility of the gas leads to new effects charac-
teristic of nonlinear nonstationary motions. Self-similar solutions and solutions
with velocities linear in the coordinates were considered for the first time in
gas dynamics by Sedov [7.15] and in magnetohydrodynamics by Kulikovskii and
Lyubimov [7.33]. Nonradial oscillations of Emden spheres were investigated in
[7.34].

In this section, we study the stability of the exact solution with a uniform
density which varies periodically with the time, about which we spoke above. Be-
low, we show that the equations for arbitrary small perturbations of this solution
lead, after expansion of the perturbations in a certain system of eigenfunctions,
to a system of ordinary differential equations with periodic coefficients.

The Lyapunov stability of the solutions of this system is related to the behav-
ior of the characteristic exponents of the system, which depend parametrically
on the amplitude of the pulsations of the background. It turns out that for each
eigenvalue there exists a corresponding critical value of the amplitude of the pul-
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sations of the background at which the system exhibits a parametric resonance
of spherical acoustic waves. In the linear theory, the amplitudes of the spherical
perturbations grow without limit for a supercritical amplitude of the pulsations of
the background. The regime of nonlinear uniform pulsations with a temperature
which decreases to zero at the boundary of the sphere is found to be unstable
with respect to nonspherical perturbations with a sufficiently large number of
spherical harmonics. A method is developed for constructing approximately the
characteristic exponent corresponding to the unstable mode of oscillations. When
there is thermal mixing of particles with different entropy as a consequence of
rotational adiabatic motions of the gas, essentially nonlinear effects come into
play, and these are not considered in this section.

Unperturbed Solution. We shall give a brief description of the unperturbed
solution, referring to [7.15,29] for further details. In the studied motions of a
gravitating gas, the quantity r, the distance of a fluid particle from the center
of symmetry at time ¢, is a linear function of its initial distance ¢&: r = £u~1(2).
The density of the gas during the pulsations remains uniform in the particles:
o = pop3(t), where o = const. For adiabatic pulsations with index of the adiabat
v > 4/3, the entropy is variable in the particles, and the pressure is a function
of ¢ and u(%):

p=poeo(R* — eHu®r . (1.4.1)

Here R is the value of the Lagrangian coordinate £ at the boundary of the sphere.

After substituting these expressions into Euler’s equations and using Pois-
son’s equation for the gravitational potential, we obtain an equation for the func-
tion u(t), a first integral of which has the form

dp : 4 4po 3(v-1) , 87Geo
2 = " _ 7.42
(dt) I ( 36 - te3 kX)) (7.4.2)

where x is an arbitrary constant of integration.
It can be shown [7.15,29] that the right-hand side of (7.4.2) has two roots
for values of the constant x in the interval

_ 13vy—4)
0>x> _8m (34 (2nCe Goo .
9 \ y-1 3p0

The corresponding integral (7.4.2) characterizes the nonlinear periodic pul-
sations.

Derivation of Equations for Small Perturbations. We write the equations of
gas dynamics with inclusion of the gravitational force in the variables ¢ and

£, &, 6):

ov £ du _u
Et_+#[(’v+u2 dt) V} ——QVp+yVQ5 , (7.4.3)
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piVie = —4xGo (7.4.4)
9o, £ dp N
Bt [(v 2 dt) -V] o+ podive =0 | (74.5)

0 (p § du P\ _
@[50 o

[The vector operations of differentiation in (7.4.3-6) are taken with respect to
the variable £.]

We shall assume that the perturbations of v, p, and g are small and linearize
(7.4.3-6) around the solutions described earlier. Let K = §p/p be the relative
perturbation of the density. Taking the divergence of (7.4.3) and making use of
(7.4.4,5), we obtain

3 l a Vzap _2+3'Y
Kot L[" ot ] oop? ~ 6o K
—2pop (e - VK — 4nGooplK =0 . (7.4.7)

We replace év by a new unknown function w according to the relation
pbv = 0w /ot . (7.4.8)

Then the first integral of (7.4.6) for small perturbations can be written in the
form

— ypogo(R? — €DK —2pooow - € = f(£) , (7.4.9)

where f(£) is an arbitrary function.

Since according to (7.4.8) the addition of an arbitrary vector function (&)
to w does not change év, the function f(€) can be made to vanish.

Using (7.4.9), from (7.4.7) we obtain

o190

Kot [ 25t
+Q2¢ -V +4)(K +divw)} — 4rGooulK =0 |

Q=¢-cutlcurlw=¢ - (Vdivw — Aw) . (7.4.10)

<] — P2 V(R — K] +2K - 2Q

The first integral of the linearized equation (7.4.5) has the form
K +divw = ¢(§) , (7.4.11)

where (£) is an arbitrary function.
From (7.4.3) we obtain an equation for the function Q:

”2 l.‘?_ = 2pou37_2A1K ,
ot [ p? ot
P 1 & (7.4.12)

1 o
Ak =S5 (s‘“oaeK) 2605
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Without loss of generality, we set the function (£) in (7.4.11) equal to zero
[for (&) #0, the system (7.4.10, 11) becomes nonhomogeneous].

We shall introduce the new variable 7 and use a dot to denote differentiation
with respect to 7: \/2po p2dt = dr. Then the homogeneous equations (7.4.10, 12)
can be rewritten in the form

[Tiad g 7V2[(R2 K- K — yg—g‘iu“-i’w +Q=0, (74.13)

PO =AK . (7.4.14)

We note that any perturbation, if it is not spherically symmetric, will neces-
sarily be rotational by virtue of the nonuniformity of the entropy distribution in
the unperturbed solution.

We represent the functions ¢ and K as expansions in spherical harmonics:

{ } Z Z {g’m(s’t)}P{"(cos ™ (1.4.15)
1=0 m=——1 1m(&, 1)
[Here the P™(cos 6) are the associated Legendre polynomials.]

We consider in the interval (0, R) the eigenfunctions of the operator D with
eigenvalues —E,:

2 2

Dly.] = X AT &

=—Epyn .
(7.4.16)

Below, we shall show that this operator has a discrete spectrum. We introduce
the substitution

(R~ yn(®) = E'gn(@) , z=(28/R*) -1 (7.4.17)
and rewrite (7.4.16) in the form

dzq" +- (1 - )(21+3)11ﬁ + %-q,, =0 . (7.4.18)

It follows from (7.4.17) that the functions ¢, must vanish at £ = 1. For
arbitrary E,,, the solution of (7.4.18) can be expressed in terms of hypergeometric
functions; however, it is only for certain discrete values of E,, that the solution
of (7.4.18) vanishes at « = 1. This is the well-known system of Jacobi orthogonal
polynomials [7.35]:

n—1
qn = Pn—l,l+1/2(x) - Z (n; 1) (n':ll—'FTil/Z)(x _ 1)n+m(x + l)m )

m=0

a1- :c)

(7.4.19)
Here E, =4n(n+1+1/2).
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We write down the first three eigenfunctions y,(¢) with the normalization
Yn(R) = L:
n=0c , yp=2"2QI+7Nc*-21-3] ,
y3 = 6 1 (2 + 71+ 69/8)0* — 2212 + 111+ 15)
+P2+41+15/4] |
c=¢/R .

(7.4.19")

After expanding the functions K, (¢,t) and Qi (€, t) in the complete system
of polynomials y,,(£),

Kin=) Ka®ya® , Qimn= Qutya(® ,

we readily obtain from (7.4.13, 14) a fourth-order ordinary differential equation
for Q,(¢):

wE TGl 2yntn + 141/2) — 1= 27Goou* ™ /palu**1Qn
- (+1IQ,=0 . (7.4.20)

Analysis of the Stability in the Absence of Pulsations. Let us consider the
stability of the equilibrium configuration when p = 1 and 3py = 27 G go. In this
case, the solution of (7.4.16) can be sought in the form Q = const - exp(\7), and
for A we obtain the equation

A+ [2ynn+1+1/2) — 42— I1+1)=0 . (1.4.21)

Two roots of this equation are conjugates and purely imaginary. They correspond
to acoustic waves. The other two roots correspond to rotational perturbations, one
of which increases exponentially.

The appearance of an instability can be understood as follows. Consider the
stability in the gravitational field of a gas which is cooler “above” and warmer
“below” (the gravitational forces are directed downward). For small adiabatic
perturbations, a small particle from above which penetrates (slightly at first) into
the lower “warm” layer will have density proportional to (pz/p;)!/7. But then
the Archimedean force acting on the particle will be less than the weight of the
particle, and the particle will be carried downward. Convection occurs when the
lower “warm” layers begin to mix with the upper “cool” layers.

‘We note that from the form of the functions y,(€) for n ~ 1 and I > 1 [see
(7.4.19)] it follows that these functions always differ little from zero, except in
a small neighborhood of the boundary.

On the other hand, according to (7.4.21), A, has the largest rates of growth
for highly nonspherical perturbations with I > 1 and n ~ 1, when A, ~ V1.
Therefore the strongest thermal mixing occurs near the boundary of a gravitating
static gaseous sphere.
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Stability of the Nonlinear Pulsations with Respect to Spherical Perturba-
tions. We now consider whether the nonlinear pulsations can prevent the indi-
cated instability. Suppose that 4 = 5/3. Then g =1 + Acos 7, where A = const
is the relative amplitude of the pulsations, and (7.4.20) is reduced to the form

1 1 i}
Q" + [?On (n+l+§) _4+%] O-(+1IQ=0. (7422

We first consider spherical perturbations, with respect to which the static
configuration will be stable.

Suppose that [ =0 and n = 2 [the case with n =1 and { = 0 corresponds to a
change of the amplitude of the uniform oscillations, and one of the solutions of
(7.4.13) with @ =0 has the form K = const - pdu/dr].

Following the general scheme for finding the characteristic Lyapunov expo-
nents for a second-order equation with periodic coefficients [7.36], we shall seek
a numerical solution of the equation with Poincaré’s initial values.

ke (-3 Voo,
3 1+AcosTt (7.4.23)
K0 =1, Kp0=0, Kp0=0, Kp0=1 .

Then the characteristic exponents (more precisely, their exponentials) will be
roots of the equation
sf—as+1=0, (a=Ky2r)+K(2r)) .
The numerical values of the coefficients « for various values of the amplitude
A are as follows:
A 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
a —1.88 —-191 -195 -1.99 —-199 —-1.85 -1.23 —-1.22 -17.65
Obviously, the case of parametric resonance corresponds to a = £2. If |a| <
2, the waves vary as almost periodic functions without becoming stronger. On
the other hand, if |a| > 2, the waves become stronger after a period, and the
system becomes unstable. The numerical calculation shows that for an amplitude
A < 0.815 of the nonlinear oscillations the regime of pulsations is stable, while
for A > 0.815 the regime is unstable with respect to proper acoustic spherical
oscillations with n = 2.

Stability of the Nonlinear Pulsations with Respect to Nonspherical Perturba-
tions. If ! # 0, it can be shown that the solutions of (7.4.20) include four indepen-
dent functions Q; (z = 1,2,3,4) such that Q;(7) = 5,Q;(7 +2m) (1 = 1,2,3,4).
Then the exponentials of the characteristic exponents can be found from the
equation

Y1 — 8 Y2 Y3 Ya
o 2—s U U oo . (1.4.24)
) 2 s — s U4

) y2 U3 s — s
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Here y;(7) are particular solutions of (7.4.22) which at 7 = 0 take the values
¥ DO =62 , kn=1,23,4 .

Thus, the problem reduces to numerical integration of (7.4.22) with the initial
data (7.4.25), followed by solution of the algebraic equation (7.4.24).

If I > 1 and n ~ 1, there is a possible analytic approach for the determination
of the characteristic exponent and the solution of (7.4.22), corresponding to an
increasing mode. We introduce the notation 10n (n +1+1/2)/3 —4 = N. For
n~1and N ~[> 1, we shall seek a solution of (7.4.22) in the form

@ = const - exp(A1) (1 + E¢(m)(T)) )

m=1

where the @(,,)(7) are periodic functions of 7: $(py(T + 27) = P(py(7), With
|Bemy(T)| ~ [-m/2,
We shall also seek the exponent ) in the form of an expansion

/\=/\n+ifcm , K ~ ™12

Here ), is the positive root of (7.4.21). We shall choose the numbers &, in such
a way that in the expressions for @,y there are no terms which rise linearly in
7. We shall obtain the desired equations for «,, by integration, over a period, of
the equations for @), which have the form
An(@X2 + 2N By + £ (@X3 +2N),)
= L@y, - s Pim—=1); K1y vy Bm—1, T) ,

where L., is a linear differential operator on the periodic functions @, ...,
P(m-1y With coefficients which are fourth-degree polynomials in «y, ..., Kp-—1
and periodic in 7. From the requirement of periodicity of @, it follows that

2r
Km - 21(@)3 +2N),) = / Lndr .
0

The calculations for kg, k1, and x2 give zero values for them, and

41-vi-4%) .
A1 742

The equations for &1y and &) have the form

k3(4X2 +2N)? =942\, (2)2 +3n) [

3AcosT

4)2 +2N)dqy + ————— )\, =
X Pa) 1+AcosTt

b

3AcosT

4)3 +2N),)é A2+ )@y + ————
(/\n+ N/\) (2)+(6 nt ) (1)+1+ACOST

At =0 .
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Thus, for large ! the Lyapunov exponent ) for the increasing mode of per-
turbations in a pulsating sphere differs from the corresponding exponent \,, for
the static case by an amount of order [~3/2,

In conclusion, we note that (as we found above) the exact solution with
nonlinear pulsations of homogeneous gaseous spheres has an interesting type
of convective instability, which increases strongly as the outer layers are ap-
proached. Emission from the inner layers (not taken into account in this section)
inhibits thermal mixing, and, as a result, in the inner layers the regime of non-
linear pulsations can be stable. The indicated instability evidently occurs only
near the surface, and, as a result, a “corona” of turbulent gas is formed around
the pulsating sphere.

7.5 Nonlinear Transverse Oscillations at Resonance in a Layer
of an Ideally Conducting Fluid in a Magnetic Field

In this section, we demonstrate the equivalence of the equations of one-dimen-
sional motions of an isotropic, nonlinearly elastic body with plane waves and an
ideally conducting compressible magnetizable fluid moving along the direction
of the intensity vector of an external magnetic field, when the magnetic perme-
ability of the fluid is an arbitrary function of the density and the length of the
intensity vector of the magnetic field. For these cases of the motion of a con-
tinuous medium, we consider the essentially nonlinear problem of the transverse
oscillations excited in an infinite layer of the medium by an external tangential
force which acts periodically on one of the plane boundaries of the layer. We
examine the behavior of forced oscillations at resonance when in an elastic body
the speed of the longitudinal waves is much greater than the speed of the trans-
verse waves, and in a fluid the speed of sound is much greater than the speed of
the Alfvén waves. We establish relations between the amplitude of the driving
force and the proximity of its frequency to the resonance frequency at which
Alfvén discontinuities appear in the layer.

7.5.1 Magnetohydrodynamic Analogy of One-Dimensional Motions
of a Nonlinearly Elastic Body with Plane Waves

a) Nonlinearly Elastic Layer. The equations of the dynamics of an isotropic
elastic body for one-dimensional motions with planar symmetry can be written
in the form

aZwl_g 02w.~__6_ o3
oo 12 = 6§p1 y Q0 12 —6€pl y =49,

_ OF o _OF _ 0w |
PL= 0o p.—goh.—ahz/2 , d= £ (7.5.1)
=% 23



7.5 Transverse Oscillations at Resonance 327

Here p; and p; are the components of the stress tensor, p1 = p1; and p; = p1s;
w1, w2, and w3 are the components of the displacement vector of a Lagrangian
particle in the Cartesian coordinate system z', z2, z3 of an observer; ¢ is a
Lagrangian coordinate which in an initial discharged state (p; = p;; = 0 for
d = hy = hs = 0) coincides with the Cartesian coordinate; po is the initial
density; and F = F(d, h?/2) is the free-energy density, where h? = h3 + h? (we
assume that the temperature is constant).

The relations (7.5.1) are obtained from the general equations for the dynamics
of an elastic body in Piola—Kirchhof form [7.37], which in a Cartesian frame of
reference take the form

0210,' 6 6w,- 8F ..
—522——@[(6'“-3_5")@] , 4,5,k=1,2,3

where ¢!, €2, and ¢3 are the Lagrangian coordinates, and ¢ . are the components
of the deformation tensor. In the derivation of (7.5.1), allowance has been made
for the fact that the invariants of the deformation tensor in the one-dimensional
case with plane waves can be expressed in terms of d and A2, and the nonzero
components ¢ have the form

en=d+(@+h))2 , enn=h/2 , k=23 .

In what follows, we shall confine ourselves to the case h3 = 0. We introduce
the notation hy = h. Then from the system (7.5.1) for the displacements we
obtain the following equations for the longitudinal, p;, and shear, p;, stresses:

O [ Fw Op _ _Fan 0p] _ &
Ot |Fyqa? 0t  Fgdd 0t | o0& >
9 [ Fan 0py  10p] _ &

ot | Fud ot T 2ot o’ (152)
_0*F _ &F _&F

th:W’ th=‘a‘m’ Fdd:ﬁ’

2 _ _ (th)2

a2 _.th Fdd

The equations of the characteristics of the systems (7.5.1,2) (for hsz = 0) are

N 1 )

(E) =3 [Fdd + P& \[(Fag — Fu? +4F%,| (7.53)
Here d¢/dt has the meaning of the speed of propagation of the wave fronts of
the stresses in the particles.

b) Layer of Ideally Conducting Fluid. The pondermotive force in magnetizable
media in the absence of polarization and volume charge is [7.37]
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1 1
~[j x B]+ —(ByVH* — H;VB*) .
c 87

Using this relation, it can be shown that one-dimensional motions with plane
waves of a magnetizable and compressible ideally conducting fluid in an external
magnetic field B, applied in the direction of wave propagation are described in
the Lagrangian coordinates by the equations

62’11)1__2 +H,'Bi
52 T \PT 8 )

0? Oun B? #H; .
—_ {1 = = .
®or [B'( * o€ )] argo 062 23

(754

Here w, is the component of the displacement vector in the direction of the z!
axis, and all the quantities depend on only 2! and ; B;, B,, and Bj are the
components of the magnetic induction vector, and it follows from Maxwell’s
equations that By = const; go is the unperturbed density of the fluid for w; = 0;
and H; are the components of the intensity vector of the magnetic field.

From the equation for heat flow in the reversible adiabatic case, it follows
[7.37] that

du=H-d(-B-)- p+H'B dl, (7.5.5)
4mp 8 0

where u is the total density of the internal energy of the fluid and the magnetic
field.

¢) The Analogy. It follows from (7.5.4,5) that if we introduce potentials w;
(z =2, 3) for the new unknown functions h, = B,(1 + d)/ B; (h; = Ow,/0¢), the
relations (7.5.4) for wy, ws, and ws will have the form (7.5.1) if the function u
depends on the components of the vector B through its length.

In the absence of magnetization of the fluid, the system (7.5.4) becomes the
system of equations for one-dimensional magnetohydrodynamics [7.33]. In this
particular case, the function u takes the form

B2K?
[Broo(1+d)] ’

where U(d) is the density of internal energy of internal energy of the fluid at
constant entropy.

In our notation, the equations of the characteristics of the system (7.5.4) will
be identical to (7.5.3).

The indicated magnetohydrodynamic analogy for nonlinear waves in an elas-
tic body was first established in a paper by the present author [7.38]%. (It is

u=U(d)+

& Of course, the analogy also holds in general, and not just for one-dimensional motions. Moreover,
it is possible to establish an analogy between the model of an ideally conducting and magnetizable

(continued on p.329)
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clear that the analogy holds for waves in unbounded systems; for problems with
boundary conditions, we must make a further analysis, as is done below in part
(b) of Sect.7.5.2.)

7.5.2 Derivation of Basis Equations for Oscillations Near Resonance

a) Oscillations in an Elastic Layer. Suppose that an elastic body is such that
Fyq4 > F4, > Fp), in the body in the range of values of d and h characteristic
of the problems under investigation. Then from (7.5.3) it follows that the speed
of propagation a; of “fast” longitudinal waves is \/Fyq, while the speed of
slow “transverse” waves is determined by the last relation in (7.5.2), where
a3 = dF,(d(h), h)/dh along the curve OF/dd = const.

Let us consider a layer of such an elastic material of thickness L, resting
without a break on an absolutely solid base with no tangential frictional forces;
acting per unit area of the surface of the upper boundary of the layer, there
is a periodic tangential force Asinwt, as well as a constant normal load qo,
corresponding to the following boundary conditions for the system (7.5.1) for
(1.5.2):

D2 y W 'or ¢ , 756
p=q , p=Asinwt for £€=1L .

We shall seek a periodic solution of this problem, for the realization of which
the layer must not store energy, i.e., the work done by the external tangential
force during a period must be equal to zero:

wfw
/ Asinwt(Qw,/0t)dt =0 . (7.57)

—rfw

If the amplitude of the driving force is sufficiently small, the desired solution
can be obtained from the solution of a linear problem with linearized boundary
conditions. This will be a standing transverse wave

sin(wé/az)

pr = Asinwt sin(wL/ap) ’

n=q - (7.5.8)

However, as the frequency w approaches the resonance frequency w = w, =
nmaz/L (n = 1,2, ...), infinite stresses occur inside the layer. It follows from
this that our boundary-value problem is essentially nonlinear near the resonance,
even for a small amplitude of the driving force.

elastic ferromagnet (with internal-energy density depending arbitrarily on the components of the
induction vector of the magnetic field, the deformation tensor, and the entropy) and the model of
an anisotropic nonhomogeneous elastic body. This fact is essentially due to the integrals of the
equation for the induction of a frozen magnetic field in the Lagrangian description of a continuous
medium [see (5.4.2")].
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In view of the fact that the problem has a characteristic length L and a
characteristic ime T = 2« /w, with L/T = a; < a1, we can seek a solution in
the form of an expansion in the two small parameters Fy,;/Fy4 and F;/Fy4. In
a first approximation, the longitudinal stress is constant, corresponding to the fact
that no longitudinal waves are emitted. The relation between the longitudinal and
transverse deformations is finite, owing to the equality py = p1(d, k) = go = const.
Expressing d in terms of h, we find az = az(h).

From (7.5.1) we obtain an equation for the shear displacement:

Pw, P
B2~ %og
From (7.5.2) we have an equation for the shear stress:
9[1a 1_&
ot |2 att?| T aet? -

=0 . (7.59)

Equation (7.5.9) can be written in two equivalent forms:

h
0 0 Ows _
(2+ud) |22 o/az(h)dh}_

This leads to the equations

h

%’% / az(h) dh =2ap*(Cy) | (7.5.10)
0

where C4 can be found from the equation ¢ = (¢, C1), which determines the

family of integral curves of the equation

dé/dt = £ay(h) |

and the constant a is determined below by (7.5.12). In view of the periodicity of
the required solution, the functions ¢~ and ¢* must also be periodic. In order to
eliminate the arbitrariness in choosing the parameters of the families of charac-
teristics C'y., we shall set them equal to the times ¢ at which the characteristics
intersect the curve £ = 0. From the conditions (7.5.6) at £ = 0 it follows that

P (O)=p"(C)=¢(C) . (7.5.11)

We now study the case of a weakly nonlinear material whose free energy is
an analytic function of the invariants of the deformation tensor Ji, J2, and J3. It
can be shown that in this case the function a2(h) can be expanded in a series in
even powers of h near the point J; = J2 = J3 = 0. We confine ourselves to the
first two terms:

az(h) ~ a(1 + 3ah?) . (7.5.12)
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With accuracy up to the terms ~ h*, from the equations of the characteristics we
have
O+p) /2
C,=)X+3a / [\ — Q1 — N2 dr

L (7.5.13)
C-=p=3a [ lpw—pr—pidr
O+p)/2

A=t—€fa, p=t+f/a .
From (7.5.10), using (7.5.11), we obtain

h+ahd =p(C_) — ¢(Cy) . (7.5.14)
We find the function ¢ from the conditions (7.5.6) at £ = L:

00a?(h +2ah?) = Asinwt .

Substituting here the solution (7.5.14) at £ = L, we obtain for ¢ the functional
equation

0082 [@(C_) — p(Cy) + ale(N) — p(u))’] = Asinwt . (7.5.15)

For a small deviation of the frequency of the driving force from the resonance
frequency, in the nonlinear terms of (7.5.15) we put w = ws, A =t — n7/w,
u=t+nw/w, and we replace the difference o(C_) — ¢(C,) by the expression

207 dg)

T Bap?(\) +3a¢? + (wy — w11 . (7.5.16)
Here we have made use of the condition and the notation
+7fw w/w
/ @) dt=0 , = 2% / Ot dt (7.5.17)
—-r/w —rfw

and the periodicity of (t). We shall neglect the last term on the left-hand side
of (7.5.15), since it is proportional to (w —wy). Integrating (7.5.15) with respect
to the time, we finally obtain

3 —7
t 1)(3p? t=0
@ (@) + p(B)Bp? +9) + vcosw , (7.5.18)
9= (s —w)/aw, , v=(-1)"A2nraga® .

b) Magnetohydrodynamic Oscillations in a Layer of a Weakly Compressible
Fluid. We assume that the speed of sound in a weakly compressible fluid is
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much greater than the speed of Alfvén transverse waves az [in the presence of
magnetization, a3 # B? /4 o).

The boundary conditions (7.5.6) in this case acquire a different interpretation:
a layer of this fluid is enclosed between two infinitely conducting planes. One
of the planes is fixed and inactive, and on the other there is a periodic current,
and a constant normal load is applied to it. If the frequency w of the current
approaches the resonance frequency w*, then even for small amplitudes of the
current the problem becomes nonlinear. With the method explained above, the
determination of the solution in the case of weak nonlinearity again reduces to
the analysis of the algebraic equation (7.5.18).

If on the boundary £ = L instead of the condition p; = g9 we impose the
condition w; = 0, then instead of (7.5.18) we obtain the equation

@) + )2 +9) +veoswt =0 . (7.5.19)

7.5.3 Investigation of Oscillations in an Elastic Layer

All the analysis which follows reduces to the determination of solutions of the
system (7.5.17,18) [the case of the system (7.5.17,19) can be analyzed in a
similar manner]. It is convenient to simplify (7.5.18) by means of the substitution
¢ = Yvy(r), T = wt. From (7.5.17, 18) we obtain the system

() +3y(r)y2 + 2) =cos T,

™

21y’ = / y¥(r)dr

-

(7.5.20)

/ Y dr=0, Q=937 . (75.21)

Depending on the value of 2, (7.5.20) can determine either (I) one real
function for all values of 7 or (II) three real functions for all values of 7, or
(III) for some 7 (7.5.20) has one real root, and for other 7 it has three real roots.
Therefore we divide the whole range of variation of {2 into three intervals.

I) We first consider the case in which 2 +? > 0. Making the substitution

y = 24/y% + Qsinh yy, from (7.5.20) we obtain cost = 24/(yZ + 2)3 sinh 3.
Therefore the only real solution of the system (7.5.20) has the form

= 1
(=2y@+0sinhpy ; m=-sinh™! [ —2 ) | (7522
y Mmoo

3 2/Z + )

where ? is found from the solution of the equation
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T2 = 4(y? + ) / sinh? pydr . (7.5.23)
0
For §2 > 1, the solution (7.5.22) becomes a linear solution:
cos T v cos(wt)
- =_ Y 524
=55 e)= " (7.5.24)

For w = w, (the resonance frequency), 2 = 0 and y? satisfies the equation

= 4/"sinh2 {%sinh_1 [cos /2 (\/y_—z)s} } dr .
0

If 2+1y2 =0, it follows directly from the system (7.5.20) that

I(5/6)
I4/3)

T
y(r) = JeosT 7r-372-=/vscosz7'dr=\/7_r
0

Here I'(z) is Euler’s gamma function. Therefore the region {2 + y2 > 0 corre-
sponds to the range of variation of {2 from 2y = —I'(5/6)/(\/7 I'(4/3)) to +oo
(21 =~ —0.75). .

I) Suppose now that —({2 + y2) > 2~2/3, In this case, in (7.5.20) we make
the substitution y = —24/ —(? + £2) sin py, after which we obtain 24/ —(? + 23
x sin3u; = cos r. Therefore in case (II) (7.5.20) determines three continuous
functions

— , 2rk
yk = =21/ —@Z + 2)sin (m + -13’—> ,
cosr ) (7.5.25)

1 .
M2 = 7 arcsin —
’ (2\/—@2 +0p

Of the three solutions y,(7), _k = 0,1,2, only the solution yo(r) satisfies the
condition (7.5.21). Therefore y? satisfies the equation

g = —4(Z + 0) / sin pp dr . (7.5.26)
0

From smooth segments of the continuous solutions y;(r) and y2(7), we can
construct discontinuous solutions y,(7) and y,(r) which ensure fulfillment of
(7.5.7) and satisfy the condition (7.5.21):

_lu@) _Jwlr) for —mj2<r<w/2,
alr) = {yz(r) ) w(r) = {yl(T) for m/2<71<37/2 .
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However, for {2 — —oo the discontinuous solutions y,(7) and y;(7) [unlike the
continuous solution yo(7)] does not tend to the linear solution (7.5.24).
We now determine the boundary of the interval in §2, 2 = (2, in which

there is a solution in the form (7.5.25,26). For 2,/—(§§+ )} — 1, the smooth
solution tends to the continuous periodic solution yo(7) having a discontinuity in
the derivative at 7 = om for m =0, 1, ... (Fig.7.4):

w(r) =221V sin (3 - @N + 1)%)

Vi)

Fig. 7.4. Continuous solution yo(r) and discontinuous solutions y, () and y,(r) for £2 = 2

Here N is the integer part of /. Calculating 42, we readily obtain y2 = 2!/3(xr —
3\/—/2)/7r Hence

0y =283 (,r_g,?) /W 2723 ~ —0.848 .

IIT) Suppose now that {2 varies in the interval ({2, 2;), which corresponds
to the inequality 0 < —(y2 + £2) < 272/3. In this interval, the system (7.5.20)
determines a unique, but multiple-valued, function y(7). Its form is shown in
Fig. 7.5. Since y(7) is multiple-valued in this range of variation of {2, a continuous
solution does not exist.

Let us denote arccos (2\/ —(2+ .(2)3) by §. In the interval (§2y, £21), the

quantity ¢ is real and satisfies the inequalities 0 < § < = /2. We shall distinguish
two ranges of variation of 7: |cos 7| > cos § and |cos 7| < cos é.
For the ranges of 7 in which |cos 7| > cos §, we make the substitution

y(r) = 24/ —(y? + 2) (cosh p) sgncos T . (7.5.27)
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I\
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\\ e . . . .
\/’ Fig.7.5. Typical discontinuous
solution for 2 € (2, §)

Here sgnz = +1 for £ > 0, sgnz = —1 for ¢ < 0, and sgnz = 0 for z = 0.
Then the single-valued solution of (7.5.20) has the form (7.5.27), where 3u =
cosh~!(| cos 7|/ cos 6).

Suppose now that |cos 7| < cos §. In this case, we make the substitution

y=21/—(y% + 2)(sgncos T)cos i . (7.5.28)

Then from (7.5.20) it follows that the discontinuous solution of (7.5.20) has the
form (7.5.28), where

3/i = arccos(| cos 7|/ cos §) .

For r =7wk+n/2 (k=0, £1, ...), the solution (7.5.28) has a tangential discon-
tinuity, since

y(g+7rk—0) = V(=% -2+ ) ,
y(%+7rk+0) = VA=) (2 +5D) .

For |cos 7| = cos §, the solution (7.5.27) can be continued analytically to the
solution (7.5.28). _
In the interval {2y, £2), we have for y? the equation

§ n/2
T2 = —8(y% + ) /cosh2 pdr+ / cos? ji dr
0 8

Thus, our investigation leads to the interesting conclusion that when the
dimensionless parameter 2 = (w. — w)(2nma?)*3 /3 Yo w, A varies in the
interval (§2y, 21) (2n =~ —0.848, £ =~ —0.75) forced transverse oscillations
in a layer of weakly compressible fluid (Alfvén waves) must have tangential
discontinuities.

For (7.5.19) (the case of a fixed boundary ¢ = L), the values of £} and 2}
are as follows:
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_L_IG/6)
"3 /xl@4]3) "~

o = 2\ (,, — 3‘/;) /37r -27%F ~ 070 .

In the interval (£2f;, §2{°), forced transverse oscillations in a layer with fixed bound-
aries have tangential discontinuities.

o = -0.25 ;

7.6 Excitation of Shock Waves in a Layer of an Ideally
Conducting Gas at Resonance in a Magnetic Field

To study the effects of weak nonlinear interactions, it is of interest to consider
resonators in which the dimensions of the system are multiples of the length
of a periodically excited wave (the linear theory in this case gives an infinite
amplitude). Gas-dynamical waves excited by periodic motion of a piston in a
closed tube near resonance have been studied theoretically and experimentally
[7.39-44].

Small nonlinear effects in a plasma accompanying the propagation of waves in
extended systems have been described [7.45] in the framework of hydrodynamic
and kinetic approaches®. In Sect. 7.5 we demonstrated the formation of tangential
discontinuities at resonance of transverse oscillations in a layer, assuming that the
speed of the longitudinal waves is much greater than the speed of the transverse
waves.

In this section, we consider nonlinear oscillations of the density of the gas and
of the magnetic field intensity in a layer of thickness L of an ideally conducting
gas bounded by two stationary parallel planes in the case of a double resonance.
A periodic electric current passes through one of the boundaries, and the other
plate is assumed to be a dielectric. The external magnetic field is assumed to be
perpendicular to the boundary planes. Near the resonance, the transverse oscilla-
tions cease to be standing waves and excite longitudinal acoustic waves. In the
case of a double resonance, when the Alfvén and acoustic speeds are similar,
the nonlinear interaction of the longitudinal and transverse waves is particularly
pronounced. For this case, we examine below the evolution of the form of the
periodic oscillations of the density and of the magnetic field intensity (in cer-
tain intervals with magnetohydrodynamic shock waves) as the frequency of the
electric current exciting the oscillation varies.

9 It is worthwhile to underline the remarkable contribution of english school of M.J. Lighthill and
G.B. Whitham as well as french school of P. Germain (P. Bois, P. Gatignol, J.-P. Guiraud, G. A.
Maugin, M. Roseau and others) in this topic for continuous media.
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7.6.1 Formulation of the Problem

For one-dimensional motions with plane waves, the equations of magnetohydro-
dynamics take the form (see, for example, [7.33])

Bv, ov,\ 0 H*
e(g;*W@;)“a <+8w)’ @eD
a’UJ_ BvJ_ H 6Hl
(——Bt * ”’_67) 4r 9z 7.62)
OH | Ov,
TR -———(H_va) H, * e (7.6.3)
de _ -
E + -é—x—(gv,) =0 y H;,; =const . (764)

Here p is the pressure, p is the mass density, v, and H, are, respectively, the
components of the velocity and of the magnetic field intensity along the « axis,
and v, and H  are the vector components of the vectors v and H perpendicular
to the direction of propagation of the wave. We have already shown in Sect.7.5
that [even if allowance is made for the reversible magnetization of the medium,
p = p(o, H?)] the equations of magnetohydrodynamics (7.6.1-4) are identical,
after a change of notation, to the equations of the one-dimensional dynamics of
an isotropic nonlinearly elastic body.

The system written above has particular solutions in the form of simple
waves: Alfvén, fast, and slow magnetohydrodynamic waves in the presence of a
constant component of the transverse magnetic field [7.33]. We exclude rotational
Alfvén waves from consideration, assuming that the oscillations of the magnetic
field take place in a fixed plane passing through the direction of propagation of
the wave. If the constant component H ) tends to zero, the speed of the fast
magnetohydrodynamic wave tends to the larger of the speeds a2 = /H2 /47 o,
ap = \/W, and the speed of the slow wave tends to the smaller of these
speeds. To simplify the terminology in what follows, we shall speak of the
interaction of the transverse and acoustic waves. Therefore the transverse waves
will be either the fast or slow magnetohydrodynamic waves for ap > ap or
aa < ayp, respectively, and will have a characteristic speed or propagation aa,
and the acoustic waves will have speed ap. We rewrite the system (7.6.1-4)
in terms of the Lagrangian coordinates ¢ and £, where ¢ coincides with the
coordinate z in the absence of waves, when the density of the gas is go. The
equation of continuity then takes the form o(d¢ + dw) = go d€, where w =z — &£.
Eliminating v, from (7.6.2,3), from the system (7.6.1-4) we obtain

& ow &
o |(1+5¢) 7o =g

o, 5 m (7.6.5)
*e" 06( T )
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Assuming that the motion of the gas is isentropic, for the dependence of
the pressure on the specific volume V = p~! we use the expression which
approximates the adiabat with accuracy up to terms of the second order inclusive:

2
ao
pP=po— (Vo) V-W+—5 2V3 —2_(V — Vp)?, a, po, Vo, bp =const . (7.6.6)

The desired system, obtained from (7.6.5) using (7.6.6), has the form

02 262h=_£(h8w) , h H_L

TR T 3 H,

10
5~ dge = [”3(@5) ”3"’2]

We shall seek periodic solutions of the system of equations (7.6.7) satisfying
the boundary conditions

(7.6.7)

h=0, w=0 for £=0 ;

7.6.8
h=hpsinwt , w=0 for £€=L . ( )

The conditions (7.6.8) correspond to the fact that the boundaries of the layer are
assumed to be stationary, a periodic electric current passes through the boundary
¢ = L, and the boundary £ =0 is assumed to be a dielectric.

Far from resonance, both in the speed of sound and in the Alfvén speed,
i.e., when [2wL/ap — nw| > ¢, |[wL/aa — mn| > €, where m and n are
integers and ¢ < 1, the solution of (7.6.7) for a small amplitude of the current
at the boundary £ = L with the boundary conditions (7.6.8) will be described
by a standing transverse wave with amplitude of order e, which leads to the
appearance of gas-dynamical oscillations of order e2:

h = hoA(£) sin —— A(€) = sin(wé/anp) , (7.6.9)

,\(L) ’
w = (16w\* (L))~ hjan{(an/a0) (€L~ M2L) — A(26)]

+ a} (a3 — a%)7" cos 2wHA(2€) — A2L) sin(2wé /ap)/ sinwL/ag)]} .
(7.6.10)

In the neighborhood of a resonance in the Alfvén speed, |wL/ax —mn| S ¢,
the expression (7.6.10) does not correctly describe the behavior of the oscillations,
since the amplitudes of the oscillations of the magnetic field increase without limit
according to the linear theory. An analogous situation occurs near a resonance in
the speed of sound, i.e., for [2wL/ay — nx| < ¢, since according to the equation
of continuity the expression (7.6.10) then gives unbounded amplitudes of the
oscillations of the density.

The point is that (although between the nodes of the standing wave the non-
linear terms are small, as before) near the nodes of the waves the nonlinear and
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the linear terms are of the same order of smallness. Near a resonance, fulfillment
of the boundary condition at £ = L occurs near a node, since at resonance there
is an integer number n of wavelengths in the layer. Therefore the form of the
waves at resonance will be determined essentially by the nonlinear terms of the
solution subject to the boundary conditions at £ = L.

7.6.2 Investigation of the Form of the Oscillations Near a Resonance

We shall investigate resonant oscillations when the speeds of propagation of
the acoustic and transverse waves are similar, i.e., we shall find the asymptotic
behavior of the solution of the problem (7.6.7, 8) under the assumptions

h~e , ag'lao—aa|Se , |Lwfag—N7|Se . (7.6.11)

In the first approximation, the oscillations at resonance will be described by the
expressions

wy = f(t+€/a0) — f(t—€Jao) , h1=pt+E/an) — ot —E/an) (7.6.12)

We shall find the form of the functions f and by means of a nonlinear solution
with boundary conditions at £ = L. We substitute the expressions (7.6.12) into
the right-hand side of (7.6.2) and find the next approximation for w and h. In
calculating the values w, and h; of the second approximation on the boundary
¢ = L with accuracy up to infinitesimals of order higher than the second in e,
we replace Lw/ap by N7 and aa by ao.

Suppose that, by definition, L/ag = Nw™'n(l + Af/2) and L/an =
w Nz + A,[4), where Ay ~ ¢ and A, ~ ¢ in view of the conditions
(7.6.11). Then because of the periodicity of ¢ and f with periods 27 /w and
7 Jw, respectively, for the values of w; and h; on the boundary { = L we have

w1 =w 'NrAsf't+ NnJw) , hi1=A,N7p'(t+ Nrjw)/2w ,(7.6.13)

where the primes indicate derivatives of the functions with respect tp their argu-
ments.

At £ = L, the conditions w; +wy = 0 and hy + hy = hg sinwt must hold. From
the first of these conditions, we obtain, using (7.6.13), the equation

245 ') + aolp*(®) + B(F' (1)) /a5 + A1 = O . (1.6.14)
We find the constant A by integrating the left-hand side of (7.6.14) over a period

wfw

mAfw=— / [o? + B f2 a1 dt .
0

From the boundary condition for h, we obtain

Agpt) + ag ' f' (1)) + (=1)N2hg cosut /rN) = 0 . (7.6.15)
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We write A, — Asa3 /b = d. For convenience in analyzing (7.6.14, 15) for d# 0
we introduce instead of f' and ¢ the new functions F' and &, and instead of the
given constants A,, Ay, ho, and N the new constants {2, yo, and X, defined as
follows:

2fl _ —
ER-F.Q , QEdl(A¢+Afa%boz) )
_ 2pag _ 4hoao
&= i W=y (7.6.16)
y=(=DNycoswt , T=wt ,

T = dl[-A+ Ap(ao/bo)*1(bod) ™2 .

(The case d = 0 is considered below.) Then from (7.6.14, 15) we obtain equations
for @ and F, and a relation between them:

(F2=12+y? —4Z(F+1)*=0 , (F+1)d+y=0 , (7.6.17)
QP +y)+d* — 459> =0 . (7.6.17")

For given 2 and yo, the positive constant X' can be found from the condition
02"(F — §2) dr = 0, which follows from the definition of F' in (7.6.16) and the
periodicity of f.
According to (7.6.17), we can easily construct the family of curves F'(y, X)
for various values of the parameter X' [Fig.7.6(A)]. In the plane of F' and y, on
the two curves defined by the equation

(FP—1D)(F+1)?—y?=0 , (7.6.18)

the derivatives dF'/dy become infinite. [For fixed y, (7.6.18) has only two real
roots.] The critical trajectory corresponding to X' = 1,

(F+1)3(F=3)+y*=0 , (7.6.19)

separates the closed curves with no self-intersections (0 < X' < 1) from curves
having the form of a nonsymmetric “figure of eight” with a point of self-
intersection at F = —1. For these curves, X > 1. In Fig.7.7(A) we show the
qualitative character of the family of curves ¢ = &(y, ) defined by (7.6.17').

The parameter (2 characterizes the difference of the oscillation frequency
from the resonance frequency. We shall find the relation between (2 and X by
means of the condition

Yo

27
1
/(F— Ndr=0 or — / F(y,Z)——dy— = .
™ 2 _ .2
0 —Yo Yo~V
In the (F,y) and (®, y) planes, we draw the lines y = typ [according to (7.6.16),
yo is proportional to the oscillation amplitude hg]. These lines are tangential to
two curves from the family (7.6.17) at the points F' = F} and F = F_, where F,
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Fig.7.6. (A) Family of curves F' = F(y, X) [see (7.6.17)]. (B) Evolution of the discontinuous
solutions for F' in the case yo < /27 for 2 € (23, £2;)

Fig.7.7. (A) Family of curves ¢ = &(y, X). (B) Evolution of the discontinuous solutions for &
corresponding to the solutions for F' in Fig.7.6

and F_ are the positive and negative roots of (7.6.18), respectively. We determine
the corresponding values of X, and Y. by means of (7.6.17):

28, =F*_F, , 2¥_=F2—-F_ .

Let us consider the change in the qualitative character of the oscillations as
12 varies from +0o to —oo under the condition yo < v/27 (yo = v/27 corresponds
to the vertical tangent to the critical trajectory X = 1). In the interval 2 > {2y,
the oscillations are smooth. In order to find the value of £2; corresponding to
X+, we introduce the indefinite integral

¢(F,Fi)52/p(g—;) dF |
P

where F4 is equal to either F} or F._.
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For Y = X, we have
dy 2(F +F, —1)dF
\/yg — 2 VEF+EP+AF - 1)\ 2(F2—F,) - (F—1)?

dr|g=—

Then from the definition of ¢ we have

=y (1+V2F - F), F.) - $(F,, F) .

In the interval (§23, £21), continuous oscillations are impossible, and continuous
motions reappear only when

2 < 25, —n =9 (1-VAF=Fy), ) - $(F,F) .

In the interval (£23, 21), we shall construct discontinuous solutions on the ba-
sis of the following requirements: (1) in magnetohydrodynamics, discontinuities
of rarefaction are impossible, since they correspond to transitions with a decrease
of the entropy [7.33] without supply of heat; (2) the shock waves are weak, so
that on the breaks we can neglect the discontinuity of the entropy. It follows from
this that a break is admissible only from one branch to another branch of the
curves F(y, X) and &(y, X) for a fixed value of X' (along the curves X = const
the value of the entropy does not change).

The oscillations of the density are described by the function

e~ o0 =—o/alf'(t+&/a0)+ f'(t — &/a0)] .

This solution consists of two waves, traveling in opposite directions. It follows
from the requirement (1) that the function f' on the cut must fall off with
increasing t. Therefore as 7 increases on the cut the function F' = 2f'/aod + 2
must fall off for d > 0 and rise for d < 0, and, according to the corollary of
the condition (2), the discontinuity connects different branches of the nonunique
curve F' = F(y,X). In Fig.7.6(B) we show the evolution of the discontinuous
solutions for F' over one period in the interval (£23, §2) for yo < V27, which
are constructed by means of segments of the closed curve F' = F(y, X,) with
X+ < 1. The direction of increase of = for d > 0 corresponds to passage through
the breaks with decreasing F', and for d < 0 the direction must be chosen
so that F' increases at the breaks. In Fig.7.7(B) we show the corresponding
discontinuous curves @(y) over a single period in 7. The discontinuous curves
for @ must be traversed in the direction consistent with the direction taken for the
discontinuous curves for F. In the interval ({23, £2;), the discontinuous solutions
for the density are qualitatively similar to the near-resonance oscillations of a
gas in a closed tube excited by periodic motion of a piston [7.39,43]. The break
in F becomes most intense for {2 = 2;, when there is a resonance in the speed
of sound, §2; = (21 +923)/2 [see Fig. 7.6(b)]. Then the corresponding curve &(y)
is continuous, with a break in the derivative at y = 0 [Fig.7.7(b)]. In the interval
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Fig.7.8. (a) Continuous oscillations of F for £2 € (§25,§23), yo < V27; (b,c,d,e) evolution of the
discontinuous solutions for F' for §2 € (£29, §25)

Fig.7.9. Form of the oscillations of & corresponding to the oscillations of F' in Fig.7.8

124 < §2 < {2, the solutions are again smooth. The value {24 corresponds to the
value X' = 1:

F
.Q4=4/F JF+D2 — F)dF
A VBB i+ (F+ AF - 3)

Here Fi is the smaller root of (7.6.19) for y = yo. For §2 = 24, the solutions
for F' and & have vertical tangents at y = 0 and are described by the part of
the curve (7.6.19) for y < yo. In the region 25 < 2 < §24, the solutions for ¢
have Alfvén breaks, where & changes sign without a change in its magnitude. At
these points, the function F' has a break in its derivative. Here {25 = yp(—F_ —
21 - F_), F_) —y(~-1,F.).

In Figs. 7.8(a) and 7.9(a) we show the evolution of the continuous oscillations

of F' and & in the interval ({25, £23).
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For 2 < {2, the Alfvén breaks become weak magnetoacoustic shock
waves, which will be present in the solution up to 2 = %, where 7} =
) (1 —\J2F2 - F), F_) — (F_,F_). These discontinuous solutions are
constructed from segments of the curves F = F(y,X_), & = &(y,X_). In
the interval 25 < 2 < f2, the evolution of the discontinuous solutions for
the functions F' and & is shown in Figs. 7.8 (b,c,d,e) and 7.9(b, c,d, €), respec-
tively. The rule formulated above for the direction in which the discontinuous
curves are traversed remains valid here. Besides weak magnetoacoustic shock
waves, the oscillations of @ have Alfvén breaks, and the oscillations of F' have
weak breaks 1in the interval (§27, %), where w827 = p(F_, F_) — ¢(~1, F_) and
282 = (27 + 2. The oscillations of F' and ¢ have breaks of maximum intensity
for 2 = {2 and 12 = §2, 282 = £25+ £27. All these values of {2 can be expressed
in terms of F} and F_ using Jacobi elliptic integrals. The parameters F} and F_
in turn can be expressed in terms of yo as the roots of the fourth-degree equation
(7.6.17).

For yp > \/2_7', the pattern of oscillations is somewhat different. In this case,
2, can be expressed in terms of F\, just as in the case yo < /27, and the
expression for {23 has the form (F}, F}) — (-1, F}). In the interval (22, £23),
the oscillations have not only magnetoacoustic breaks but also Alfvén breaks
for ¢ and weak breaks for F' when y = 0. In Fig.7.10(a,b,c) we show the
evolution of the curves F' = F'(y) for £ > {2 > (2. In the interval (§23, {%),
the oscillations for yo > /27 are qualitatively similar to the oscillations for
yo < V27 in the interval (124, £2).

If the curves F' = F'(y) and & = $(y) represented as functions F' = F(r) and
@ = &(7) for various values of {2 from (2 to 2, we obtain the picture of the
evolution of the oscillations in the density and magnetic field intensity shown
in Figs.7.11(a, b) and 7.12(a, b). Figure 7.11(a, b) corresponds to yo < V27, and
Fig. 7.12(a, b) corresponds to yp > V27 for d > 0. In order to obtain the picture
of the evolution of the oscillations for d < 0, we must make the transformation
7' = —7. We stress that in Figs. 7.11(a) and 7.12(a) the average value of F' over
a period is equal to 2, and in Figs.7.11(b) and 7.12(b) the average value of ¢
over a period is equal to zero.

We now describe the form of the oscillations in the case d = 0. We introduce
the new notation

3\ —1/2 -1/2
FE(%) flea 455(%) o) |

yoao \~'/*
A=|=4— Ap .
(bo) i

Then (7.6.14, 15) can be rewritten in the form

2
Fé+cost=0, HF+F=58 6 Y= [(&A—L) -—A] Yo .(7.6.20)
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Fig. 7.11. Evolution of the form of the oscillations of the density [curves (a)] and of the magnetic
field intensity [curves (b)] as §2 varies for yo < V27
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For a given value of A, the required value of X' can be found from the require-
ment

/(F — A)dr=0 . (7.6.21)
0

Qualitatively, the evolution of the oscillations in this case is similar to the
evolution of the oscillations for d > 0 in the interval from 29 to §2, and then the
picture goes in the opposite order (from (J to {29). Therefore the entire range
of variation of A can be divided into eight parts.

I) For 1A > 4 (i. e., in the case of continuous oscillations), from (7.6.20,21)
we readily obtain

26 =X —2cosT — VX +2cosT |

(7.6.22)
2F =X —2cosT+VX +2cosT .

According to (7.6.21), the constant X' in (7.6.22) must be found from the equation
4E(w) = TpA (7.6.23)

where E(u) is the complete elliptic integral of the first kind. Equation (7.6.23)
has a unique solution for 7A > 4.

II) For |rA| < 4, breaks occur for 7 = —6p + wk. We shall describe the
solutions only in a half-period, since the magnetic field intensity in the other
half-period has the opposite sign and the perturbation of the density has period
«. For brevity, we introduce the notation

s=sint/2 , c=cosT/2 .

In the interval 2v/2 < 7 A < 4, the solution has the form & = s —c, F = s+c
for —fp < 7 < w--6p. The point of the break 6 lies in the interval 0 < 6y < 7/2,
and mA =4cosby/2.

II) For 4(v2 — 1) < 1A < 2v/2, the point of the break 6, lies in the
interval w/2 < 6y < w,and 7 A = 4(\/2 — sin(fy /2)). The solution of the system
(7.6.20) has the form & = +(s — ¢), F' = £(s + c), where the upper sign is
taken for the interval =/2 > 7 > m — 6, and the lower sign for the interval
T—6>71>—7/2

For A = +4(v/2 — 1), the solution of (7.6.20,21) has Alfvén breaks for
7 =m/2+ wk and weak breaks for r =7k (k =0, £1,...).

IV) For 0 < A < 4(\/5 — 1), the point of the break 8 lies in the interval
/2 < 6p < m, and T A = 4[sin(6y/2) + cos(6p/2) — 1]. The solution has the
fom@=s5s—-¢c, F=s+cforO>7>—-G,andd=c—s, F=—s5s—¢for
—8y > 7 > —n. When A =0, the solution has the form ¢ =s — ¢, F = s+ ¢ for
—r <7 <0

V) In the interval —4(\/5 —1) < 1A <0, the point of the break is determined
by the equation 7A = 7(1 — cos(fp/2) — sin(6p/2)) (0 < 6y < w/2). Here the
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Fig. 7.12. Evolution of the form of the oscillations of the density [curves (a)] and of the magnetic
field intensity [curves (b)] as £2 varies for yp > /27

solution is @ = +(s — ¢), F' = +(s + ¢) (the upper sign for —7 < 7 < —6p, and
e lower sign for —6p < 7 < 0).

VD) For —2v/2 < 1A < —4(v/2 — 1), we have 7A = —4(v/2 — sin(6o/2)),
and the point of the break 6, lies in the interval 0 < 6y < 7 /2. The solution has
thefom @ =s+c, F=s—cfor -y <7< nf2,and b= ~(s+c), F=c—s
for r/2 <7 <7 — 6.

VII) For -4 < 7A < —2+/2, for the determination of 6, we have 7A =
—4sin6y/2, w/2 < 6y < =. The solution here is $ = s+¢, F = s — ¢ for
b6y < T <7 — 0

VIII) For m A < —4, the solution again becomes continuous:

=

26 =vX +2cosT — VX —2cosT
—2F =vX+2cosT++X —2cosT ,

where X' can be found by means of (7.6.23) with A replaced by —A.
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