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PREFACE

A binary error-correcting code of length 7 is just a subset of the vector
space F} and linear codes are subspaces of F3. The vectors in a code are
called codewords and the Hamming distance between two codewords is the
number of positions in which they differ. The rate of a code of length = is
defined to be the logarithm to the base 2 of the number of codewords in the
code divided by n. One of the fundamental problems in coding theory is to
construct and study codes of length n with large rate subject to the condition
that the minimum of the distances between any two different codewords is
some given integer d, the minimal distance of the code.

Historically, linear codes have been the most important codes since they
are easier to construct, encode, and decode. Around 1970 several binary non-
linear codes having at least twice as many codewords as any linear code with
the same length and minimal distance have been constructed. Among them
are the Nordstrom-Robinson code, the Preparata codes, the Kerdock codes,
the Goethals codes, the Delsarte-Goethals codes, etc. However, these binary
nonlinear codes are not so easy to describe, to encode and decode as the linear
codes. It is also discovered that the weight enumerator of the Preparata code
is the MacWilliams transform of that of the Kerdock code of the same length,
though they are not dual to each other, which seems to be a mystery in coding
theory.

A surprising breakthrough in coding theory is that the Kerdock codes can
be viewed as cyclic codes over Z4 (Nechaev (1989) and Hammons et al. (1994))
and the binary image of the Z4-dual of the Kerdock code over Z4 can be
regarded as a variant of the Preparata code (Hammons et al. (1994)). This
leads to a new direction in coding theory, the study of cyclic codes over Z,.

This book aims to be an introduction to this new direction. The first draft
was prepared for several lectures at the Department of Mathematics, Shaanxi
Normal University, Xi’an, China in May 1996 and the second draft for a series

vii



viil Preface

of lectures at the Department of Information Technology, Lund University,
Lund, Sweden. Then these drafts were revised completely to the present form.
The Hensel lemma and Galois rings which are important tools for the study
of Z4-codes are included. The Gray map being a connection between Z4-codes
and their binary images is introduced. The quaternary Kerdock codes and
Preparata codes and their binary images are studied in detail. The construction
of lattices from Z4-codes and the weight enumerators of self-dual Z4-codes are
mentioned. To read the book only a rudiment of binary codes is necessary.

The author is indebted to Rolf Johannesson who supported the author’s
work in many aspects and created an active and productive atmosphere in the
Information Theory Group in Lund where the present book was written. The
author is also indebted to Anupama Pawar K. and Babitha Yadav for their
beautiful typesetting and to E. H. Chionh for her helpful and careful editorial
work. Without their support and help the book could not have appeared so
soon.

Zhe-Xian Wan
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CHAPTER 1

QUATERNARY LINEAR CODES AND
THEIR GENERATOR MATRICES

1.1. Definition

Let Z4 be the ring of integers mod 4, n be a positive integer, and ZJ be the
set of n-tuples over Zy, i.e.

ZZZ{(II)"'yzn)lziGZ‘i fOI‘ i=1,...,n},

The all “0” n-tuple (0,...,0) and the all “1” n-tuple (1,...,1) will be denoted
by 0™ and 1™, respectively.

Any non-empty subset C of Z7} is called a quaternary code! or, simply and
more precisely, a Z4-code or a code over Z4, and n is called the length of the
code. n-tuples in Z} are called words and n-tuples in a quaternary code C are
called codewords of C.

Let both C and C’ be quaternary codes of length n. If ' C C, €’ is called
a subcode of C.

For all (z1,...,z,) and (y1,...,yn) € Z7 define a componentwise addition

(zly"'yzn)+(y1)"'7yn)=(zl +y1)"')z‘n+y‘n))

then Z} becomes an additive abelian group of order 4™.
Any subgroup of Z} is called a quaternary linear code, or simply, Z4-linear
code.

1 There is some ambiguity in the terminology “quaternary code”, because codes over F,2 are
also called quaternary codes. But in this book quaternary codes always mean codes over Z4.



2 Quaternary Codes
For all x = (xy,...,z,) and y = (y1,.-.,¥n) € Z} define

Xy=ziy1 + -+ ZTaln,

which is called the inner product of x and y. If x -y = 0, then x and y are
said to be orthogonal
Let C be a quaternary linear code of length n. Define

Ct={x€Z}|x y=0forally € C}.

It is easy to verify that C* is a subgroup of Z7. Hence C* is also a quaternary
linear code, called the dual code of C. If C C C*, C is called a self-orthogonal
code. If C = C*, C is called a self-dual code.

Two quaternary codes C, and C, both of length n are said to be equivalent,
if one can be obtained from the other by permuting the coordinates and (if
necessary) changing the signs of certain coordinates. Quaternary codes differ
only by a permutation of coordinates are said to be permutation-equivalent.
The automorphism group Aut(C) of a quaternary code C is the group generated
by all permutations and sign-changes of the coordinates that preserve the set
of codewords of C.

Let us recall that an additive abelian group of prime power order p™,
where p is a prime and m > 0, can be written uniquely as a direct sum of m,
cyclic subgroups of order p¢1, ... , and m, cyclic subgroups of order p-, where
my, ey, ..., M,, & are positive integers and e; > --- > e,. Then we say that
the group is of type (p1)™ --- (pt~) ™. Clearly, m = mie; + - + m,e,. We
also agree that an abelian group consisting of the identity element alone is of
type p°

For example, the additive group Z7 is of type (22)™, since it is a direct
sum of n cyclic subgroups of order 22. We have

z; =+ {(o,...,o,ai:,o,...,o) |Q:GZ4},
where each
{(0,...,0,$)0,...,0)|$€Z4}

is a cyclic subgroup of order 22

A quaternary linear code is a subgroup of some Z3, where n is the length of
the code, and its order is a power of 2. So we can say the type of a quaternary
linear code. Clearly, equivalent quaternary linear codes are of the same type.
The type of a quaternary linear code is of the form (22)™, (22)™i2m2 om
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or 2°. In the following we simply write the type (22)™ as 4™ and the type
(22)ym12m2 g5 gm19m2,

Z4 has only three subgroups, which are of type 4!,2!, or 2°, respectively.
Thus there are three quaternary linear codes of length 1, and they are

{(0), (1), (2), 3}, {(0), (2)} and {(0)}.

Now let us enumerate the quaternary linear codes of length 2. Clearly,
subgroups of Z3 are of type 42, 412!, 22, 41 2! or 2°. There is only one
quaternary linear code of length 2 and type 42, which is Z? and is generated
by the rows of the 2 x 2 matrix over Z,

(0 1)

This matrix is called a generator matriz of the quaternary linear code Z2.
There are four subgroups of Z32, which are of type 4'2! and each of them
is generated by the rows of one of the following 2 x 2 matrices

(02) (o) (oa) o)
(o 2) = (o 2)

generate the same subgroup, so the second matrix is not listed. The quaternary
linear codes generated by the first matrix and the second matrix, respectively,
are permutation-equivalent; so are the quaternary linear codes generated by
the third matrix and the fourth matrix, respectively. Therefore there are only
two inequivalent quaternary linear codes of length 2 and type 4'2!.

There is only one quaternary linear code of length 2 and type 2%, which
has a generator matrix of the form

(o 2)
0 2
This is a self-dual code.
Quaternary linear codes of length 2 and type 4! are generated by any one
of the following 1 x 2 matrices:

Clearly

(1 0),(01), (11)(2),(21),(13),(31).
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Clearly, the first two matrices generate permutation-equivalent quaternary lin-
ear codes, so are the fourth and fifth matrices, and the sixth and seventh
matrices. Moreover, the quaternary linear codes generated by the third and
sixth matrices are equivalent. Therefore there are three inequivalent quater-
nary linear codes of length 2 and type 4!

Quaternary linear codes of length 2 and type 2' are generated by any one
of the following 1 x 2 matrices:

(2 0), (02), (22).

Clearly, the first two matrices generate equivalent quaternary linear codes.
Therefore there are two inequivalent quaternary linear codes of length 2 and
type 2! Both of them are self-orthogonal.

Finally there is only one quaternary linear code of length 2 and type 2°,
which is {(0, 0)}.

Therefore altogether there are 1+ 2+ 1+ 3+ 2 + 1 = 10 inequivalent
quaternary linear codes of length 2.

1.2. Generator Matrices

Throughout the book if it is clear from the context we make the convention
that the elements 0 and 1 of Z, are regarded also as elements 0 and 1 of
Z,4, respectively, a word x = (zy,...,Zn) € Z} is also regarded as a word
x = (z1,...,%,) € Z%, and a Zy-matrix M (i.e. a matrix over Z,) is also
regarded as a Z4-matrix (i.e. a matrix over Z4). Thus if M is a Z,-matrix
then 2M is a well-defined Zs-matrix.

Let C be a Z4-linear code of length n. A k x n matrix G over Z, is called a
generator matriz of C if the rows of G generate C and no proper subset of the
rows of G generates C.

Proposition 1.1. Any Z,-linear code C containing some nonzero codewords
15 permutation-equivalent to a Zy-linear code with a generator matriz of the

form
I.,, A B
: (1.1)
0 2L, 2C

where Iy, and Iy, denote the k1 x ky and ky X ky identity matrices, respectively,
A and C are Zy-malrices, and B is a Zs-matriz. Then C is an abelian group
of type 4¥12%2  C contains 22¥1+%2 codewords, and C is a free Zy-module if and
only if ks = 0.
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Proof. We apply induction on the code length n. We distinguish the following
two cases:

(a) There is a codeword of order 4 in C. After permuting the coordinates
of the codeword and (if necessary) multiplying the codeword by —1, we can
assume that the codeword of order 4 is of the form

(1,¢2,...,¢n).

Let
C' = {(0,z2,...,7,) €C}.

Clearly C’ is also a Z4-linear code and can be regarded as a code of length n—1
by deleting the first coordinate. By induction hypothesis, C’ has a generator

matrix of the form
<0 Loy A B )
0 0 2L, 2¢)°

where A, and C are Z; matrices and B, is a Z4 matrix. Then C has a generator
matrix of the form

€2 Cky  Cki+1" " " Chkit+ks Cki+ka+1l " Cn
0 I A B,
0o 0 21, 20

After adding a certain linear combination of the last k) + k; — 1 rows of the
above matrix to the first row, we can assume that it is carried into a matrix
of the form (1.1).

(b) There is no codeword of order 4 in C. Then all nonzero codewords in C
are of order 2. Since C # {0™}, there is a codeword of order 2 in C. As in (a)
we can assume that this codeword is of the form

(2, 2C2, .. .,2Cn) .

Define C’ as in (a). Then C’ is also a Z4-linear code without codewords of order
4. C' can be regarded as a code of length n — 1. By induction hypothesis, C’
has a generator matrix of the form

(0 21,y 2Cy),

where C) is a Z, matrix. Then € has a generator matrix of the form

<2 2¢y -+ 2k, 2ck2+1-»-2cn>
O 21k2—l 201
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After adding a certain linear combination of the last k; — 1 rows of the above
matrix to the first row, we can assume that it is carried into a matrix of the
form

(21, 2C),
which is a matrix of the form (1.1) with k) = 0. a
Let uy,...,ur, € Zg and ug,41,..-,Uk,+k, € Zg. We may regard
ULy e ooy Ukyy Uky+1y - - - > Uky+k, aS information symbols. Then encoding is car-
ried out by matrix multiplication
(’lLl,. .. ,ukl,ukl+1,. .. 7uk1+k2)G-

Proposition 1.2. The dual code Ct of the Z4-linear code C with generator
matriz (1.1) has generator matriz

—B G C T_s_
( k1 ’“) , (1.2)

24 21y, 0

where n is the code length of C. C* is an abelian group of type 4™~ k1—kak:
and Ct contains 22"~ 2%1~%2 codewords.

Proof. Denote the Z,-linear code with generator matrix (1.2) by ¢’ Clearly
C'cCt. Let c=(cy,ca,...,cn) € CL. After adding a certain linear combi-
nation of the first n — k; — ko rows of (1.2) to c, we can obtain a codeword of
C*t, which is of the form

I
c _(cl1"'7cklyck1+11"'7ck1+k2)07"'70)'

Since ¢’ is orthogonal to the last k; rows of (1.1), each of ¢k, 41, .-, Ck, 4k, 1S
0 or 2. After adding a certain linear combination of the last k; rows of (1.2)
to ¢’ we can obtain a codeword of C1, which is of the form

<" =(c1,...,ck,0,...,0).
Since ¢” is orthogonal to the first k) rows of (1.1), ¢; = - -- = ¢x = 0. Therefore
ce(. a

The matrix (1.2) is called a parity check matriz of the Z4-linear code C
generated by the rows of the matrix (1.1). A word ¢ = (c1,...,cn) belongs to
C if and only if c is orthogonal to every row of (1.2).
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Corollary 1.3. Any self-dual Z4-code of length n contains 2 codewords.

Proof. Let C be a self-dual Z4-code of length n with generator matrix (1.1).
By Proposition 1.1, |C | = 22¥1+*2 and by Proposition 1.2, |[C1 | = 22n—2ki—k2,
Since C+ = C, we have 227—2k1—k2 — 92k1+k2  Therefore n = 2k; + k, and
Ic| =2 0

1.3. Examples

Example 1.1. Let K4 denote the Z,-linear code with generator matrix

SO O =
S N =

1 1
0o 2. (1.3)
2 2
By Proposition 1.1, K4 is of type 4'2? Therefore | K4 | = 16. It follows from
Proposition 1.2 that K is also of type 4!22. Therefore |Kf | = 16. It is

obvious that any two rows of (1.3), distinct or not, are orthogonal. Therefore
K4 C Ki. Hence Ky = Kf and K, is a self-dual code. 0

Example 1.2. Let €, be the Z4-linear code with generator matrix
1 1 11
(1.4)
0 2 0 2
It is clear that C, is self-orthogonal. By Proposition 1.1, C; is of type 4!2! and

by Proposition 1.2 Ci- is of type 422!. Ci- has generator matrix

11
21
2 2

O O =
O =
—_
—
ot
=

Example 1.3. Let Og be the Z,-linear code with generator matrix

1000 3 1 21
01 001 2 31
(1.6)
0 01 03 3 3 2
0001 2 311
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By Proposition 1.1 Oy is of type 4* and then by Proposition 1.2 O is also of
type 4° It is easy to check that any two rows of the generator matrix, distinct
or not, are orthogonal. Therefore Og = OF-, i.e. Oy is self-dual. Og is called
the octacode. O

Example 1.4. Let Kg be the Z4-linear code with generator matrix

S O O O O O =
S O O O O NN o=
S O O O N O =
O O O N O O =
O O N O O O =
O N O O O O =
MO O O O O =
B NN N

—_

—

-~

~—

By Proposition 1.1 Kg is of type 412% and then by Proposition 1.2 Kz is also
of type 4125, Clearly, any two rows of the generator matrix, distinct or not,
are orthogonal. Therefore Kg = K3 and Ksg is self-dual. O



CHAPTER 2

WEIGHT ENUMERATORS

2.1. Weight Enumerators of Quaternary Codes

Let C be a Z4-code and n be its length. Let a be an element of Zg, i.e.
a=0,1,2o0r 3. Forall x=(x),...,z,) € Z7, define the weight of x at a to
be

wa(x) = [{¢|z: = a}|.

Then the complete weight enumerator of C is defined to be the homogeneous
polynomial of degree n in four indeterminates Xy, X;, X7 and X3

WC(XOyleXLXS) = Z X(’)Uo(C) X;UI(C) X;”z(c) X;U:a(c) , (2'1)
ceC

(see Klemm (1987)).
Example 2.1. Let C; be the Z4-linear codes with generator matrix
(o 2)
0 2
Then |Cy | = 8 and C; consists of the following eight codewords

(0,0), (1, 1), (2,2), (3,3), (0,2), (1, 3), (2,0), (3, 1).

The numbers w,(c), where a € Z4 and ¢ € C are shown in the following table.
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Table 2.1.

wo w1 wy w3
0,0y | 2 0 0 0
(1,1) | o 2 0 0
2,2) | o 0 2 0
(3.3 | o 0 0 2
(0,2) 1 0 1 0
(1,3) | o 1 0 1
(2,0) | 1 0 1 0
(3,1) 0 1 0 1

Therefore by (2.1) we have
We, (Xo, X1, X2, X3) = Xe + XE+ X2+ X2 +2XoX2 +2X:1 X3, (2.2)
0

Example 2.2. Let K4 be the Z4-linear code introduced in Example 1.1. K4
has 16 codewords and the numbers w,(c), where a € Z, and ¢ € K4, are shown
in the following table.

Table 2.2.

3
<
g
g
[ V)
3
W

0000
1111
2222
3333
0202
1313
2020
3131
0022
1133
2200
3311
0220
1331
2002
3113

O N O N O NO N O NO NO OO N
NO N O N O N O NO N OO RO
O N OO NONO NO NO RO O
NO N O N O N O NO NO RO O o
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Therefore
Wi, (Xo, X1, X2, X3) = X§ + X{ + X} + X3 +6X2X2 +6X2X2. (23)
O
Let f be a function defined on Z3 with values in C[Xo, X1, X2, X3]. The
Hadamard transform of f, denoted by f, is defined by
fx)y=3" %Y f(y) forall xeZ}, (2.4)

yez:

where 1 = /—1.
Lemma 2.1. Let C be a Z4-linear code of length n. Then

> fx) = |C| > fx).

x€eCL xeC

Proof. We have

2 fe=3 3 W)

xeC xeC yEZ"
= E f(y) E 1Y,
YEZZ x€eC

Fory€(Ct,x -y=0andi*¥Y =i% =1 for all x € C, then the inner sum is
equal to |C|. For y ¢ C*, as x runs through C, either x - y takes values 0, 1,
2, 3 equally often or only values 0, 2 equally often. But % 43! +i%2 4¢3 =0
and ¢® + 12 = 0, so the inner sum is zero. Therefore

S i =1l 3 ). O

xeC yect

We have the following generalization of MacWilliams identity to Z4-linear
codes.

Theorem 2.2. LetC be a Z4-linear code, then

Wes(Xo, X1, X2, X3) = We (Xo + Xy + Xo + X3, Xo +1X1 — Xz —i X5,

|C|
Xo—X)+ Xy — X3, Xo —1iX, —X2+iX3).



12 Quaternary Codes

Proof. Let f(x) = X2t xp() X;Z(X)X;”(x) for all x € Z}. Let us
compute the Hadamard transform f(x) of f(x). By (2.4),

f(x) — Z ,L'x»yX(l)Uo(}') X]wx(y) X;vz(Y) X;”J(Y),

yEZ}

Clearly
(XY — gt Teve LgInYn

and for a € Z4,
wa(y) = 6a,y1 + 6a,y2 ++ 6a,y,,a

where 6 is the Kronecker delta. Then f(x) can be written as

. 0., Y 13 b3,y
f(x) = Z (’LIIleOO-JlX]éLJl X22vrn X33'”)
Y€Z}
X ( InynX‘SO ¥n X51 ¥n X62 lInX63 Jn)

T Y 60 w1 X‘Sl v1 X.22 vl Xgl’n) -
y1624

Yn €Z4
3 3
— (erlka) (lenka>
k=0 k=0
3 3 w; (x)
=] (Z iika> (2.5)
3=0 k=0

The last equality follows from the observation that when z, = j, Zi:o Il
Xy = 22:0 7% X}, and there are w,(x)’s z; equal to j, which contribute
together (Zizo 37k X yws (%)

For ¢ € C, f(c) = Xro© xw (o) x12(e) xws(®) " tpen by Lemma 2.1 and
(2.5), we have

WCJ- (XOy Xl; X2, XB) Z X(;UO(C)X;UI(C)X;UZ(C)X;UJ(C)

ceCt

> fle)

ceCt
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1 A
=7 f(c)
| | ceC
1 3 wolc) , 3 wy(c)
:ﬁ (Z ,L'Uka) (Z ,L'lka)
ceC k=0 k=0
3 wa(c) 3 w3(c)
() (e
k=0 k=0
1 3 3 3 3
=171 We ( > %Xy, > it X, > Xy, > %X, )
k=0 k=0 =0 =0

1
= mWC(XO + X+ X, + X3, Xo +1iX, — X, —1X3,

Xo— X1+ X2 — X3, Xo—1X) — X3 +1X3).

Theorem 2.2 is from Klemm (1987).

Example 2.3. Let
C3; ={(0,0), (2, 2)}.

Clearly, C3 is a Z4-linear code with weight enumerator
We, (Xo, X1, Xa, X3) = X§ + X3.

It is easy to verify that C§+ = C; where C; is the Z4-linear code appeared
in Example 2.1. By Theorem 2.2,

We, (Xo, X1, X2, X3) =Wea (Xo, Xy, X2, X3)
- %WCJ(XO F X 4+ Xp 4 Xa, Xo +iX) — Xy — i Xs,
Xo— X1+ X2 — X3,X0 —1X) — X2 4+1X3)
= %[(Xo + X1+ Xo 4 X3) + (Xp — X1 + X2 — X3)7]
=XG+ XP+ X7+ X3 +2X0X, +2X, X5,

which coincides with (2.2). 0
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Example 2.4. The Z,-linear code C; in Example 1.2 has eight codewords. Tt
is easy to compute the weight enumerator of C;.

We, (Xo, X1, X2, X3) = X¢ + X + X3 + X35 +2X¢ X7 +2X] X3
Ci has 32 codewords, but the weight enumerator can be computed by Theo-

rem 2.2.

Wes (Xo, Xy, Xa, X3)

1 . .
= chl (Xo+ X1+ X2+ X3, Xo +1X) — X2 —1X3,

Xo— X1+ X2~ X3,X0-1tX; — X2 +iX3)
1 . . .
= g[(Xo F X1+ X4 Xs)t + (Ko +1X) — Xy —iX3)*

+ (Xo - X1+ X5 - X3)4 + (Xo —1X; — Xo +iX3)4
4+ 2(Xo 4+ X1 4+ Xo 4+ X3)%(Xo — X; + Xy — X3)?
+2(Xg +1X) — Xo — 1X3)%(Xo — 1X1 — X2 +1X3)?] .

The complete weight enumerator of a Z4-code C is usually denoted by
cwee (X0> Xlw X27 X3) :WC(X07 Xl) X'Zv X3)
— Z XSUO(C)X;M(C)X;&(C)X;UJ(C) (2.6)
ceC

Permutation equivalent codes have the same complete weight enumerator
but equivalent codes may have distinct complete weight enumerators. The
appropriate weight enumerator for an equivalence class of codes is the sym-
metrized weight enumerator, obtained by identifying X, and X; in (2.6)

swee (Xo, Xl, Xg) :CW(éc()(o7 Xl, X-z, Xl)

— Z XSUO(C)X;”‘(CHMJ(C)X;’:(C) ’ (2_7)
cel

which is a homogeneous polynomial of degree n in Xo, X; and X, (see Conway
and Sloane (1993a)).

Example 2.5. The symmetrized weight enumerators of K4, C5 and C3 are:

swex, (Xo, X1, X2) = X§ +8X} + X3 +6X5X3, (2.8)
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swee, (Xo, X1, Xo) = X2 +4X? + X2 +2X0 X, (2.9)

and
swec, (Xo, X1, Xa) = X§ + X3, (2.10)
respectively. O

Example 2.6. The complete weight enumerator of the octacode Oy is
cweo, (Xoy X1, Xo, X3) = X8+ XP + X8+ X8 + 14X X3 + X1 xD)
+ 56 (X3XF X2 X5 + X3X, X, X3
+ Xo X7 X3 X3 + Xo X, X3X3) (2.11)
and the symmetrized weight enumerator of Oy is
sweo, (Xo, X1, Xo) = X8 +16X7% + X8 + 14X X}
+ 112X X{ Xo (X2 + X2). (2.12)
O

From Theorem 2.2 follows the following generalization of MacWilliams iden-
tity for swec.

Theorem 2.3. Let C be a Zy4-linear code, then

1
SweCJ_(Xo, Xy, Xg) = |——| Swec(Xo +2X1+ X, Xo— Xo, Xo—2X1 + Xg)
Proof. By (2.7) and Theorem 2.2,

SWeCJ_(.Xo, Xla X?) =Cwec. ('X07 Xl) X?) Xl)

1 .
|C|CWEC(X0+X1+X2+X1,X0+7,X1 XQ—IXI,
Xo— X1+ Xo — Xy, Xo—1X, —X2+iX1)

|C| CWQC(XO +2X1 +X2,X0 —Xg,

Xo—2X; + Xq, Xo —Xg)

SWGC(XO +2X1+ X2, Xo — X2, Xo—2X, + Xg)

1
~Icl -
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Example 2.7. The symmetrized weight enumerator of C3 is given by (2.10).
We know that C; = C;. Therefore by Theorem 2.3, we have

1
SW6C2(X0, Xl, Xg) = W swec3(X0 +2X, + Xo, Xo — Xy, Xo—2X, + Xg)

= % [(Xo + 2X1 + X3)? + (Xo — 2X1 + X2)?)
=X¢ +4X7 + X7 +2XoXo,
which coincides with (2.9). ]
The Lee weights of 0, 1, 2, 3 € Zg, denoted by wy,(0), wr(1), wr(2), wi(3),
respectively, are defined by
wp(0) =0, wp(l) = wr(3) =1, w(2) = 2.

The Lee weight wi(x) of X = (x1,...,%,) € Z7 is defined to be the integral
sum of the Lee weights of its components

wy(x) = Z wry (x;).

This weight function defines a distance function

du(x, y) = wL(x —y)

on Z7%, which is called the Lee distance.

Actually when we use Z4-codes in communication, the four alphabets 0, 1,
2, 3 are usually used to represent the signal points i = 1, i = ¢, 42 = -1, 43 =
~1, respectively, in the complex plane. Denote by d% (1%, i*) the square of the
Euclidean distance between i® and i*. Then

1 .
dp(a, b) = 5 dZ (3%, °).

More generally, to any x = (21, ..., Z») € Z} there corresponds a complex
vector
%= (%, 0.

For any x, y € Z7, the square of the Euclidean distance between ¢* and ¥ is
given by

dg(i*, 1Y) = Y dp(i®, ).
=1
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i

{
N

Fig. 2.1.

-1

Then )
dp(x, y) = §aﬂE(z"‘, ). (2.13)

This explains why we introduce the Lee weight and Lee distance in Z.
The Lee weight enumerator of a Z4-code C of length n is defined to be

Leec(X,Y) =Y XxPrwuleywele) (2.14)
ceC

(see Hammons et al. (1994)). It is obvious that
wr(x) = w) (X) + 2we(x) + w3(x) forall x € Zj.
From (2.7) and (2.14) we deduce that
Leec(X, Y) = swec (X2, XY, Y?), (2.15)

which is a homogeneous polynomial of degree 2n. From Theorem 2.3 follows
also the following generalization of MacWilliams identity for Leec.

Theorem 2.4. Let C be a Z4-linear code, then

1
Leecs (X, V) = ] Leec(X +Y, X = Y).
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Proof. By (2.15) and Theorem 2.3,
Leecs (X, Y) =swec (X2, XY, Y?)

ﬁ swec( X2 +2XY +Y? X?-Y? X2 -2XY +Y?)
ﬁ swee[(X + Y2, (X + V)X = V), (X - V)]
ﬁ Leec(X +Y, X -Y). O

The Hamming weight wy(x) of x € Z™ is defined to be
wi(x) = wi(x) + wa(x) + ws(x).
This weight function defines also a distance function
du(x, y) = wn(x —y)

on Zj, which is called the Hamming distance between x, y € Z}. The Ham-
ming weight enumerator of a Zs-code C of length n is defined to be

Hame (X, V) =) Xrwn(dywntd (2.16)
ceC
(see Conway and Sloane (1993a)). It is obvious that

Hame(X, Y) =cwe (X, Y, Y, V)
=swe.(X,Y,Y). (2.17)

We also have

Theorem 2.5. Let C be a Z4-linear code, then

Hame' (X, Y) = Hame(X +3Y, X - V). a

1
IC1
2.2. Krawtchouk Polynomials

Let n be a fixed positive integer, ¢ a prime power, and z an indeterminate.
The polynomials

Ki(z) = Ki(z, n) = zk:(—w (¢ — 1) <I> ("‘?), k=0,1,2.. .

(2.18)
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are called the Krawtchouk polynomials, where

z(z—=1) - (z—74+1 S
( ) ( J ), if 5 is a positive integer,

z 7!
j)_ 1, if j =0,

0, otherwise ,
see Krawtchouk (1929), (1933).
Let C be a code of length n over Fy, not necessarily linear. For any ¢ =
(c1,¢2,...,¢n) € C, define the Hamming weight of ¢ to be

w(c) = |{jlc; # 0}
Let A; be the number of codewords of Hamming weight 7 in C, then {Ao,
Ay, ..., ApY} is called the weight distribution of code C. Define

We(X,Y)=> A XY
1=0
and call it the weight enumerator of code C.

Proposition 2.6. Let C and C' be codes of length n over Fy, and A; and A;
be the number of codewords of weight 1 in C and C', respectively. If

1
Wor(X,Y) = 57 We(X +(g= DY, X = V), (2.19)
then N
1
Ap = Xl > AKW(), k=0,1,2,...,n, (2.20)
1=0

and conversely.

Proof. By definition,

We(X+(g-1DY,X-Y)=) AX+(g-DY)"(X-Y)

s

l
o

1

Expanding, we obtain

Wo(X+(g-1)Y, X -Y) =S 4 (n;z> X" ((g-1)YY
1=0

1)1 (;) yi-lyt

2
-

[
Il
(=]

X
—
|
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s g even ()(5)

Therefore (2.1 ) holds if and only if (2.20) holds. O

In particular, let C be a linear code of length n over F, and C* be its dual
code, then their weight enumerators We (X, Y) and W (X, Y') are connected
by the MacWilliams identity

Wer (X,Y)= — We(X +(g-1)Y, X - Y).

IC [C]
Thus by Proposition 2.6 their weight distributions {Ag, A1, ..., An} and {4f,
Al,..., AL} are connected by (2.20), in which the values of the Krawtchouk
polynomials appear.

It 1s worthwhile to exploit some properties of the Krawtchouk polynomials.
First, the generating function of the Krawtchouk polynomials is given by

Proposition 2.7. (Generating Function) Let z be an indeterminate, then

Z Ki(z)z2F =1+ (g—1)2)""= (1 - 2)°. (2.21)
When £ =1 is a non-negative integer < n,

> Ki(i)2F = (1+(g-1)2)"" (1 - 2)° (2.22)

k=0

Proof. We have the binomial series

(4= =3 (”‘) (- 1)2),
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Multiplying the above two expressions together, we obtain

When z = ¢ is a non-negative integer < n, all the summations in the above
deduction are finite and finally we obtain (2.22). O

We also have alternative expressions of Ky (z).

Proposition 2.8. (Alternative Expressions)

0 Kk(z)=; Cora-v (321) (3), (223)
(i1) Kk(:li):é:o(—l)jqk—j (n_f”) (Z:j) (2.24)

Proof. (i) By Proposition 2.7,

00

Y Ki(z)F =1+ (g-1)" " (1-2)

_ :[1+(q—1)z]"($—)x

1+(¢g-1)z
“ -0 (1= )
=[1+(g-1)2" 2 (-1 (j) (T(;%)J
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=Y ()22 (") -

=0 1=0
-£ (Reve (3 ()

Equating the coefficients of z*, we obtain (2.23).
(i1) can be proved in a similar way, by starting from

> K@) =0 -2 (%) _ 0
k=0

Corollary 2.9. Ki(x) is a polynomial of degree k, whose leading coefficient is
(—1)* gki, and constant term is (g — 1)* (3)-

Proof. The terms with j < k on the R.H.S. of (2.23) are polynomials of degree

< j < k, and the term with j = k is (—¢)* (}), which is a polynomial of degree

k with leading coefficient (—1)* {i, Putting z = 0 in (2.23), we obtain the

constant term Kx(0) = (g — 1) (7). m|

Proposition 2.10. (Three Terms Recurrence)

(k+1) Kiy1(z)+(gz—nlg—1)+k(g—2)) Ki(z)+(n—k+1) (¢—1) K. (z) = 0.
(2.25)

Proof. Differentiating both sides of (2.21) with respect to z, we obtain
Z Ke(@) k2" =(n—2)[1+(g- 12" (g-1)(1 - 2)°

+ 1+ (g—1)2" " z(1 - 2)*"1(-1).

Multiplying both sides of the above equation by [1+ (¢ —1) 2] (1 — z) and then
substituting (2.21) into it, we get

(ki Kk(I)kzk_l) 1+(g—-1)2] (1-2)
=1
(5

k=0

z"’) (n-—2)(¢-1)(1-2)-(1+(g~1)2)z].
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Equating the coefficients of 2%, we have

(k+1) Ker(z) + k(g - 2) Ki(z) — (k= 1) (g ~ 1) Kk (2)
=((n-z)(g-1) - 2)Ki(z) + (-(n - z) (g = 1) = (¢ — 1) ) K1 (z).

Transposing and simplifying, we obtain (2.25). d

Proposition 2.11. (Orthogonality Relation) For non-negative integers

and s
n

Z (?) (g 1) K, (3) K,(i) = ¢"(g - 1)" (7:) brs (2.26)

=0

where 6., 1is the Kronecker delta.

Proof. By (2.22), the L.H.S. of (2.26) is the coefficient of y"z* in

n

S (M) a0 e -0 -y i - DT (- (227

: 1
=0
Clearly, the expression (2.27) is equal to

n

> (1) 0+ =00 +a-na g- D0 -9 -2

1=0

I

(I+(@-yA+(@-D2)+(¢-1)1-y»)(1-2)]"
" [1+ (¢g—1)y2]"

q" io (Z) (@—-1)y"z".

T=

The coefficient of y"2° in the above expression is equal to the RH.S. of
(2.26). d

Proposition 2.12. For non-negative integers 7 and s
n T n s ¥
(1) -1 &t = () -2 Kol

Proof. This follows from (2.18) by rearranging the binomial coefficients. O
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Corollary 2.13. For non-negative integers r and s,

Z K.()Ki(s)=q" brs.
=0

Proof. This follows from Propositions 2.11 and 2.12. 0O

Proposition 2.14. Let a(x) be a polynomial of degree m, then a(zx) can be
expressed as

z) = Z ax Ki(z), (2.28)

where N
ar=q" Y a(i)Ki(k), k=0,1,...,m. (2.29)

i=0

Proof. By Corollary 2.9, Kx(z) is a polynomial of degree k, thus a(z) can
be expressed as (2.28). Substituting z = 7 into (2.28), then multiplying it by
K;(l), and then summing on ¢, by Corollary 2.13 we obtain (2.29). O

(2.28) is called the Krawtchouk ezpansion of the polynomial a{z) of degree
m and the coefficients ay (kK =0,1,...,m) in (2.28) are called the Krawtchouk

coefficients of the expansion.

In the following we are mainly interested in Krawtchouk polynomials K (z)
for the case ¢ = 2. From the proceeding results we have

Proposition 2.15. Let ¢ = 2. Then
(i) (Definition)

Ki(z) = Ki(z, n) =

M*
/_\
\_/
T~
> 3
[
R
~—

J=0

for any integer k > 0.
(ii) (Generating Function)

Yo Ki(z)2F = (1+ 23 (1 - 2)7,
k=0
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ZKk =(1+2)"7(1 - 2)

for any integer i wzth 0<1<n.

(iii) (Alternative Expressions)
k
-3 (255) )
i) \i)’

=0
k

Fere (1) (1)

j=

(iv) Leading coefficient of Ki(z) = (=1)* i—L, Constant term of Ki{(x)
=(%)-

(v) (Three Terms Recurrence)
(k+ 1)Kiqi(z) + (22 = n)Ki(z) + (n =k + 1)K _1(2) = 0.
(vi) (Orthogonality Relation)
> (D) rarm=22(") 6
=0

for integers r, s > 0.
(vii) (7)K(r) = (7) K.(s) for integersr, s > 0.
(viii) (Orthogonality Relation)

=0

for integers v, s > 0.
(ix) (Krawtchouk Expansion) For any polynomial a(z) of degree m, if

z) = Z oK (z)
k=0

then

n

ar=2""Y ai)Ki(k), k=0,1,...,m. O
1=0

For latter purpose, we write down the first seven Krawtchouk polynomials
for ¢ = 2.
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Proposition 2.16. For ¢ = 2, we have

K (z) = -2z +n,

Ky(x) = 22° — 2nz + (;),

4 2 n
Kg(x):—§x3+2nx2— (nQ—n%— §>I+ <3>,

2
1 1 25 7 46
- (—n5—6n4+—n3——n2+—n>x+ (n)

Proof. The expressions of Ko(z) and K (z) can be obtained directly from the
definition of Krawtchouk polynomials (Proposition 2.15(i)). The expressions
of the latter five can be derived from the three terms recurrence (Proposi-
tion 2.15(v)).

2.3. Distance Enumerators of Binary Codes

In later chapters we shall study several binary nonlinear codes, for which
the distance distributions and distance enumerators play an important role.
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Let C be a binary code of length n, which is not necessarily linear. Define
=|C|™' [ {(c, ) ]e, ' €C, dlc, ) =i}],:=0,1,...,n

where d is the Hamming distance on F3. Clearly By = 1 and Y1) B; =

|C|. {Bo, Bi,...,B,} is called the distance distribution of code C and the

polynomial
Y)=> BX"'Y"
1=0
is called the distance enumerator of C. Define
d=min{i|i > 0, B; > 0}

and
s=1|{i]i>0, B; > 0},

d is called the minimum distance of C and s is the number of distinct nonzero
distances between codewords of C.
Recall that

A;=l{ceClw(c)=1}],1=0,1,...,n,
where w is the Hamming weight on F?. Then Ag = 1 when 0 = 0™ € C, and

Yov o Ai = |C|, {Ao, A1,..., An} is the weight distribution of code C and

the polynomial
— Z Aan—iyi
1=0

is the weight enumerator of C.
More generally, for all ¢ € C, define
Ai(c)={c eClw(c’—¢c)=1},i=0,1,...,n.
Then we also have Ag(c) = 1 and 3., Ai(c) = n. {Ao(c), Ai(c),. ..,
An(c)} is called the weight distribution of C — ¢ and the polynomial
Wooe(X,Y) =Y Afc)X™Y?
1=0

is called the weight enumerator of C — c.
If C is a linear code, clearly we have B; = A, = A;(¢),1=10,1,...,n and
De(X,Y) = We(X,Y) = We_o(X,Y) for all ¢ € C. In general, if for a
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binary code C of length » we have A; = A;(c), i=0,1,...,n,forallc € C or
we have, equivalently, W (X, Y) = We_o(X, V) forall c € C, then C is called
distance invariant. For such a code, we also have D; = A4,,7=0,1,...,n and
De(X,Y) = We(X,Y). Linear codes are distance invariant,.

Let {Bo, B1,...,Bn} be the distance distribution of a binary code C of
length n. Define

B, =|C|7' > BiKi(i), k=0,1,...,n, (2.30)
=0

where K (2) is the value the Krawtchouk polynomial K (z) when ¢ = 2 at the
point z = 7, and define

Dip(X,Y)=|C|™ ' De(X +Y, X - Y).

{Bg, Bi,...,B.} is called the Mac Williams transformof {Bo, By, ..., B,} and
Dy (X, Y) is called the MacWilliams transform of D¢ (X, Y). By the proof of
Proposition 2.6,

DL(X,Y) ZB’X" Yt

Lemma 2.17. For any vector x € F} with w(x) = 1,

SR

Y€ EF’2‘
wiy)=k

Proof. For each 5,0 < j < k, we count the number of vectors y € F}
with w(y) = k such that x -y = j. The number is (;)(:Z;). Then by
Proposition 2.15 (i),

T () () o

W(y) k

Proposition 2.18. Let C be a binary code with distance distribution {By,
By,...,Byn}, and {By, By,..., B} be its MacWilliams transform. Then B’ =
laend B, 20 fork=1,2,...,n

Proof. By Lemma 2.17,
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|CI’B, =|C| > BiKi(3)

i=0

Z Z Z (_1)(X—y)'z

x, y€C zE€FD
dxy=i i

i
g
—
g
L
T

N
Se—

Moreover, by Proposition 2.16 Ko(z) = 1, so

n

By=1C|™" Y BiKo(i) =|C|™' Y Bi=1. 0

1=0 1=0

For the weight distribution {Ao, A;,...,A,} and weight enumerator
We(X,Y) of a binary code C of length n we can define their MacWilliams
transforms { A, Aj,..., AL} and Wi(X, Y), respectively, in a similar way, i.e.

k= |C|—IZ A Kip(i), k=0,1,...,n
1=0

and
We(X,Y) = [C|' We(X +Y, X -Y).

The proof of Proposition 2.18 has the following corollary.

Corollary 2.19. Let C be a binary code of length n with weight distri-
bution {Ap, A1,...,An} and distance distribution {By, By,...,B,}, and let
{4}, Ay, ..., AL} and {B§, By,...,B,} be their MacWilliams transforms,
respectively. Assume that B, = 0 for some k where 0 < k < n, then

Z (=1)*"* =0 forevery z € F; with w(z) =k
xeC
and A, =0. O

Define
d' = min {1|: > 0, B] > 0}
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and

s =[{t]e >0, B, >0}
d’ is called the dual distance and s’ the ezternal distance of code C. If C is
linear, d’ is the minimum distance of the dual code C+ of C. If C is nonlinear,
the following proposition gives a combinational interpretation of d'.

Proposition 2.20. Let C be a binary code of length n and dual distance d’.
Let [C] be the | C| x n array with the codewords of C as rows. Then if r < d'
any set of r columns of [C] contains each r-tuple ezactly 277 | C | times.

Proof. Since B; = 0 for 1 < k < d', by Corollary 2.19 we have ) .
(=1)*%2 = 0 for every z € F} with w(z) = k. Taking any z € F} with
w(z) = 1 we see that every column of [C] must have 27!| C| ones and 27}|C|
zeros. Then taking any z € F} with w(z) = 2 we conclude that every pair of
columns of [C] must contain each of the four possible pairs (0, 0), (0, 1), (1, 0)
and (1, 1) exactly 272|C| times. Proceeding in this way, the proposition will
be proved. ]

Let C be a binary code of length n. Forany v € F}, C+v = {c+Vv]|c € C}
is called the translate of C by v. Define
Ai(v)=l{c+Vv]|ceC, wic+v)=1}]. (2.31)
Then {Ag(v),A1(v),...,A.(v)} is called the weight distribution of the trans-
late C + v. We also have "7, A;(v) =|C]|. Define

Al (v V)Ki(i), k=0,1,...,n, (2.32)

oMﬁ

then {A’ ),A'l(v) A;(v)} is called the MacWilliams transform of
{Ao(v), Ar(v), .. ( )}-

Proposition 2.21. Let C be a binary code of length n and v be an arbitrary
vector of F}. Then

(i) Ap(v)=1.

Yoo Ar(v) =27 | C |7 Ag(v).
Zvew AL(V)A(v) = 2" By b
By

) A
ii)
(iii)
iv) = 0 if and only if Aj(v) =0 for allv € F3.
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Proof. (i) By Proposition 2.16, Ko(z) = 1. Then by (2.32) and } ., A

=1Cl,
n n

AW =1CITN Y AW Ko(D) = [C71 Y Av) =1

=0 =0

(ii) By (2.32),
S Am =Y 1c1" Y AmK
k=0 k=0 =0
S1e S A S K.
1=0

k=0
In the second formula in Proposition 2.15 (ii) let z = 1, we obtain
0 for any integer ¢ > 0,

kZ:o Ki(31) = { o

Substituting into the above equation, we obtain

for 1 = 0.

D A(v) =27 |C|7F Ag(v).
=0

(iii) By (2.31), (2.32) and Lemma 2.19,

n

T Ay _1012 T Y AWK S A0 K(G)

veFy veFy =0 7j=0

SIS VD SR SN C R

VGJF" =0 c€C yEFY
w(ctv)=1 w(y)=k
x Z > 2 (e
c'eC 2€F7

w(c'+Vv)=j  y(z)=t

|C|2ZZ Z Je+v)

VvEF} c€C  y€ry
w(y):k

I E R

c’'€C  z€Fy
w(z)=t

31

«(v)
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|C|QZZ Z Z cy+cz

ce€C c'eC yerg z€F]
My)k wu):

XZ V(Y+z'

veFry

But for any x € F3, we have

0 if x#0,
> (—1)”"‘:{ -
veF? 2™ if x=0.
Therefore when k # [, we have
> Av) Al(v) =

veFy

and when k =, we have

oA = CIP Y Y L (e

velFy c€C c’'€C  yeFy
w(y)=k

1=0 (c.c’)ecC? yEFY
d(e.c’)=1  w(y)=k

= [c? Y S KWG)

1=0 (c.c')ecC?
d(c, c')y=i

=27 [C|7' Y BiKi(i)

=2"B,.
Hence (iii) is proved.
(iv) By (iii),

> Av)r=2"B;

veF?
from which it follows that By = 0 if and only if Aj(v)=0forallveF;. O

Let C be a binary code of length n. As before denote the external distance
of C by s'. Let 0, 01,0%,...,04, be the subscripts ¢ for which B! # 0. The
annihilator polynomial a(x) of C is defined to be
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'
s

a(z)=2"[C|7 J] (1-0;"2).

J=1
Clearly, deg a(z) = s’ and for 0 < ¢ < n either a(i) = 0 or B = 0. Let

]
s

a(z) =) ax Ky(z)

k=0
be the Krawtchouk expansion of a(z), where the Krawtchouk coefficients are
given by
n
ar=2"" Y a(l)Ki(k), k=0,1,...,5"
=0
We have ay # 0 since dega(s) = s’

Proposition 2.22. ZZ’:O ar Ar(v) =1 for all v € F3.

Proof. We may write a(z) = 3 ;_, ok Ki(z), where agy) = agqe = -+
= an, = 0. Then as in the proof of Proposition 2.14, we also have ar =
27" S, afl) Ky(k) for all k =0,1,...,n. We compute

n

> a(l) Ki(k) Ax(v)

0 =0

Il

=]

i

3
(]

b
Il

n

a(l) Y Ki(k) A(v)

k=0

Il

S

|

3
7>

~
1l
o

a(l) |C] A(v).

f
N
3

Nk

o~
1!
o

For | = 01,02,..., 0r 0y, a(l) = 0; for l # 0, 01, 02,..., and g4, B =0
which, by Proposition 2.21(iv), implies that A;(v) = 0 for all v € F3; for !l =0,
a(0) = 2™ | C|~! and by Proposition 2.21(i), Ag(v) = 1. Therefore

> akAk(v) =1 forall v € F3. O
k=0
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Corollary 2.23. For any v € F} there ezists at least one ¢ € C such that
d(c,v) <s

Proof. Given any v € FZ, by Proposition 2.22 there is at least one Ay, (v) # 0
where 0 < kg < s’. Then there is at least one ¢ € C such that w(c + v) = kg
< s Thatis d(c, v) < & O

This corollary explains why s’ is called the external distance of C.

Most of this section are due to Delsarte (1973), but some proofs are dif-
ferent. The minimum distance, the number of distinct nonzero distances, the
dual distance, and the external distance of a binary code are called the four
fundamental parameters of the code by Delsarte.



CHAPTER 3

THE GRAY MAP

3.1. The Gray Map

In communication systems employing quadrature phase-shift keying
(QPSK), the preferred assignment of two information bits to the four possible
phases is the one shown in Fig. 3.1, in which adjacent phases differ by only
one binary digit. This map is called the Gray map and has the advantage
that, when a codeword over Z4 is transmitted across an additive white Gaus-
sian noise channel, the errors most likely to occur are those causing a single
erroneously decoded information bit. The Gray map is usually denoted by ¢,
ie.

b Ly — Z%
0— 00
1—01
211
3— 10

Clearly, ¢ is a bijection from Z4 to Z3. Denote the Hamming weight of a binary
vector v by w(v) and the Hamming distance between two binary vectors u and
v of the same length by d(u, v). Clearly,

wr(z) = w(¢(z)) for all z € Zy, (3.1)
and we can easily verify that

di(z, y) = d(¢(z), ¢(y)) forallz,y € Zy. (32)

35
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1—-01

211 ¢ ¢ 0—=00

3—=10

Fig. 3.1.

But ¢ is not an additive group homomorphism from Z, to Z2.
It will be helpful to introduce the following three maps «, 3, v from Z4 to
Z, by the following table.

Table 3.1.
Zy [

W N = O
—_ O = O
- = o o™
O = o O | =

Clearly, « is an additive group homomorphism from Z,4 to Z,, but 5 and v
are not. Each element z € Z4 has a 2-adic expansion

z = a(z) + 28(x).

We also have
a{z)+ B(z)+v(z) =0 forall z€Zy.

The Gray map ¢ can be expressed in terms of § and v as follows:

o(z) = (B(z), ¥(z)) forall z € Z,.

The maps a, 3, v can be extended to Z7 in an obvious way. For x =
(z1,...,2,) € Z%, define

a(x) = (afz1), ..., alzn)),
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B(x) = (Blz1), -, Blzn)),

(%) = (vz1), -, (z0)).
Then ¢ is extended to Z34 as follows:

#(x) = (B(x), v(x)) for all x € Z}. (3.3)

Clearly, the extended ¢ is a bijection from Z7 to Z2". For any x € Z7 ¢(x) is
called the binary image of x under ¢.

Theorem 3.1. ¢ is a weight-preserving map from
(Z}, Lee weight) to (Z2", Hamming weight),

1.e.
wi(x) = w(¢(x)) for all x € Z7, (3.4)

and ¢ ts also a distance-preserving map from

(Z}, Lee distance) to (Z2", Hamming distance),

du(x, y) = d(g(x), #(y)) forall x, y € Z3. (3.5)
Proof. For any x = (z,,...,2.) € Z7,
wL(X) = i wy(z;)
=1
and

w(p(x)) =w((B(x), 7(x))) = w(B(x)) + w(¥(x))
=" w(B(z)) + Y wlv(z))
i=1 =1
= Z w((B(z:), v(z:)))
=1

=3 w(g(z:).

By (3.1), wi(z:) = w(é(z:)), i = 1, 2,...,n. Therefore we have (3.4). Simi-
larly, from (3.2) we deduce (3.5). 0
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From (2.13) and (3.5) it follows that for any x, y € Z7,
1 x
A$(x), #(3)) = 5 (%, ).
The following proposition is obvious.

Proposition 3.2. For any x = (z1,...,2Z,) € Z7, we have

wy(x) = z; (mod 2). (3.6)

I

1

i3

Let ¢(x) = (y1,¥2,- - -, Y2n) € Z5™, then

n

2n
Z T; = Z y, (mod 2). (3.7)

=1 1=

In particular, if Y., ; =0 or 2 in Zy, then x is an even Lee weight word in
Z} and ¢(x) is an even (Hamming) weight word in Z2™

Proof. If we regard Z —1 Ti as a sum in Z4, then

i = w1 (Xx) + 2wo(x) + 3ws(x).

But
wi,(X) = wy(x) + 2wa(x) + ws(x),

where the R.H.S. is regarded as a sum in Z. Therefore we have (3.6). Moreover,
if we regard Z?;‘l ¥; as a sum in Z, by Theorem 3.1 we have

2n
Yo v =w(d(x)) = wi(x). (3.8)
1=1

From (3.6) and (3.8) we deduce (3.7). 0

3.2. Binary Images of Z4-Codes
Let C be a Z4-code. Define

C=0(C)={s(c)|ceC},
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which is called the binary image of C under the Gray map or, simply, the binary
image of C. If C is of length n, then C C Z2™, i.e. C is a binary code of length
2n. We recall that

min {w(¢(c)) |c € C, ¢ # 0™}
and
min {d(¢(c), ¢(c))|c, ' €C, c £’}

are the minimum (Hamming) weight and distance of C, respectively. Similarly
we define

min {w(c)|c € C, c # 0™}
and
min {dp(c, ¢')|c, ¢’ €C, ¢ #c'}

to be the minimum Lee weight and distance of C, respectively. Theorem 3.1
implies, in particular,

Proposition 3.3. Let C be a Zy-code and C = ¢(C). Then the minimum Lee
weight and distance of C are equal to the minimum (Hamming) weight and
distance of C = ¢(C), respectively. O

From Proposition 3.2 we deduce immediately.

Proposition 3.4. Let C be a Z,-code of length n and assume that for all
codewords ¢ = (c1,...,¢n) of C, 3 iy ¢ =0 (mod 2), then all codewords of C
are of even Lee weight and all codewords of its binary image $(C) are of even
(Hamming) weight. O

Example 3.1. Consider the binary image of the Z4-linear code C3 = {(0, 0),
(2, 2)} appeared in Example 2.3. We have

$(0, 0) = (B(0, 0), 7(0, 0)) = (0, 0, 0, 0),

$(2,2) =(8(2,2), v(2,2))=(1,1, 1, 1).

Therefore
¢(CS) = {(0, 07 0’ 0)) (1v 11 1) 1)} .

which is a binary linear code. O

Example 3.2. The binary image ¢(K,) of the Z4-linear code K4 with gener-
ator matrix (1.3)
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1 1 11
0 2 0 2
0 0 2 2

consists of the following 16 codewords

0 000OO0OTOTPO 001 10011
00001111 00111100
11111111 11001100
11110000 11000011
01010101 01100110
010110160 01101001
101010160 1 0011001
1 01 00101 1001 01160

It is easy to see that ¢(K4) is a binary linear code with minimum distance 4.
Hence ¢(K4) is the extended binary Hamming code of length 8. It has the
following generator matrix

11111111

01010101
(3.9)

00110011

00001111
O

Example 3.3. The binary image ¢(C;) of the linear code C, appeared in
Example 1.2 with generator matrix (1.4)

1111)
0 2 0 2

consists of the following eight codewords

0 00 0OOOTG OO 01 001 01 01
00001111 01 011010
11111111 101010 10
11110000 1 01001 01

#(C,) is also a binary linear code with generator matrix
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(3.10)

(=Rl
O = -
(=Rl
S = -
— O
—_— = =
—_ O
—

O

Denote the images of all the rows of a matrix M over Z, under the maps
o, B, 7, v by a(M), B(M), (M), (M), respectively. Then ¢(M) =
(B(M), v(M)).

Proposition 3.5. Let C = ¢(C) be the binary image of a Z,-linear code C
with generator matriz (1.1). If C is linear, then C has generator matriz
I, A oB) I, A «oB)
0 Iy C 0 I C (3.11)
0 0 B(B) I, A ~B)

Proof. Assume that C is linear, then C is generated by the binary image of
the rows of the matrix

I, A B

2y, 2A 2B

3, 34 3B |’
0 2L, 2C

where A and C are matrices over Z; and B is a matrix over Z,. Clearly we
have

¢(Ix, A B) =(B(Ix, A B) v(Ix, A B))
=(0 0 B(B) Ir, A v(B)).
#(2I, 2A 2B) = (B(2I, 2A 2B) ~v(2I;, 2A 2B))
=(Ix, A o(B) I, A a(B)),
#(31, 3A 3B) = (B(3Ix, 3A 3B) y(3Ix, 34 3B))
= (I, A¥(B) 00 B(B)),
$(0 21y, 2C) = (B(0 21, 2C) (0 21y, 2C))
=01, COI C).
From o B) + B(B) +v(B) = 0, we deduce
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(I, A¥(B)00pB(B))=(00p(B) I, Av(B)) + (I, A «B) Ix, A(B)).

Hence C is generated by the rows of (3.11). Clearly the rows of (3.11) are
linearly independent. Therefore (3.11) is a generator matrix of C. O

Notice that the generator matrix of ¢(/C4) given in Example 3.2 is precisely
the one given by Proposition 3.5.

We recall that a binary code C is said to be distance invariant if the Ham-
ming weight enumerator of its translators u + C are the same for all u € C.
Clearly, binary linear codes are distance invariant. Moreover, we have

Theorem 3.6. For any Z4-linear code C, its binary image C = ¢(C) is distance
nvariant.

Proof. Since C is linear, u+C = C for all u € C. Hence C is distance invariant
with respect to the Lee weight, i.e.
{wp(u+c)|cel}={wr(c)|ceC} forallu e C. (3.12)
Then
{w(¢(u) +¢(c)) e € C} ={w(p(u) - ¢(c))|[c€C}  (inZ,, -1=1)

= {d(¢(u), ¢(c)) | c € C}
={dr(u, c)|c e C} (by Theorem 3.1)
={wi(u-c)lc e}
={wr(u+c)|ceC} (C is linear)
={wr(c)|ceC}  (by (3.12)
={w(¢(c))|ceC}  (by (3.4))

for all ¢(u) € ¢(C). Therefore C is distance invariant. O

Let C be a Zy-linear code. Its binary image C' = ¢(C) is, in general, not
linear and it need not have a dual code. We define the Z,-dual of C = ¢(C) to
be C, = ¢(C*). In the diagram

¢ —  C=¢C)
J
Ct — CL=9¢ChH)

Fig. 3.2.
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we cannot always add an arrow on the right to produce a commuting diagram.
But we have

Theorem 3.7. Let C and C* be dual Zs-linear codes, and C = ¢(C) and
CL = ¢(C*) be their binary images. Then the weight enumerators We (X, Y)

and We (X, Y) of C and C,, respectively, are related by the binary
MacWilliam identity

1
Mawﬂﬂ=ﬁﬂwux+xx—yy (3.13)

Proof. By Theorems 3.1 and 2.4, and |C| = | C|, we have

We, (X, Y) =Leecs (X, Y)

1
:m Leec(X+Y,X—-Y)
1
=— W, - .
o WelX +Y, X =) 0

So, we call the binary codes C = ¢(C) and C, = ¢(Ct) formally dual If C
is self-dual, i.e. C* =C, then C = C, and we call C formally self-dual.

Proposition 3.8. Let C be o Z4-linear code of length n, CL be its dual code,
and C = ¢(C) and C; = ¢(Ct) be their binary images, respectively. Let
{Aq, A1,..., A2n} be the weight distribution of C. Then the MacWilliams
transform of {Aq, Ay,...,A2n} ts the weight distribution {Ag, A}, ..., Ab,}
of C. and the MacWilliams transform of {Ag, AL, ..., A} is {Ao, A,
LAY

Proof. By Theorem 3.7, we have (3.13)
We, (X, Y)=|C|T'We(X +Y, X -Y).

Then the first assertion follows from Proposition 2.6. For the proof of the
second assertion, we compute

o Y A =1eu e Y (3 aki) £

=0 =0 1=0
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=27 3 A Y KD Ke(l)  (CLlIC]=2")
i=0 =0

n
=27 Z A; 226, (Proposition 2.15(viii))
i=0

= Ay 0

3.3. Linearity Conditions

A binary code C is called Z4-linear if after a permutation of its coordinates,
it is the binary image of a Z,-linear code C. Now we want to study the following
problems.

(1) When is a given binary code Zg4-linear?
(ii) When is the binary image of a Z4-linear code linear?
A trivial necessary condition for a binary code to be Z4-linear is

Proposition 3.9. If a binary code ts Zy-linear, then its length is even. 0

Define a permutation ¢ on the 2n-dimensional vector (xy,...,Z2,) as fol-
lows:

0 (Tl Ty Tntly--»ZT2n) = (Taglye o, Ton, Ty ooy Tn) (3.14)
We call & the “swap” map. Clearly,
c=(1n+1)2n+2) - (n2n)
Then for any x € Z7,
a($(x)) = a(B(x) 7(x)) = (v(x), B(x)) = ¢(—x). (3.15)

Therefore we have

Proposition 3.10. If a binary code C is Zy-linear, then after a permutation
of its coordinates, c(C) = C. ]

Denote by * the componentwise multiplication of two vectors, i.e.

(II)"'aITL) * (ylw"'vyn):<Ily17"-1l“nyn)'
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Lemma 3.11. For qll X,y € Z3, we have

(6(x) + a(6(x))) * (d(y) + 0 (8(y))) = (2 a(x) * aly)),

where the multiplication of a(x) * aly) by 2 is performed in Z,4.

Proof. By (3.14),
(¢(x) + o (6(x)) * (d(y) + 7 ((y)))
= ((B(x), v(x)) + (v(x), B))) * ((B(y), ¥y)) + (¥(¥), BK)))
= (B0x) +7(x), v(x) + B(x)) * (B(y) ++(y), 7(¥) + B(y))
= (ax), a(x)) * (a(y), aly))
= (a(x) * a(y), a(x) * afy))
= ¢(2a(x) * aly)). O

Lemma 3.12. For all x,y € Z7, we have
p(x+y) = ¢(x) + d(y) + (¢(x) + o(¢(x))) * (8(y) +o(8(y))). (3.16)

Proof. By Lemma 3.11, (3.16) is equivalent to
$(x) + ¢(y) + ¢(x +y) = ¢ (2a(x) * a(y)). (3.17)
Therefore it is sufficient to verify (3.17). We have
LHS. of (3.17) = (B(x) + B(y) + B(x +y), 7(x) +1y) + v(x +¥)).
R.H.S. of (3.17) = (a(x) * aly), a(x) * a(y)).
Thus we need to show that
B(x) + B(y) + B(x+y) =v(x) +v(y) +v(x+y)
=a(x) * a(y) for all x, y € Zj.

It is enough to check the above identity for the case n = 1. Using Table 3.1
we can check it easily. 0

Corollary 3.13. For allx, y € Z3, we have

p(x +y) = ¢(x) + ¢(y) + ¢(2a(x) * afy)). (3.18)
O
Now we can answer the problems proposed at the beginning of this section.
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Proposition 3.14. A binary, not necessarily linear, code C of even length s
Z4-linear if and only if after a permutation of its coordinates,

U, vEC=u+v+(uto(u))*(v+o(v) el (3.19)

Proof. Assume that C = ¢(C), where C is a Z4-linear code. Let u, v € C|
then there are x, y € C such that u = ¢(x),v = &(y). Since C is linear,
x+y € C. By Lemma 3.12,

u+v+(uto(u)) x (v+o(v)) =o(x)+é(y)
+(8(x) + a(d(x))) * (#(y) + o(&(y)))
=¢(x+y)edC)=C.
Conversely, assume that condition (3.19) holds. Let dim C = 2n. Define
¢ ={ceZ}|4(c) € C)

Let us prove that C is a Z4-linear code. Let x, y € C. Then ¢(x), ¢(y) € C.
By (3.19),

¢(x) + o(y) + ((x) + o(¢(x))) * (o(y) +o(o(y))) € C.
By (3.16), ¢(x +y) € C. Therefore x +y € C. O

Corollary 3.15. A binary linear code C of even length is Z4-linear if and only
if after a permutation of its coordinates,

u,velC = (u+o(u)) = (v+o(v))eC. O

Proposition 3.16. The binary image C = ¢(C) of a Z4-linear code C is linear
if and only if
X,y €C=2a(x) « a(y) €C. (3.20)

Proof. Assume that C is linear. Since C is linear, for any x, y € C, x+y € C.
Then ¢(x), ¢(y), ¢(x+y) € C. Since C is linear, ¢(x)+¢(y)+¢(x+y) € C. By
Corollary 3.13, ¢(2 a(x) * a(y)) € C. Since ¢ is a bijection, 2a(x) * a(y) € C.

Conversely, assume that condition (3.20) holds. Let u, v € C. There are
X,y € C such that u = ¢(x), v = ¢(y). By (3.20), 2a(x) * a(y) € C. Since
C is linear, x +y + 2a(x) * a(y) € C and ¢(x +y + 20(x) * a(y)) € C. By
Corollary 3.13,
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$(x + ) + (2a(x) x aly)) + $(2a(x + y) * a(2a(x) * a(y)))
=d(x+y+ 2a(x) * a(y)) € C.
Clearly, a(2a(x) * a(y)) = 0. Therefore
P(x +y) +d(2a(x) * aly)) € C.

Again by Corollary 3.13,

(2a(x) * a(y)) = d(x +y) + ¢(x) + 6(y).

Hence
u+v=¢(x)+ ¢(y)
=¢(x) +8(y) + p(x +y) + d(x +y)
= (2a(x) * a(y)) + d(x +y) € C.
This proves that C is linear. O
Corollary 3.17. Let C be a Zs-linear code, X1,...,Xm be a set of generators

of C, and C = ¢(C). Then C is linear if and only if 2a(x;) * a(x;) € C for all
1,7 satisfying 1 <1< j < m.

Proof. Because o is a group homomorphism. a

Example 3.4. Consider the octacode Og introduced in Example 1.3. It has
generator matrix (1.6). Denote the first and second rows of (1.6) by x; and

X5, respectively, i.e.
x3=(10003121),

X, =(01001231).

Clearly,
20(x1) *a(x2)=(00002002) ¢ Og.

By Proposition 3.16, ¢(Qg) is nonlinear. Since Oy is self-dual, ¢(Og) is formally
self-dual. ¢(Og) is called the Nordstrom-Robinson code. It is a nonlinear binary
code of length 16 and has 256 codewords. It is easy to check that the sum of
elements of each row of generator matrix (1.6) is equal to 0 in Z4, from which
we deduce that the sum of the components of every codeword of Og is equal
to 0 in Z4. By Proposition 3.4 all codewords of ¢(Osg) are of even weight. By
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checking the weights of all the codewords of ¢(Og) we know that ¢(Og) has
minimum weight 6. Since the zero word 0'6 € ¢(O0s) and by Proposition 3.6
#(Og) is distance invariant, ¢{(Og) has minimum distance 6. Puncturing the
coordinates of the codewords of ¢(Og) at a fixed position, we obtain a binary
nonlinear code of length 15, with 256 codewords and minimum distance 5.
But, the 2-error-correcting BCH code of length 15 and minimum distance 5
contains only 128 codewords. O

Example 3.5. Consider the Z4-code Kg introduced in Example 1.4. It has
generator matrix {1.7). It can be readily checked that for any two rows x and
¥, 2a(x) * a(y) € Kg. By Corollary 3.17, ¢(Kg) is a binary linear code. Since
Ks is a self-dual Z4-code, ¢(Ks) is formally self-dual. But it can be verified
directly that ¢(Kg) is a self-dual binary linear code. O

Most propositions of Secs. 3.1-3.3 are due to Hammons et al. (1994) but
now the proofs of them are complete.

3.4. Binary Codes Associated with a Z4-Linear Code

Let C be a Z4-linear code. Besides the binary image ¢(C), there are two
binary codes C1) and C?) which are canonically associated with C. They are
defined by

cW = {alc)|c e} (3.21)
and
Cc® = {B(c)|c eC, a(c) =0}, (3.22)

respectively.

Proposition 3.18. Let C be a Zy-linear code of length n, and C) and C(?)
be the binary codes defined by (3.21) and (3.22), respectively. Then

(i) Both C(Y) and C? and binary linear code, and CV) C C(2).
(ii) If C is of type 4¥12%2 and has generator matriz (1.1), C'V is o binary
linear [n, ky]-code with generator matriz

Ik, A a(B)) (3.23)
and C?) is a binary linear [n, k1 + ko]-code with generator matriz
Ik, A a(B)
A e
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Proof. (i) Since a : Zy — Z, is a group homomorphism, the extended map
@ : Zi — Z3% is also a group homomorphism. C(!) is the image of the map
a : C — Z3, therefore C(!) is a subgroup of 23, ie. C is linear.

Let B(c), B(c') € C? | where ¢, ¢’ € C and afc) = afc’) = 0. Then
a(c+c¢') =0 and all components of ¢ and ¢’ are either 0 or 2. If we restrict
B to the subgroup {0, 2} of the additive group of Zq, then 8 : {0, 2} = Zp
is an isomorphism of groups and the extension 8 : {0, 2}™ — Z2 is also an
isomorphism of groups. Therefore B(c) + B(c’) = B(c +¢') € C(?). Hence C(?
is also linear.

Let a(c) € C, where ¢ € C, then 2¢ € C, a(2c) = 0 and a(c) = B(2c) €
C?) . Therefore 1V C ¢,

(ii) is obvious. O

We have the following converse of Proposition 3.18.

Proposition 3.19. Given two binary linear codes C' and C”, both of length
n, with C' C C", there is a Zy-linear code C with C) = C" and C? = C". If,
in addition, C’ is doubly even, and C" C C'L, then there is a self-orthogonal
Zs-linear code C with C(V) = €’ and C® = C". Furthermore, if C" = C'*,
then C is self-dual.

Proof. Let dim C' = ky, dim C” = k; + k. Without loss of generality we
may assume that C’ and C” have generator matrices

(I, A B)

<1k1 A B)
L, C/’
respectively. Let C be the Z4-linear code with generator matrix

T A B), (3.25)
2L, 2C

and

then by Proposition 3.18 (ii), CtV) = C* and C® = C". The first assertion is
proved.

Now we assume that C” is doubly even and that C" ¢ C't From C" c C'+
we deduce that any one of the first k; rows of (3.25) and any one of its last
ko rows as words in Z} are orthogonal. Clearly, any two of its last k; rows as
words in Z} are orthogonal. Since C’ is doubly even, any one of its first k;
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rows as a word in Z} is orthogonal to itself. But two distinct rows of the first
k) rows as words in Z% are not necessarily orthogonal. So, the Z,-linear code
having generator matrix (3.25) is not necessarily self-orthogonal. We have to
modify (3.25) so that the Z4-linear code it generates is self-orthogonal. For
any pair (7, j) with 1 < j§ < 7 < k; we replace the (4, j)th entry of (3.25)
by the inner product mod 4 of the ith row and jth row. From C' C C" and
C" C C'* we deduce C’ C C'+, so such an inner product mod 4 is either 0 or
2. Denote the matrix so obtained by G, then it is easy to see that any two rows
of G are orthogonal. Let C¢ be the Z4-linear code generated by G, then Cq is
self-orthogonal and clearly C(Gl) =C’ and Cg) = C" The second assertion is
also proved.
Assume further that C” = C'* Then

ki +k;=dim C" =dim C'* =n—-dim C' =n —k,.

By Propositions 1.1 and 1.2, |Cg| = 2261*+*2 and |C} | = 22"~?%17%2 Hence
[Cq|=|C& | But Cg is self-orthogonal, so Cg is self-dual. O
Proposition 3.20. Let C' and C" be two binary linear codes of length n and
C' C C" Define

C=C"+2C"={a+2blac C’, be C"}. (3.26)
Then C is a Z4-linear code if and only if

a,a €' =>axa €C” (3.27)

In this case,

(i) ¢ =" and C?) = C”
(i) ¢(C) ={(u,u+v)juel” vel}
(ili) Assume that C' is doubly even, and that C" C C't  Then C is self-
orthogonal if and only if

a,a’ € C’ > w(axa') =0 (mod 4). (3.28)
In this case, if C" = C'*, then C is self-dual.

Proof. Denote the addition in Z, by & and addition in Zs by +. For all
a,a; € C' and b, by € C”, we have the identity

(a+2b)+(a; +2by) =(adda;) +2(bd b, & (axa))),

from which it follows that C is a Z4-linear code if and only if (3.27) holds.
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If (3.27) holds, (i) and (ii) are obvious. Computed in Z4, (a + 2b) (a’ +
2b’) = a - a’. Computed in Z, a - a’ = w(a *a’). Therefore (iii) holds. a

Example 3.6. Let C = K4 be the Z4-linear code studied in Example 1.1. It
has generator matrix (1.3). By Proposition 3.18, C(!) has generator matrix

(1111)
and C(?) has generator matrix
1 1 11
01 01
0 0 1 1

Therefore C(1) is the repetition code of length 4, C(?) is the parity check code
(or the even weight code) of length 4, and C(1) C C(®). 1t is clear that condition
(3.27) is trivially fulfilled for C' = CV) and C" = C?), so C(1) 4+ 2C(?) is a
Zs-linear code. Clearly CV) + 2C(2) = K,. Moreover, C(!) is clearly doubly
even, (3.28) is also trivially fulfilled, and C(® = C(VL we deduce again that
K4 1s self-dual. a

Example 3.7. Let C = Kg be the Z,-linear code studied in Example 1.4. It
has generator matrix (1.7). By Proposition 3.18, C(!) is a binary linear code
with generator matrix

(11111111)
and C® is a binary linear code with generator matrix

11111111

01 000001
001 0O0O0O01
0001 0O0O0T1
0 0001O0O01
0 00 0O0T1O01
00 0O0O0O0OT11

CM is the repetition code of length 8, C?) is the parity check code of length
8 and C(V) € C?). Clearly, we have Kg = C1) +2C?) By Corollary 3.20, we
deduce again that Kg is self-dual. g

Example 3.8. Let C = C; be the Z,-linear code studied in Example 1.2. It
has generator matrix (1.4). By Proposition 3.18, C) is a binary linear code
with generator matrix
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(1111)

and C¥ is a binary linear code with generator matrix

(1111
010 1/°

Clearly, we have C; = C(1) 4 2C(?). By Corollary 3.20 we deduce again that
C; is self-orthogonal.

Moreover, from Example 1.2 we know that Ci- has generator matrix (1.5).
Denote the binary codes associated with Ci- by C’ and C”, then by Proposition
3.18 C' and C” has generator matrices

1 1 11
1 1 11
and 01 0 1],
01 01
1 1 0 O
respectively. Clearly, (3.27) is fulfilled and Ci- = C’ + 2C". o

Propositions 3.18 and 3.19 are due to Conway and Sloane (1993). Most of
Proposition 3.20 can be found in Bonnecaze et al. (1995).



CHAPTER 4

Z,~-LINEARITY AND z,-NONLINEARITY OF
SOME BINARY LINEAR CODES

4.1. A Review of Reed-Muller Codes

Let m be a positive integer,

and

m in number

where ® denotes the Kronecker product of matrices. It can be easily verified
that Gom is a 2™ x 2™ nonsingular matrix whose entries are either 0 or 1, that
the Hamming weight of each row vector of Gam is a power of 2, and that the
number of row vectors of Hamming weight 27(0 <7 < m) is r.(—;flT), The row
vectors of Gym of Hamming weight > 2™~" generate a binary linear code of
length 2™, dimension

T

m!
Z A (m =)’

=0

and minimum distance 2™~7", which is called the rth order Reed-Muller code
of length 2™ and is denoted by RM(r, m). The generator matrix of RM(r, m)
formed by the row vectors of Hamming weight > 2™~" of Gy~ will be denoted

by G(r, m).

53
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It is known that RM(r, m) and RM(m —r —1, m) are dual to each other. It
is also clear that RM(m, m) = F2" ,RM(m — 1, m) consists of all even weight
words of length 2™, RM{m —2, m) is the extended binary Hamming code Ham
of length 2™ when m > 3, RM(1, m) is the first-order Reed—Muller code of
length 2™ and RM(0, m) = {02, 12" }.

We agree that RM(—1, m) = RM(m+1, m) = {0%" } and that G(-1, m) =
G(m +1, m) = 02" for any m > 0.

As we remarked above, the number of row vectors of Hamming weight 271
of Gym 1s m. It is easy to see that they are
O, o110 TR
Denote them by vi,va, ..., V,,, respectively. Then
12"
Vi
G(l,m)=| V2 (4.1)
Vm

is a generator matrix of RM(1, m). The row vectors of Hamming weights
2m=T (0 < r < m) are

Vi ¥V keex vy 1 <4 <ip <<t £

We understand that when 7 = 0, v;, % v, *---*xv; = 12" Then the row
vectors

Vipg ¥ Vg xox vy, 1< < <<y, <m, 0<s<r

1

form the generator matrix G(r, m) of the rth-order Reed-Muller code
RM(r, m).

We agree that any binary linear code equivalent to RM(r, m) will also be
called the rth-order Reed—Muller code and denoted by RM(r, m). In partic-
ular, let € be a primitive (2™ — 1)th root of unity in the finite field Fym, and
form the m x 2™ matrix

Mp=(01£8 ... &2,

where each &7 is replaced by “(a1;,...,am;) if & = aij+ay, £+ +am, E™L
Denote the rows of M, by uy,..., u,, in succession. It is known that the row
vectors
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u, *u

keoeky, 1< < <<, <m, 0<s<r

12

generate a binary linear code of length 2™ which is equivalent to the above
defined rth-order Reed-Muller code RM(r, m). Then it will also be called the
rth-order Reed-Muller code of length 2™ and denoted by RM(r, m) also. This
definition of RM(r, m) has the advantage that when the components at the
leftmost position of its codewords are deleted, we get a cyclic code, which will
be called the shortened rth-order Reed-Muller code and denoted by RM(r, m)~.

For more details on Reed—Muller codes, see MacWilliams and Sloane
(1977), Chap. 14.

4.2. The Z4-Linearity of Some RM(r, m)

Let m be a non-negative integer and 0 < r < m. The Z4-linear code of
length 2™~ ! generated by the matrix

(G(’I‘— 1, m-— 1))
2G(r, m — 1)
over Z4 will be denoted by ZRM(r, m — 1). O
( G(0, 2) )
2G(1, 2)

generates the Z,-linear code ZRM(1, 2). Clearly, ZRM(1, 2) has generator
matrix (1.3)

Example 4.1. The matrix

o O =
O N

1
0
2

DN DN =

Therefore ZRM(1, 2) is the Z4-linear code K4 introduced in Example 1.1. By
Example 3.2 we know that ¢(ZRM(1, 2)) is the extended binary linear Ham-
ming code Hg = RM(2, 3) of length 8 = 23. Hence Hg is Zq-linear. O

(2c01.2)

generates the Zg-linear code ZRM(1, 3). ZRM(1, 3) has generator matrix

Example 4.2. The matrix
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11111111 18
02020202 |2v -
0 02 200 2 2 2vy
0 0002 2 2 2 2v3
Example 4.3. The matrix
G(1, 3)
(2G(2, 3))
generates the Z4-linear ZRM(2, 3). ZRM(2, 3) has generator matrix
11111111 18
01 0101O01 vy
0 0110011 \'D)
000011 11]= v3 O
0002000 2 2V, * Vo
0 0000 2 0 2 2vy * V3
0 0000 0 2 2 2vy * V3

Proposition 4.1. The binary rth-order Reed-Muller code RM(r, m) of length
n = 2™ is Zy-linear forr =0, 1, 2, m—1 and m. More precisely, it is the binary
image of the Z4-linear code ZRM(r, m—1) of length 2™~! forr =0,1, 2, m—1
and m.

Proof. For r =0, ZRM(0, m — 1) is generated by
G(-1,m-1)
( 2G(0, m — 1) )
and, lience, has generator matrix

277\—1

(2% ).
Thus
ZRM(0, m — 1) = {0*"7", 22"}
Under ¢
02" 02"
22" 71 L, 2

Hence
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w(ZRM(0, m — 1)) = RM(0, m).
For r =1, ZRM(1,m — 1) is generated by

( G(0,m—1) )
2G(1,m-1)/
Hence it has generator matrix

12m—1

2V1

2Vm—l

where vy,...,v,,_1 are 2™ !.dimensional vectors. It follows that
|ZRM(1, m—1)| = 4-2m~! = 2™+!_ Obviously, the condition of Corollary 3.16
is fulfilled for the generators 127", 2v,,...,2v,,_, of ZRM(1, m — 1). By
Corollary 3.16, ¢(ZRM(1, m — 1)) is linear. Under ¢,

1277 (0 1)2"‘_l =v; in ng ,

2.12771—1 - (l 1)2m—l _ 12m7
2vi vig in 22" (i=1,...,m—1).

Therefore ¢(ZRM(1, m — 1)) 2 RM(1, m). But |[RM(1, m)| = 2™*! Hence
#(ZRM(1, m)) = RM(1, m).

The cases r = 2 and r = m — 1 can be proved in the same way, and the
case r = m is trivial. O

4.3. The Z4-Nonlinearity of Extended Binary
Hamming Codes Hs» when m>5

We mentioned in Sec. 4.1 that the (m — 2)th-order Reed—Muller code of
length 2™, RM(m — 2, m), is the extended binary Hamming code Hym when
m > 3. In Example 3.2 we showed that Hg is Z4-linear. By Proposition 4.1,
Hy,s» = RM(4 - 2,4) = RM(2, 4) is also Z4-linear. In the following we will
show that when m > 5, Hym = RM(m — 2, m) is not Z4-linear. We begin with
some lemmas.

Lemma 4.2. Let Hym be a [2™, 2™ — m — 1, 4] eztended binary Hamming
code and m > 4. Then Hom contains at least two codewords of weight 4 that
meet in just one coordinate.
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Proof. It is well known that the matrix (4.1)
2"
Vi

G(l,m): V2

Vm

is a parity-check matrix of Hom. For illustration we write this matrix down
explicitly for the case m = 4.

116 1111111111111 11]1
vy 0101010101010 101
v |[=]001 1001100110011
V3 0000111 1000O0T1TT1T11
\'2 0 0o00O0O0O0OCOOOI1T1TT1T1T1TT1TF1:1

The columns of G(1, m) will be numbered by 0,1,2,...,2™ — 1. Clearly, the
sum of the zeroth, first and second columns of G(1, m) is equal to the third
column and the sum of the zeroth, fourth and eighth columns of G(1, m) is
equal to the twelfth column. Therefore

(11110000000000000% )

and
(10001000100010000%" ")

are two codewords of Hyw, which have weight 4 and meet in just one coordinate.

Lemma 4.3. Let m be an integer > 4, Ay and Az be non-negative integers
satisfying the condition 24, + 343 < 2™, Then there does not ewist binary
linear code of length 2™~ —2A, — 343, dimension > 2™~} —m — Ay — A3, and
minimum distance 4 unless Ay = Az = 0 and the code is the extended binary
Hamming code of length 2m~1

Proof. Assume that there is a binary linear code of length 2™~! — 24, — 345,
dimension > 2™~! —m — Ay — A3, and minimum distance 4 and denote it by
C. Clearly, we must have 2™~ — 24, — 343 > 2™~! —m — 4, — A3, and
hence, A, + 243 < m. We can delete the coordinates of all codewords of C
at a fixed position in such a way that we obtain a binary linear code C~ of
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length 2™~1 — 24, —243 — 1, dimension > 2™~! —m — A, ~ A3, and minimum
distance > 3. By sphere-packing bound for C~

m—1
22"’“’—m—A2—A3 (1 + (2 —24; - 34; - 1)) < 22’“"—2A2—3A3—1
] < .
(4.2)
Then

LH.S. of (4.2) = 227 =™~ A2=4s (gm=1 _ 94, _ 34,)

— 22"'_1—2142—3,43—1 2A2+2A3—m+l (2m—l _ 2A2 _ 3A3)

We have 245 + 343 < 2(A; +243) < 2m, 50 2™~ — 24, — 345 > 2™~ —om,
For m > 6, we have 2™~1 —2m > 2™~2 and then 2%~ ! =24, —34; > 2™~ 2
Consequently
L.H.S. of (4.2) > 22" ' ~242-343-1 A2 +245-1
> R.H.S. of (4.2),
unless A, = A3 = 0.

When m =5, then A3 +2A4;5 < 5. If (A2, A3) # (0, 0), then there are seven
possibilities:

(A2, 43) = (0, 1),(0, 2),(1, 0),(1, 1),(2, 0),(3, 0), (4, 0).
For any one of these possibilities, we always have
2442 4smmAl (gmol 24, - 343) > 1. (4.3)
Therefore we also have
L.H.S. of (4.2) > R.H.S. of (4.2). (4.4)

When m = 4, then A; + 243 < 4. If (A,, A3) # (0, 0), there are five
possibilities
(AQ) A3) = (Ov 1)7(11 0)7(1y 1))(27 0)7(3) 0)

For any one of these possibilities we also have (4.3) and hence (4.4).
Therefore we conclude that when m > 4, we must have A, = A; = 0.
When Ay = A3 = 0, the code C is of length 2™~ dimension > 2™~! —m,
and minimum distance 4. From the sphere packing bound for C~ we deduce
that dim C = 2™~! —m. It is well known that there is a unique binary linear
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[2m71, 2m=! —m, 4]-code, the extended binary Hamming code of length 277!,
within equivalence. So C is the extended binary Hamming code of length
2m-1 O

Proposition 4.4. The extended binary Hamming code Hom of length 2™ is
not Zq-linear for m > 5.

Proof. We will prove by contradiction. Assume that Ham is a [2™, 2™ —m —
1, 4] extended binary Hamming code with its coordinates so arranged that
Hym = ¢(H) for some Z4-linear code H. Let

F= {CE H2n\

o(c) =c},

where ¢ is the map defined by (3.14). Clearly, F' is a linear subcode of Hom.
Since (1, 02"7'=1,1, 02" 7' ~1) & Hym, it does not belong to F either. It follows
that dim FF < 2m~1 — 1.

Define a map

¥ Hym —» F
c+— c+o(c).

Clearly, % 1is a group homomorphism and Im ¢ C Ker ¢ = F. Since
dim Ker 9 = dim F < 2™~! — 1 and dim Ker ¥ + dim Im 9 = dim Hym =
2™ —m — 1, we have dim Im ¢ > 2™7! —m.

Let E consist of the right-hand halves of the codewords in Im 4. Then E
is a binary linear code of length 2™~!, dimension > 2™~! — m, and minimum
weight 2. By Corollary 3.15, FE is closed under componentwise multiplication.

Assume that the positions of codewords of E are numbered by 1, 2, ...,
2™~ Let x = (2y,...,Zom_1), ¥ = (¥1,--.,Y2m_1) be any two codewords of
E of weights 2 or 3. Then x+y € F and x x y € E. Define

Sx={ilt<i<2™ ) 2, =1}

Then Sx N S, = 0; otherwise, either x +y or x * y would be a codeword of
weight 1in E, a contradiction.
Denote the number of codewords of weight ¢ in £ by A;. Define

J={jel|3x€E with w(x)=2o0r3 and =z, =1}

By the preceding paragraph, |J| = 24; + 3A43. Delete those components
numbered by numbers in J from the codewords of F, we obtain a shortened
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binary linear code E* of length 2™~! — 24, — 343, dimension > 2™~! —
m — Ay — Az. Let z be a codeword of weight 4 in £. Then S, nJ = 0,
otherwise, as in the preceding paragraph it will lead to a contradiction. Hence
the minimum weight of £* is 4. But by Lemma 4.3, E* cannot exist unless
Ay = Az = 0 and F is itself an extended binary Hamming code of length
2™=1 Since m > 5 and E is closed under componentwise multiplication,
we can use Lemma 4.2 to produce a codeword of weight 1, again a contra-
diction. a

From the above discussion we conclude that when m < 4 all Reed—Muller
codes RM(r, m),0 < r < m, are Z4-linear, that when m = 5, RM(r, 5),
r = 0,1,2,4,5, are Zs-linear and RM(3, 5) is not, and when m > 5,
RM(r, m),r = 0,1,2, m — 1, m, are Z4-linear and RM(m - 2, m) is not.
It was proved recently by X.-D. Hou et al. (1997) that when m > 5 and
2 <r<m—2, RM(r, m) is not Z4-linear.

It is worthwhile to remark that RM(1, m) and RM(m — 2, m) = Hym are
dual to each other and that RM(1, m) is Z4-linear, but RM(m — 2, m) is not.

Propositions 4.1 and 4.4 are due to Hammons et al. (1994).



CHAPTER 5

HENSEL’S LEMMA AND HENSEL LIFT

5.1. Hensel’s Lemma

In studying Z4-codes it is convenient to introduce the Galois ring GR(4™).
Hensel’s lemma is an important tool in studying Galois rings. In the following
we restrict our study of Hensel’s lemma to the simplest case, i.e. the case of
polynomials over Z4, which is needed in studying GR(4™). To extend it to the
general case, i.e. the case of polynomials over Z,., where p is any prime and e
is any integer > 1, is immediate.

Let Z4[X] be the polynomial ring in an indeterminate X over Z,. We have
defined a ring homomorphism

CYIZ4—)ZQ
0,20
1,3+— 1.

Henceforth we shall simply denote the map a by “-”,ie. 0 = 2 = 0 and
T=3=1. The map —: Z4 — Z, can be naturally extended to a map from

Z4[X] to Zy[X] as follows:
Z4|X] — Z,]X]
o+ X+ +an X"+ mX 4+ T X"

It can be readily verified that this extended map is a ring homomorphism
from Z4[X] onto Z,[X] with kernel (2) = Z4[X]2 = {2f(X) | f(X) € Z4[X]}.
This extended ring homomorphism will also be denoted by — and the image of
f(X) € Z4[X] under the map ~ will be denoted by f(X).

63
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For any f(X) € Z4[X] define
(F(X)) = Za[X] F(X) = {g(X) fF(X) ]| 9(X) € Zg[X]}

Let f1(X) and f2(X) be polynomials in Z4[X]. They are said to be coprime
in Z4[X] if there are polynomials A, (X), A2(X) in Z4[X] such that

AM(X)A(X) + A2 (X) f2(X) =1,
or, equivalently, if
Za|X] f1(X) + Za[X] f2(X) = Zg[X] .

The coprimeness of polynomials in Z,[X] can be defined in a similar way.
It is well known that two polynomials fi(X) and f>(X) in Z;[X] are coprime
if and only if they have no common divisor of degree > 1.

Lemma 5.1. Let f;(X) and f2(X) € Z4[X] and denote their images in Zy[X]
under - by f,(X) and f4(X), respectively. Then fi(X) and f2(X) are coprime
in Z4[X] if and only if £,(X) and fo(X) are coprime in Zo[X].

Proof. Assume that f,(X) and f,(X) are coprime in Z;[X]. Then there are
polynomials A (X) and A2(X) in Z4[X] such that

(X)) FL(X) + X2(X) fo(X) =1

Thus
A (X) fi(X) + A(X) f2(X) =14 2k(X), (5.1)
where k(X) € Z4[X]. Multiplying the above equation by 2k(X), we have
2k(X) M(X) fi(X) 4+ 2k(X) A2 (X) f2(X) = 2k(X). (5.2)

Substituting (5.2) into (5.1), we obtain
[1 = 2k(X)] M(X) A(X) + (1= 2k(X)) A2(X) f2(X) =1.

Therefore f,(X) and fo(X) are coprime in Z4[X]. The converse part is
easy. (]

Lemma 5.2. (Hensel's Lemma) Let f(X) be a monic polynomial in Z,[X]
and assume that

F(X) = F1(X) f2(X),
where f,(X) and f,(X) are coprime polynomials in Zy[X]. Then there exist
monic polynomials g,(X), g2(X) € Z4[X] with the following properties:
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() f(X) =g (X) g2(X),
(X) = F1(X), 5.(X) = Fo(X),
g 91(X) = deg fl(X) deg g2(X) = deg fo(X),

(X) and g(X) are coprime in Z4|X).

) f(X
(i) g,
(iit) de
(iv) ¢

Proof. Let fi(X) € Z4[X] be an original of f,(X) under the map — and
f2(X) € Z4[X] be one of f,(X). We can choose both f;(X) and f,(X) to be
monic, which implies that deg f1(X) = deg f,(X) and deg fo(X) = deg f,(X).
Clearly, we have

(X)) - f1(X) fa(X) = 2k(X),

where k(X) € Z4[X] and deg k(X) < deg f(X). Since f,(X) and f,(X) are
coprime in Zy[X], by Lemma 5.1 f;(X) and f2(X) are coprime in Z4[X]. Thus
there exist A1(X) and A2(X) € Z4[X] such that

A(X) f1(X) + Xa(X) fo(X) = k(X). (5.3)
Dividing A (X) by f2(X), we obtain
M (X) = q(X) fo(X) + i (X), (5.4)
where q;(X), 71(X) € Z4[X] and deg r1(X) < deg f5(X). Similarly,
A2(X) = @2(X) fi(X) +r2(X), (5.5)

where go(X), 72(X) € Z4|X] and deg r2(X) < deg fi(X). Substituting (5.4)
and (5.5) into (5.3), we obtain

(01 (X) f2(X) +7m1(X)] fiX) + [g2(X) fL(X) +r2(X)] fo(X) = k(X).
Thus
[g1(X) + q2(X)] H(X) f2(X) = K(X) = r1(X) f1(X) —r2(X) fo(X).

The R.H.S. of the above equality is a polynomial of degree less than
deg f(X) and its L.H.S. is a polynomial of degree > deg f)(X) +deg f2(X) =
deg f(X), unless g1 (X)+q¢2(X) = 0. Therefore we must have ¢, (X)+g2(X) =0
and consequently

r(X) fi(X) + r2(X) fo(X) = k(X).
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Let
91(X) = fi(X) + 2r2(X),
92(X) = fo(X) + 2r(X).
Then both g, (X) and g,(X) are monic polynomials in Z4[X] and

91(X) g2(X) = i(X) fa(X) + 2 [ (X) fi(X )+ 72(X) f2(X)]
= fi(X) f2(X) + 2k(X)
= f(X).

This proves (i). By the construction of ¢;(X) and g2(X), we have g,(X)
= 71(X), 5a(X) = Fo(X), deg 91(X) = deg fi(X) = deg F,(X), and deg
92(X) = deg fo(X) = deg fo(X). Therefore (ii) and (iii) also hold. Since
f1(X) and f,(X) are coprime in Z[X], by Lemma 5.1, g, (X) and go(X) are
coprime in Z4[X]. This proves (iv). 0O

By mathematical induction, Lemma 5.2 can be generalized as follows:

Lemma 5.3. (Hensel’s Lemma) Let f(X) be a monic polynomial in Z4[X]
and assume that

F(X) = F1(X) FoX) - F(X),
where f1(X), fo(X),..., f.(X) are pairwise coprime polynomials in Zo[X).
Then there exist monic polynomials g1(X), g2(X), ..., g-(X) € Z4[X] with the
following properties:

(1) f(X)=a(X) g(X) - (X),
(i) g:(X) = f(X) '=1,2,
(iii) deg gl( )= f.(X), = 1 2
(iv) g1(X), g2(X ), .., g-(X) are pairwise copm’me in Zq4[X]. O

5.2. Basic Irreducible Polynomials

Let f(X) be a monic polynomial of degree m > 1 in Z4[X]. If f(X)
is irreducible over Z;, then f(X) is called a basic irreducible polynomial of
degree m in Z4[X]. If f(X) is primitive of degree m over Z, then f(X) is
called a basic primitive polynomial of degree m in Z4[X].

Now we shall use Hensel's lemma to prove the existence of basic irreducible
polynomials of any degree over Z4.



Hensel’s Lemma and Hensel Lift 67

Proposition 5.4. For any positive winteger m there exrists a monic polynomial
f(X) of degree m in Z4[X] such that f(X)|(X2" =1 = 1) in Z4[X] and that

(X) is wrreducible over Zy. Thus for any positive integer m, there ezists a
basic irreducible polynomial of degree m in Zs[X)].

Proof. By the theory of Galois fields, (see Wan (1992), Chap. 3), for any
positive integer m there exist irreducible polynomials of degree m in Z,[X],
each irreducible polynomial of degree m in Zy[X] is a divisor of X2"~! — 1 in
Zy[X], and X2 =1 — 1 has no multiple roots in any extension field of Z,. Let
f2(X) be an irreducible polynomial of degree m in Zy[X]. Let

X¥-1-1
fa(X)

then f,(X) and g2(X) are coprime in Z;[X] and

92(X) =

X¥ 7V -1 = fo(X) ga(X).

By Hensel’s lemma these are monic polynomials f(X) and ¢(X) in Z4[X]
such that
X 1= £(X) g(X) in Z4[X],

f(X) = fo(X), 9(X) = g2(X), deg f(X) = deg fo(X), deg g(X) = deg g2(X),
furthermore f(X) and g(X) are coprime in Z4[X]. Then f(X) is a monic
polynomial of degree m in Z4[X] such that f(X)|(X2?"~! —1) in Z4[X] and
that f(X) = fo(X) is irreducible over Zj. O

Corollary 5.5. (of the proof) For any positive integer m there ezists a monic
polynomial f(X) of degree m in Zy4[X] such that f(X)]|(X?"~! = 1) in Z4[X]
and that f(X) is a primitive polynomial of degree m over Z,. Thus, for any
positive integer m there exists a basic primitive polynomial of degree m in
Z4]X].

Proof. In the proof of Proposition 5.4, let fo(X) be a primitive polynomial of
degree m over Zj. 0

After some preparations in Secs. 5.3 and 5.4 we shall prove in Sec. 5.5 that
if fo(X) is a polynomial over Z; dividing X™—1 in Z3[X] for some odd positive
integer m, then there exists a unique monic polynomial f(X) over Z4 dividing
X™ —1in Z4[X] and f(X) = f2(X). Moreover, f(X) is independent of the
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odd positive integer n. Such a polynomial f(X) will be called the Hensel lift
of f2(X).

5.3. Some Concepts from Commutative Ring Theory

In this section we recapitulate some concepts from commutative ring theory,
which will be needed later. They can be found in Zariski and Samuel (1958).

Let R be a commutative ring. An element z € R is called a zero divisor
if z # 0 and there is a nonzero element y € R such that yz = 0. An element
w € R is called ntlpotent if there is a positive integer n such that w™ = 0. An
element e € R is called an idempotent, if e = e; moreover, if e? = e and e # 0
then e is called a nonzero idempotent. 1f e and €' are nonzero idempotents of
R and ee’ = 0, then they are said to be orthogonal.

Now assume that R has an identity element 1 and 1 # 0. An element u € R
is called an invertible element (or a unit) if there is an element v € R such that
uv = 1. A nonzero element p € R is called an irreducible element if p is not a
unit and if p = ab where a, b € R then a is a unit or b is a unit.

For example, in Z,, 1 is the only unit, 0 is the only nilpotent element, and
there is no zero divisor as well as irreducible element. In Z4, 1 and 3 are units,
0 and 2 are nilpotent, and 2 is a zero divisor as well as an irreducible element.
In Z3[X], 1 is the only unit, 0 is the only nilpotent element, there are no zero
divisors, and irreducible elements are irreducible polynomials.

A nonempty set I of a commutative ring R is called an idealif a, b € I and
r € Rimply a+b €1 and ra € I. Let a € R, then the set Ra = {ra|r € R}
is an ideal, called the principal ideal generated by a and denoted by (a).

For example, if R has an identity 1 then R = (1). Every ideal of the ring
Z,[X] is principal.

An ideal M of R is called mazimalif M # R and there is no ideal not equal
to R and containing M properly. An ideal P of R is called prime if P # R,
and ab € P implies a € Por b € P An ideal Q of R is called primary if
Q # R, and ab € Q implies a € Q or b € @ for some positive integer n.

Clearly, an ideal M of R is maximal if and only if the residue class ring
R/M is afield, and an ideal P of R is prime if and only if P # R and R/P has
no zero divisors. Moreover, all maximal ideals are prime, but not conversely,
and all prime ideals are primary, but not conversely.

For example, in Zz[X] the ideal (f(X)) generated by an irreducible polyno-
mial f(X) is prime and also maximal. Conversely, every nonzero prime ideal of
Zy[X] is generated by an irreducible polynomial. The ideal (f(X)¢) generated



Hensel’s Lemma and Hensel Lift 69

by a power of an irreducible polynomial f(X) is primary. Conversely, every
nonzero primary ideal is generated by a power of an irreducible polynomial.

An element o # 0 of a commutative ring R is called a prime or primary
element, if the ideal (a) is a prime or primary ideal of R, respectively. If
R = Z2[X] or Z4[X], prime elements and primary elements are also called
prime polynomials and primary polynomials, respectively.

For example, in Z;[X] prime polynomials are irreducible polynomials and
conversely, primary polynomials are powers of irreducible polynomials and
conversely.

Let I be an ideal of a commutative ring R. Define

VI = {a € R|a™ € I for some positive integer n}.

It is easy to verify that /T is an ideal of R. We call VT the radical of I.
Clearly, I C VI

It is easy to prove that the radical of a primary ideal is prime and the
radical of a prime ideal is itself.

Now we illustrate some of the foregoing concepts with the ring Z,[X].

First, it is easy to prove that a polynomial f(X) of Z4[X] is a unit if
and only if f(X) = 1 in Z3[X], and if and only if it can be expressed in the
form f(X) = £1 + 2¢(X), where g(X) € Z4]|X]. Moreover, a polynomial
f(X) € Z4]X] is nilpotent if and only if f(X) =0 in Z,[X], and if and only if
it is a zero divisor or zero in Z4[X].

The kernel of the ring homomorphism —: Z4[X] — Z2[X] defined in Sec.
5.1 is the principal ideal (2). (2) is a prime ideal, for Z4[X]/(2) >~ Z2[X], which
has no zero divisors. Let P be a prime ideal of Z4[X], then the image P of P
under the ring homomorphism — : Z4[X] — Z;[X] is a prime ideal of Z;[X].
Moreover, we have

Lemma 5.6. All prime ideals of Z4[X] containing (2) properly are mazimal.

Proof. Let P be a prime ideal of Z4[X] which contains (2) properly. Then P
is a prime ideal of Z4[X]/(2) =~ Z2[X] and P # (0). Therefore P is a maximal
ideal of Z[X] and Z,[X]/P is a field. By the second isomorphism theorem,

Z4[X]/ P = (Z4[X]/(2))/(P/(2))
>~ Zz[X]/ﬁ

Hence P is a maximal idea) of Z4[X]. O
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Lemma 5.7. Let Q be an ideal of Z4[X] containing (2) properly. Then Q 1s
primary if and only if \/Q is prime.

Proof. The “only if” part is immediate. We prove only the “if” part. Assume
that +/Q is prime. Clearly, (2) C /Q. If (2) = V@, then Q C VQ = (2),
which contradicts the hypothesis that Q contains (2) properly. Therefore /@
contains (2) properly. By Lemma 5.6, \/Q is maximal. Since /@ is prime,
VQ # Z4[X]. Thus Q # Z4[X]. Let a, b € Z4[X] be such that ab € Q. Assume
that b™ € Q for any positive integer n, i.e. b ¢ v/Q. Since /@ is maximal,
the ideal (b, /@) generated by b and \/Q is Z4[X]. Then the identity 1 can
be written as 1 = zb + r, where z € Z4[X] and r € +/Q. There is a positive
integer n such that 7™ € Q. Then

1=1"=(2b+7)" =yb+ 1", where y € Zy[X].
Multiplying by a, we obtain
a=yab+ar™ € Q.

Hence @ is primary. a

Lemma 5.8. Let f(X) be a polynomial in Z4[X] and assume that f(X) =
g(X)¢, where g(X) is an irreducible polynomial in Zo|X] and e is a positive
integer. Then f(X) is a primary polynomial in Z4[X].

Proof. Let (f(X)) be the principal ideal generated by f(X). By Lemma 5.7,
it is enough to prove that 1/(f(X)) is a prime ideal. Since 1 & (f(.X)), we have
also 1 ¢ /(f(X)). Thus /(f(X)) # (1) = Z4[X]. Let a(X), b(X) € Z4[X]
and a(X)b(X) € /(f(X)). Then there is a positive integer n» such that
(a(X)b(X))™ € (f(X)). It follows that (@(X)bs(X))™ € (f(X)) = (9(X)°).
By the unique factorization theorem of Z,[X], g(X)|a(X) or ¢(X) |b(X). If
g(X)|a(X), then f(X)|a(X)e. There are polynomials c¢(X), d(X) € Z4[X]
such that a(X)® = ¢(X)f(X)+2d(X). Then a(X)? = ¢(X)? f(X)? € (f(X))
and, consequently, a(X) € /(f(X)). If g(X)|b(X), then we can prove in a

similar way that b(X) € /(f(X)). Therefore \/(f(X)) is prime. a
Corollary 5.9. Any basic irreducible polynomial in Z4[X] is primary. O

5.4. Factorization of Monic Polynomials in Z4[X]

Theorem 5.10. Let f(X) be a monic polynomial of degree > 1 in Z4[X].
Then
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(i) f(X)=a1(X) - g.(X), where g, (X), ..., 9-(X) are pairwise coprime
monic primary polynomials.
(i1) Let
HX) = a1(X) - g,(X) = ha(X) -+ ho(X) (5.6)

be two factorization of f(X) into pairwise coprime monic primary
polynomials, then r = s and after renumbering, g:(X) = hi(X),i =
1,...,7.

Proof. (i) By the unique factorization theorem of polynomials in Z,[X] we
can assume that

fX)= A0 - f(X),
where f1(X),..., fr(X) are distinct irreducible polynomials in Z,[X] and e,
..., e, are positive integers. By Lemma 5.3 there exist pairwise coprime monic
polynomials ¢;(X), ..., g-(X) € Z4[X] such that

f(X) =a(X) - g.(X)

and
7.(X) = f.(X)®, i=1,...,m

By Lemma 5.8, all ¢g;(X),1=1,...,r, are primary polynomials.

(ii) From ¢1(X) - g (X) = h(X) - -hs(X) we deduce that ¢;(X)---
9-(X) € (hy(X)) for all 1 = 1,...,s. Since (h;(X)) is primary, there is an
integer k;, 1 < k; <7 and a positive integer n; such that gi (X)™ € (hi(X)).

We assert that k; is uniquely determined by h;(X). Assume that there is
another k; and an n} such that gk;(X)":' € (hi(X)). Since gk, (X) and gi (X)
are coprime, there are polynomials a(X), &(X) € Z4[X] such that

1= a(X) gi, (X) + B(X) &, (X).
Then
1= 1771 = (a(X) gx, (X) + b(X) gk;(X))"‘J“":—l € (hi(X)),

which is a contradiction. Our assertion is proved.
Similarly, for all j = 1,...,7, there is a uniquely determined integer /;, 1 <
I; < s, and a positive integer m; such that hi (X)™ € (g;{X)). Then for any
1,1 <1< s, we have
h’[k.' (X)mk"n" € (hi(X))
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Since h;(X) and h,(X) are coprime for ¢ # j, we must have lx, = ¢ for every
1=1,...,s. It follows that the map

{1,2,...,s} = {1,2,..., 7}
il—-'k{

is a well-defined injective map. Thus 7 > s. Similarly, s > r. Hence r = s.
After renumbering, we can assume that k; =i fori =1,...,7. Then l; =4
fori = 1,2,...,7. Thus g:(X)™ € (h:(X)) and h;(X)™ € (g:i(X)) for ¢ =
1,2,...,r.

For j # 1, g;(X) and ¢1(X) are coprime. By Lemma 5.1, g,(X) and
g,(X) are coprime, which implies that §;(X) and g, (X)™ are coprime. Hence
,(X)-§,.(X) and g,(X)™ are coprime. By Lemma 5.1 again, g2(X) ---
9-(X) and g, (X)™ are coprime. Since g,(X)™* € (h1{X)), g2(X) - g-(X)
and h,(X) are coprime, i.e. there are polynomials ¢(X), d(X) € Z4[X] such
that

o(X) g2(X) -+ go(X) +d(X) i (X) = 1.

Multiplying by g1(X), we obtain

o(X) g1(X) g2(X) -+ g+(X) + d(X) 91 (X) hi(X) = g2 (X).
By (5.6), we have

o(X) hi(X) ha(X) - he(X) + d(X) 91 (X) b1 (X) = 1(X),

which implies hy (X )| g, (X). Similarly, g;(X)|h1(X). Since both ¢;{X) and
h1(X) are monic polynomials, we must have ¢;(X) = h(X). Similarly,
gi(X):hi(X))i:ZVB)”-yT' g

From Theorem 5.10 we deduce

Proposition 5.11. Let n be a positive odd integer. Then the polynomial X™—1
over Zy can be factored into a product of finitely many pairwise coprime basic
irreducible polynomials over Zy, say

X" =1=g1(X) g2(X) - g:-(X). (5.7)
Moreover, g1(X), g2(X), ..., 9-(X) are uniquely determined up to a rearrange-

ment.

Proof. Over Z,, we have the unique factorization

Xm—1= 700 £2X) - £D(X),
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where f{!(X), &x,. , fi7(X) are irreducible polynomials over Z,. Since
n is odd, fzgl)(X), 2(2)(X),...,f2(,r)(X) are pairwise coprime. By Hensel’s
lemma, there are monic polynomials g)(X), g2(X),...,g-(X) over Z4 such
that g(X) = f§(X) and deg g;(X) = deg f{(X) for i = 1,2,...,7, that
91(X), 92(X),...,9-(X) are pairwise coprime, and that

2"~ 1= g1(X) ga(X) - g.(X).

Since §,(X) = féi)(X), ¢t =1,2,...,r, are irreducible over Z,, ¢;(X), g2(X),

.., 9-(X) are basic irreducible. By Corollary 5.9, g:(X), i = 1,2,...,7, are
primary. Then the uniqueness of (5.7) follows from Theorem 5.10. O
5.5. Hensel Lift

Proposition 5.4 can be generalized and strengthened as follows.

Proposition 5.12. Let n be an odd positive integer and fo(X) be a polynomial
in Zo|X] dividing X™ — 1. Then there exists a unique monic polynomial f(X)
in Z4|X] dividing X™ — 1 and f(X) = f2(X).

Proof. By Proposition 5.11 we have (5.7)
X" = 1=g(X)g2(X) -+ g-(X)

over Zg4, where g1(X), g2(X),...,g-(X) are pairwise coprime basic irreducible
polynomials over Z,. Then

X" —1=7g,(X)5(X) - g.(X)

over Zj, where g,(X), 92(X), -+ ,3.(X) are distinct irreducible polynomials
over Z,. By the unique factorization theorem in Z;[X], we can assume that
up to a rearrangement

f(X) =G (X)5p(X) - ,(X),  where 1<s<r  (58)

Let
f(X) = g1(X) g2(X) -+ g5(X),

then f(X) is a monic polynomial over Z4 dividing X™ — 1 and F(X) = fo X).

Now let us come to the proof of the uniqueness of f(X). Assume that
h(X) is any monic polynomial in Z4[X] dividing X™ — 1 and h(X) = f2(X).
From the factorization (5.8) of f2(X) in Z;|X] and by Hensel’s lemma, we have
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pairwise coprime basic irreducible polynomials, k(X ), ha(X),..., hs(X) over
Zg4 such that h;(X) =3.(X),i=1,2,...,s, and

X)) = hi(X) ha(X) -+ ho(X).

Since A(X)|(X™ — 1) in Z4[X], by Proposition 5.11 all hi(X), ha(X),
..., he(X) appear in {g;:(X), g2(X),...,9-(X)}. Since hi(X) = 3.(X), 1 =
1,2,...,5 and §,(X), 9.(X),...,5,(X) are distinct, we must have h;(X) =
g:i(X),i=1,2,...,r. Consequently, h{X) = g(X).

O

Proposition 5.13. Let n, and n, be odd positive integers and f2(X) be a

polynomial in Zy[X|] dividing both X™ -1 and X2 —1. Let f()(X) and fD(X)

be monic polynomials in Z4[X] dividing X™ —1 and X™? — 1, respectively, and
1 —(2

FP0) =F2(X) = £(X). Then fO(X) = f2(X),

Proof. Let n = (ny, na), then n is also odd, X™ =1 = (X™ — 1, X™ - 1),
and fo(X)|(X™—1). By Proposition 5.12 there is a unique monic polynomial
f(X) in Z4[X] dividing X™ — 1 and f(X) = fo(X). Since X™ — 1 divides
X™ —1, f(X) also divides X" —1. By the uniqueness part of Proposition 5.12,
F(X) = fO(X). Similarly, f(X) = f®(X). Therefore fN(X) = f2(X). O

Corollary 5.14. Let n be an odd positive integer and fo(X) be an irre-
ducible polynomial in Zy[X] dividing X™ — 1. Then there exists a unique basic
irreducible polynomial f(X) in Z4(X] dividing X™ — 1 and f(X) = fo(X).
Moreover, f(X) is independent of n. O

Let f>(X) be a polynomial over Z, without multiple roots and not divisible
by X. It is well known that there is a positive odd integer n such that fo(X)
divides X™—1, (see Wan (1992), Definition 7.2 and Theorem 7.8). For example,
if fo(X) is an irreducible polynomial of degree m, then n = 2™ — 1 satisfies
f2(X)] X?"~! — 1. By Proposition 5.12 there is a unique monic polynomial
f(X) over Z4 dividing X™—1and f(X) = fo(X). By Proposition 5.13, f(X)is
independent of the particular choice of n. This polynomial is called the Hensel
lift of fo(X) and, can be calculated by using Graeffe’s method for finding a
polynomial whose roots are the squares of the roots of f2(X), (see Uspensky
(1948)), as the following proposition shows.

Proposition 5.15. Let fo(X) be a polynomial over Zy|X] without multiple
roots and not divisible by X. Write fo(X) = e(X)—d(X), where e(X) contains
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only even power terms and d(X) only odd power terms. Then e(X)? — d(X)?,
computed in Z4[X], is a polynomial having only even power terms and of degree

2deg f2(X). Let f(X?) = £(e(X)? — d(X)?), where we take the + or — sign of

(;e(g;()X) > degd(X) or degd(X) > dege(X), then f(X) is the Hensel lift of
2 .

Proof. The first statement is clear. By the choice of + sign, f(X?) is monic
and, hence f(X) is monic. We have
FIX?) =e(X?) - d(X?) = f(X2) (mod 2),
which implies f(X) = f,(X). We also have
F(X?) = ££(X) f(-X),

computed in Z4[X]. There is an odd positive integer n such that fo(X)| X" —1
in Zy[X]. Computed in Z,[X],

X" 1= f(X)a(X) + 26(X),
where a(X), b(X) € Z4[X]. Then
(=X)" —1= fo(-X)a(—X) + 2b(~X)
and
X" —1=(X"-1)(X"+1)
= — fo(X) fo(=X) a(X) a(—X) + 2[f2(X) a(X) b(- X)
+ fo(=X) a(-X) b(X)].

Writing f2(X) = e(X) — d(X), a(X) = ea(X) — do(X), and b(X) = e(X) -
dy(X), where e(X), e.(X), €;,(X) contain only even power terms and d(X),
d.(X), dp(X) only odd power terms, we can verify easily that

2[f2(X) a(X) b(—X) + f2(=X) a(-X) b(X)] = 0.
Therefore f(X?2)| X?"—1in Z4[X]. Hence f(X)| X™—1in Z4[X]. We conclude
that f(X) is the Hensel lift of f2(X). a
Example 5.1. Let m = 2 and ho(X) = X2+ X + 1 = e(X) — d(X), where
e(X)=X%*+1and d(X)=-X. Then
e(X)? —d(X) =X+ X?+1.
Hence h(X) = X? + X + 1 is the Hensel lift of X2 + X + 1. O
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Example 5.2. Let m = 3 and hy(X) = X® + X + 1 = e(X) — d(X), where
e(X) =1 and d(X) = —X® — X. We have

—e(X)?2 +d(X)? = X8 +2X* + X% - 1.
Then h(X) = X® +2X2% + X — 1 is the Hensel lift of X3 + X + 1. O

Finally, the following example shows that not every monic polynomial
h(X) € Z4[X] with the property that h(X) is irreducible over Z; is the Hensel
lift of A(X).

Example 5.3. Let h(X) = X — 3 € Z4][X]. h(X) is monic and h(X) = X +1
is irreducible over Z;. Clearly, h(X) f(X™ — 1) for any odd positive integer
n. Therefore h(X) is not the Hensel lift of h(X). O



CHAPTER 6

GALOIS RINGS

This chapter introduces the main machinery, Galois rings, for the study of
Z4-codes. The theory of Galois rings was developed by Krull in the twenties
of this century, see Krull (1924). We do not intend to introduce general Galois
rings but only the Galois ring GR(4™) with 4™ elements instead. Extending
to the general Galois rings is immediate. In preparing this chapter, Nechaev
(1989) is helpful.

6.1. The Galois Ring GR(4™)

We recall that a basic irreducible polynomial h(X) of degree m over Zy is
a monic polynomial of degree m over Z4 such that h(X) is irreducible over Z,
and that if h(X) is primitive, then h(X) is called basic primitive over Z,.

For any given positive integer m the existence of a basic irreducible polyno-
mial and a basic primitive polynomial of degree m over Z, are guaranteed by
Proposition 5.4 and Corollary 5.5, respectively. Let h{X ) be a basic irreducible
polynomial of degree m over Z4. Consider the residue class ring

Z4[X]/(R(X)).
The residue classes
ag + (11X + -4 am_le_l + (h(X)),

where ag, a1,...,am_1 € Zg4, are all the distinct elements of Z[X]/(h(X)).
Therefore | Z4[X]/(R(X))| = 4™. The ring Z4[X]/(h(X)) is called the Galois
ring with 4™ elements and is denoted by GR(4™).
Write £ = X + (h(X)), then h(§) = 0, i.e., £ is a root of h(X), and the
elements
g+ aé+ o Fam &7

77
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where ag, @, ..., 8,_; runs through Z, independently, exhaust all the distinct
elements of GR(4™). Therefore GR(4™) = Z4[¢].

For a commutative ring with identity 1 the order of 1 in the additive group
of the ring is called the characteristic of the ring. Then GR(4™) is of charac-
teristic 4. We know that the kernel of the ring homomorphism

- Z4[X] = Zo[X]
ag+a X+ ta, X "—a+u X+ -+a, X" (6.1)
is the ideal (2) and the image of (h(X)) under ~ is (h(X)). Therefore the ring
homomorphism (6.1) induces a ring homomorphism
Zo[X]/(K(X)) = Z2[X]/(R(X))
G+ X+ A am X H (X)) B+ @ X+ B X+ (R(X)),
(6.2)

which will also be denoted by —. Denote the image of £ = X + (h(X)) by ¢,
then & = X + (h(X)), £ is a root of h(X),

Zo[X1/(A(X)) = Za[é],
and (6.2) can be written as

—: L] = Zo[€]

G+ lt  dam 1 M o T+ T Ed T B (6.3)

Obviously, the following diagram is commutative.

La[X] —  Zo[X]

| |

Zsfg] —  Zof¢]-
Since h{X) is assumed to be basic irreducible, 2(X) is irreducible over Z, and
Z €] is the Galois field Fom . Clearly, the kernel of (6.3) is the ideal (2), (2) is a
maximal ideal of Z4[¢], and (2) consists of all the zero divisors of Z4[¢] together
with the zero element 0. Since in a finite ring any nonzero element which is

not a zero divisor is invertible, (2) is the unique maximal ideal of Z4[¢]. We
summarize the foregoing discussion into the following theorem.

Theorem 6.1. Let h(X) be a basic irreducible polynomial of degree m over
Zy. Then the residue class ring GR(4™) = Z4[X]/(h(X)) is a finite ring of
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characteristic 4 with 4™ elements. Write £ = X +(h(X)), then h(€) = 0, every
element of GR(4™) can be written uniquely in the following form

a+al+ +an 1" @, €2 (0<i<m-—1) (6.4)

and GR(4™) = Z4[€]. Moreover, the ideal (2) of Z4[€] is the unique mazimal
ideal which consists of all the zero divisors together with the zero element 0.
Write £ = X + (h(X)), then h(£) = 0 and Z4[€]/(2) ~ Zy[€] is the Galois field
IFQ"I. D

The representation (6.4) is called the additive representation of the elements
of the Galois ring GR(4™) = Z4[X]/(h(X)).

In general, a Galois ring is defined to be a finite commutative ring R with
identity 1 such that the set of zero divisors of R with 0 added is a principal
ideal (p) for some prime number p.

Proposition 6.2. Let R be a Galois ring whose zero divisors together with
0 form a principal ideal (p) for some prime p. Then (p) is the only mazimal
ideal of R, R/(p) is a Galois field Fpn for some positive integer m, and the
characteristic of R is a power of p.

Proof. In a finite ring any nonzero element which is not a zero divisor is
invertible. Therefore (p) is the only maximal ideal of R and R/(p) is a finite
field. Denote the natural homomorphism R — R/(p) by — and the image of
7 € R by 7. Let n be any positive integer and a € R or R/(p), denote

at+a+---+a
N ——
n

by na. Then pl = pl = 0. Therefore R/(p) is of characteristic p and R/(p) ~
I, for some positive integer m.

Let k be the characteristic of B. From k1 = 0 we deduce k1 = k1 = 0.
Therefore p|k. Assume that k = p™l, where n, [ are positive integers and
(p, ) = 1. If { > 1, then a = p™1 and b = [1 are nonzero elements of R and
ab = 0. It follows that {1 € (p) and {1 = {1 = 0 in R/(p). But R/(p) is

of characteristic p, so p|!, which contradicts (p, {) = 1. Therefore = 1 and

k:pn a

Proposition 6.3. Let R be a Galois ring of characteristic 4. Then the set
of zero divisors of R with 0 added is the principal ideal (2), (2) is the only
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mazimal ideal of R, R/(2) =~ Fam and | R| = 4™ for some positive integer m.

Proof. Since R is of characteristic 4, by Proposition 6.2 the set of zero divisors -
of R with O added is the principal ideal (2), (2) is the only maximal ideal of
R, and R/(2) ~ F,~ for some positive integer m. Consider the map

R — (2)

r— 27

Clearly, this is a well-defined homomorphism from the additive group of R to
that of (2), it is surjective, and its kernel includes (2). It is easy to see that
the kernel is an ideal of R and 1 does not belong to the kernel. Since (2) is a
maximal ideal of R, the kernel must be (2). By the fundamental theorem of
homomorphism we have the additive group isomorphism

R/(2) ~ (2).

It follows that |(2)| = |R/(2)| = |Fam| = 2™. Hence |R| = |R/(2)|
(2)] = 4™, O

Lemma 6.4. Let R be a Galois ring of characteristic 4, R/(2) = Fym and
| R| = 4™ for some positive integer m. Let f(X) be a polynomial over Z4 and
assume that f(X) has a root B in Fym and f'(B) # 0. Then there ezists a

unique root o € R of the polynomial f(X) such that @ = .

Proof. Let 3 = 3+ (2), where 3 € R. Since f'(8) # 0, f'(8) is an invertible
element of R. Let & = 3 — f'(8)~! f(8) € R, then by Taylor’s formula

s = 10+ T2 o) s+ 2 pim sy -
Since f(B) =0, f(8) € (2) and f(B)? = f(B)* =--- = 0. Therefore f(a) =0

anda=a+(2)=6+(2)=0.
Let o/ be any root of f(X) such that o/ = 3. Then o’ = @ and o’ = a + 27,
where 7 is an element of R. By Taylor’s formula,

fl( ) 1
+ 1_'a f(a)

fla) = f(e) >

(27) + 27)° + = 27 + -

flll(a)
3!
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Since f(a) = f(e’) = 0 and L”é.ﬂ (27)? = ﬂ—l (27)® = --- = 0, we have
f{@)(2y) = 0. But fi(e) = f'(@) = F (B) ;é 0, so f'(a ) is an invertible
element of R which implies that 2y = 0. Therefore o’ = a. d

Theorem 6.5. Let R be a Galois ring of characteristic 4, R/(2) = Fam,
and |R| 4"1 for some positive integer m. Then R 1is ring isomorphic to
Z4[X]/(R(X)) for any basic irreducible polynomial h(X) of degree m over Zg4.

Proof. Let h(X) be any basic irreducible polynomial of degree m over Z,.
Then A(X) is irreducible over Z, and deg R(X) = m. h(X) has a root in
R/(2) = Fam, let it be B. Then () = 0. Since h(X) is irreducible, A(X) has
no multiple root. Therefore A’(8) # 0. By Lemma 6.4 there exists a unique
root a € R of the polynomial A(X) such that @ = 3. Consider the map

Zs| X/ (M(X)) = R

s+ a X+ 4 an X" (R(X)) = ag+ 010+ + amoya™ !
(6.5)

where ag, a1,...,0m-1 € Z4. Clearly, it is a well-defined ring homomorphism.
Let us prove that it is injective. Assume that ag+aja+ -+ am_1a™~! =0,
then @g + @1@+ -+ Gm_1 @™ ! = 0. But @ = B is a root of the irreducible

polynomial A(X) of degree m over Zy, s0 @g = @3 = - -+ = Gym—; = 0, then we
may write a; = 2b;, whereb; =0or1(¢=0,1,..., m—1). Thus 2(by + bja +
et bpa™ ) =g+ ajaF o F apmo@™ ! =0, and by + bja + - +

bm—1a™ 1 is either a zero divisor or 0. That is, by +bya+- - -+by,_10™ ! € (2).
Then bg + 1@+ -+ - + bm—1@™ ! = 0. Since @ = § is a root of the irreducible
polynomial h(X) of degree m over Zy, we have by = b, = --- = b,y = 0.
Then b; = 2¢; where ¢; =0or1(: =0,1,..., m —1). It follows that a; =
2b; = 4¢; = 0(i = 0, 1 ~ 1). Therefore the map (6.5) is injective. By
Theorem 6.1 |Z4[X]/(h | = 4™ and by hypothesis [R| = 4™. Therefore the
map (6.5) is also surJectlve. Hence R ~ Z4[X]/(R(X)). ]

Corollary 6.6. Any two Galois rings both of characteristic 4 and having the
same number of elements are isomorphic. a

This corollary justifies the notation GR(4™).

6.2. The 2-Adic Representation

Theorem 6.7. (i) In the Galois ring GR(4™) there exists a nonzero ele-
ment & of order 2™ — 1, which is a oot of a basic primitive polynomial h(X) of
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degrees m over Zy and GR(4™) = Z4[€]. Moreover, h(X) is the unique monic
polynomial of degree < m over Z4 having £ as a root.
(i) Let T = {0,1,¢,...,6°" "2}, then any element ¢ € GR(4™) can be
written uniquely as
¢c=a+2b, (6.6)

where a, be 7.

Proof. (i) By Proposition 6.3, GR(4™)/(2) ~ Fm. Let £, be a primitive
element of Fym, then €27 ' =1 and € # 1 for 0 <4 < 2™ —1. By Lemma 6.4
there exists a unique root £ € GR(4™) of the polynomial X2 ~! — 1 such that
€ =¢&. Then 277! = 1. Since € = &, is of order 2™ — 1, ¢ is also of order
2m —1.

We know that the polynomial X2 — 1 can be factored into a product of
distinct irreducible polynomials of degrees dividing m into Z,[X], say

X7 1= (X f(X) - f(X).

We can assume that f;(X) is primitive of degree m over Z; and € is a root of

fi(X). Clearly f;(€) # 0. By Hensel’s lemma,
X2 o1 = h(X)ha(X) - he(X) in Z4[X],

where b (X), ha(X),...,h(X) are pairwise coprime monic polynomials and
hi(X) = fi(X),i = 1,2,...,7. Let h(X) = hi(X), then h(X) is a basic
primitive polynomial of degree m over Zy, h(€) = h (€) = fi(€) = 0 and
h'(€) = f{(€) # 0. By Lemma 6.4 the polynomial h(X) has a unique root
n € GR(4™) such that 7 = . But 7 is also a root of X2"~! — 1. By the
uniqueness of Lemma 6.4, 7 = £. Then h(£) = 0.

By the proof of Theorem 6.5, the map

Zs[X]/(M(X)) — GR(4™)
ao+ar X+ am 1 X+ (R(X)) = ag+Far€+-Fam 1™ (6.7)

is a ring isomorphism and GR(4™) = Z,[¢].

Let g(X) be any monic polynomial of degree < m over Z4 and assume that
g(€) = 0. Let f(X) = g(X) — h(X), then deg f(X) < m and f(¢) = 0. Since
(6.7) is a ring isomorphism, f(X) € (h(X)). Thus g(X) € (h(X)). Since both
h(X) and g(X) are monic, deg g(X) < m and deg h(X) = m, we must have
9(X) = h(X).
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(ii) We know that |GR(4™)| = 4™. If we can show that all the 4™ elements
of the form (6.6) are distinct, then (ii) will be proved. Assume that

a+2b=a +2V,

where a, b, o', ¥’ € T. Mod 2, we obtain @ = @'. Since both £ and £ =& are
of order 2™ — 1, the map £ - £'(: =0, 1,...,2™ — 2) is bijective. Therefore
a =a'. It follows that 2b = 20'. If b= 0 and & = £ (0 <7 < 2™ — 2), then
from 0 = 2¢* we deduce 0 = 0-£2"~1=% = 2¢%. ¢2" ~1=* = 2 which contradicts
0# 2in Z4 Therefore b = 0 if and only if ¥ = 0. Now assume that b = &
and b’ = €7(0 < 4,i < 2™ — 2) If 7 # ¢/, without loss of generality we can
assume that ¢ > ¢/, then 26" = 2. It follows that €% —1is a zero divisor
or 0. Therefore £=¥ — 1€ (2). Then £ ° = 1, which contradicts that £ is of
order 2™ — 1. O

The representation (6.6) is called the 2-adic representation of the element
¢ € GR{4™), which is a generalization of the multiplicative representation of
the elements of Fym.

Corollary 6.8. Ezpress any element ¢ € GR(4™) in the form (6.6)
c=a+2b, where a,beT.

Then

(1) all the elements ¢ with a # 0 are invertible and form a multiplicative

group of order (2™ — 1)2™, which is a direct product (£) x € where (£)
is a cyclic group of order 2™ —1 generated by & and &€ = {1+2bjb € T}
has the structure of an abelian group of type 2™ and is isomorphic to
the additive group of Fom.

(11) All the elements ¢ with a = 0 are nilpotent (and are zero divisors or
0), and they form the ideal (2) of GR(4™).

(iii) The order of ¢ is a divisor of 2 — 1 if and only if a #0 and b= 0

(iv) Any element n € GR(4™) of order 2™ — 1 is of the form £, where
(3, 2™ ~ 1) = 1 and is a root of a basic primitive polynomial of degree
m over Zy and T = {0, 1,7, 7%,...,7° —2}. O

Example 6.1. Let m = 3, A(X) = X® +2X?+ X — 1, and £ = X + (h(X)).
Then Z4[¢] = GR(43%) and £ is an element of order 22 — 1 = 7. We have
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£€=1,¢=¢ =6,
3 =262 +36+1,
£ =362+ 36 +2,
£ =€ +36+3,
C=+26+1
Therefore
T={0,1,6 62262 +36+1, 382 +36+2, £24+3¢+3, 2 +26+1}). O

The following formulas for adding elements of 7 are useful, (see Helleseth
and Kumar (1995)).

Corollary 6.9. Let ¢y, co € T, and express

cit+cp=a+2b abeT, (6.8)

then
a=c +co+2(cre9)'/?, (6.9)
b= (cre2)V?, (6.10)

where (c1c)'/? denotes the unique element in T such that ((c;c2) /)2 = ¢yc,.

Proof. Squaring (6.8), we have

(c1 + c3)? = a?

Thus
(1 +¢)? =a*" =a. (6.11)

On the other hand,

(a1 + cz)zm = (cf + c% + 20102)2'"_1

2 2
z(cf +c§ +2cfc§)

gm—t

= cf + c% + 2cfm_1 cgm—l
=c +co +2(C1C2)1/2‘ (6.12)
From (6.11) and (6.12) we deduce (6.9) and then (6.10). O

More generally, we have
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Corollary 6.10. Let ¢y, cp,...,cx € T, and express

k
Zci:a+2b, a,beT,
i=1

then
a—Zc1+2 > (eiey)'?
1<i<5<k
b= Z (CiC]')l/z.
1<i<j<k
Proof. By induction. O

6.3. Automorphisms of GR(4™)
The Frobenius map of the Galois field Fym

f2 i Fagm — Fam

a—>a2

can be generalized to GR(4™) as follows:
f : GR(4™) - GR(4™)
c=a+2b—cf =a?+ 267,
f is called the generalized Frobenius map of GR(4™).
Theorem 6.11. The generalized Frobenius map f of GR(4™) is a ring auto-

morphism of GR(4™), the fized elements of f are the elements of Z4, and f is
of order m.

Proof. First we prove that f is a ring automorphism of GR(4™). Clearly, f
is injective. Since (2,2™ — 1) = 1, every element of the cyclic group (£} can be
written as a square element of (£). It follows that f is surjective.

Let c,c’ € GR(4™) and

c=a+2b, ¢ =a +2V
be their 2-adic representations. Then

c+c =a+da +2(b+¥).
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By Corollary 6.9, a + a’ has the 2-adic representation
a+a =(a+a +2aa)"?) + 2(ad’)/?,
where a + a’ + 2(aa’)'/2, (aa’)/? € T. Then
c+c =(a+a +2(aa)/?) +2(b+b + (aa)/?).
Let the 2-adic representation of b+ b’ + (aa’)!/? be
b+t + (aa')/? = a; + 2by,

then
c+c =(a+a +2ad)?) +2a

is the 2-adic representation of ¢ + ¢’. Therefore
(c+c) =(a+ad +2(aa)?)? + 24¢
=(a® +a” +2a0a') + 2(b* + b* + ad’)
=a’ +a? +2(b% + %)
= (a® + 2b%) + (a’* + 2b'%)
— ot
This proves that f preserves the addition of GR(4™). We also have
cc’ = aa' +2(ab’ + a'b).

Let the 2-adic representation of ab’ + a’b be ab’ + a’b = a, + 2by, then the
2-adic representation of ¢c' is ¢¢’ = aa’ + 2ay. Therefore

(cc') = a%a? + 242
= a’a? + 2(a’V"* + o'%b%)
= (a® + 2b%)(a’® + 2b'?)
=l
This proves that f also preserves the multiplication of GR(4™). Therefore f
is a ring automorphism of GR{4™).
We know that £ is of order 2™ —1, from which it follows immediately that f

is of order m. Clearly a® = a implies a = 0 or 1. Therefore the fixed elements
of f are 0, 1, 2, 3 and they form the ring Z,. 0
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Theorem 6.12. Let ¢ be a ring automorphism of GR(4™), then ¢ = f* for
some1,0<1<m~—1.

Proof. By Theorem 6.7(i) there is an element £ € GR(4™) such that £ is of
order 2™ — 1, £ is a root of a basic primitive polynomial A(X) of degree m
over Zy and GR(4™) = Z4[¢]. Then h(X) is a primitive polynomial of degree
m over Zy. By Theorem 6.7 (ii), any element ¢ € GR(4™) can be written
uniquely as
c=a+2b abeT,

where 7 = {0, 1,¢, €%,...,€2"~2}. For any a € 7, we have a®*" —a =0, ie.,
the 2™ elements of 7 are roots of X?" — X. By Lemma 6.4, they are all the
roots of X2 — X in GR(4™). It follows that 7° = 7 Clearly, 1° = 1, so
29 = 2. Thus ¢ = a” + 2b°. Therefore ¢ is determined by its action on 7

From 27 = 2 we deduce (2)° = (2). Therefore ¢ induces an automorphism
& of GR(4™)/(2) = Fym. That is, @ = ¢@ for all ¢ € GR(4™). Assume that

¢ = ZT for some 1,0 <4 <m — 1, and that €7 = &, 1 < j < 2™ — 2, then,
P=p=t=¢ = ZZ , which implies j = 2*. Therefore ¢ = f*. O

The cyclic group (f) generated by f is called the Galois group of GR(4™)
over Z,.

Recall that the trace map Tr from Fon to F; is defined by
Tr(a) = a + a’? + a? 4. +a77 forall a€Fom.
Define the generalized trace map T from GR(4™) to Z4 by

T(e)=c+c +¢ "+ +™" forall ceGR(4™).

Proposition 6.13. We have

(c4+c)=T(c)+T() forall cc € GR(4™),

(ac) = aT(c) forall a€Zsy and c€ GR(4™),
—of=fro— ie, ¢/ =¢/* forall ce€GR@U™),
—oT =Tro—, te, T(c)=Tr(c) forall ce GR(4™).

Moreover, T is a surjective map from GR(4™) to Z,.
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Proof. The four formulas in the proposition are easy to verify. The last
assertion follows from the fact that Tr is a surjective map from Fom to Fa, (iv)
and (ii). a

Proposition 6.14. Let h(X) be a basic irreducible polynomial of degree m
2 m—1

over Zy and n be a root of M(X) in GR(4™). Then n,7/, 0" ,....n/ are

all the distinct roots of h(X) in GR(4™) and h(X) has the following unique

factorization into linear factors in GR(4™)[X]:
B(X) = (X =m)(X =n') (X =2"7"). (6.13)

In particular, if h(X) is a basic primitive polynomial of degree m, h(X)
(X" ~1 — 1) in Zy4[X], and € is a root of h(X) in GR(4™), then &, €2,
€2, €77 are all the distinct roots of h(X) in GR(4™) and h(X) has the
following unique factorization:

AMX)=(X-6(X - (X -7

Proof. Let h(X) be a basic irreducible polynomial of degree m over Z4 and 7
be a root of h{X) in GR(4™). From h(n) = 0 we deduce that h(n/") = h(n)!" =
0fori=0,1,2,...,1e,n/,i=0,1,2,..., are roots of h(X) in GR(4™). By
Proposition 6.13, h(7/2) = h(7)/? = h(n)/* =0, that is, 5/2, =0,1,2, ..., are
roots of A(X) in Fom = GR(4™)/(2). Since h(X) is irreducible of degree m over
Zo, 0,072, ..., 5/7 " are distinct in pairs and are all the m roots of h{X), and
7/2" = 7. It follows that for i # §, 0 <i,5 <m —1, 7/ — pf7 =7/t — 73 £ 0,
son,nf,...,n/" " are distinct in pairs.

Let 7’ be a root of h(X) in GR(4™). Then 7 is a root of A(X) in Fym.
Therefore ' = 7/2 for somei,0 <i<m-1. Buty/" € GR(4™) and n/” = 7/
By Lemma 6.4, o' =n/" This proves that ,7/,...,7/" " are all the distinct
roots of h(X) in GR(4™).

We have the unique factorization of (X ) into linear factors hX)=(X -
(X -72).. (X —T)fzm_l) in F2 [X]. Then the unique factorization (6.13) of
h(X) into linear factors in GR(4™) follows from Hensel’s lemma and Lemma
6.4. a

6.4. Basic Primitive Polynomials Which Are Hensel Lifts

The proof of Theorem 6.7 (i) shows that the basic primitive polynomial
h{X) € Z4[X] of degree m in that proposition is the Hensel lift of the binary
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Table 6.1. Basic primitive polynomials of degree < 10 over Z4 which are Hensel lifts of binary
primitive polynomials.

Degree 3 1213 1323

Degree 4 10231 13201

Degree 5 100323 113013 113123 121003 123133
130133

Degree 6 1002031 1110231 1211031 1301121 1302001
1320111

Degree 7 10020013 10030203 10201003 10221133 10233123
11122323 11131123 11321133 11332133 11332203
12122333 12303213 12311203 12331333 13002003
13210123 13212213 13223213

Degree 8 100103121 100301231 102231321 111002031 111021311
111310321 113120111 121102121 121201121 121301001
121320031 123013111 123132201 130023121 130200111
132103001

Degree 9 1000030203 1001011333 1001233203 1002231013 1020100003
1020332213 1021123003 1021301133 1021331123 1022121323
1023112133 1110220323 1111300013 1111311013 1112201133
1113303003 1130312123 1131003213 1131003323 1131030123
1132331203 1133013203 1133022333 1210032123 1210220333
1211003133 1211213013 1213232203 1230103133 1230313123
1231310123 1232100323 1232310133 1232322013 1233113203
1300013333 1301110213 1301301213 1301323323 1302210213
1302212123 1303122003 1303313333 1320322013 1320333013
1321003133 1322110203 1323013013

Degree 10 10000203001 10002102111 10002123121 10020213031 10030023231
10030200001 10203103311 10203122121 10211131111 10213010311
10213330231 10231100111 10233222121 11100113201 11111110231
11113111201 11120120001 11120232311 11122031321 11131011031
11301031201 11301210321 11301320031 11312010231 11321001121
11323133321 11323202111 11330130201 11330223121 12100122031
12102023121 12110012311 12120311321 12122130201 12122233201
12132020121 12132120001 12132203311 12301210311 12311302121
12313022111 12321103231 12321222031 12331133031 12333132311
13002310311 13011013111 13011232231 13020010231 13022100121
13022212321 13031202001 13033113321 13201002031 13201021311
13201111111 13203331201 13223211031 13230112321 13232003001

Note. For degree 3, the entry 1213 represents the polynomial X3 +2X2 + X + 3.
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primitive polynomial A(X). But Example 5.3 points out that a basic primi-
tive polynomial h(X) over Z4 is not necessarily the Hensel lift of the binary
primitive polynomial R(X). Now we give a necessary and sufficient condition
when a basic primitive polynomial h{X) over Z4 is the Hensel lift of the binary
primitive polynomial h(X).

Proposition 6.15. Let h(X) be a basic primitive polynomial of degree m over
Zy. Then h(X) is the Hensel lift of the binary primitive polynomial h(X) if
and only if h(X) has a root £ of order 2™ — 1 in GR(4™).

Proof. First assume that A(X) has a root £ of order 2™ — 1 in GR(4™). By
Theorem 6.7 (i) £ is a root of a basic primitive polynomial of degree m over
Z4 and this polynomial is the unique monic polynomial of degree m over Zg4
having £ as a root. Then this basic primitive polynomial must be A(X). By
the proof of Theorem 6.7 (i) this polynomial divides X2"~! — 1 in Z4[X], i.e.,
R(X)|(X?" =1 — 1) in Z4[X]. Since h(X) is a binary primitive polynomial of
degree m, we also have h(X)|(X?"~! — 1) in Zy[X]. Therefore h(X) is the
Hensel lift of h(X).

Conversely, assume that h(X) is the Hensel lift of R(X). Since h(X) is a
binary primitive polynomial of degree m, we have h(X)|(X2" ! - 1) in Z,[X].
By Proposition 5.12 there exists a unique monic polynomial f(X) in Z4[X]
dividing X2"~! — 1 in Z4[X] and f(X) = R(X). Then f(X) is the Hensel lift
of R(X). Therefore f(X) = h(X) and R(X)|(X2" = — 1) in Z4[X]. Let £ be a
root of A(X) in GR(4™), then £2”~! =1 and hence Ezm_l = 1. From h(£) =0
we deduce that h(€) = 0. Since R(X) is primitive of degree m over Z., € is of
order 2™ — 1. Therefore £ is also of order 2™ — 1. a

All basic primitive polynomials of degree < 10 over Z,; which are Hensel
lifts of binary primitive polynomials were listed by Boztag et al. (1992). Their
list is reproduced in Table 6.1.

6.5. Dependencies among &7

For later use we prove the following proposition, (see Hammons et al.
(1994)), which contains some results about dependencies among the powers

&

Proposition 6.16. Let £ € GR(4™) be such that both & and £ are of order
2™ — 1. Then
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(1) £& £ £* is invertible for 0 < j < k < 2™ — 1, where m > 2.
(i) & — ¢k # x££ for distinct 7, k, | in the range [0,2™ — 2], where m > 2.
(iii) Assume that m > 3 and i, j, k, | are in the range [0,2™ — 2] and
i# .k %1 Then

f-g="-¢doi=kandj=1L
(iv) For odd m > 3,

G+@+&+d=0=i=j=k=1

Proof. (i) Assume on the contrary that ££7 + £% = 2X, where A € GR(4™),
then applying — we obtain & + Zk = 0, which contradicts the fact that ¢ is of
order 2™ — 1 in Fau.

(i) Assume that &7 — ¢* = ¢! then &F + €' = ¢7 and 1 + €% = @k,
Let l—k =aand j —k = b, then 1 + £* = ¢° and a # b. Squaring gives
14 2% + £2¢ = ¢ but applying the Frobenius map gives 1 + £2¢ = £, so
2¢% = 0, a contradiction. Similarly, if & — &5 = —¢!, then & + ¢ = £* which
leads also to a contradiction.

(iii) From &' — &7 = €% — ¢! we deduce 14 €% = €° 4 ¢, where a = [ — 4,
b =j—1 and ¢ = k — 4. Squaring and subtracting the result of applying
the Frobenius map, we obtain 26* = 2¢6°%¢. By the uniqueness of 2-adic
representation (Theorem 6.7(ii)), £€* = &7 Then 1 + £%¢ = ¢° + £° and
(1-¢6%(1-¢° =0.By (i), b=10 or ¢ = 0. By assumption b # 0, therefore
¢=0,ie,i=k. Then y =1

(iv) We have 1 4 ¢* = —£° — ¢°, wherea = j —4,b = k—1, and ¢ =
! — 1. Squaring and subtracting the result of applying the Frobenius map gives
260 = 2(€%% 4 £2¢ 4+ ¢5F<). Substituting £ = —1 — £° — £¢ into it, we obtain
(=1 — £ — £°) = 2(£2b 4 £2¢ 4 £6+¢). Therefore 1+ & +& =€ + € +E ",
Let £ =z +1and & = y+ 1, then 2% + 2 = zy. Substituting y = tz, we
find 22(1 4+t +12)=0. As mis odd, 1 +t+ 2 # 0 in Fym. Therefore z =0
and y = 0. It follows that b= ¢ = 0. From 1+ £% = —¢% — £° we deduce that
=1landa=0 Hencei=j3=k=1 O



CHAPTER 7

CYCLIC CODES

7.1. A Review of Binary Cyclic Codes

A binary linear code C of length n is called a binary cyclic code if
(607 Cly - vy cn—l) eC = (cn—l7 Coy C1y -+ 1y cn—l) eC. (71)

We represent any word (ag, @1,..., an—1) € F} by the residue class of the
polynomial ag + a1 X + -+ an_1 X™ ! over F; mod X™ — 1. Then we have a
bijection

F3 — Fo[X]/(X™ - 1)

(7.2)
(ag, @1, ...y Gnor) —ag+ a1 X + -+ a1 X" 1+ (X" -1),

where (X™ — 1) is the principal ideal generated by X™ — 1 in the polynomial
ring Fo[X]. For simplicity, we write ag + a1 X + -+ + a1 X*7! for ag +
o X + -+ a1 X™ !+ (X™ ~ 1), namely, we use the unique residue class
representative of degree < n ag +a; X + -+ +a,_1 X" ! in the residue class
ag+ a1 X + -+ a1 X™ 1 + (X™ — 1) to represent the residue class, and
we call the residue class simply the polynomial ag + a; X + -+ + an_ X™ 1.
Denote the image of a binary code C under the map (7.2) also by C. Clearly,
(7.1) is equivalent to

cota X+ Fena X eC 2 X(co+a X+ +eo 1 X HeC, (7.3)

from which we deduce immediately:

93
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Proposition 7.1. A nonempty subset of F} is a binary cyclic code if and
only if its image under the map (7.2) is an ideal of the residue class ring
Fo[X]/(X™ —1). a

It follows from Proposition 7.1 that binary cyclic codes of length n are
precisely the ideals of the residue class ring Fo[X]/(X™ — 1).

We recall the following well-known facts on binary cyclic codes and the
ideals of Fo[X]/(X™ — 1), which are stated as Propositions 7.2-7.5, the proofs
of which can be found in MacWilliams and Sloane (1977), Chap. 5.

Proposition 7.2. Every ideal I of Fo[X]/(X ™ —1) is principal. More precisely,
I is generated by the polynomial of least degree g(X) € I. Moreover, if g(X)
# 0, then g(X) is a divisor of X™ — 1 in Fa[X]. a

The polynomial g(X) in Proposition 7.2 is called the generator polynomial
of I. Let

MX)=ho+h X+ +hmX™cFa[X], where ho=hm=1.

Define
WMX) =P 4+ B X™ F hgX™

and call h(X) the reciprocal polynomial to h(X). It is easy to verify that
hMX)=X"h(1/X).

Proposition 7.3. Let C be a binary cyclic code of length n, then the dual code
CL of C is also cyclic. Moreover, assume that both C and C* are nonzero,
let I and I' be the ideals corrresponding to C and CL| respectively, under the
bijection (7.2), and let g(X) and h(X) be the generator polynomials of I and
I', respectively, then h(X) is the reciprocal polynomial to h(X) = (X™ — 1)/
9(X). a

Proposition 7.4. Let g(X) be a divisor of X™ — 1 and ¢{X) # 1. Then
(9(X)) 1s a prime 1deal of Fo[ X]/(X™ — 1) if and only if g(X) is an irreducible
factor of X™ — 1 in Fo[X]|. Moreover, every prime ideal of Fo[X]/(X™ ~ 1) 1s
mazimal. a

Proposition 7.5. Assume that 2 { n. Every nonzero ideal I of Fy[X|/(X™
— 1) s generated by a unique idempotent polynomial e(X), 1.e., there exist q
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unique polynomial e(X) € Fo[X]/(X™ —1) with the properties: I = (e(X)) and
e(X)? =e(X) £0. a

The unique polynomial e(X) € F2[X]/(X™ — 1) in Proposition 7.5 such
that I = (e(X)) and e(X)? = e(X) # 0 is called the generating idempotent of
I. e(X) is also called the generating idempotent of the binary cyclic code of
length n corresponding to I under the bijection (7.2). Moreover, let I; and I,
be ideals of Fo[X]/(X™ — 1). Define

ILnly = {a(X) e Fp[X]/(X™ —1)|a(X) € I} and a(X) € I},
L+ 1 ={a:(X)+ ax(X)|ay;(X) € I, and ay(X) € I} .
It is easy to see that both J; NIz and I + I are ideals of Fo[X[/(X™ — 1). We

call I; N1 and I; + I, the intersection and sum of I, and I, respectively. We
have

Proposition 7.6. Let 2{ n, I} and I; be two nonzero ideals of Fo[ X]/(X™—1),
and ey (X) and ea(X) be the generating idempotents of I, and I, respectively.
Then e1(X) ea(X) is the generating idempotent of Iy NI and e1(X) +ex(X) —
e1(X)ea(X) is the generating idempotent of I + I,. In particular, when e, (X)
and ex(X) are orthogonal, e1 (X)+ez(X) is the generating idempotent of Iy +15.

Proof. For any f(X) € I, N I, we have f(X) = f1(X)e;(X) = fa(X)ea(X),
where f1(X), f2(X) € Fo[X]/(X™ —1). Then
f(X)er(X)ex(X) = i(X)er(X)er(X)ex(X) = fi(X)er(X)ea(X)
= fa(X)ea(X)ea(X) = f2(X)e2(X) = f(X),
i.e., e1(X)e2(X) is the identity of I; N I, and hence, is the generating idempo-
tent of I; N I5.

Similarly, we can show that e; (X) + e2(X) — e1(X)ez(X) is the identity of
I + 1. O

Since X and X™ — 1 are coprime, there are polynomials a(X) and b(X) €

F2[X] such that
a(X) X +b(X) (X" -1)=1

Performing reduction modulo X™ — 1, we obtain

a(X)X =1(mod X™ -1).
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Hence a(X) is the inverse of X in Fy[X]/(X™ — 1) and we denote a(X) by
X—-l

Proposition 7.7. Let 2{n and C be a nonzero binary cyclic code of length n
with the generating idempotent e(X), then CL has the generating idempotent
1—e(X7h).

Proof. Let I be the ideal corresponding to C under the bijection (7.2) and
g(X) be the generator polynomial of I. By Proposition 7.2, g(X) | X™ — L.
Let X™ — 1 = g(X)h(X), where h(X) € F,[X]. Since 2 {n, g(X) and h(X)
are coprime. Then Fy{X] = (¢(X)) + (h(X)). Thus

Fa[X]/(X™ = 1) = (9(X)) + (h(X)) and (g(X))(A(X)) = (0).
Let
1 =ei(X)+eX), where e(X)e€ (g(X)), e2(X) € (h(X)).

It is easy to verify that e,(X) and e2(X) are the generating idempotents of
(g(X)) and (h(X)), respectively. By hypothesis, €;(X) = e(X). Therefore
e(X) = 1 —e(X). We have e2(X) = r(X)h(X) and h(X) = t(X)ex(X),
where 7(X), t(X) € Fo[X]. Then we deduce ea(X ') = r(X ') h(X™!) and
XY = t{X 1) ezs(X~1). Therefore es(X~!) is the generating idempotent
of (R(X~1)). But (A(X 1)) = (h(X)) and (A(X)) is the ideal corresponding to
the dual code C* under the bijection (7.2). Therefore e;(X ') =1 —¢(X™1)
is the generating idempotent of C+ a

Propositions 7.6 and 7.7 are well-known, see MacWilliams and Sloane
(1977), Chap. 8.

7.2. Quaternary Cyclic Codes

A quaternary cyclic code C of length n is a quaternary linear code C of
length n with the property

(CO) Cly -« Cn—l) eC= (Cn—ly Co, C1y- - Cﬂ—'z) eC. (74)
We call quaternary cyclic code simply Z4-cyclic code in the following. As in
the binary case, we have a bijection
23 - ZalX]/(X" - 1)

7.5)
(@o, @1y -y Gng)m g+ a1 X 4+ an XM (X™ - 1), (
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For simplicity we write ag + ;X + -+ + an_  X* ! for ag + o, X + - +
an—1 X" + (X™ -~ 1). Denote the image of a Z4-code C under (7.5) also by
C, then under the bijection (7.5) the codeword ¢ = (cg, ¢1, ..., €a_1) € C is
mapped into ¢(X) = co + 1 X + -+ + ¢, X™ 1, which will also be called a
codeword of C. The property (7.4) is equivalent to

o+ X+ e Xt el Xcg+ e X+ +en XV EC. (7.6)

As in the binary case we have

Proposition 7.8. A nonempty set of Z3 is a Z4-cyclic code if and only if its
image under (7.5) is an ideal of the residue class ring Z4[X]/(X™ - 1). O

Thus Z4-cyclic codes of length n are precisely the ideals in the residue class
ring Zq[X]/(X™ - 1).

Let g(X) be a monic polynomial over Z, dividing X™—1 and let C = (g(X))
be the principal ideal of Z4[X]/(X™ — 1) generated by g(X). Then C is called
the Zs-cyclic code with generator polynomial g(X). Let h(X) = (X"—1)/9(X),
then R(X)g(X) =0 (mod X™ —1). Let deg g(X) = m, then degh(X) =n—m.
Write

9X)=go+anX + - +gnX"
and
MX)=ho+h X+ - +hpn X",
then ¢, = hn_m = 1 and go = hg = £1. Since A(X)g(X) =0 (mod X™ — 1),
X"~ ™g(X) can be expressed as a linear combination of g(X), Xg(X), ...,
Xn~m=1g(X). Therefore the codewords g(X), Xg(X),..., X ™ 1g(X) of C
form a basis of the code C. That is, the (n — m) x m matrix®

g g1 - Gm
go 91 " Gm

go gl . s gm
is a generator matriz of C and C is of type 4"~ ™.
Clearly, a word ¢(X) = co + 1 X + -+ cp,1 X™ ! is a codeword of C if
and only if ¢(X)h(X) = 0. h(X) is called the check polynomial of C. Define
an m x n matrix A by

aWe agree that the zeros in matrices are sometimes omitted, i.e., the blanks in matrices
represent the omitted zeros if it is clear from the context.



98 Quaternary Codes

hn—m hl hO
0 hnem - ki hg

hn—m T hl hO

It is easy to verify that the codewords g(X), Xg(X), ..., X* 7" 1g(X) are
orthogonal to every row of H. It follows that each codeword of C is orthogonal
to every row of H. Clearly, the system of linear equations

H'(Xo, X1, ..., Xnc1) =0

has 4™ solutions. Therefore a word orthogonal to each row of H if and only
if it is a codeword of C. Thus H is a parity check matriz of C. Define the
reciprocal polynomial h(X) to h(X) to be

R(X)=Rpmn + -+ B X" ™7 ho XM

Then the Zy-cyclic code with h(X) as its generator matrix is the dual code of
C. We conclude

Proposition 7.9. Let g(X) be a monic polynomial over Z4 dividing X™—1 and
R(X)=(X"=1)/g(X). Let C = (g(X)) be the Zs-cyclic code with generator
polynomial g(X), then C* is a Zg-cyclic code whose generator polynomial i.z(X)
is the reciprocal polynomial to h(X). 0O

7.3. Sun Zi Theorem

Sun Zi Theorem appeared first in The Arithmetic of Sun Zi, 3-5AD. It
is one of the important achievements of ancient Chinese mathematics and
is often called the Chinese Remainder Theorem in the western literature of
mathematics. It can be regarded as a theorem of simultaneous congruences
modulo finitely many pairwise coprime integers and can be interpreted as a
theorem of the direct sum decomposition of the ring of integers modulo the
product of these pairwise coprime integers, see Wan (1992), Chap. 4. For the
present purpose we generalize it to a theorem on simultaneous congruences
modulo finitely many pairwise coprime polynomials in Z4[X] and interpret it
as a theorem of the direct sum decomposition of the ring Z4[X]/(f(X)), where
f(X) is the product of these pairwise coprime polynomials in Z4[X].

We need more concepts from commutative ring theory, which will be
sketched below.
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Let R be a commutative ring and Iy, I, ..., I, be ideals of R. Define
hnbn---nI,={a€Rlael,i=1,2,...,7},

L+IL+- - +1, ={a1+a2+-~+ar|aieli,i:1,2,...,r},

Ll I = {Za1a2-~~a,|aieli,i: 1,2, ..., r and the sum is ﬁnite}

Then ThNLbn NI, I} +I,+---+1I., and I,I,--- I, are ideals of R, and
they are called the intersection, sum, and productof I}, I», ..., I, respectively.
Clearly

LL --I,chinkhn..-NnI,.
Let I be an ideal of R with identity. If there are finitely many elements
ai, ..., am € I such that

I'={ria;+ - +rman|r,...,rm € R},

then I is said to have a finite basis {a, ..., a»} and we write I = (a,, as,
cies )

For example, the principal ideal (a) generated by a € R has a finite basis
{a} consisting of a single element a.

Let R be a commutative ring and R;, Rs, ..., R, be r nonzero ideals of R.
If every element a € R can be expressed uniquely as

a=a;+ay+ -+ a,, a; € R;,

then we say that R is decomposed into a direct sumof its ideals R,, R, ..., R,,
which is denoted by
R=R;+R;+  --+R,.

We have the following theorem, the proof of which can be found in Wan (1992),
Chap. 4.

Theorem 7.10. Let R be a commutative ring with identity 1. Assume that R
1s decomposed into a direct sum of T nonzero ideals Ry, Ry, ..., R,

R=R,+R;+ - +R, (7.7)
and that 1 has the decomposition
l=e;+ex+ - +e, (78)

in this direct sum decomposition. Then
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(i) e1, e, ..., e, are T mutually orthogonal nonzero idempotents of R, i.e.,
e; # 0 and e;e; = 8;5e; fori, j=1,2,...,n.
(i1) R; = Re; with e, as its identity and RiR; = {0}.

Conversely, if 1 is decomposed into a sum of r mutually orthogonal nonzero
idempotents as in (7.8) and let R; = Re;, then R; is a nonzero ideal of R with

e; as its identity, R, R, = {0}, and R is the direct sum of Ry, Ry, ..., R, t.e.,
we have (7.7). 0
Lemma 7.11. Let fi(X), f2(X), ..., fr(X) be r pairwise coprime polyno-

mials over Zy and let fi(X) denote the product of all f;(X) except fi(X).
Then fi(X) and fi(X) are coprime fori=1,2,..., 1.

Proof. By Lemma 5.1 the coprimeness of f,(X) and f;(X) for ¢ # j im-
plies the coprimeness of f;(X) and f;(X). But f,(X), fo(X), ..., f.(X) are
polynomials over Zz. So f(X) = F1(X): - Fioy(X) oy (X) - F,(X) and
Fi(X) are coprime. Again by Lemma 5.1, fi(X) and f;(X) are coprime.  [OJ

Lemma 7.12. Let fi(X), f2(X), ..., f-(X) be r pairwise coprime polynomi-
als in Z4[X], then

(A (X) fo(X) - (X)) = (fi(X)) 0 (f2(X)) 0 0 (o (X)) (7.9)

Proof. Clearly, fi{X)fa(X)-- f-(X) € (f.(X)) for every i. Therefore L.H.S.
of (7.9) CR.H.S. of (7.9). It remains to prove that R.H.S. of (7.9) CL.H.S. of
(7.9). We apply induction on r.

The case 7 = 1 is trivial. Let r > 1 and assume that (7.9) holds for r — 1.
That is, we have

(f1(X) fo(X) - (X)) = (A 0 (2(X)) 00 (fraa (X))

Let 9(X) € (A(X) N (f2(X)) 0 0 (fo(X)), then g(X) € (f1(X) f2(X)
v fr1(X)) 0 (f(X)). Thus there are polynomials g1(X), g-(X) € Zq4[X]
such that

9(X) = 91(X) A(X) f2(X) -+ fro1(X) = g-(X) fr(X) .

By Lemma 7.11, fi(X) fo(X)} -+ fr_1(X) and f.(X) are coprime. Then there
are polynomials #1(X), h(X) € Z4[X] such that

hai(X) AL(X) f2(X) - fron(X) + R (X) (X)) = 1.
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Multiplying the above equation by g(X), we obtain
9(X) = g(X) hi(X) f1(X) f2(X) -+ froa(X) + g(X) R (X) £(X)
= (9-(X) h1(X) + 1 (X) ho (X)) f1(X) f2(X) -+ fr(X)
€ (fi(X) fo(X) - £r(X)).

Therefore R.H.S. of (7.9) CL.H.S. of (7.9). Hence (7.9) holds also for r. O

Let a(X), b(X), f(X) € Zs[X]. We say that a(X) is congruent to b(X)
mod f(X) if there exists a polynomial g(X) € Z,[X] such that

a(X) = b(X) = ¢(X) f(X).

Then we write
a(X) = b(X) (mod f(X)).

Theorem 7.13. (Sun Zi Theorem) Let f1(X), fo(X), ..., f-(X) be r pairwise
coprime polynomials of degree > 1 over Zy and a,(X), a2(X),..., a-(X) be
any r polynomials over Zy. Then the simultaneous congruences

z = a1(X) (mod f;(X))

z = a2(X) (mod f2(X))
(7.10)

z = a(X) (mod f-(X))

has a solution in Z4[X]. Moreover, the solution of (7.10) is unique mod
f1(X) f2(X) -+ fr(X), 1e., if g(X) and h(X) are two solutions of (7.8), then
9(X) = h(X) (mod fi(X) f2(X) - fr(X)).

Proof. Let fAz-(X) be the product of all f;(X) except fi(X). By Lemma 7.11
f:(X) and fi(X) are coprime, i = 1,2, ..., 7. Then there are polynomials
b;(X) and ¢;(X) over Z4 such that

bi(X) fiX) + ai(X) fu(X) = 1. (7.11)
It is easy to verify that

ay (X) b1 (X) fi(X) + az(X) bo(X) fo(X) + - + ar(X) b(X) fr(X)
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is a solution of (7.10).
Now let ¢{X) and h(X) be two solutions of (7.10). Then

g(X) = h(X) (mod f;(X)), 1=1,2,...,7
That is, g(X) — h(X) € (fi(X)),i=1,2,...,7. By Lemma 7.12

9(X) = M(X) € (fi(X) fo(X)--- fr(X)).

That is,
9(X) = h(X) (mod f1(X) f2(X) - f-(X)). O

Sun Zi Theorem can also be interpreted as a theorem on the direct sum
decomposition of the residue class ring Z4[X]/{f1(X) f2(X) -+ f-(X)) as fol-
lows:

Theorem 7.14. (Sun Zi Theorem) Let fi(X), f2(X), ..., f-(X) be r pair-
wise coprime polynomials of degree > 1 over Zs and f(X) = LX) f2(X)
-+ f-(X). Denote the residue class ring Z4|X]|/(f(X)) by R. For i = 1,2,
T, let
e = bi(X) fi(X) + (f(X)),
where b;(X) is the polynomial b;(X) appearing in (7.11) and fi( X) is the prod-
uct of all f,(X) except fi(X). Then

(1) ey, e, ..., e, are r mutually orthogonal nonzero idempotents of R, i.e.,
e, #0 fori=1,2,...,7 and e.e; = 6,5¢; fori,j=1,2,..., 7
(i) 1l=e;+e+ - +e,.
(iii) R; = Re; is an ideal of R, and e; is the identity of Ry, 1 =1,2, ..., 7T

(iv) R=R,+Ry+---+R,.

Proof. First prove (i). From (7.11) we deduce

b:(X) fi(X) =1 (mod f:(X)). (7.12)
Clearly )
bi(X) fi(X) =0 (mod f;(X)), ifj#+. (7.13)
Squaring both sides of (7.12) and (7.13), we obtain
(b:(X) £2(X))? = 1 (mod fi(X)),
(b:(X) F(X))? =0 (mod £;(X)), ifj #:.
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By the uniqueness part of Theorem 7.13,

(b:(X) fi(X))? = bi(X) fi(X) (mod £(X)),

which implies e? =e;,1=1,2,..., 7 When i # j, we have

bi(X) fi( X) b;(X) f3(X) = 0 (mod (X)),

le., e;e; =0.

If e, = 0 for some 4, from (7.11) we deduce that ¢;(X) fi(X) = 1
(mod f(X)), which implies 0 = 1 (mod f;(X)), a contradiction.

Therefore ey, e, ..., e, are r mutually orthogonal nonzero idempotents
of R.

Next we prove (ii). From (7.12) and (7.13) we deduce

b (X) fi(X) +ba(X) fo(X) + - +b.(X) f(X) = 1 (mod f,(X)),
1=1,2,...,r.

By Lemma, 7.12,

b1(X) 1 (X) + b2(X) fo(X) + -+ b,(X) fo(X) =1 (mod f(X)).
Therefore e; + €3 + - + e, = 1. (iii) and (iv) are immediate consequences of

the converse part of Theorem 7.10. O

Corollary 7.15. Let fi(X), f2(X),..., f-(X) be r pairwise coprime monic
polynomials of degree > 1 over Zg and f(X) = f1(X) fo(X)--- f(X). Then
foranyi=1,2 ..., 7, the map

Zo[X]/(fu(X)) = (Za[X]/(f(X)) €& = Re;

k(X) + (fi( X)) = (K(X) + (f(X))) e

(7.14)

s an tsomorphism of rings.

Proof. Clearly, (7.14) is a homomorphism of rings. Let us prove that (7.14)
is injective. Let k(X) + (fi(X)) € Z4[X]/(fi(X)) be such that (k(X) +
(f(X)))ei =0. Then

k(X) bi(X) fi(X) = 0 (mod f(X)).

It follows that

k(X)bi(X) f:(X) =0 (mod fi(X)).
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Multiplying both sides of (7.11) by k(X ) and taking modulo f;(X), we obtain
k(X) bi(X) fi(X) = k(X) (mod fi(X)) -

Therefore k(X) = 0 (mod f;(X)) and k(X) + (f:(X)) = (f:(X)). This proves
that (7.14) is injective.

Finally, let us prove that (7.14) is surjective. Let ({(X )+ (f(X)))e: be any
element of Re,. Since f;(X) is monic, we can divide [(X) by f:(X) and obtain

I(X) = ¢(X) filX) +r(X),

where ¢(X), 7(X) € Z4[X] and degr(X) < deg f;(X). Then r(X)+ (fi(X)) =
X))+ (/. (X)) € Z4[X]/(f:(X)) and under (7.14), 7(X) + (f.(X)) is mapped
into ({(X) + (f(X)))e;. Therefore (7.14) is surjective. O

Corollary 7.16. Let fi(X), f2(X), ..., fr(X) be r patrwise coprime monic
polynomials of degree > 1 over Zy and f(X) = fi(X) fo(X)--- f-(X). Then

Za[X]/(F(X) = Za[X]/ (A1 (X)) + Za] X]/ (f2( X)) + - + Za[X]/(f-(X)) . O

7.4. Ideals in Z4[X]/(X™~-1)

By Proposition 7.8 Zj-cyclic codes of length n are precisely the ideals in
the residue class ring Z4[X]/(X™ —1). Now we are going to study the ideals in
Z4[X]/(X™ —1). We write R simply for Z4[X]/(X™ — 1). It should be noticed
that the unique factorization theorem does not hold in R. For example, in
Z4[X]/(X* — 1) the polynomial X* — 1 has two distinct factorizations into
irreducible polynomials:

X'-1=(X-1)X+1)(X?*+1)
= (X +1)*(X?*+2X -1).

It should also be noticed that the number of distinct roots of a polynomial
of degree m over Z4 in an extension ring of Zy, for instance GR(4™), may be
greater than m. For example, every element 1 + 2a, where a €GR(4™), is a
root of X? — 1. Therefore we must be careful when working with R.

From now on we assume that n is odd. Then we have

Proposition 7.17. Let n be an odd positive integer. Then
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(1) X™ ~1 can be factored uniquely into a product of pairwise coprime
basic irreducible polynomials f(X), f2(X), ..., f-(X):
X* ~1= fi(X) fo(X) - f-(X)

(1) Let f;-(X) be the product of all f;(X) except fi(X). Then fi(X) and
fi(X) are coprime for i = 1,2, ..., r and there ezist polynomials
b;(X) and c;(X) over Z4 such that

bo(X) fiX) + ca(X) fi(X) =1. (7.15)
(i) Let
e =bi(X)fi(X)+ (X" -1), =12 ...,r, (7.16)
then e, ez, ..., e are mutually orthogonal nonzero idempotents of R,
l=er+er2+--+e, mR, R; = Re; is an ideal of R with e; as its
wdentity, t =1, 2, ..., 7, and R has the direct sum decomposition
R=Ry+Ro+ - +R,.
(iv) Foranyi=1,2,..., 7, the map

Za[X]/(fi( X)) = Ri = Res

(7.17)
k(X)) + (F(X)) = (k(X) + (X" = 1)) e

s an isomorphism of rings.

Proof. (i) is Proposition 5.11. (ii) follows from Lemma 7.11. (iii) follows from
Theorem 7.14 (Sun Zi Theorem). (iv) follows from Corollary 7.15. 0

We need the following general result.
Proposition 7.18. Let R be a commutative ring and
R=R, +Ry+ +R,
be a direct sum decomposition of R. Then

(i) For eachi=1,2,...,7 letI; be an ideal of R;, then Iy + [, +-- -+ I,
15 an ideal of R.
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(ii) For any ideal I of R, let I; =INR;,1=1,2, ..., 7, then I; is an ideal
of RiandI =1L, + I+ -+ 1,. 0

The proof is immediate and is omitted.
Let us determine the ideals of Z4[X]/(fi(X)) first.

Lemma 7.19. Let f(X) be a basic irreducible polynomial of degree m over
Zys. Then the only ideals of Z4[X]/(F(X)) are (0), (1 + (f(X))) and (2 +
(f(X)))-

Proof. We have the ring homomorphism

— Za[X]/(F(X) = Zo[X]/(F(X))
atar X+ +am XTI (F(X)) = G+ @ X+ + T X7 H(F(X)),
(cf. (6.2)). Let I be a nonzero ideal of Z4[X]/(f(X)) and g(X) + (f(X)) € I
for some g(X) ¢ (f(X)) and degg(X) < m. Since f(X) is irreducible over Z,,
the greatest common divisor
@X), f(X)) =1 or f(X).

If (3(X), f(X)) = 1, then g(X) and f(X) are coprime in Z;[X]. By Lem-
ma 5.1, g(X) and f(X) are coprime in Z4[X]. Thus there are polynomials
b(X) and ¢(X) € Z4[X] such that

b(X) g(X) +c(X) f(X) =1.

It follows that

b(X) g(X) =1 (mod f(X)),
which implies 1+ (f(X)) € I. Consequently, I = (1+(f(X))). If (g(X), F(X))
= f(X), then g(X) = 0 and g(X) = 2¢1(X), where g;(X) € Zy[X]. Clearly,
91(X) and f(X) are coprime in Z»[X]|. By Lemma 5.1 ¢,(X) and f(X) are
coprime in Z4[X]. There are polynomials b;(X) and ¢;(X) € Z4[X] such that

bi(X) g1 (X) + e (X) f(X) =1.

It follows that
b1(X) g1(X) =1 (mod f(X)).
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Hence
bi(X) g(X) = 2 (mod f(X)),

which implies 2 + (f(X)) € I. Therefore (2 + (f(X))) C I. Because

(Za[X1/(f(X)))/(2 + (f(X))) = Zo[X]/(F(X)),

which is a field, (2 + (f(X))) is a maximal ideal of Z4[X]/(f(X)). Hence
I'=(2+ (f(X)))

Lemma 7.20. Let n be an odd positive integer and X™ — 1 = fi1(X) f2(X)
-+ f+(X) be the unique factorization of X™—1 into basic irreducible polynomials
over Zy. Then under the isomorphism (7.17), the ideals (0), (1 +(f.(X))), and
(2 + (i(X))) of Za[X]/(f:(X)) are mapped into (0), (fi(X) + (X" - 1)) and
(2fi(X) + (X™ = 1)) of Ri = Re;, respectively.

Proof. Under the isomorphism (7.17), we have
L+ (fi(X)) = Q1+ (X" = 1)) e
By (7.16), €; = b;(X) fi(X) + (X™ — 1). Therefore
L+ (fi(X)) = b:(X) filX) + (X™ = 1).

Clearly, b;(X) fi(X)+ (X" =1) € (fi(X) + (X™ —1)). Multiplying both sides

of (7.15) by f;(X), we obtain
bi(X) FilX) fu(X) + (X)) (X™ = 1) = filX).

Then
bi(X) fi(X) fi(X) + (X7 = 1) = fi(X) + (X" = 1),
which implies fi(X) + (X™ = 1) € (b:(X) fi(X) + (X™ — 1)). Therefore (b;(X)
F(X) +(X™ = 1)) = (fi(X) + (X = 1)) and the image of (1 + (fi(X))) under
(7.17) is (fi(X) + (X™ = 1)).
Similarly, we can prove that the image of (2 + (f.(X))) under (7.17) is
(2fi(X) + (X™ = 1)). ]

At the beginning of Sec. 7.2 we adopted the convention that we write ag +
o X + -+ an_1 XV simply for ag + a1 X + -+ ap1 X"+ (X" = 1). Then
the ideal (f;(X)+ (X™ = 1)) and (2f(X) + (X" = 1)) of R will be written
simply as (fi(X)) and (2f;(X)) respectively.
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From Propositions 7.17, 7.18 and Lemmas 7.19, 7.20 we deduce immediately

Proposition 7.21. Let n be an odd positive integer, X™ — 1 = f1(X) f2(X)
< f+(X) be the unique factorization of X™ — 1 into basic irreducible polyno-
mials, and fI(X) be the product of all f;(X) except fi(X). Then any ideal of
the ring R is a sum of some (fi(X)) and (2f,(X)). ]

Corollary 7.22. The number of Zs-cyclic codes of odd length n is 3", where
r 1is the number of basic irreducible polynomial factors in X™ — 1. O

Theorem 7.23. Let2{n and I be an ideal of R. Then these are unigue monic
polynomials f(X), g(X), and h{X) over Z4 such that I = (f(X)h(X), 2f(X)
9(X)), where f(X)g(X)h(X)=X" -1 and

|| = 4de89(X) gdegh(X) (7.18)

Proof. By Proposition 5.11, X™ — 1 has a unique factorization into basic
irreducible polynomials: X" —1 = f1(X) fo(X) - f-(X). By Proposition 7.21,
I is a sum of some (f;(X)) and (2f:(X)). We abbreviate f;(X) and fi(X) as
fi and fi, respectively. By rearranging fy, ..., f., we can assume that

I'=(ferr) + (fraz) + -+ (ferd) + Cferinr) + @ferina) + -+ (2f).
Then
I=(fifor feforinr fevrea - fro 200f o fefivifoan - frq).
Let
f(X)=hHfa - fx,

9(X) = ferkiyo - fot,
MX) = fevirr fevieo frs

where we understand that
f(X)=1 if k=0,
g(X)=1 if {=0,
h(X)=1 if k+l=r.
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g(X)h(X) = X" -1

Then I = (f(X)h(X), 2f(X)g(X)) and f(X)
YN (2f(X)g(X)) = (0) and then

When h(X) ;é 1, we have (f(X)h(X)
I=(f(X)h(X))+(2f(X)g(X)). Therefore
1] = [F(X)R(X)] [2f(X)g(X)]
- 4n—deg f(X)—deg h(X) 2n—deg f(X)—degg(X)
= 4deg 9(X) gdeg h(X)
When h(X) =1, I = (f(X), 2f(X)g(X)) = f(X). Then
|I| = gn—deg f(X)
Since deg h(X) = 0, we also have (7.18). O

Corollary 7.24. Let C be a Z4-cyclic code of odd length n and assume that C =
(fIX)h(X), 2f(X)g(X)), where f(X), g(X) and h(X) are monic polynomials
over Zy such that f(X)g(X)h(X) = X™ ~1. Then C* is also a Zy-cyclic code,
Ct = ((X)R(X), 25(X)f(X)), and |C*| = 4de8 /(X)2degh(X)

Proof. By the definition of Z4-cyclic codes it is easy to verify that C* is
a Zg-cyclic code. By Proposition 7.9 (f(X))* = (§(X)h(X)). Clearly, C =
(F(X)R(X), 2f(X)g9(X)) C f(X). This implies (f(X))t C C*. Hence
(3(X)R(X)) € C*+. Similarly (25(X)f(X)) € (§(X)) = (F(X)h(X))* Clear-
ly, (25(X)f(X)) € (2f(X)g(X))*. Thus (2§(X)f(X)) € (f(X)(X)*
(2f(X)g(X))* = C*. Therefore (§(X)h(X), 2§(X)f(X)) € C*.

By Theorem 7.23,

(X)) ¢
(X

!
f

lcl — 4degg(X)2degh(X)’
|(G(X)R(X), 2(X) f(X))| = 48 FXeeshX) = gdea [(Xgdes (),

and by Proposition 1.2,

|CJ_| — 4n—deg g(X)—deg h(X)2deg h(X)

— 4deg f(X)2degh(X) )
Therefore C*+ = (3(X)h(X), 25(X) f(X)). 0

Theorem 7.25. Let 2+ n. Then every ideal of R is of the form (fo(X),
2£1(X)), where fo(X) and fi(X) are monic divisors of X™ — 1 over Z, and

X fo(X)-
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Proof. Let I be an ideal of R. By Theorem 7.23 I = (f(X)h(X), 2f(X)g(X))
where f(X)g(X)h(X)= X" - 1. g(X) and h(X) are coprime, from which we
deduce easily that I = (f(X)h(X), 2f(X)). Let fo(X) = f(X)h(X) and
A(X) = f(X), then I = (fo(X), 2f1(X)) and f1(X)|fo(X). o

Theorem 7.26. Let 2{n. Then every ideal of R is principal.

Proof. Let I be an ideal of R. By Theorem 7.25, I = (fo(X), 2f1(X)), where
fo(X) and f1(X) are monic divisors of X™ — 1 over Z4 and fi(X)|fo(X). Let
9(X) = fo(X) + 2fi(X). We assert that I = (g(X)). Clearly (9(X)) C I.
Let fo(X) = (X™ = 1)/ fo(X) and fi(X) = fo(X)/f(X). Then fo(X), fi(X)
are coprime over Z4. We have 2f;(X)fi(X) = 2fo(X) = 29(X) € (g(X))
and 2f1(X)fo(X) = 29(X)fo(X) € (9(X)). Tt follows that 2f;(X) € (9(X))
and, hence, fo(X) € (g(X)). Therefore I C (g(X)). We conclude that I =

(9(X))- o

We remark that the generating polynomial g(X) of the ideal I in the proof
of Theorem 7.26 is not necessarily a divisor of X™ — 1 in Z4[X]. For example,
letn=3, fo(X)=X -1, fi(X) =1, then g(X)=X + 1 and g(X){ X3 - 1.

The ring homomorphism
— Ly — Ly
0,2—0
1,31

can be extended to a ring homomorphism
R =Z4[X]/(X™ = 1) = Zo[X]/(X™ — 1)
ao+a X+ +a, X+ (XM= 1) (7.19)
@G+ aX+ TG X (X -1),
whiEh will be denoted also by — and the image of f(X) € R will be denoted
by f(X).

Proposition 7.27. Let 24 n and f(X) be a monic divisor of X™ — 1 in Z4[X],
then the principal ideal (f(X)) of Z4[X] has a unique generating idempotent.
Moreover, let e3(X) be the unique generating idempotent of the principal ideal
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(F(X)) of ZoX] and §(X) € Zy[X] be such that B(X) = es(X), then §(X)?
the unique generating idempotent of (f(X)).

Proof. Let g(X) = (X™ —1)/f(X), then g(X) is also a monic polynomial in
Z4[X] and f(X) and g(X) are coprime in Z4]|X]. There are u(X) and v(X) in
Z4|X] such that

FX)u(X) +g(X)w(X)=1.

Set v(X) = f(X)u(X), then v(X) = 1 - g(X)v(X) and v(X)? = y(X) —
9(X)v(X)v(X) = v(X) (mod X™ —1). Thus v(X) is an idempotent in (f(X)).
But

F(X)v(X) = f(X)(1 - g(X)v(X))
= f(X) ~ fF(X)g(X)v(X)
= f(X) (mod X™ — 1).

Therefore v(X) is the identity of (f(X)), i.e., v(X) is the unique generating
idempotent of (f(X)). Then 7(X) is the unique generating idempotent of
(f(X)). Thus #(X) = e2(X) = 6(X). We may write 8(X) = v(X) + 2b(X),
where b(X) € Z4[X]. Then 6(X)? = v(X)? = v(X). That is, 8(X)? is the
unique generating idempotent of f(X). a

Let f(X) be a monic divisor of X™—1 in Z4[X]. By Proposition 7.8 we may
regard (f(X)) as a quaternary cyclic code. Then the generating idempotent
of the ideal (f(X)) is also called the generating idempotent of the code.

Finally, we have

Proposition 7.28. Let 2t n, I, and I, be nonzero ideals of R with generating
idempotents e; (X) and eo(X) respectively. Then e,(X)e2(X) is the generating
idempotent of Iy N I, and e)(X) + ea(X) — e1(X)ex(X) is that of ) + L.
In particular, if e, (X) and e2(X) are orthogonal, then e (X) + e2(X) is the
generating idempotent of I + I5.

Proof. Same as Proposition 7.6. O
Proposition 7.29. Let 2t n, f(X) be a monic divisor of X™ —1 in Z4[X] and

the cyclic code C with generator polynomial f(X) have the generating idempo-
tent e(X). Then C* has the generating idempotent 1 — e(X ~').
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Proof. Same as Proposition 7.7. (]

Theorems 7.25 and 7.26 are due to Calderbank and Sloane (1995) and
their proofs rest on the Lasker—-Noether decomposition theorem of ideals in
Noetherian rings. Theorem 7.23 is an equivalent form of Theorem 7.25 and is
due to Pless and Qian (1996), and their proof is elementary and is adopted
in this chapter. Proposition 7.27 is due to Bonnecaze et al. (1995), but the
present proof is simpler. Corollary 7.24 and Propositions 7.28 and 7.29 are due
to Pless and Qian (1996).



CHAPTER 8

KERDOCK CODES

8.1. The Quaternary Kerdock Codes

Let m be any integer > 2 and h(X) be a basic primitive polynomial of
degree m over Z4 such that A(X)|(X?"~! —1). The existence of such a poly-
nomial A(X) is guaranteed by Corollary 5.5. Clearly, h{X) is the Hensel lift
of the binary primitive polynomial A(X) of degree m.

Let n = 2™ — 1 and ¢{X) be the reciprocal polynomial to the polynomial
(X" = 1)/(X = DA(X).

Definition 8.1. The shortened quaternary Kerdock code K(m)~ is the qua-
ternary cyclic code of length 2™ — 1 with generator polynomial ¢g{X). The
positions of the coordinates of codewords of K(m)~ are numbered as 0, 1,
2,...,2™ — 2. The quaternary Kerdock code K(m) is the code obtained from
K{(m)~ by adding a zero-sum check symbol to each codeword of K(m)~ at
position oo, which is situated in front of the position 0. (]

In Sec. 8.3 we shall prove that when m is an odd integer > 3, the binary ima-
ge of K(m) is the Kerdock code K11 of length 27! First, clearly we have

Proposition 8.1. Let deg g(X) = 6, then 6 =2 —m — 2. Let
g X)=go+ @ X+ +gsX°,

where g; € Za, and let goo = —(go+g1+ - +9o0), then the following (m+1)x2™
matnT

113
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9o Go 91 - Gs
Goo 9 H 0 G
(8.1)
Geo 9 H 0 Gs
is a generator matriz of K(m). D

Proposition 8.2. Let £ be a root of h(X) in some extension ring of Zy4, for
instance, in GR(4™). Then the (m + 1) x 2™ matriz

111 1 - 1
2 o (82)
01 ¢ ¢ ... ¢
is also a generator matriz of K(m), where the entries £(0 < 7 < n — 1)

in the second row of (8.2) are to be replaced by the corresponding m tuples
Hbij, bajy oy bms) if € = byy + b6+ - 4 b€

Proof. Let C) be the Z4-linear codes of length n = 2™ — 1 with generator

matrix

Fora = (ag, a1,..-,an_1) € Z7, leta(X) =ag+a; X +---+an_1 X*" ! Then
a € Cit if and only if Z?—_ol a, =0and a(§) =0. Z?_Ol a, = 0 is equivalent to

(X — 1)|a(X). Dividing a(X) by h(X), we obtain a(X) = ¢(X)h(X) + r(X),
where degr(X) < deg h{X) = m. Substituting X = £ into this equation, we
obtain that a(£) = 0 if and only if r(£) = 0. But 7(£) = 0 implies 7(X) = 0 by
the uniqueness of the additive representation of elements of GR(4™) = Z4[¢].
Therefore a(£) = 0 is equivalent to h(X)|a(X). Hence a € Ci if and only if
(X — 1)]a(X) and h({X)|a(X).

We assert further that (X — 1)|a(X) and A(X)|a(X) if and only if (X —
DA(X)|a(X). “If part” is trivial. Assume that (X — 1)|a(X) and h(X)|a(X).
Then a(X) = q(X)h(X). Substituting X = 1 into this equation, we obtain
g(1)h(1) = a(l) = 0. We assumed m > 2, so h(1) # 0, thus h(1) is an
invertible element of GR(4™). It follows that ¢(1) = 0 and (X — 1)|g(X).
Therefore (X — 1)h(X)|a(X). Our assertion is proved.

From our assertion we deduce that a € Ci if and only if (X —1)h(X)|a(X).
That is, Ci is a cyclic code of length n with generator polynomial (X —1)h(X).
By Proposition 7.9, C; is a cyclic code of length n with the reciprocal polyno-
mial to (X™—1)/(X —1)h(X) as the generator polynomial. But the reciprocal
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polynomial to (X™ —1)/(X — 1)h(X) is g(X) and K(m)~ is defined to be the
cyclic code of length n over Z4 with the generator polynomial g(X). Therefore
C;y = K(m)~ and (8.3) is a generator matrix of K(m)~. K(m) is the code
obtained from KC(m)~ by adding a zero-sum check symbol, hence K(m) has
generator matrix (8.2). O

It follows immediately from Proposition 8.2 and Corollary 6.8 (iii), (iv)
that different basic primitive polynomials of the same degree m over Z, define
permutation-equivalent quaternary Kerdock codes.

Example 8.1. Let m = 2 and A(X) = X2 + X + 1 be the unique basic
primitive polynomial of degree 2. Then §(X) = (X3 - 1)/(X —1)h(X) =1
and ¢g(X) = 1. By Proposition 8.1 K(2) has generator matrix

31 00
3 01 0].
3 0 01

By Proposition 8.2, X(2) has generator matrix

1 1 11
010 3].
0 01 3

It is easy to verify that these two generator matrices generate the same linear
Z4-code.

Example 8.2. Let m = 3 and h(X) = X®42X2+ X —1 be the basic primitive
polynomial of degree 3. We find g(X) = X3 +2X2+ X —1 = h(X). So K(3)~
is self-dual. It follows that K(3) is also self-dual. The generator matrices of
K(3) given by Propositions 8.1 and 8.2 are

13121000
10312100
10031210
1000 3 1 21
and
11111111
010012 31
0010333 2|’
0001 2311
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respectively. It is easy to prove that the above two matrices and the matrix
(1.6) generate the same code. Therefore K(3) is the octacode Og. O

Corollary 8.3. Both K(m)~ and K(m) are Zy-linear codes of types 4™+!. O

Corollary 8.4. The binary Linear code K1) associated with K(m) is equiva-
lent to RM(1, m).

Proof. If ¢ = by +bo e+ bm, ™1, where &; € Z4 then €7 = by; +
bo;€+ -+ + by €™ ' Therefore K() has

111 1 - 1
Do (8.4)

01 & &5 -0 €77
as its generator matrix, where £7(0 < j < n — 1) should be replaced by the
column *(b1;, b, ..., bm;). Since € is a root of the primitive polynomial h(X),
€ is of order n = 2™ — 1. So, the columns, 0, 1, &,...,£*! are distinct in pairs
and they are some rearrangement of all the 2™ m-dimensional column vectors
over Fy. Hence K1) is equivalent to RM(1, m). O

8.2. Trace Descriptions of (m)

Proposition 8.5. The codes K(m)~ and K(m) have the following trace
descriptions over the ting GR(4™) = Z4[€], where € is a root of the basic
primitive polynomial h(X) 1 GR(4™).

(i) K(m)™ = {e1™ + vV|e € Zy, X € Zy[€]}, where 1™ is the all 1 n-tuple
and

v = (T(AE%), T(AE), TOAEP),..., T(AE™1)). (8.5)

(ii) K(m) = {e1™*! + uP|e € Zg, X € Z4[€]}, where 17! is the all 1
{n+ 1)-tuple and

ul = (T(A®), T(AE), T(AE), ..., T(AE™™)) (8.6)

with the convention that £ = 0.

Proof. (i) Let
= {e1" + vVle € Z4, X € Z4[¢)},



Kerdock Codes 117

where v(*) is the vector (8.5). Under the correspondence (7.5), the vector
1™ + v(» can be expressed as the polynomial

n—1 n—1
e X'+ > TOEHX
=0 i=0

First we prove that

(i Xi> (X =1) = 0(mod X" — 1) (8.7)
=0
and

(Z T(AEHX ) R(X)=0(mod X" - 1). (8.8)

The first formula is clear, since

(712_: Xi) (X =1) = (712—: Xi) (1-X)
1=0 1=0

=1-X"
=0(mod X™ —1).

For the second formula, by the definition of generalized trace map from GR(4™)
to Z4 given in Sec. 6.3, we have

n—1 n-1 m—1
E: ( E: AE fnxn 1
i=0 1=0 k=0
m—1 n—1
=3
k=0 =0

and by Proposition 6.14 we have
MX) = (X - (X €)X =) (X ¢/,

Then
-~ m—1

RX)=(1-€X)(1-€/X)1-€"X) - (1-¢77 X).
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Since (6/")" = (£7)/" =1, we have

n-—1
(Z(é’ ) (1-e"X)=1-(""x
=0
=1-X"
=0(mod X™ —1).

Therefore we have (8.8). Consequently,

———

n—1 n—1
<e dYoxt+ > T(Agf)Xi) (X = 1)h(X) =0(mod X™ — 1).
1=0 =0

K(m)~ is the cyclic code with generator polynomial g(X ), which is the recipro-
cal polynomial to (X™ —1)/(X —1)h(X). It follows that the check polynomial
of K(m)™ is (X —/lx)Z(X). Therefore we have proved C; C K(m)~. By Corol-
lary 8.3, |[K(m)~| = 4™+ If we can show that |Co| = 4™+, then C; = K(m)~.

Suppose that e1?+v(*) = ¢'1"+v(*) where e, ¢’ € Zy and A, X' € GR(4™).
Then (¢ - ¢')1" + v(*=*) = 0. Thus

n—1 n—1
(e—€)) X'+ T(A-N)ENX =
1=0 1=0

By (8.8), we have (Z:‘;_ol T((A = N)EHX)A(X) = 0. Multiplying the above
equation by A(X), we obtain

- (2 x1> ©9)

Dividing A(X) by X — 1, we have
h(X) = q(X)(X - 1) + h(1), (8.10)

where ¢(X) € Z4[X]. By (8.7), (075 X*)(X — 1) = 0. Substituting (8.10)

into (8.9), we obtain
(e — ¢ (Z X! )
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Since Z(l) # 0, h(1) is an invertible element of Z4. It follows that ¢ = ¢’ Then
we have v{*=*) = 0. In particular,

TA-M)=A=A)+OA=X) +-+A=X)Y""" =0,

T(A =M = (A= XJe+ (=2l + -+ (=X =0,

T(A-M)Em ) =A=X)em T+ (A= 2)N(EhHm 1+
+ (A=Y =0,
By definition of the generalized Frobenius map f of GR(4™), £/' = ¢%' for
i=0,1,...,m — 1. By Proposition 6.16 (i), all £¢/' — ¢/ = ¢ —¢% (0 < 4,

J £m—1and ¢ # j) are invertible elements of GR(4™). So, the van der
Monde determinant

¢t Ef'""
el (@hymet L (@m T

is an invertible element of GR(4™). It follows that A — X' = 0, ie., A = X.
Therefore |Co| = 4™*1.

(ii) follows from (i), since the zero-check sum for €1™ is ¢ and for v}
is 0. O

Furthermore, we have

Proposition 8.6. Let m be an integer > 2. Let ¢ = (Co0,€0,€C1,--.,Cn-1) be
an arbitrary codeword of K(m), then the 2-adic representation of ¢,

c¢=a¢+2bt, tE{O0,0,l,...,n—l}, (811)

18 given by
a; = A+ Tr(n€), (8.12)
bo=B+Ti(mE) + . (nE)7H, (8.13)

0<j<k<m~—1
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where the elements A, B € Z, and w,n € Fym are arbitrary and we adopt the
convention that €% = 0. When m is odd, let

(m=1)/2 _
Q(z) = Z Tr(z'*?) forall z € Fam,
1=1

then b, can be written as

be = B + Tr(né") + Q(n"). (8.14)

Proof. By Proposition 8.5, there is a unique ¢ € Z4 and a unique A € Z4[¢]
such that
e =e+T(AY), te{c0,0,1,...,n—1}

with the convention that £*° = 0. Let the 2-adic representation of A be
A=E+285, s € {00,0,1,...,n — 1}, then

¢y = e+ T(E7HY) + 2T(E°1Y) = ay + 2b,.
Since a;, b, = 0 or 1, applying the map —, we obtain
ay = A + Tl‘(ﬂ'zt),

where A = Z and 7 = {" There remains to compute b,. Clearly, ¢? = a? = a,.
Therefore

%W, = ¢, — &
= (e — &%) + (T(E7+) = (T(E7+1))?) + 2eT(E™H) + 2T(£++Y).
It is clear that
e —e* =26(e).
We compute
T(ETH) — (T(E+)? = T(E (1 - T(E)
= (€ HET2H(ETHY (T
X (1= €7 = (E7H)2 — (rHiyRt _ L (greyzn T
=2 3 (e

0<j<k<m—1
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2T(E7) + 2T(E7+) = 2AT((e€” + £°) £Y).
Then
2b, = 28(c) + 2T((e€” + €5 )€ +2 5 (e7HHF

0<j<k<m~1

Thus

b=+ (ﬂ(E) +T((e€7 + )+ > (f’“)””")

0<j<k<m-—1
Since b, = 0 or 1, we have b, = b,. Therefore we have (8.13)

bo=B+T(nE)+ Y. (mEHP*Y,

0<j<k<m~1
where B = (), n =" + €%, and 7 = £7. When m is odd, we have

(m-1)/2

Qe = Y Tr(rg)**
J=1
— Z (sz)z’#‘zk‘
0<j<k<m=—1
Therefore we have (8.14)

by = B + Tr(n€?) + Q(n€h). m]

8.3. The Kerdock Codes

Let m be an integer > 2. Denote the binary image of the quaternary
Kerdock code K(m) by K(m), i.e., K(m) = ¢(KX(m)). First we have

Theorem 8.7. Let m be an integer > 2. Then K(m) is a nonlinear binary
code of length 2™+! and with 4™%! codewords. This code is distance invariant
and all its codewords are of even weight.

Proof. It is clear that K(m) is of length 2™+!. Since |K(m)| = |K(m)| and
K(m) is of type 4™%!, |K(m)| = 4™*!. The distance invariance of K(m)
follows from Theorem 3.6.



122 Quaternary Codes

Since K(m) is obtained from K(m)~ by adding a zero-sum check symbol
to each codeword of K(m)~, by Proposition 3.4 all codewords of K (m) are of
even weight.

There remains to prove that K (m) is nonlinear. By Proposition 8.5 for any

A, € Zyl€],
uM = (T(AE®), T(AE), T(AE), ..., T(A™ )

and
uls) = (T(pe™), T(€®), T(p€), ..., T(pe™™"))

are codewords of K(m). If we can show that 2a(u) x a(ul®)) ¢ K(m),
for some A, € Z4[€], where x denotes the componentwise product, then the
nonlinearity of K (m) will follow from Proposition 3.16.

First we give the following remark. We know that the map

Tr: Fym — Fy
roTim=n+ni+ - +n2

is a surjective homomorphism from the additive group of Fom to Fy and that

for any © € Fju, 7€, €%, 7€, ..., m€™"1 are all the 2™ elements of Fym.

Therefore the number of 1’s and the number of 0’s in the binary vector

(Tr(n€), Tr(n€°), Te(x€), ..., Te(r€"1))

are all equal to 2™~!, so are the number of 1’s and the number of 0’s in the
binary vector

I 4 (Tr(ng ), T(n€°), Te(xé), ..., Te(rE™")).

Since Tr : Fam — [F2 is a surjective homomorphism, there are k and [ (0 <
k, ! <n —1) such that Tr(*) = 1 and Tr(£') = 0. Let us choose A = £* and
p = &' Suppose that ¢ = 2a(u™) x a(ul®)) € K(m).

Let ¢ = (Coo, €0,€1,-..,Cno1) and ¢ = a; + 2b, be the 2-adic representation
of ¢, t € {0,0,1,...,n — 1}. by Proposition 8.6 these exist A,B € Fy and
7,1 € Fam such that (8.12) and (8.13) hold, i.e.,

a, = A+ Te(rE"),

by = B+ Tr(n€') + Z (WE[')2)+2k, t€ {0,0,1,...,n—1}.

0<j<k<m—1
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Clearly, a;, = 0 for all . From the above remark we deduce A = 0 and 7 = 0.
Then ¢; = 2b, and

by = B+Tr(né"), t € {00,0,1,...,n—1}. (8.15)

Let b = (boo,bo,b1,...,bn_1), then ¢ = 2b. But ¢ = 2a(u®) * a(ul®).
Therefore b = a(u™) * a(u*)), we have

a(u®) = (Tr(€¥€>), Tr(E*EP), Tx(E¥E),..., Tr(E*E""Y),

a(ut) = (Tr(£'€%), Tr(€'€°), Te(€'?),. .., Tr(E'E™).

By the above remark, the number of 1’s and the number of 0’s in both a(u(x))
and a(ul®) are equal to 2™~!. We have Tr(£¥€>°) = Tr(€'€>°) = 0, which
implies b = a(u™) * a(u®) # 0. We also have Tr(€¥£%) = Tr(€*) = 1 and
Tr(£'€°%) = Tr(€') = 0, which implies the number of 1I’s in b = a(u®)*a(ul*))
is less than 2™~! Again by the above remark, from (8.15) it follows that B = 0
and 7 = 0. Thus b = 0. We get a contradiction. O

Proposition 8.8. Let m be an integer > 2. Then the binary image of the
linear subcode of K(m) with generator matriz

11 1 1 .. 1
(0 2 26 2% ... 25"—1> (8.16)

is the first-order Reed-Muller code RM(1, m + 1) contained in K(m). This
linear subcode of K(m) consists of those codewords ¢ for which A € 2GR(4™)
in the trace description (8.6) and for which m = 0 in the 2-adic representation
(8.11)—(8.13).

Proof. Denote the linear subcode of X(m) with generator matrix (8.16) by
C3. We have

m

p(1*") = (0*7,1%")
0(2®") = (1*",1*")

and

(p(072)2£)2€27"')2€n_1) = (01172)221"')211_17 07172)327"')—6‘71_1)'
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Then ¢(C3) has generator matrix

p(22")
0(0,2,2¢,...,2671)
p(1*")
1 1 1 1 1 1 1 1 1
=101 ¢ & o1 g g £t
6 00 0 - 0 111 1 - 1

Therefore p(C3) = RM(1,m + 1).
Next let us prove the second statement. By Proposition 8.2 any codeword
¢ of K(m) can be expressed uniquely in the form

e1?" 4 (a1,0a2,...,am) (0 1 € €2... ™Y,

where €,a1,as,...,an € Z4. By Proposition 8.5, ¢ can also be expressed
uniquely in the form
e1?” + u(*),

where € € Zy4, A € GR(4™), and u® is (8.6). Thus there is a bijective map
Z7H . T, x GR(4™)
(e,a1,a9,. .. am) — (€, A).

It is easy to verify that this map is an additive group isomorphism. A codeword
¢ of C3 can be expressed uniquely as

€1?” + (a1,az, ... am) (0 2 26 26%2-.. 26771
=e1?" 4 (2a1,2ay,...,2a,)(0 1 € €. 771,
and hence, can be expressed uniquely as
€177 4 ul®),

That is, C3 consists of those codewords ¢ for which A € 2GR(4™) in the trace
description (8.6). As in the proof of Proposition 8.6, let the 2-adic representa-
tion of A be A = £” 4 2£°, then r = 0o and hence 7 = £7 = £ = 0. Therefore
C3 consists of those codewords ¢ for which 7 = 0 in the 2-adic representation
(8.11)-(8.13). O

From now on we assume that m is an odd integer and > 3. We recall that
the Kerdock code K,,,; of length 2™*! is the binary code which consists of
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RM(1, m + 1) together with 2™ — 1 cosets of RM(2, m + 1) relative to RM(1,
m + 1) with coset representatives

(L"(ZOO)’ L‘"(Zo)v Ty L‘"(En_l)) RW(Eoo)v RW(ZO)r e !RW(En_l))’
where 7 runs through F},.,

(m=1)/2

L (&)= Y To(nE?)*?,

=1
R (&)= > Te(n@?)'** +Te(xd?), j€{0,1,...,2m -1},
=1
(cf. MacWilliams and Sloane (1977), Chap. 15, §5). Then we have
Theorem 8.9. Let m be odd and > 3. Then K(m) = K.

Proof. Let ¢ be any codeword of K(m) and ¢ = a+ 2b be its 2-adic represen-
tation. By Proposition 8.6 these are elements A, B € Z; and 7,1 € Fa~ such
that

a=A+ TY(?TE’),

by = B+ Tr(n€') + Q(n€Y), t€ {00,0,1,...,n—1}.

where
(m—1)/2 ]
Q(z) = Z Tr(z'*?'), forall « € Fam.
J=1
Then
¢(c) = (B(c), v(c)) = (b,a+Db).
Let

u=B1*" + (Tx(n€*™), Te(ng®), ..., Tr(ng"™)),
v = 417",
then u € RM(1,m), v € RM(0,m). By the |u|u + v| construction,
(u,u+v) e RM(1,m +1).
Therefore the codeword ¢(c) and
(Q(n€>), Q(rE®),...,Q(mE™ ™),
Tr(r€%) + Q(r€™), Tr(r€°) + Q(nE"), ..., Te(x€™ 1) + Q(nE™""))
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belong to the same coset of RM (2, m + 1) relative to RM (1, m + 1). Clearly,
Q(r€?) = L (&%),
Tr(n€?) + Q(r€’) = Ra(€).
Therefore K(m) C K,,4+1. But the number of codewords of K(m) and K1,
are both equal to 4™*!. Therefore K(m) = Km41. |

By Examples 3.4 and 8.2 the Nordstrom—Robinson code is the binary image
of the quaternary Kerdock code K(3). The Kerdock codes K,,.1 (m > 3 and
m is odd) were introduced by Kerdock (1972). They are binary nonlinear
codes which contains at least twice as many codewords as the best binary
linear code with the same length and minimum distance. Nechaev (1989) used
Galois rings and trace descriptions of some Z4-sequences to study the Kerdock
codes. He proved that the Kerdock code punctured in two coordinates may
be constructed as a family of segments of highest binary coordinates of some
linear recursive sequences family over Z4 and that this code has the cyclic form,
see also Hammons et al. (1994).

In preparing this chapter, Nechaev (1989) and Hammons et al. (1994) are
helpful.

8.4. Weight Distributions of the Kerdock Codes

The weight distribution of the Kerdock code K4, where m is an odd in-
teger > 3, was computed by Kerdock (1972) and can be found in MacWilliams
and Sloane (1977), Table 15.7. Regarding Km+1 as the binary image of the
quaternary Kerdock code K(m), Hammons et al. (1994) computed its weight
distribution as follows.

Proposition 8.10. The binary Kerdock code Ky of length 2™+ (m odd >
3) has the following weigth distribution

Table 8.1. Weight distribution of Kmy1 (m odd > 3).

Weight No. of codewords
0 1
2m_2(m—1)/'2 2m+l(2m_1)
gm 2m+2 -2

om 4 o(m+1)/2 2m+l(2m_l)
2m+l 1
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We need the following lemmas.

Lemma 8.11. Denote the Galois ring GR(4™) simply by R and the set of
invertible elements of R by R*. Then

Z ;T = Z ;T = Z TW) — 0.
-

vER i€R\R*

Proof. Consider the generalized trace map

T:GR(A™) — Z4
A—=T()
defined in Sec. 6.3. By Proposition 6.13, T is a surjective additive group

homomorphism. It follows that as A runs through GR(4™), T()\) takes the
values 0, 1, 2, 3 equally often. But :® + ¢! + 42 + 4% = 0. Therefore

> it =o. (8.17)

vER

If we restrict T to the ideal (2) = R\R*, we get a surjective group homorphism
T :(2) — {0,2} and, hence, T()) takes the values 0 and 2 equally often. But
® 4+42 = 0. So,

> W =o. (8.18)

vER\R*

From (8.17) and (8.18) we deduce
PEARE (8.19)

vER*

Lemma 8.12. The diophantine equation X% +Y? = 2™ (m odd and > 3) has
a unique solution (2(m~1)/2 2(m=2)/2),

Proof. Let (z,y) be a solution, where z and y are non-negative integers.
Write z = 271 (221 +1) and y = 272(2y; + 1), where z; and y; are non-negative
integers. Then

22112222 4 2%x) + 1) + 2272(2%% + 2%y + 1) = 2™,
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If r; > r,, then
2:ri=ra)(22gF + 2% + 1) + 2%9f + 2%y, + 1= 277,
which is impossible. So, r; = r and then
22zt + it y) +2 =277

which implies m — 2r; = 1 and z; = y; = 0. Therefore z =y = otm-1)/2 QO

Proof of Proposition 8.10. By Proposition 8.8, the codewords u*) € K(m)
for which A € 2R form a first-order Reed—-Muller code RM(1,m + 1). We know
that the weight distribution of RM(1,m + 1) is

Table 8.2. Weight distribution of RM(1, m + 1).

Weight No. of codewords

0 1
o2m 2m+2 _ 9
2m+l 1

Now consider the codeword v(*) = T(A¢?), T(AE),..., T(A™ 1) € K(m)~,
where A € R*. Let w, = wa(v('\)), where a € Z4. We claim that there exist
61, 6o = £1 such that

wp =277 =14 ;2072 gy = oM 4 g, 0(m=3/2)

(8.20)
Wy = 2m—2 _ 612(771—3)/2’ w3 = 2m—2 _ 622(771—3)/2.
Let
2m _2 ‘
S = Z Z'T(AEJ))
7=0
then
S =wy —wy + i(w1 — w;;) (821)
and

ISP=2m -1+ JTO(E —€5)
ik

By Proposition 6.16 (i) and (i), & — €* (0 < 7,k < 2™ — 2,5 # k)
are distinct invertible elements of GR(4™). They are (2™ — 1)(2™ - 2) =
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4™ —-3-2™+2in number. By Proposition 6.16 (ii) the other invertible elements
of GR(4™) are ¢£7 (0 < j < 2™ — 2). Therefore

Z TME —e%)) Z T _Tiz T(re') _ Z JT(=26%)
itk veER® 5=0

By Lemma 8.11,

Z T =,

vER*
Obviously,
2m 2 _
Z jTO) =
7=0
and
2™ 2 )
Z iT(=X2") =5
k=0
Therefore

S]P=2"-1-5-5.

It follows that
(S+1)(S+1)=2™

Substituting (8.21) into the above equation, we get
(wg —wq + 1)+ (w; —ws)? =2™.
By Lemma 8.12, we must have
wo — wy = —1 £ 20m=1/2, (8.22)
wy — wy = £2m~H/2, (8.23)

On the other hand, X = 1 for A € R* and then v®») = (Tr(1), Tx(€),...,
Tr(€™)). Since Tt : Fym — Fy is a surjective homomorphism, we have

w) +ws =2m71 (8.24)
wo +wp = 277 — 1. (8.25)

Then (8.20) follows from (8.22)-(8.25).
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Now we consider the four codewords of K(m) obtained from 1™ + v(*) €
K(m)~ (€ =0,1,2,3), where A € R*, by appending the zero-sum check symbol
¢. For the weights of the codeword 17*! + u*) € KC(m), we have

wp =272 4 520772y = 2772 4 gy
wy = 272 — §2m=3/2 gy = 9™ _ g, 0(m=8)/2,
Thus 1™*! + u(*) is a codeword of Lee weight
wy + w3 + 2wy = 2™ + 6, 2(m1/2,
Similarly, 271 + u®® | 37+1 £ u® and u(*) are codewords of Lee weights
2™ 4+ §,20m /2 o™ _5,2mmD/2 1 and 2™ - 6 2(m 12,

respectively. Of these four codewords obtained from vi*) X € R*, two
have Lee weight 2™ + 2(m=1)/2 and two have Lee weight 2™ — 2(m~1)/2 This
holds for all 2™(2™ —1) codewords v{*), A € R* Therefore Table 8.1 is estab-
lished. O

Remark 8.1. When m is even, m > 2, a similar argument shows that ¢(X(m))
has the following weight distribution.

Table 8.3. Weight distribution of ¢(K(m)), (m even > 2).

Weight No. of codewords

0 1
2m - /2 2m(2™ — 1)
2™ 27t 4 1)~ 2
2™ 4 2m/2 2m (2™ — 1)
2m+1 1

This code is not as good as a double-error-correction BCH code.

8.5. Soft-Decision Decoding of Quaternary Kerdock Codes

For simplicity we write A = {00,0,1,...,n — 1}, where n = 2™ — 1. Let
r = (r,, t € A) be a received word, where r, € Z4. The brute-force decoding
of r requires the computation of its correlation with all codewords £12™ + u()‘),

where
ul® = (T(AE%), T(AE®), T(AE), T(AE?), ..., T(A"1)),
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€ € Z4, and A € GR(4™). That is, we have to compute the correlation

N) =Y irg (e TOE) (8.26)
teA

for all e € Zy and X € Z,4[¢]. If Real{((o, o)} is @ maximum for the pair
(€0, A0), we decode r into the codeword 912" + u(*). If we compute (8.26)
directly, it requires 4™+!2™ multiplications and 4™*!(2™ — 1) additions.

Let A = £ + 2£° be the 2-adic representation of A, where r,s € A. Then
we can write (8.26) as follows:

(e, +26°) =i Yo an Ty ET, (8.27)

teA

where we adopt the convention that for [ € A, [ + 00 = co. If use (8.27)
to compute {{(e,A), the computational complexity is reduced. Furthermore,
the correlation sums {(e,£” + 2£°) may be viewed (after some reordering of
indexes) as :7¢ times the Hadamard transform of the 2™ complex vectors
(iT'_T(fr“),t € A) of length 2™. Using the FHT, each of these can be com-
puted using m2™ additions/subtractions. Thus the overall requirement is for
about 4™ multiplications and m4™ additions/subtractions.

The above soft-decision decoding algorithm is suggested by Hammons et al.
(1994) and can be regarded as an extension of the fast Hadamard transform
soft-decision decoding algorithm for the binary first-order Reed—-Muller code
to the quaternary Kerdock code.

For another decoding algorithm of the Kerdock codes, see Adoul (1987).



CHAPTER 9

PREPARATA CODES

9.1. The Quaternary Preparata Codes

We follow the notation of the previous chapter. That is, m is an integer
> 2, h(X) is a basic primitive polynomial of degree m dividing X™ — 1 in
Z4|X), where n = 2™ — 1, £ is a root of h(X) in GR(4™), and g(X) is the
reciprocal polynomial to the polynomial (X™ — 1)/(X — 1)h(X).

Definition 9.1. The Z4-cyclic code of length n with generator polynomial
h(X) is called the shortened quaternary Preparata code and denoted by P(m)~.
The Z4-linear code obtained from P(m)~ by adding a zero-sum check symbol to
each codeword of P(m)~ is called the quaternary Preparate code and denoted
by P(m). O

Proposition 9.1. P(m)~ has parity check matriz

(1eg - (9.1)
P(m) is the dual code of K(m) and has parity check matriz
111 1 --- 1
9.2
(0 1 ¢ & E"”) (52

Proof. By definition
P(m)~ = {a(X)h(X)mod X" — 1]a(X) € Z4[X]}.
For any codeword ¢ = (cg, ¢y, C2,...,Cn-1) € P(m)~, we have

(X)=co+aX+eXs+  + a1 X = b(X)A(X)(mod X™ — 1)

133
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for some b(X) € Z4[X]. Therefore c(£) =0, i.e.,
(co, €1y Cay ooy Crg) - (LEEX - €77 = 0. (9.3)

Conversely, assume that ¢ = (¢, c1, c2, ..., Cn1) € Z] has the property (9.3).
Let o(X) =co+c1 X +co X%+ +co1 X™ L. Then (9.3) is equivalent to
c(€) = 0. We know that ~A(X) is monic. Dividing ¢(X) by h(X), we have

o(X) = ¢(X)h(X) + r(X),

where q(X), r(X) € Z4[X] and degr(X) < degh{X) = m. Substituting £
in the above equation, we obtain r(£) = 0. By Theorem 6.1 the additive
representation of every element in GR(4™) is unique. It follows that r(X) = 0.
Therefore c(X) = ¢(X)h(X) € P(m)~ We conclude that P(m)~ has parity
check matrix (9.1).

Now let {cw, Co, C1, C2,- -, Cn—1) be a codeword of P{m). By definition,
Coo=— S ciand cg+ 1 X + X2+ -+ com X™ 1 is a multiple of A(X).
Therefore

(COO,CO,C1,C2,...,C~,7__1) (1)1:111)'~-)1)=0
and
(cooa Coy C1y C2y - -y cn—l) (01 1) 67 62) A ,én_l) =0

But (9.2) is the generator matrix of K(m), so P(m) C K(m)Lt By Corollary
8.3, K(m) is of type 4™*! Then by Proposition 1.2, K(m)* is of type 42™ ~™~1,
Since P(m)~ = (h(X)), P(m)~ is of type 42" =™~ Thus P(m) is also of
type 42" ~™~1. Therefore P(m) = K(m)* and (9.2) is a parity check matrix
of P(m). O

Corollary 9.2. Both P(m)~ and P(m) are Zy-linear codes of type 4%~ ~™~!
O

Corollary 9.3. The binary linear code P\V) associated with P(m) is RM(m-2,
m).

Proof. By definition
PY = (E|ce P(m)}.

For any ¢ = (¢eo, Coy C15- -, Cn—1) € P(m), we have

n—1
Coo + Z ¢ =0
1=0
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and
n—1
Cifl =
1=0
By reduction modulo 2, we obtain
n-—1
Coo + ¢ =0
=0
and
n—1
Géi=0
1,.__0

Thus € is a codeword of binary linear code with parity check matrix

( 1 11 1 - 1 ) 04
0 1 E E2 . zn—l ( . )
Soc € RM(m—2, m). Hence P() ¢ RM(m—2, m). P(m) is of type 42" ~™~1,

so dim PV = 2™ —m — 1. But dim RM(m — 2, m) = 2™ — m — 1. Therefore
P = RM(m — 2, m). O

Digression. Let us study the number of distinct zeros of some polynomials over
Fan. We begin with the following well-known result in finite group theory.

Lemma 9.4. Let G be a finite cyclic group of order n > 1 and d be a positive
integer relatively prime to n, then the equation X% = e has a unique solution
X =e in G, where e denotes the identity element of G.

Proof. Let a be a generator of the cyclic group G, ie., a® = 1 and a* # e
for 0 < k < n. We know that a' = e if and only if n|l. Let a* be a solution of
the equation X¢ = e, i.e,, a’® = e. Then n|id. Since (d,n) = 1, we have nli.
Therefore a* = e. O

From Lemma 9.4, we deduce

Lemma 9.5. Let m is an odd integer > 3, then the polynomial X3 + a, where
a € Fym, has at most one root in Fonm.
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Proof. For a = 0, the polynomial X3 has only 0 as a triple root. Now consider
the case a # 0. Let z; and z; be two roots of X® + a. Then z3 = z3 = a and
z; # 0, 22 # 0. I follows that (z;/z2)3 = 1. Since Fj. is a cyclic group of
order 2™ —1 and misodd and > 3, (3, 2™ —1) = 1. By Lemma 9.4, z;/z, = 1.
Therefore z; = z,. O

Corollary 9.6. Let m be an odd integer > 3, then the polynomial p(X) =
X* +aX + b€ Fam [X] has at most two distinct roots in Fam.
Proof. Let z be a root of p{X) in Faom. Then
pX+z)=(X+z)+a(X +2)+b
=X'+aX+z'+ar+b
= X(X3 +a).
By Lemma 9.5, p(X + z) has at most two distinct roots in Fom, so does

p(X). O

Corollary 9.7. Let m be an odd integer > 3, then the polynomial ¢(X) =
X5+ aX*+dX + e € Fom [X] has at most three distinct roots in Fom.

Proof. Let z be a root of ¢{X) in Fym. Then
dX+z)=(X+2)+a(X+2) ' +dX +12)+e
= X(X*+(z+a)X? + (2 +d)).
Ifz'+d =0, X +2) = X*(X + (z + a)), which clearly has at most two
distinct roots. If z* +d # 0, then by Corollary 9.6,
+a 1
xi4Z

* zi+d * zt +d

has at most two distinct roots in Fom, and so does its reciprocal polynomial

1 4_+_x+a
4 +d i +d

X3 +1
Thus the polynomial
X'+ (@ +a)X3+ (2" +d)

has at most two distinct roots in Fa.. It follows that ¢{X + ) has at most
three distinct roots in Fam, and so does g(X). a

Now we return to the study of quaternary Preparata codes.
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Proposition 9.8. Let m be an integer > 2, then all codewords of P(m) are of
even Lee weight. Moreover, when m is even and > 2, P(m) has minimum Lee
distance 4 and when m is odd and > 3, P(m) has minimum Lee distance 6.

Proof. The first assertion follows from Proposition 3.4. Let us prove the
second assertion. Since P(m) is a quaternary linear code, it is enough to show
that P(m) has minimum Lee weight 4 or 6, when m is even and > 2 or odd
and n > 3, respectively.

First we assert that P(m) has no codeword of Lee weight 2. Let ¢ =
(ceor €0, C1y---yCn_1) be a codeword of P(m). Since (9.2) is the parity matrix
of P(m), we have

n—1
Coo + Z ;=0 (9.5)
=0
and
n—1 .
Z 6 =0. (9.6)
=0

Assume that wy(c) = 2. Denote by e; the 2™-tuple whose ith component
is 1 and all other components are 0's. By (9.5), ¢ must be of the form ¢ =
e;—e;(1,j=00,0,1,...,n— 1,1 # j). If i = 00, by (9.6) we have —¢£7 =0,
a contradiction. Similarly, j = co is also impossible. Assume that both : and
7 # 00, by (9.6) we have £ — & = 0. Since £ is of order n = 2™ — 1, this is
also impossible. Our assertion is proved.

Then we distinguish the following two cases.

(a) m is even and > 2. We have 3|2™ — 1. Let t = (2™ —1)/3, then £3t =1
and €3 — 1 = (€ — 1)(€2* + €' + 1) = 0. By Proposition 6.16 (i), £* — 1 is
an invertible element of GR{4™). Therefore £2* + £* + 1 = 0, which yields a
codeword of Lee weight 3 in P(m)~. Adjoining a zero-sum check symbol to
this codeword, we get a codeword of Lee weight 4 in P(m).

(b) m is odd and > 3. Assume that c is a codeword of Lee weight 4 in
P(m). By (9.5), ¢ must be one of the following forms:

:f:(ei +e; +e;+ e[),
e e —e,—e,
ﬂ:(2€i +e; + ek),

2e; + 2e;.
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where 4, j, k,l € {00,0,1,...,n — 1} and are distinct in pairs. Following
Helleseth (1996), we treat these four cases one by one in the following way.

(b.1) ¢ = 2e; + 2e;. Then (9.6) leads to 2¢* + 267 = 0. Thus £+ ¢ =0
(mod 2). Consequently, £* + €7 = 0, which is impossible for ¢ # j.

(b.2) ¢ = +(2e; + e; +ex). Then (9.6) leads to 2£* + &7 + &% = 0. Thus we
also have £' + £*¥ = 0. As in case (b.1) this is also impossible.

(b.3) c =e; + e; —ex — e;. Then (9.6) gives

g+ =6 +¢ (9.7)

By Corollary 6.9,
E+8 = (6 +8 +26)) +260), (9.8)
£ gt = (6 + € 268DV 2682, (9.9)

where £ + 7 + 2(€€7)1/2, (£1¢7)1/2, €k + € 4 2(6%¢H)V?, (5¢Y)? € T By
(9.7)~(9.9) and Theorem 6.7 (ii), we have (£%¢7)!/2 = (¢*€¢!)!/2. Consequently

gigk = grel (9.10)

By reduction mod 2, (9.7) and (9.10) give

respectively. Then
FX) =X -e)X-8)=(X-£")(x -¢&

has four distinct roots, a contradiction.
(b.4) c = £(e; + e; + e, + ¢;). Then (9.6) gives

G+ ++¢ =0 (9.11)

Let . _
E+e 4+ =a+ 20, (9.12)

where a,b € T. By Corollary 6.10
b= ()74 (£€5)2 + (£6)2 + ()2 + (£ + (gheh)/?
By (9.11) and (9.12), b = 0. It follows that

(€2 + ()2 + (€Y + (@€ + (@Y7 + (64) /% =0,
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Squaring, we obtain
£ +£¢F + ¢ 1 ek + ¢ + €8¢ = 0 (mod 2). (9.13)
Applying the map —: Zy[¢] — F,[¢] to (9.11) and (9.13), we get
BT E =0

and

Then
fX) = (X - )X -8)(X -5 (X -¢Y
=X"+aX +b

has four distinct roots in Fam, which contradicts Corollary 9.6.

We proved that P(m) has no codewords of Lee weight 4.

Finally we have to prove that P(m) contains a codeword of Lee weight 6.
Consider the matrix (9.4). Since m > 3,%(1, 1, 0, 0, 0™~3), (1, 0, 1, 0, 0 3),
and (1, 0,0, 1, 0™~2) are the zeroth, first, and second columns of (9.4), re-
spectively. But *(1, 1, 1, 1, 0™%) must be a column of (9.4), and let it be the
ith column, where 3 <4 <n —1. Then 1+ &+ €2 4+ €' = 0. We distinguish
the following two cases:

(@) =1+ &+ €2+ & = 0. Multiplying by 1 — ¢, we obtain 1 + 2¢ +
E -+ =0 Ifi =3, we have 1 + £ = 2¢. By Proposition 6.16
(i) 1 + &% is invertible, but 2¢ is a zero divisor, which is a contradiction. If
3<i<n—1, e+ 2e +e3 —e; + e is a codeword of Lee weight 6. If
t=n-—1, 2eq + 2e, + e3 — e, is a codeword of Lee weight 6.

(B)~1+&+E2+6 #0. Then —1+ £+ €2+ ¢ =267, If j =0, we have
14 &+ €2 + & =0, which contradicts Proposition 6.16 (iv). If j = 1, we have
—1— £+ &% 4 £ = 0, which contradicts Proposition 6.16 (iii). Similarly, j = 2
and j = 7 are also impossible. Therefore j # 0, 1, 2, i and —eg+e;+ex+e;+2e;
is a codeword of Lee weight 6. O

9.2. The “Preparata” Codes
Denote the binary image of the quaternary Preparata code P(m) by P(m),
i.e., P(m) = ¢(P(m)). First, we have

Theorem 9.9. Let m be an integer > 2. P(m) is a binary code of length 2™+!
and has 22" =2m=2 codewords. It is distance tnvariant, all its codewords have
even weight and is the formal dual of K(m). Its weight enumerator is
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1
Wpm)(X,Y) = A+l Wgm) (X +Y, X -Y). (9.14)

When m > 3, P(m) is nonlinear. When m is even and > 2, the minimum
distance of P(m) is 4, and when m is odd and > 3, the minimum distance of
P(m) s 6.

Proof. Clearly, P(m) is a binary code of length 2™*+!. Since P(m) is of
type 42”71 |P(m)| = 42"=m"L But |P(m)] = |P(m)], so |P(m)| =
92"+ —2m—2

By Theorem 3.6, P(m) is distance invariant, and by Proposition 3.4 all
codewords of P(m) have even weight. Since P(m) = K(m)*, P(m) = K(m),
is the formal dual of K(m) and by Theorem 3.7 we have (9.14).

Now let us prove that P(m) is nonlinear when m > 3. Let h(X) = ho +
hX + -+ h,X™, then hy = 1 and h,, = 1. Since m > 3, we have
2™ > 2m + 2. Thus both

c=| - hi, ho, h1y. .- hom—1, Am, 0,...,0,0,...,0
and

cd=1-

ki, 0,0,...,0, ho,hl,...,hm,o,...,0>
——

m

m
=0

are codewords of P(m). But

2a(c)*a(c')=(2,0,...,0,2,0,...,0)
——

m

is not a codeword of P(m). By Proposition 3.16, P(m) is nonlinear.
The last assertion follows from Propositions 3.3 and 9.8. O

Remark 9.1. When m =2, h(X) = 1+ X 4+ X? is the unique basic primitive
polynomial of degree 2. Then P(2) = {c1*|e € Z4} and condition (3.20) of
Proposition 3.16 trivially holds. Therefore P(2) is linear. O

Remark 9.2. The decoding algorithm given in the next section gives an
alternate proof that P(m) has minimum distance 6 when m is odd and > 3.
We can give a third proof by using the Krawtchouk polynomials as follows.
Let A; and A] be the number of codewords of weight ¢ in K(m) and P(m),
respectively. By (9.14) and Propositions 2.6 and 8.10, we have
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AmHAL = K (0) + 27T (™ — 1) (K (2 - 20 D/2) 4 K (2™ 4 2012y
+(2™42 —2) K (2™) + K (2™,

where Ki(z)’s are the Krawtchouk polynomials for ¢ = 2. Using the formulas
of Ki(z), where k = 2, 4, 6, given in Proposition 2.16, it can be readily checked
that Ay = Ay = 0 and A} # 0. Therefore the minimum distance of P(m) is 6.

That the minimum distance of P(m) is 4 when m is even and > 2 can be
proved in a similar way. O

When m is an odd integer > 3, P(m) is called the “Preparata” code; here
we use the quotation mark to distinguish it from the Preparata’s original code
P, +1 which will be introduced in Sec. 9.4. We will see that they have the
same code length, the same number of codewords, the same minimum distance,
and the same weight enumerator. But there is an essential difference between
P(m) and P,4;. The latter is contained in the extended binary Hamming
code of length 2™+! (see Proposition 9.15), whose minimum weight is 4. For
P{m), we have

Proposition 9.10. For odd m > 5, P(m) ts contained in o nonlinear code
with the same weight distribution as the extended binary Hamming code of
the same length, and the linear code spanned by the codewords of P(m) has
minimum weight 2.

Proof. We recall that the Z4-linear code ZRM(1, m) is of length 2™ and
generated by RM(0, m) and 2RM (1, m). Hence ZRM(1, m) has generator

matrix
(1 1 1 1 - 1 )
0 2 26 22 ... 2u"V)

ZRM(1,m) C K(m).

Therefore

It follows that
P(m) C ZRM(1,m)*

and
P(m)

By Proposition 4.1, ¢(ZRM(1,
(1,m)t) =RM(1,m + 1), and

H(ZRM(1,m)1).

C
m)) = RM(1,m + 1). Therefore ¢(ZRM

P(m) Q RM(l,m+ 1)_]_
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RM(1, m + 1) is Z4-linear of length 2™+! and its weight enumerator is the
same as RM(1,m+1)*. But RM(1,m+1)* = RM(m — 1, m +1), which is the
extended binary Hamming code of length 2™*! Hence the weight enumerator
of RM(1,m + 1), is the same as the extended binary Hamming code of the
same length. If RM(1,m+1), is linear, then by the uniqueness of the extended
binary Hamming code, RM(1,m + 1), = RM(m — 1,m + 1). Since m > 5, by
Proposition 4.4 RM(m — 1,m + 1) is not Zy-linear, which is a contradiction.
Therefore RM(1,m + 1) is nonlinear.

Let us come to the proof of the second assertion. By definition, P(m)~ is
the cyclic code of length n = 2™ — 1 generated by a basic primitive polynomial
h(X) dividing X™ — 1. Write h(X) = Z;’;O h; X7, where hg # 0,2 and
hm = 1. Let hyo = —h(1). Since h(1) # 0, hog = £1. When m is odd and
>5,2™ — 1> 2m + 3. Therefore

a:(h’oo)h07h’l)"'yhm)o)07"'70707"‘»0)

and
b = (hooao) 07"'70) h’Ov hly"-yhmy 0130)
——
m+1
are codewords of P(m), and so is a+b. Then ¢(a), ¢(b), and ¢(a+b) € P(m).
By (3.18),
¢(2(a(a) » a(b))) = ¢(a) + ¢(b) + ¢(a + b).
Thus ¢(2(a(a) * a(b))) belongs to the linear code spanned by the codewords
of P(m). Clearly,

$(2(a(a) x a(b))) = ¢(2, 0,...,0)
=(1,0,...,0,1,0,...,0)

is a codeword of weight 2. By Theorem 9.9 all codewords of P(m) are of even
weight, so the linear code spanned by the codewords of P(m) has minimum
weight 2. O

9.3. Decoding P(m) in the Z4-Domain

Hammons et al. (1994) also suggested a simple decoding algorithm for
the “Preparata” code P(m), when m is odd and > 3, by working in the Z,-
domain. This is an optimal syndrome decoder: it corrects all error patterns
of Lee weight at most 2, detects all errors of Lee weight 3, and detects some
errors of Lee weight 4.
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Let H be the parity check matrix (9.2)

1 1 e
i ( 1 1 1
0 1 ¢ 52 N én—l
of the code P(m). Let ¢ = (co, co, €1, ... ,Cn—1) € P(m) be the transmitted
codeword and r = (ry, 79, 71,...,7n_1) be the received word. Then e =

r—c=(€w, €, €1,..., en—1) is the error pattern. We compute the syndrome
H'r, which has two components ro, + Z;;_Ol r; and Z;:Ol ;€. Let

n—1
Too + Z i =t
7=0

and
o0

> 1€ =a+2b,
=0
where t € Z4 and a, b€ 7.
Since P(m) = K(m)y, they have the same weight distribution {Aj,
Al,..., AL} and the same weight enumerator

WP(m) (X,Y) = WK(m)J. (X,Y)
n+l
=3 ATy

i=0
By Theorem 9.9 Wp(,,,)(X,Y) is the MacWilliams transform of Wy () (X, Y).
Denote the weight distribution of K'(m) by {Ao, A1,...,An+1}. By Propo-
sition 3.8 the MacWilliams transform of {Ag, A},..., AL} is {4o, Ay,...,
An41}. By Proposition 8.10 the number of nonzero weights of K (m), i.e., the
number of nonzero A; where 0 < ¢ < n + 1, is equal to 4. That is, 4 is the
external distance of P(m). By Corollary 2.23, for any vector v € IF‘%"'+1 there
is a codeword ¢ € P(m) such that d(v, ¢) < 4.

In other words, for any u € ZZH we have di(u, P(m)) < 4. In particular,
for the received word r we have dp(r, P(m)) < 4. It is not difficult to prove
that t = 1 if and only if di (r, P(m)) =1 or 3.

First consider the case t = 1. Then dy(r, P(m)) = 1or 3. f b =0, we
decide that there is a unique single error pattern
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of Lee weight 1 if @ = €', where ¢ = 00,0,1,2,... orn ~ 1. If b # 0, then
dyp(r, P(m)) = 3, and the error pattern is of Lee weight 3 and is detected.

Then consider the case t = —1. We also have d(r, P(m)) = 1 or 3. If
a = b, we decide that there is a unique single error pattern —e; of Lee weight
lifa=0b=¢ If a # b, then di(r, P(m)) = 3, and the error pattern is of Lee
weight 3 and is detected.

Now consider the case t = 0. Then di(r, P(m)) =0,20r4. Ifa =6=0,
then r is a codeword of P(sm) and di(r, P(m)) = 0. If @ = 0 but b # 0, the
error pattern must be of the form 2e; + 2ex, where ¢ # k, which is of Lee weight
4 and can be detected. If a # 0, assume that the error pattern is of Lee weight
2, then it must be of the form e; — ex, where i # k. Thus

a+2b=¢ —¢F
Raising the above equation to 2™-th power, we obtain
a= é‘i + ék + 251-2m—l€k-2m_1.

It follows that
b — __ék _ éi-Z"“'ék»Z'""

Applying the map — to the above two equations, we obtain

a=¢r+ &k B:Zk+zi-2"'—‘zk»2"'—‘

which can be written as

a=8+&5 (+E) =g
The unique solution of the above simultaneous equations is £* = b2/g, £ =
@ + b2/a, Therefore the error positions 7 and k can be determined. Note that
when b = 0 or b = @, the double error involves the co-position.

Finally, consider the case t = 2. If @ = 0, then b = £ where i =
00,0,1,...,n — 1 and we assume that £~ = 0. Thus the error pattern is
of the form 2e;, where ¢ is uniquely determined by &. If @ # 0, then the error
pattern is either of the form e; + e, (¢ # k) or of the form —e; — e, (i # k).
For the first case we have

a+2b=¢+¢*

Proceeding as above, we obtain

a= éz +Zk) 52 :Z‘LZk
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So £* and £* are distinct roots of the equation
X*+ax+bp%=o. (9.15)

A necessary and sufficient condition for this equation to have distinct roots is
that

Tr(b?/a%) = Tr(b/a) = 0,

(cf._Ma.cWilliams and Sloane (1977), Chap. 9). Therefore if the condition
Tr(b,a) = 0 is fulfilled, then the error positions ¢ and k can be determined by
solving Eq. (9.15).

Then consider the second case. We have

a+2b=—¢ —¢*,
where a # 0. Proceeding as above, we find
a=¢+&5 (b+a) =8¢~
So €%, £* are distinct roots of the equation
X*+aX+ @+5%=o0. (9.16)

A necessary and sufficient condition for this equation to have distinct roots is

that . _ _
a +b
Tr(aj; ):Tr 1+ ) 21 (2) =0
a a a

Thus if the condition 1+ Tr(b/@) = 0 is fulfilled, then the error positions ¢ and
k can be determined by solving Eq. (9.16).
A decision tree for the alogrithm is shown in Fig. 9.1.

9.4. The Preparata Codes

Let m be an odd integer > 3 and n = 2™ — 1. We are going to construct
a binary code of length 2™*+! The vectors in F2" " are written in the form
(x,y), where x, y € F2", the positions of x and y are both numbered by the
2™ elements of Fam, the zero element of Fam corresponds to the first position
in x and y, and the components at the ath positions in x and y are denoted
by z, and ya, respectively, where o € Fom.

Definition 9.2. The Preparata code P,y of length 2™%! consists of all
codewords (x,y), where x,y € F2" | satisfying
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A
b=10
&
$0
a=15b
&
b
X
a=1_0
&
Yes

correct error pattern e;
7 is determined by a

detect all error patterns
of Lee weight 3

correct error pattern —e;

1 is determined by a

no correction

detect error pattern 2e, + 2ex

correct error pattern €, — e
t and k are determined by a and b

correct error pattern 2e;

2 i1s determined by b

correct error pattern e, + e
7 and k are determined by a and b

b =1 Yes
No
AR Yes
No
=0 Yes
No
No
&
Tr(b/@) =0
&

correct error pattern —e, — e,
¢ and & are determined by a and &

Fig. 9.1. A decoding algorithm for P(m).
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1° Both w(x) and w(y) are even.

2° Zzazl a = ZyOZl a.
° 3
3 ZIQ:I a3 + (Zzu:l a) = Zyc,=l a3.

The code obtained by deleting the first coordinates is called the shortened

Preparata code of length 2™*! denoted by P(m)~. O
The following identity will be used quite often in the following.
(a+bP =a®+a’b+ab? +b° forall a,be Fym. (9.17)

The study of the properties of the Kerdock code P,,,, becomes easier if we
find some automorphisms of the code first.

Lemma 9.11. The group Aut P, contains the permutations

(i) (x,y) — (x',y'), where z, = 244, ¥ = Ya+c for any ¢ € Fy,
(i) (x,y) = (v,%),
(ili) (x,y) — (x',¥"), where 2], = 254, i, = Ypo for any B € Fy,
(iv) (x,y) — (X',y'), where 2!, = x4z, Yy, = Yo2.

Proof. We check only condition 3° for the map (i) since all other properties
are trivially true. We have

3

> a

[ —
z, =1

Z a® +
z! =1

Il

Z a+c
Zo=1
Z(a+c)3+

(Z(a+c

Ta=1

2

,

Za=l

=1

ZaB+

Tou=1

(

[

Y a

ra=1

To=1

Z(a3+a2c+ac2+c3)+(

e

Y a

Ta=

2

Te=1

i

2

Ta=1

(w(x) is even)

(By (9.17))

3
a) (w(x) is even)
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Z o’ + (Z az) c+ (Z a) c (Conditions 2° and 3°)

Ya=1 Ya=1 Ya=1

= Z (® 4+ a’c+ac® +c%) (w(y) is even)
Ya=1

=Y (a+¢)p (By (9.17))
Ya=1

a

I
7]
Ra

Proposition 9.12. The binary code P41 ts distance tnvariant, has minimum
distance 6, and has 2% codewords, where k = 2™+ — 2m — 2.

Proof. First we prove that P, .1 is distance invariant. Let (u,v) be any
codeword of Pp41. Let ap = Zuu=1 a. Consider the map

om+1
Pm+1 - ]F2

(x,y) = (x',y'),
where

T, = Tatap + Vas

Yo = Yatao + Va-

Assume that (x,y) € P41, we want to show that (x',y') € P4, also. Con-
ditions 1° and 2° are easily checked. For condition 3°, we compute

3 3 3
ot [Talo ¥ T a4 T a +(Za)
z, =1 z! =1 Zatag=1l Ug=1 Zatag=1 uUg=1

We have
Z a® = Z (a+ ag)®
“"+"0:l Tqe=1

=Y o+ ) alag+ > adk+ > o

Ta=1 Loa=1 Za=1 Ta=1
2

=> o+ (Z a) oo + (Z a)a?,,

Ta=1 Ta=1 To=1

since 3, _, ai = 0. We also have
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Z o= Z(a+a0)= Z a.

Tatag=! Te=1 To=1
So,
3 2
Z o’ + Z al|l = Z 0‘3+(Z a) ao+(z a) ag
zl =1 T = z,=1 Ta=1 Tu=1
3 3
+Y a3+(z a>+(z a)
ue=1 Te=1 Uq =1
2
= Z a3+ (Z a) o7}
Ya=1 Yo=1
+<Z a) ag+ Z .
Ya =1 V=1
But
Yo=Y« Yo
yo=1 Yotag=1 va=1
=Y (e+a)i+ ) o
Ya=1 va=1
2
= Z a® + (Z a) ap + (Z a)a§+ Z o,
Ya=1 Ya=1 Yo=1 va=1

since 3., _; a3 = 0. Therefore

Za3+ Za =Za3.

z, =1 z! =1 yo=1
Hence (x’,y’) € Pm41. Clearly, the map (x,y) — (x’,y’) is an injection from
P, 11 t0 Ppmyy. Since P41 is a finite set, it is a bijection. It is clear that for
all (x,y) € Pmy
d((x",y"), (0,v)) = w((x' —u, y' = v))
=w((x,y))
d((x,y), (0,0)).

Therefore P, is distance invariant.
Next we prove that P,,;; has minimum distance 6. It is enough to show
that the minimum weight is 6. Obviously, there are no codewords of weight 2.
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Let us prove that P(m) has no codewords of weight 4. First, assume that
there is a codeword (x,y), where z, = ¢35 =y, = ys = 1, a # B, v # 6,
and all other components of x and y are zeros. By the distance invariance of
P,.+1 and Lemma 9.11 (i) we can assume that & = 0. Then condition 3° of
Definition 9.2 yields % + 6% = 0, which implies (v6~!)® = 1. Since m is odd,
(3,2™ — 1) = 1. Thus we get a contradiction. Then assume that there is a
codeword (x,y) with w(x) =4 and y = 0. Let g = 2o = 25 = 4 = 1 where
0, o, B, v are four distinct elements of Fom. Then conditions 2° and 3° of
Definition 9.2 imply
a+f+v=0,
ad+ 3 +4 =0

Substituting the first equation into the second and then using (9.17), we obtain
af(a+p) = 0, whence a = 3, a contradiction. Similarly, there is no codeword
(x,y) with x = 0 and w(y) = 4.

Now we prove that there are indeed codewords of weight 6 in P,,4;. Let
a, 8, v be three distinct elements of Fom. Without loss of generality we can
assume that 3 # 0 and v # 0. Define A by A3 = o® + 3% + 4% We assert
that A # a,3,v; otherwise, assume that A = ¢, then 8% + % = 0, which
leads to a contradiction as before. Then define u by u = a+ 8+ v+ A We
assert that p # 0; otherwise we have both equations o+ 8 +v + A = 0 and
A+ +93+ 23 =0 Thena+B=v+xand a®+ 3 =+*+ X3 Factorizing
the second equation and then using the first equation, we obtain aff = vA.
Similarly, ay = BX. Thus o?8y = A%2By. Since 87 # 0, we have a® = A? and
o = A, a contradiction. Then (x,y) with g =2z, =ya =Yg =yy =yr =1
and all other components zero is a codeword of weight 6 in P, ;.

Finally, let us compute the number of codewords of P, ;. A vector x € IF%'"
satisfying condition 1° of Definition 9.2 can be chosen in 22" ~! ways. We now
count for a given x € F3" satisfying condition 1°, how many (y.;a € F3..)'s
in F2" ! satisfy conditions 2° and 3° For such a (ya;a € Fju) define yo =
EQEIF;," Yo, then we get a codeword (x,y) € Pny1. Let & be a primitive
element of F2., then conditions 2° and 3° can be regarded as two equations
in 2™ — 1 unknowns ag, ay, G2,...,0n_1:

Z a=ap+a1€+al + - +a, "1,

La=1

3
Z o® + ( Z a) =ao+al® +al®+ - +a, 507D,

Toa=1

(9.18)

La=1
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Express each ¢7, and also 3°, _jaand 3, _ o+ (3, _, a)®, as linear
combinations in 1, £, £2,... €™~ with coefficients in Fs, these two equations
becomes 2m linear equations in ag, a1, as,...,an—1 with coefficients in Fs.
We claim that these 2m linear equations are linearly independent. Denote
by m;(X) the minimum polynomial of £*. Clearly, m,(X) is a degree m.
Since m is odd, (3,2™ — 1) = 1. Thus m3(X) is also of degree m. Then
the binary cyclic code C of length n = 2™ — 1 with generator polynomial
m1(X)m3(X) has dimension n — 2m = 2™ — 2m — 1. A word ¢(X) = ¢o +
aX+ca X%+ +cny X1 is a codeword of C if and only if ¢(€) = ¢(£3) = 0,
Le., if and only if (¢co, ¢1, ¢3,...,¢n-1) is a solution of the linear homogeneous
equations corresponding to (9.18). This proves the linear independence of
(9.18). Therefore for each choice of x € F2" with w(x) being even, there are

22" =2m=1 choices of (ya, @ € F4.) such that (9.18) holds. Hence |Pnyi| =
92" =1 92" —2m-1 _ 92"+ _2m_2 o

Corollary 9.13. The shortened Preparata code P(m)~ is a binary nonlinear
code of length 2™ — 1 and has minimum distance 5. d

The Preparata codes were introduced by Preparata (1968) and their weight
distribution were obtained by Semankov and Zinovév (1969), see also Chap. 5
of MacWilliams and Sloane (1977). After the Kerdock codes were introduced
by Kerdock (1972) and their weight distributions were computed, it was found
that the weight enumerator of the Preparata code P, 4, is the MacWilliams
transform of the weigth enumerator of the Kerdock code K41, (see Theo-
rem 24, Chap. 5 of MacWilliams and Sloane (1977)), which was regarded as a
mystery in coding theory. Hammons et al. (1994) explains this conundrum by
showing that a variant of P, i.e., P(m), is the formal dual of K,,4,. By
Theorem 9.9, the weight enumerator of P(m) is the MacWilliams transform of
the weight enumerator of K,,+;. Therefore we have

Proposition 9.14. The Preparata code P, and the “Preparata” code P(m)
have the same length, the same number of codewords, the same minimum
distance, and the same weight enumerator. O

However, in contrast to Proposition 9.10 we have

Proposition 9.15. The Preparata code P11 of length 2m+1 s a subcode of
the extended binary Hamming code of the same length.
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Proof. Denote the code P41 by Co. To each 8 € F}.. we associate a word
(u®,v®), where u{’) = ugj) = = vfeﬁ) =1 and all other components of
u® and v(#) are zeros. Then we define the code

Cp = {(x,y) + (u®® v|(x,y) € Co}.

We assert that Cp has minimum weight 4. Clearly, w(u‘®),v(#)) = 4. We have
to show that w((x,y) + (u® v®)) > 4 for all (x,y) € Co. If w(x,y) > 8,
this is obvious. Now assume that w(x,y) = 6 and w((x,y) + (u®,v(#)) < 4.
Then w((x,y) + (u®,v{#)) = 2. We can assume that

To=2Tp=Yo =Yg =Yy = Ys = 1
or
-’E0=I,6:-’E—y:z6=yo=yﬁ:1y
where 0, 3, v, é are distinct elements of Fym, while all the other components
are zeros. For both cases, by 2° we have 8 =  + v + 6, which implies v = §,
a contradiction. Our assertion is proved.
Next we assert that the codes Cg(8 € Fam) are pairwise disjoint. Assume

that Cg N C, # O for a pair of distinct elements 3, v € F3... Then there are
two distinct codewords (x,y) and (x’,y’) of Cy such that

(x,y) + (u(ﬁ),v(ﬁ)) =(x,y')+ (u(v),v(v)).
Transposing, we get
(x,y) - (x,y) = (u("),v(")) — (u® Vo).
Thus
d((x,y), (x,y")) = d((u®,v)), (u@ vD)) = 4,
a contradiction. Similarly, Cg N Cy = @ for all B = F3...

Now let
c=J ¢
BEF,m

We claim that C is a linear code. Let (x,y) + (u® ,v®)) and (x',y') +
(u(,v(M) be any two codewords of C, where (x,y) and (x',y') are codewords
of Co, and f, v € Fom. If B = 0, we agree that (u'®),v(%)) = (0,0), where
0 = 0%". Similarly, if 7 = 0, we agree that (u{™ v(")) = {0,0). We assert
that there is a codeword (x”,y") € Cy and a § € Fym such that

(6, y) + (P V) + (' y") + () V) = (x",y") + (u) v @),
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7

X" =x+x +u?® £ u® 4 u® (9.19)

and

1

y - y+ y’ + V(ﬁ) + V(‘Y) + V(6) . (920)

For any 6 € Fyu, define x” and y” by (9.19) and (9.20), respectively, then
clearly (x", y") satisfies conditions 1° and 2° of Definition 9.2. Let us examine
when condition 3° is also satisfied. We have

3

ZQS‘F Za Za3+2a3

= Py — _—
z! =1 zy=1 To=1 z) =1

3

AP HE A D a+ D a+B+y+6|,

Zo=1 z; =1
Z o’ = Z a® + Z A+ +4+6
yi=1 Ya=1 v =1
3
=Za3+(za)+zas
Ta=1 Za=1 z, =1
3

+| Y a| +8+4 46
z, =1

Thus condition 3° for (x”,y") is equivalent to

3 3

(Za)3+ Sal =X ar Y arprars)

To=1 z&:l ITa=1 z, =1

which has a unique solution §. With this 6, we can define x"” and y” by (9.19)
and (9.20), respectively. Then (x”,y") € Cy. Therefore we conclude that C is
a binary linear code of length 2™*1, with cardinality

Ml
|C] = [Fzn||Co| = 22 ?

and has minimum distance 4. Therefore C must be the extended binary Ham-
ming code of length 2™*!. Clearly, P4+ C C. Q
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The above description of the Preparata codes is due to Baker et al. (1983),
but the proof of the distance invariance of the code P, is different from
theirs, which the author could not verify.

Clearly, both P, and “P(m)” have the same length and minimum dis-
tance as the [2™ 1!, 2™*! —2m — 3, 6] extended BCH code, but contain twice as
many codewords. It is also known that P,,4+1 has the greatest possible number
of codewords for this minimum distance, (see Chap. 17 of MacWilliams and
Sloane (1977)). So does “P(m)”.



CHAPTER 10

GENERALIZATIONS OF QUATERNARY KERDOCK
AND PREPARATA CODES

10.1. Quaternary Reed-Muller Codes

From the definitions of the quaternary codes K(m) and P(m) we see that
they can be regarded as the Z,4-analogs of the binary first-order Reed—Muller
code RM(1,m) and the (m — 2)th-order Reed—Muller code RM(m — 2,m) =
RM(1,m)*, respectively. This suggests us to define the quaternary Reed-
Muller codes QRM(r,m) of any order r,0 < r < m, which are Z4-analogs
of the binary Reed—Muller codes RM(r,m) of order » and includes the codes
K(m) and P(m) as special cases.

Let m be an integer > 2 and n = 2™ — 1. Let h(X) be a basic primitive
polynomial of degree m dividing X™ — 1 and £ be one of its roots. Then the m
distinct roots of h(X) are £, £2,...,€2""" and £ is of order 2™ — 1. Consider
the (m + 1) x 2™ matrix

111 1 .- 1
. , (10.1)
(0 1E g é""‘)

whose rows are numbered by 0, 1, 2,...,m and columns by 0,0, 1, 2,...,n—1,
where &7 should be replaced by *(b1;, bzj, ..., bmy) if & = byj + bo€+ -+ +
biE™7! ( =00,0,1,...,n — 1) and we agree that £ = 0. Denote the ith
row of the matrix (10.1) by v;. Then v; (¢ =0, 1, 2,...,m) are 2™-tuples over
Z4 and vg is the all 1 2™-tuple 127 . Define a componentwise multiplication of
2™ tuples in Z2" as follows:

155
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(zooy To, Ty, .- )I‘n—l)(yOO) Yo, Y1, - )y‘n—l)
= (IooyOO) ToYor T1Y1, - - - )I‘n—ly‘n—l)y

where, for simplicity, we use the concatenation to denote the componentwise
multiplication instead of the symbol x used previously.

Definition 10.1. Let m be an integer > 2, n = 2™ — 1, and r be an integer
such that 0 < 7 < m. The quaternary rth-order Reed—Muller code QRM(r, m)
is the code generated by all 2™-tuples of the form

Vi Vi, Ve, 1< <ip<- < <m, 0<s<r

We agree that v, vy, ---v;, = 127, when s = 0. a

From this definition the following propositions follow immediately.
Proposition 10.1. QRM(1,m) = K(m).
Proof. By Proposition 8.2 and Definition 10.1. O
Proposition 10.2. a(QRM(r,m}) = RM(r, m).
Proof. By Definition 10.1 and the definition of binary Reed—Muller codes. O

Now let us prove the following lemma.
Lemma 10.3. The following 2™ 2™ -tuples over Z4

ViV, Ve, 1< <iz< --<i,<m, 0<s<m, (10.2)

form a basis of the free Zy-module 72"

Proof. From the theory of binary Reed—-Muller codes of length 2™ it is well-
known that the following 2™ 2™-tuples over Z,

'-Vi“ 1S21<Z2<<25Smy OSSSm» (103)

form a basis of the vector space Z3" over Z,. For any v € Z2" we have
V € Z%". Then there are elements a;,i,..;, € Zy (1 < i) <1y < -+ < s <
m, 0 < s <m) such that
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Thus
vV = Z Z Qiigeiy, Vi, Vip =0V, + 2u, (104)

s=0 1<4; < <i,<m
where u € Zﬁm. Similarly, there are elements biyey..i, € Zy such that
u= Z Z bixiz--~i, Vi Vi, Vg, + 2w, (105)
s=0 1<4; < <iy<m
where w € Z2". Substituting (10.5) into (10.4) we obtain
vV = Z Z (ailiz...i’ + 2bi1iz~--i,)vi1 Vi, Vi,
=0 1<i)<-<i,<m
It follows that the 2™ 2™-tuples over Z4 (10.2) form a basis of the free Z4-

module Z}". o

Corollary 10.4. For 0 <7 <m, QRM(r,m) is of type 4%rm  where
m m m
Kom=1+ ()4 (5)++(T) O

Digression. Let 7 be a positive integer and let the dyadic expansion of j be
i =a02° + ;2" + a2 + - 4 a2, (10.6)

where
ag, a1, @2,...,a;_; =0o0r1, and aq =1.
For example,

3=1-2041-2' 9=1-2040-2'40-22+1-23,

26=0-2241-2'+0-22+1-2%+1-2% etc.
The number of 1's among the coefficients ag, a;, az,...,a; in the dyadic ex-
pansion (10.6) of j will be called the 2-weight of j and denoted by wy(j),

i.e.,
wa(j)=ap+a; +ax+- - +a.
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For example,
we(3) =2, wy(9) =2, wy(26)=23, etc

We define the 2-weight of 0, denoted by wz(0), to be 0, i.e., wo(0) = 0.

Let m be a fixed positive integer. Let r and s be integers such that 0 <
r, s < 2™ — 2. We define r and s to be equivalent, if there is a non-negative
integer ¢ such that 2°7 = s(mod 2™ — 1). Clearly, this defines an equivalence
relation in the set of integers {0, 1, 2,...,2™ — 2}. The equivalence classes
are called the cyclotomic cosets mod 2™ — 1. For example, when m = 4, the
cyclotomic cosets mod 24 — 1 are

{0}, {1,2,4,8}, {3,6,12,9}, {5,10}, {7,14,13,11}.

Clearly, if 7 and s belong to the same cyclotomic coset, then wy(r) = wy(s). A
number in a cyclotomic coset is called a representative of the cyclotomic coset.

The following proposition gives an equivalent definition of the quaternary
Reed-Muller code QRM(r,m), 0 < r < m.

Proposition 10.5. Let m be an integer > 2. Then QRM(0,m) is the Z4-
repetition code {e1%" |e € Zy} of length 2™, and for 1 < r < m QRM(r,m) is
generated by QRM(0,m) together with all 2™-tuples of the form

(T(A\E®), T(A,€%), T(A;€), T(A,8%), ..., T\, 1)), (10.7)
where j runs through a system of representatives of those cyclotomic cosets

mod 2™ — 1 for which w(j) <7 and Aj runs through GR(4™).

Proof. By Definition 10.1, QRM(0,m) = {e1%" |e € Z4}.

Now let 1 < r < m and denote the Z4-linear code generated by QRM(0, m)
together with all 2™-tuples of the form (10.7) by C,. By Proposition 10.1,
QRM(1,m) = K(m) and by Proposition 8.6

K(m) = {e1?” + uM|e € Z4, A € GR(4™)},

where
uM = (T(Ae), T(AEO), T(AE), T(AE?), ..., T(Ae™Y)).

Therefore QRM(1,m) = C;. In particular, for each v;( = 1, 2,...,m) there
exists a unique p; € GR(4™) such that

Vi = (T(1i€™), T(i”), T(wi€), T(i€?), .., T(u:™7h)).
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Now let us consider the case r = 2. By Definition 10.1,
QRM(2,m) e1?" + Z a;v; + Z bijvivjle,a;, b; € Zy
1<i<j<m

We want to prove that QRM(2,m) = C,. By the case r = 1, QRM(1,m) =
Cy, € Cs. Thus

m
el?” + Z a;v; € Cs.

Let us prove that v;v; € C; for 1 < i < j < m. Recall that v;v; is a
componentwise product:

Vivy = (T(p€)T (056, T(pi®)T(15€°), T(:€) T(56),
ST ()T (€™ 1)),

For k € {00, 0,1, 2,...,n— 1}, we compute

3

m— —~1

T(pc* (u;€*)%

s=0 t
= T(pipi€%) + T(pip D4

m—1 m—-1
+o Tpap? g0F2T08),

1l
o

Clearly,
(T(pipi €°), Tpips€2), Tpip;€2),
T(pip;€22), . T(uip €Ny € ¢ C Gy

and for 1 <[ <m -1,
t 1 ! 1
(T(uip? €°), T(pip? €°), T(wipd £+7),

] !
T(pip? €0+202) . T(pep? €0+2)-D)) € ¢y,

Therefore v;v; € C; for 1 <4 < j < m. It follows that QRM(2,m) C Cs.

On the other hand, denote the Z4-code obtained by deleting the components
at position oo of codewords of C; by C;. Clearly, C; is a Z,-linear code
generated by 127 ! together with all (2™ — 1)-tuples

(T(X;€%), T(AE€7), T(A€02),..., T(X\;e =Dy,



160 Quaternary Codes

where 7 runs through a system of representatives of those cyclotomic cosets
mod 2™ — 1 of which w,(j) < 2 and A; runs through GR(4™). As in the proof
of Proposition 8.5, it is easy to verify that all these generators are annihilated
by the polynomial

h(X)=01-Xx) [ (0-¢x)

1<5j<2™ —2
wa(5)<2

h2(X) is the reciprocal polynomial to the polynomial

hX)=x-1) [ x-¢)
1<ig2m =2
wy(s) <2
Let go(X) be the reciprocal polynomial to the polynomial
X¥-1-1 :
S = (X - )
h2(X) 191‘:[.,,_,

wa(3)>2

and denote the Z4-cyclic code generated by g2(X) by C. Then hy(X) is the
check polynomial of C. Therefore C; C C. Then QRM(2,m) C C, CC. Clearly,

eX)= ] a-x).

1<j<2m ~2
wa(5)>2

It is known that

Thus
wentn)= (2 (7 e ()

It follows that C is of type 4%2.m  where

Kim=2"—-1-degga(X) =1+ (T) + (m>

2
By Corollary 10.4, QRM(r,m) is of type 452m. Hence QRM(2,m) = C, = C.
The cases r > 3 can be proved in the same way as r = 2. ]

Corollary 10.6. Denote the Z4-code obtained by deleting the components at
position 0o of the codewords of QRM(r,m) by QRM(r,m)~. Then QRM(r, m)~
18 a Zg-cyclic code with generator polynomial



Generalizations of Quaternary Kerdock and Preparata Codes 161

w(X)= I -¢x)=e J] (xX-6),

1<782m -2 1<5<2m —2
wol{3)>r wolj)<m—r

where ¢, = £1.

Corollary 10.7. Let m be an integer > 2 and 0 < v <m — 1. Then for any
word ¢ = (Coo, €0, C1y---,Cn—1) € QRM{r,m), we have coo +co + ¢y + -+ +
Cn-1 = 0 in Z4.

Proof. It is enough to prove our corollary for all generators of QRM(r, m)
given in Proposition 10.5. First, since m > 2, for 12” we have

1+1+1+ - +1=2"=0.
21’1

Second, for the 2™-tuple (10.7) we have
T(A€%) + T(AE) + T(A &) + TAE?) 4+ T(eY)

= T(&™)

Il
—_—
>
<
aal
.
wl
~
%)
>

Il
>

<
—
vy
[
]

>

k
=0,
since £" = €21 =1 and €92 £ 1 for wa(j) £ <m—1. O
Proposition 10.8. Let m be an integer > 2 and 0 <r <m — L. Then
QRM(r,m)* = QRM(m —r — 1,m).
Proof. First, we prove that the all 1 2™-tuple 12" € QRM(m — r — 1,m)
belongs to QRM(r,m)%. Since m > 2,12 - 12" = 0. Moreover, we have

to prove that 12" is orthogonal to all 2™-tuples of the form (10.7), where
wo(j) < r. By the proof of Corollary 10.7, we have
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n—1
2 TseM =0
=0
Therefore 12" € QRM(r, m)*
Next, we prove that any ¢ = (¢, Cg, €1, C2,...,¢n_1) € QRM(m—7—1,m)

belongs to QRM(r,m)t Clearly, ¢ € QRM(m — r — 1,m) if and only if
c—Co1?" € QRM(m—r—1,m), and ¢ € QRM(r,m)* if and only if c—co 12" €
QRM(r,m)*t. Therefore it is sufficient to show that for ¢ with ¢, = 0, ¢ €
QRM(m — 7 — 1,m) implies ¢ € QRM(r,m)*+ Let ¢ = (0,c¢') € QRM(m —
r — 1,m), where ¢/ = (co, ¢1,...,¢n_1)- Then ¢’ € QRM(m —r — 1,m)~
By Corollary 10.6, QRM(m — r — 1,m)™ is a Z4-cyclic code with generator
polynomial

gm—r—l(X) =E&m—r—1 H (X _EJ)

1<;L2m -2
wa(r)<r+1

So, ¢(X) = co+aX + - +cu1 X! is a multiple of gm_-_1(X). By
Corollary 10.7, ¢(1) = 7' ¢; = 0. Then ¢(X) is also a multiple of X — 1.
Since §,,,_,_1(1) # 0, gm_-—1(1) is an invertible element of Z,. It follows that
¢(X) is a multiple of (X — 1)gm—_r—1(X). Then ¢(X) is annihilated by the
polynomial

X" -1
fm—r— X)= = E€me—r— X - ¢ s
1( ) (X_l)gm_r_l(X) 1 ls]!;[m_z( E )
wa () 2741

le, ¢(X)fm—r—1(X) = 0. Therefore ¢(X) belongs to the dual code of the
Zq4-cyclic code with generator polynomial

fm—r—l(X) =E&€m_r-1 H (1_€]X)

1< €2m -2
waly)>r

= I X-¢)=g(x.

1< <=2
wa i) <m—r
By Corollary 10.6, the Zj-cyclic code with generator polynomial g,.(X)
is QRM(r,m)~. Hence c¢(X) € (QRM(r,m)~)*. Since cooc = 0,c €
QRM(r,m)*.
Therefore we have proved QRM(m — r — 1,m) C QRM(r,m)*. Since
QRM(r, m) is of type 4%~ where
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by Proposition 1.2, QRM(r,m)* is of type 42 ~Kr.m _ But

m m m
2" — K, =
' <r+1)+<r+2)+ +<m—1)+1
m m
=1
+(1>+ +<m—r—1)'

Thus 42" K+ is also the type of QRM(m — r — 1,m). Therefore QRM(m —
T —1,m) = QRM(r,m)*. m]

Corollary 10.9. QRM(m — 2,m) = P(m).
Proof. We have
QRM(m - 2,m) = QRM(1,m)* (Proposition 10.8)
=K(m)t (Proposition 10.1)
= P(m). (Proposition 9.1) O

The quaternary Reed—Muller codes were first studied by Hammons et al.
(1994).

10.2. Quaternary Goethals Codes

As another generalization of quaternary Preparata codes, Hammons et al.
(1994) introduce the quaternary Goethals codes as follows.

Definition 10.2. Let m be an odd integer > 3 and £ be an element of order
2™ — 1 in the Galois ring GR(4™). The quaternary Goethals code G(m) of
length 2™ is defined to be the Z4-linear code with parity check matrix

11 1 1 - 1
0 1 13 62 6"1_1 , (10.8)
0 2 288 2% ... 237D

where n = 2™ —1 and each £7(3 > 0) should be replaced by t(by;, b2, ..., bm;)
if & = by + b€+ -+ bymE™ . The columns of the matrix (10.8) are
numbered by c0,0,1,2,...,n—1.

If we delete the co-components of the codewords of G(m), the code thus
obtained is called the shortened gquaternary Goethals code and denoted by

G(m)~. a
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Denote the binary image of G(m) by #(G(m)), and call it the “Goethals”
code. The “Goethals” code ¢(G(m)) is a binary nonlinear code and has the
same length, the same number of codewords, the same minimum distance,
and the same weight (and distance) enumerator as the original Goethals code
G 41 introduced by Goethals (1974, 1976), when m is odd and > 5. First let
us study G(m). We have the following proposition which is due to Hammons
et al. (1994).

Proposition 10.10. The quaternary Goethals code G(m) of length 2™, m odd
> 3, is of type 427 ~2™=12™ and of minimal Lee distance 8.

Proof. G(m) is Z4-linear. Its dual code has generator matrix (10.8) and,
hence, has type 4™+!2™. Therefore by Proposition 1.2 G(m) is of type
42" =2m-1gm  The first two rows of (10.8) form a parity check matrix of the
quaternary Preparata code P(m). Therefore G(m) C P(m). Since the minimal
Lee distance of P(m) is 6, the minimal Lee distance of G(m) is at least 6. By
Proposition 3.4 the minimal Lee weight of G(m) is even. To show that G(m)
has minimal Lee distance 8 we have to show that G(m) has no codewords of
Lee weight 6 and that G(m) has a codeword of Lee weight 8.

First we prove that G(m) has a codeword of Lee weight 8. By reduction
mod 2 from (10.8) we obtain

111 1 - 1
0 1 E 22 gn—l )
000 0o - 0

the first two rows of which is a parity check matrix of the extended binary
Hamming code Hom of length 2™. Hym is of minimal Hamming weight 4. Let
e; +e; + e, + e beacodeword of Hym, where ¢, 7, k, | are distinct. Then
2e, + 2e; + 2e;, + 2e; is a codeword of Lee weight 8 of G(m).

Then we prove that G(m) has no codeword of Lee weight 6. We prove
by contradiction. Let ¢ be a codeword of Lee weight 6 of G(m). Since c is
orthogonal to the first row of (10.8), it must be one of the following forms:

2e, + 2e; + e, — ey,
ei+e]-+ek—e,—eg—-eh,
ﬂ:(ei+ej+ek+el+eg—eh),

where 1, 7, k, I, g, h are distinct. We treat these cases one by one following
Helleseth (1996).
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(a) ¢ = 2e; + 2e; + e, — €. Since c is orthogonal to every row of (10.8), it
is also orthogonal to every row of

1 1 1
201 ¢ ¢ ... ¢l (10.9)
0 1 §3 §6 63(71—1)

Clearly, 2e; + 2e, is orthogonal to every row of (10.9). It follows that ex —e; is
also orthogonal to every row of (10.9). So, ex — €; is orthogonal to every row
of

1 1 1 1 .- 1
0 1 Z ZZ Zn—l ,
0 1 ZS ZG ZS(n—l)

i.e., ex — e; is in the extended doubly-error-correcting BCH code of length 2™.
But w(er — e;) = 2, which is a contradiction.

(b) c=e,+e; + e —e — e, —e,. Since c is orthogonal to the last two
rows of (10.8), we have

Errei=g+e+e, (10.10)
263 + 2657 + 26%% = 263 4 26%9 4+ 26" (10.11)

Let
Ere+e =g+ + =0t

where a,b € 7. By Corollary 6.10,
b= (£€0)Y2 + (7€) 4+ (€5€1)/2 = (€1¢9)' /7 + (267 + (€72
Squaring, we obtain
€6 + 8¢5 + 6 = ¢+ ¢9¢" + €7 (mod 2). (10.12)
From (10.11) we deduce
€3 4+ €% 4+ % =3 4659 4+ % (mod 2). (10.13)

Applying the map —: GR(4™) — Fam to (10.10), (10.12) and (10.13), we obtain

k:

Ly €9 4+ g, (10.14)

|
|
|

+ 0+

Pl

kr1

N
Pagyl

£9+ E9ER 4+ T (10.15)

|
-
2|
o
+
|
.
an]
b
+
|
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EV+E@P+(EP =P+ €+ (10.16)
From (10.14)-(10.16) we deduce
O =@+ + )P+ (@ + (@) + (5
FE T+ TV ET + DT HED
=€+ +P+((E)P + () +(€"))
FE T TN ET A EE + T
-gpog
Therefore

FX) = (X -E)NX -E)NX €)= (X -€) (X -€)(X - ¢")

has six distinct roots in Fom | which is a contradiction.

(¢c)c=x(ei+ej+ep+ (;[ +e, —ex). Since c is orthogonal to the last two
rows of (10.8), we have
E+&+f+¢+9 =68, (10.17)
26% +26% 4+ 26% + 26% + 26%9 = 26 (10.18)
By Corollary 6.10, from (10.17) we deduce
(€N + (€M) + (@) + () 4+ () =0
Squaring, we obtain
EE+E+88 466+ +£¢° =0(mod 2). (10.19)
From (10.18) we deduce
&+ + 8+ + 6% = 8" (mod 2). (10.20)

Applying the map —: GR(4™) — Fa= to (10.17), (10.19) and (10.20), we obtain

E+@+ + e+ =¢n, (10.21)
EC+er e+ +- -+ =0, (10.22)
(EP+@P+E) + () + (@97 = (&M (10.23)
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From (10.21)-(10.23) we deduce

geet+ o+t =0

Therefore
FX)=(X )X - (X -)(X -E)(X -
=X+ 0, X"+ 04X + 05,
where
o=+ +E =€,
04 = EE7ERE -+ EIEREE
0 =ETETE

Then f(X) has five distinct roots in Fam, which contradicts Corollary 9.7. O

A complete decoding algorithm for G(m), i.e., an algorithm that for any
received word to find the closest codeword, can be found in Helleseth and
Kumar (1995). This is an algebraic decoding algorithm that corrects all errors
of Lee weight < 3. We will not reproduce this algorithm here.

Corollary 10.11. The shortened quaternary Goethals code G(m)~ has parity
check matriz

1 2 .. n—1
¢ ¢ ¢ ) (10.24)
2 263 266 263(11—1)
and is a Zy-cyclic code of length 2™ — 1, of type 42 ~2™~12™  and of minimal
Lee distance 7. O

Now let us study the “Goethals” code. We have

Proposition 10.12. Let m be an odd integer > 3. The “Goethals” code
#(G(m)) is a binary code of length 2™ 1. It is distance invariant, and has
22" =3m=2 (odewords and minimal Hamming distance 8. If m > 5, it is
nonlinear; but $(G(3)) is linear.

Proof. Clearly ¢(G(m)) is a binary code of length 2™*!. By Proposition 10.10,
G(m) is of type 42" ~2™~12™ Therefore |$(G(m))| = |G(m)| = 92"+ —3m—2
By Theorem 3.6, ¢(G(m)) is distance invariant. By Propositions 3.3 and 10.10
#(G(m)) has minimal Hamming distance 8
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Assume that m > 5. Let us prove that ¢(G(m)) is nonlinear. Let h(X)
be the basic primitive polynomial of degree m with & as one of its roots. We
know that ¢ is of order 2™ — 1. By hypothesis m is odd, so 312™ — 1 and ¢&*
is also of order 2™ — 1. Let h3(X) be the basic primitive polynomial of degree
m with £ as one of its roots. Then (h(X), h3(X)) = 1 and h(X)h3(X) is of
degree 2m. Let

MX)h3(X) = ag + a1 X + a2 X% + -+ + azm X°™,

then ag = %1 and ay,, = 1. Since m > 5, we have 2™ > 4m + 2. Parallel to
the proof of the nonlinearity of P(m) in Theorem 9.9, both

2m
c= _E auaOyalv"-ya2m—l,a2m)07'")0707"'>0
=0 2m

and
2m
c= —E a;,0,0,...,0,ap,a1,-..,282m,0,...,0
— ——
i=0 2m

are codewords of G(m). Clearly,

20(c) *a(c') =(2,0,...,0,2,0,...,0)
2m
is of Lee weight 4 and, hence, is not a codeword of G(m). By Proposition 3.16,
#(G(m)) is nonlinear when m > 5.

Now consider the case m = 3. It is enough to show that the binary image
#(G(3)7) of G(3)~ is linear. For m = 3 we haven = 23 —1 = 7. We can assume
that £ is a root of the basic primitive polynomial A(X) = X3+2X2+ X +3 and
that &3 is a root of the basic primitive polynomial h3(X) = X3 +3X2+2X +3.
We have the complete factorization

X" —1= (X -1Dh(X)hs(X).
By Theorem 7.23,
G(3)™ = (R(X)h3(X),2(X — 1)h(X)).

We have
R(X)h3(X) =1+ X + X2+ X3 + X4+ X5+ X©
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and
2(X - Dh(X)=2+2X2% +2X°% 4 2X4

Let

1=(1,1,1,1,1,1,1),

¢ =(2,0,2,2,2,0,0),

c2 =(0,2,0,2,2,2,0),

c3 =(0,0,2,0,2,2,2).
Then

G(3)™ ={el+aic; +azcz + azes|e € Zy, ay,az,a3 € Zo}.

It is not difficult to verify that the condition in Corollary 3.17 is fulfilled.
Therefore by Corollary 3.17, $(G(3)7) is linear. O

The Goethals codes G411, where m is any odd integer > 5, and the for-
mal dual ¢(G(m)t) of ¢(G(m)), were introduced by Goethals (1974, 1976).
Both of them are distance invariant binary nonlinear codes of length 2™+, (A
simple description of G, 41, similar to the one of P,,4; given in Sec. 9.4, can
also be found in Baker et al. (1983).) G4, contains 227" =3m=2 codewords
and has minimum distance 8. Thus G,,;; and ¢{(G(m)) have the same length,
the same number of codewords, and the same minimum distance. Goethals
also computed the weight distributions of both G,y and p(G(m)1) and ob-
served that the weight enumerator of G4, is the MacWilliams transform of
that of p(G(m)t). By Theorem 3.7 the weight enumerator of p(G(m)) is the
MacWilliam transform of that of ¢(G(m)L). Therefore G,ny1 and ¢(G(m))
also have the same weight enumerator. Finally both G,,41 and ¢(G(m)) con-
tain four times as many codewords as the extended triple-error-correcting BCH
code of the same length.

Table 10.1. Weight distribution of @(G(m)1), m = 2¢t + 1.

Weight No. of codewords

0 or 22t+2 1
22t+1 4 2l+l 22:(22t+1 _ 1) (22L+2 _ 1)/3
22l+1 4 2t 22l+2(22t+1 _ 1)(22t+1 + 4)/3
22t+1 2(22t+2 _ 1)(24l+1 — 92t + 1)
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10.3. Quaternary Delsarte-Goethals and Goethals—-Delsarte Codes

The quaternary Goethals codes and its Z4-duals can be further generalized
as follows, (see Hammons et al. (1994)).

Definition 10.3. Let m be an odd integer > 3, m =2t + 1,1 <r <t¢,and ¢
be an element of order 2™ — 1 in GR(4™). The quaternary Delsarte-Goethals
code DG(m,8), where § = (m + 1)/2 — r, is the Z4-linear code with generator
matrix

1 1 1 1
01 ¢ e e
0 2 2{3 2{6 . 2{2(11.—1)
Do : : : (10.25)
0 2 2€l+27 2€(l+27)2 L 2{(1+27)(n—1)
0 2 28127 ge0427)2 L 9e(1427)(n—1)

The quaternary Goethals-Delsarte code GD(m,§) is the Zy-linear code with
the matrix (10.25) as its parity check matrix. O

Clearly, when r = 1, §D(m, (m — 1)/2) is the quaternary Goethals code
G(m) studied in the previous section.

Denote the binary images of DG(m,$8) and GD(m,§) by ¢(DG(m,§)) and
&(GD(m, §)), respectively. Then we have

Proposition 10.13. Let m be an odd integer >3, m=2t+1,1 <r <t and
6§ =(m+1)/2—r. Then the quaternary Delsarte-Goethals code DG(m,§) is
of length 2™ and has type 4™ 112" and minimum Lee weight 2™ — 2™~¢ Its
binary tmage ¢(DG(m, b)) is the Delsarte-Goethals code DG(m + 1,6), which
is a binary code of length 2™+ is distance invariant, and has 22(m+D+rm
codewords and minimum Hamming distance 2™ —2"~% Whenm > 5, DG(m+
1,6) is nonlinear.

Proof. That DG(m,9) is of length 2™ and has type 4™t22"™ is clear from
Definition 10.3. If we can show that its binary image is the binary Delsarte—
Goethals code DG(m + 1,6), then its minimum Lee weight equals 2™ — 27m~¢
follows from the minimal Hamming distance of DG(m+1, 8) equals 2™ —2m—4
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Comparing Eqs. (37) and (34) of Chap. 15 of MacWilliams and Sloane (1977),
we see that the difference between the Kerdock code K,y1 and DG(m + 1,6)
comes from the words (c, ¢), where ¢ belongs to the code defined by Eq. (31) of
that chapter. We already know from Proposition 8.2 that the first two rows of
(10.25) produce the Kerdock code, and it is easily seen that the remaining rows
produce the required codewords (c, ¢). Therefore ¢(DG(m,6)) = DG(m+1,6).
It follows that [DG(m + 1,8)| = |DG(m,§)| = 22(m+D+rm  The distance
invariance of DG(m + 1, §) follows from Theorem 3.6.

The proof of the minimum Hamming distance of DG(m + 1,6) being equal
to 2™ — 2™~% and when m > 5, the proof of the nonlinearity of DG(m + 1, 6)
can be found in §5, Chap. 15 of MacWilliams and Sloane (1977). |

The Delsarte-Goethals codes were introduced and studied by Delsarte and
Goethals (1975).

Moreover, we have

Proposition 10.14. Let m be an odd integer > 3, m =2t + 1, 1 < r < ¢,
and 6 = (m + 1)/2 — r. Then the Goethals-Delsarte Z4-code GD(m,6) is of
length 2™ and has type 42 ~(T+m=19r™ 4nd minimum Lee weight 8. Its binary
image $(GD(m,6)) is a binary code of length 2™+, it has 22" —(r+2)m-2
codewords, and is distance invariant. It has the same weight distribution as
the binary Goethals-Delsarte code GD(m + 1,6). When m > 5, ¢(GD(m, $))
s nonlinear. O

The proof of this proposition is omitted.

The binary Goethals—-Delsarte codes were introduced and studied by Herg-
ert (1990). In particular, he proved that the weight enumerator of GD(m+1, 8)
is the MacWillams transform of that of DG(m + 1, §).

10.4. Automorphism Groups

Let C be a Z4-codes of length n and the coordinate positions of the code-

words of C be indexed by 1,2,...,n. Let ¢ be a permutation of 1,2,...,n. For
any codeword ¢ = (¢, ¢c2,...,¢n) define
U(C) = (Cd(l)v Ca(2)s- - :Ca(n))-

If o(c) € C for all ¢ € C, o is called a permutation automorphism of C.
Recall that the automorphism group Aut(C) of C is group generated by all
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permutation automorphisms and the sign-changes of certain coordinates that
preserve the set of codewords of C.

Let us now study the automorphism groups of the quaternary Kerdock,
Preparata, Delsarte-Goethals and Goethals—Delsarte codes.

As before, let m be an integer > 2, n = 2™ — 1,£ be a root of a basic
primitive polynomial of degree m over Z4 and dividing X™—1,and 7 = {£*° =
0,6° = 1,6, ...,6™ !}, Let C be a Z4-code of length 2™ and the positions
of coordinates be indexed by 7. Assume that C consists of all codewords

c = (cg,¢1,Ce, - ., Cen—1) which satisfy the following system of linear equations
over Zy
> =0, (10.26)
z€T
> =0, (10.27)
z€T

and linear equations of the form

2> ca¥t =0 (10.28)
€T

where j’s are integers > 1. Clearly, C is Z4-linear.
Lemma 10.15. For any a,b € T and a # 0, the map
z — t(az + b) = (az + b)*" (10.29)

is a bijection on the set T. The set of maps of the form (10.29) forms a doubly
transitive permutation group G on T and G is of order 2™ (2™ — 1),

Proof. Since 7 is a map from GR(4™) to 7, (10.29) is a map from 7 to 7.
To prove bijective it is enough to show that it is injective. Assume that for
z,r1 € T, 7(az +b) = 7(azx, +b). We have
7(az + b) = (az + b)2"
— a2!n I2nl + b2"l + 2(aI)2n|—lb27n—l
=ar+b+ 2(&1‘)2”'_1 p2 !

and similarly
T(aI1 + b) = axl + b + z(axl)z'ﬂ—len_I.
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It follows that az + b = az; +b (mod 2). Therefore x = z; (mod 2) and, hence
z = z1. The injectivity of (10.29) is proved.
Denote the set of maps of the form (10.29) by G. Let

z— 1(a1z + by) {10.30)
be another map of the form (10.29) where a,,b; € T and a; # 0. The com-
posite of (10.29) and (10.30) is

z — T(ay7(az + b) + by) = 7(as(az + b)*" + by)

(
= 7(a1(az + b+ 2(azb)®” ") + by)
= 1(a1az + ajb+ by)

= 1(a a2 + a3),

which is also of the form (10.29), where as + 2b, is the 2-adic representation
of a1b+ b;. Therefore G is closed under the composition of maps. It is easy
to verify that the map

r— 1(a"'z —a'b)

is the inverse of (10.29). Hence G is a group.

Finally, let us prove the double transitivity of G. Let z; and z; be two
distinct elements of 7. We are going to prove that there is an element of G
which carries z; and z, into 0 and 1, respectively. If ; = 0, then x5 # 0 and
the map

T — 7(z;'T)

leaves ; = 0 fixed and carries z5 to 1. If z; # 0, the map
z— 1(z — 11)

carries z; to 0, which is reduced to the previous case. a
For any x = (zo,Z1,%¢, .-, Len1) € ZZ“ and o € G, define
O'(X) = (Ia(o), Lo(1)y: - ,I(U(En—l))).
Then we have

Lemma 10.16. For anyc € C and g € G, o(c) € C.

Proof. Let ¢ = (co,c1,¢...,¢en-1). Then c satisfies (10.26)-(10.28).
Clearly, o(c) satisfies (10.26). Repeated applications of the generalized Frobe-

nius map f to (10.27) gives
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S i =0, k=0,1,2,.... (10.31)
zeT

Assume that 07(z) = 7(az + b) for all z € 7, where a,b € 7 and a # 0.
From (10.26), (10.27) and (10.31) we deduce that

Z Co(z)T = Z czo )

z€T z€T
= Z cz(az + b))%
z€T
= Z cz(az + b+ 2(azb)?” ")
z€T
=a Z ¢z +b Z c. + 2(ab)2m_l Z ez
z€T z€T z€T
=0.
Finally,
2 Z 00(1)12]+1 -9 Z 61(0—1(1))241
z€T z€T
=23 el(az + )2
zeT
=2 Z ce(az + b+ 2(azb)?” )+
zeT
=2 Z cz(az + b)¥+!
zeT
=2 Z CI(‘12}-+112]+1 +a¥ Vb + azb? + b2]+1)
z€T
= 0.
Therefore o(c) € C. O

Proposition 10.17. The automorphism group Aut P(m) of the quaternary
Preparata code P(m), where m > 2, contains a subgroup generated by G, the
negation, and the generalized Frobenius map f acting on T, which is a doubly
transitive group of order 2™t (2™ — 1)m. So is the automorphism group Aut
K(m) of the quaternary Kerdock code K(m), where m > 2.
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Proof. It follows from Lemma 10.16 that Aut P(m) contains G. Since P(m)
1s Zs-linear, the negation belongs to Aut P(m). Repeated applications of the
generalized Frobenius map f to (10.28) gives

S ez @ 20, k=0,1,2,.... (10.32)
zeT

From (10.26), (10.31) and (10.32) we deduce that Aut P(m) contains the
generalized Frobenius map f acting on 7. The first assertion is proved.
Since K£(m) is the dual code of P(m), Aut’X(m) = Aut P(m). 0O

For a binary code C, a permutation of coordinate positions of the code-
words leaving the code invariant is called an automorphism of C. The set of
automorphisms of C forms a group, called the group of automorphisms of C
and denoted by Aut C. Clearly, we have

Lemma 10.18. Let C be a Z4-code and C = ¢(C) be its binary image. Then
an automorphism of C induces an automorphism of C and different automor-
phisms of C induce different automorphisms of C. Therefore Aut C can be
regarded as a subgroup of Aut C. O

For odd m, the automorphism groups of the binary Kerdock codes K,
are determined by Carlet (1991) and that of the binary Preparata codes P, 4,
by Kantor (1982, 1983). For m > 5 both groups are of order 2™+ (2™ — 1)m.
Therefore we have

Theorem 10.19. For m odd and > 5 the subgroup mentioned in Propo-
sition 10.17 is the full automorphism group of the quaternary Kerdock code
K(m) and Preparata code P(m).

Proof. For the Kerdock code K(m) it follows directly from Proposition 10.17,
Lemma 10.18, and the foregoing result of Carlet (1991). For the Preparata
code P(m) we use the fact that it has the same automorphism group as its

dual. ]

The case m = 3 is exceptional. The quaternary Kerdock code K(3) co-
incides with the quaternary Preparata code P(3) and also coincides with
the octacode. It is known that the octacode has an automorphism group
of order 1344, see Conway and Sloane (1993a), but its binary image, the
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Nordstrom-Robinson code, has an automorphism group of order 80640, see
Berlekamp (1971) and also Conway and Sloane (1990).
Similarly, we have

Proposition 10.20. The automorphism group Aut DG(m,§) and the auto-
morphism group Aut GD(m, ), where m is an odd integer > 3, 6 = (m +
1)/2—=r,and 1 <7 < (m — 1)/2, coincide and each one of them contains a
subgroup generated by the group G defined in Lemma 10.15, the negation, and
the generalized Frobenius map f acting on T, which is a doubly transitive group
of order 2m+1(2™ — 1)m. a

The automorphism group of DG(m + 1,8), where m > 5, is determined by
Carlet (1993), which is of order 2™+1(2™ — 1)m. Hence, by Lemma 10.18 and
Proposition 10.20 we have

Proposition 10.21. For m odd and > 5, the subgroup mentioned in Proposi-
tion 10.20 is the full automorphism group of the quaternary Delsarte- Goethals
code DG(m,8) and of the quaternary Goethal-Delsarte code GD(m,§). O



CHAPTER 11

QUATERNARY QUADRATIC RESIDUE CODES

11.1. A Review of Binary Quadratic Residue Codes

Throughout this chapter we assume that p is an odd prime and p = *1
(mod 8). Then 2 is a quadratic residue mod p and 2(?P=1)/2 = 1 (mod p), (see
Serre (1973)). Let m be the least positive integer such that p|2™ — 1. Then
there is a primitive pth root of unity w in Fom and X? — 1 has the complete
factorization

p—1
xr—1=]] (X -w) (11.1)
=0
in ]Fzm [.X]
Denote by ]F;‘,2 the set of square elements of Fy, i.e.,

*2 2 *
F3? = {a’la € F}}.

It is known that |F}?| = [F\F3?| = (p — 1)/2. For simplicity write Q@ = k2
and N =F;\F}?. Let

a(x) =T (x -w)

reQ
and
ha(X) = H (X —w®)
SEN
so that by (11.1), we have
XP = 1= (X —1)g2(X) ho(X). (11.2)

177
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For any f(X)=ag+ a1 X + - +a,X™ € Fom|[X] define f(X)? =ad +aiX +
-+ a2 X™. Since 2 € Q, we have

X)) =X - =] (X -w") =gX),

reqQ reQ
ha(X)? = J] (X —w?) = J] (X - o) = ha(X).
seN s'eN

Therefore (11.2) is a factorization in Fo[X].
Consider the binary cyclic codes of length p:

Q2(p) = (92(X)),
Q3(p) = (X - 1) g2(X))
Na(p) = (h2(X)),
Ny(p) = (X = 1) ho(X))

Q2(p) and N(p) are binary [p, Et}]-codes and called the binary augmented
quadratic residue codes. Q5(p) and Nj(p) are binary [p, %]-codes and called
the binary expurgated quadratic residue codes. Clearly, Q5(p) is the even weight
subcode of Q2 (p), i.e., the subcode consisting of the even weight codewords of
Q2(p). Similarly, N;(p) is the even weight subcode of N(p). If G is a generator
matrix of Q5(p) (or Ni(p)), then

(o)

is a generator matrix of Q2(p) (or N2(p), respectively). In the following,
for simplicity, the codes Q2(p), Q3(p), Na2(p) and Ni(p) will be denoted by
Q2, @3, Ny and Nj, respectively, if the code length p is clear from the context.

Let j be an integer and 0 < j < p. Then (4, p) = 1. Denote by j~! the
integer such that 0 < ;7! <pand j-j7! = 1 (modp). Define a permutation
7, on the places of coordinates as follows:

Tt gt for 1=0,1,...,p—1.

7, induces a transformation on Fo[X]/(X? — 1) in the following way:
7 o[ X]/(XP — 1) = Fao[ X]/(XP - 1)
f(X) —a0+z a; X7 — mi(f(X —a0+z ay X

1=1
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Clearly,

p—1
(X)) =a+ aX = f(X27).
i=1

In particular,

-1 L

m3(92(X)) = 92(X?7)  and  m,(ha(X)) = ho(X7T).

Let a be an element in some extension field of F,. Then a is a root of g3(X)
if and only if o is a root of go(X7™"). Therefore deg go(X7™ ') = deg g2(X).
Similarly, deg ho(X7™') = deg ho(X).

Moreover, we have

Proposition 11.1. Let j be an integer and 0 < j < p. If j € Q, then m,
leaves every one of Qa, QY, Ny and Ny invariant. If j € N, then m; carries
Q2, Q3, Ny and Nj into Na, N3, Q, and Q), respectively. O

For proofs of this and the following propositions, corollaries, and lemmas
see MacWilliams and Sloane (1977), Chap. 16.

It is known that when p is an odd prime, —1 is a quadratic residue mod p if
and only if p = 1 (mod 4), (see Serre (1973)). Therefore when p = —1 (mod 8),
71 interchanges Q2 and N3, and also @), and N}, and when p = 1 (mod 8),
m_1 leaves each of @3, @3, Np and NV, invariant.

Proposition 11.2. The polynomials

p—1
6(X) =3 X', 6o(X)= Yo XT and  On(X)=) X°
=0 TEQ sEN

are idempotents in Zo[X]|/(X™ — 1) and 6,(X) + 0o(X) + On(X) = 1. We
can choose a primitive pth Toot of unity a so that 8g(a) = 0. Then when p =
—1(mod38), the generating idempotents of Q2, Q4, N2 and Ny are 8o(X), 1+
On(X), On(X) and 1 + 0¢(X), respectively, and when p = 1(mod 8), 6;(X),
00(X) and On(X) are mutually orthogonal, and the generating idempotents
of Qa, @, Ny and N} are 1 + 65(X), 80(X), 1 + 8(X) and On(X), resp-
ectively. ]

Lemma 11.3. When p = —1 (mod 8), we have the following identities over
Z:



180 Quaternary Codes

0(X)* = 7 (p = 3)0(X) + 1 (p+1)ON(X),
On(X) = 3 (p+ 1)00(X) + § (p=3)8n(X),
0(X)On(X) = 7 (p+1) + 7 (P=3)A(X).

When p = 1 (mod 8), we have the following identities over Z:

Pa(X)? = 5 (= 1)+ 3 (0= 5)6(X) + 7 (= 1) O(X),
In(X) = 3 (= 1)00(X) + 1 (p—5)8n(X),
0o(X)On(X) = 0. 0

Denote by Q3 and Nj- the dual codes of Q2 and N,, respectively. From
Propositions 11.2 and 7.7, we deduce immediately:

Proposition 11.4. If p = —1 (mod 8), then Q5+ = Q} and Ns- = N} Ifp=1
(mod 8), then Q5 = N, and N+ = Q5. m]

Denote by Q2 and N, the eztended binary quadratic residue codes. They are
binary codes obtained by adjoining the zero-sum check symbol ¢y, = Zf;ol G
to every codeword (cg, ¢y, ..., ¢p—1) of @2 and N, respectively, at the position
oo. Thus they are linear code of length p + 1 and have the same dimension
(p+1)/2 of Q; and Ns. If G is a generator matrix of Q4 (or N3}, then

111 -+ 1
0

. G

0

is a generator matrix of Q, (or N, respectively).

Proposition 11.5. For p = —1 (mod 8), both Q2 and Ny are self-dual [p +
1, (p+1)/2]-codes. For p=1 (mod 8), Q3 = N, and Ni = Q5. O

By Proposition 11.1, Q5 and N; are equivalent. Therefore it is sufficient to
consider Q.
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Let ¢ be the p x p circulant matrix with the coefficients of X°, X!, ...,
XP~1 of 9g(X) as its first row. Define

0 if p=1(mod8),
C =
1?7 if p= -1 (mod8),

where 07 and 17 are the all 0 p-tuple and all 1 p-tuple, respectively, and

1 17
G=1, .
c C
Then the rows of G generate Q, though they are not linearly-independent.
Both the columns and the rows are numbered by 00, 0,1, ..., p — 1.
We may regard the coordinate places 00, 0,1, ..., p— 1 as the nonhomo-

geneous coordinates of the p + 1 points of the projective line PG(1, F,). It is
known that an element

a b
< ) € PSL,(FFy)
c d
induces a permutation on the points of PG(1, F,) in the following way

az+b
cz+d

Z —

for a.ll ZePG(lyle)r

where we agree that if ¢ = 0, the point oo is left fixed and if ¢ # 0, the point
oo goes to a/c and the point —d/c goes to co. It is also known that PSL,(F,)
acts triply transitively on PSLo(IF,).

Proposition 11.6. PSLy(F,) C AutQ:. ]

Proposition 11.7. The minimum weight of the quadratic residue code Q3 of
length a prime number p, which is = £1 (mod 8), and with generator polynomial
92(X) is an odd number d for which

(i) d> > pifp=1 (mod8),
(i) 2 —d+1>pifp= -1 (mod8). O

Example 11.1. Let p = 7. Clearly 7 = —1 (mod 8) and 3 is the least positive
integer m such that p|2™ —1. Let w be a primitive element of Fy3, and assume
that w is a root of the primitive polynomial X3+ X +1. We have R = {1, 2, 4}
and N = {3, 5, 6}. Then
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X)) =(X-w)(X - (X -wH)=X*+X+1,
ho(X)=(X =) (X =) (X —u®) = X3+ X2+ 1,

and we have the factorization of X7 — 1 in F2[X]
X' = 1= (X =1)g2(X) hao(X).

The binary quadratic residue code Q,(7) is the cyclic code generated by
g2(X) = X®+ X + 1. Hence Q2(7) is a [7,4]-code and |Q2(7)| = 2* = 16. By
Proposition 11.7 (ii) the minimum distance d of Q(7) satisfies d* —d+1 > 7,
from which we deduce d > 3. By the sphere-packing bound

7

1Q:(7) ((;% (I>++ ([dz;l_])) <o,

where [%51] is the integral part of 251, But

|Q2(7)] ((;) + (:)) =2'(1+7)=2".

Therefore d = 3 and the code Q2(7) is perfect. Q,(7) is known as the binary
Hamming code of length 7, which is denoted by H7.

By adding a zero-sum check symbol to every codeword of the code H7, we
obtain the extended binary Hamming code of length 8 = 23, which is denoted
by Hg. It is easy to verify that Hg is doubly even and self-dual. ]

Example 11.2. Let p = 23. Clearly 23 = —1 (mod8) and 11 is the least
positive integer m such that p|2™ — 1. Let w be a primitive 23rd root of unity
in Fo11, and assume that w is a root of the irreducible polynomial X!! + X® +
X"+ X%+ X5+ X + 1 of period 23. We have

R=1{1,23,4,6,8,9, 12, 13, 16, 18}

and
N = {5,710, 11, 14, 15, 17, 19, 20, 21, 22}.

Then

X)) =] X-w)=X"+ X+ X"+ XS+ X°+ X +1,
r€ER
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ha(X) = J] (X =w) = X"+ X0 4 X0 4+ X5+ X4+ X241
SEN

and we have the factorization of X23 — 1 over F,
X% 1= (X = 1) g2(X) ha(X).

The binary quadratic residue code Q4(23) is the cyclic code generated by
92(X). Hence Q2(23) is a [23,12]-code and |Q3(23)] = 2'2. By Proposi-
tion 11.7(ii) the minimum distance d satisfies d> — d + 1 > 23. Since d is odd
we have d > 7. But

e () + (V) +(5)+(%)) -

It follows that d = 7 and Q(23) is a perfect code. The code Q2(23) is
known as the binary Golay code, which is usually denoted by Ga3.

By adding a zero-sum check symbol to every codeword of the code G,3, we
obtain the extended binary Golay code Ga4, which is a doubly even self-dual
(24,12, 8]-code. a

Example 11.3. Let p = 17. Then p = 1 (mod8) and 8 is the least positive
integer m such that p| 2™ — 1. Let w be a primitive 17th root of unity in Fos
and assume that w is a root of the irreducible polynomial X8+ X35+ X4+ X341
of period 17. We have

R=1{1,2,4, 89, 13,15, 16}

and
N = {3,5,6,7, 10, 11, 12, 14} .
Then
o(X)=1] (X—w)=Xt+ X+ X'+ X3+1,
T€ER
ha(X)=J] X =)= X2+ X"+ X0+ X4+ X2 + X +1
SEN
and

X' =1= (X = 1) g2( X) ha(X),

which is a factorization over F,.
The binary augmented quadratic residue codes Q2(17) and N,(17) are
cyclic binary [17,9]-codes generated by g2(X) and hy(X), respectively, and
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the binary expurgated quadratic residue codes Q4(17) and Nj(17) are cyclic
binary [17, 8]-codes generated by (X —1) g2(X) and (X —1) ho(X), respectively.
By Proposition 11.5, the extended binary quadratic residue codes Q2(17) and
N,(17) are dual to each other. O

11.2. Quaternary Quadratic Residue Codes
We follow the notation of the preceding section. We have the factorization
of X7 — 1 in Fo[X] (11.2)
X?P =1=(X - 1) g2(X) ho(X),

where

(X)) =J] (X-w) and  h(X)=]] (X -w).
T€ER sEN

By Hensel’s lemma, there are monic polynomials X — a, g(X),h(X) €
Z4[X) such that they are pairwise coprime, X —a = X — 1, g(X) = g2(X),
h(X) = ha(X), and

XP—1=(X-a)g(X)h(X) in  Z4X].

Substituting X = 1 into the above equation, we obtain (1 —a)g(1) h(1) = 0.
Since §(1) = g2(1) # 0 and h(1) = hy(1) # 0, g(1) and k(1) are both invertible
elements of Z4. Therefore a = 1 and

XP—1=(X -1)g(X)h(X) (11.3)

in Z4[X]. Moreover, g(X) and h(X) are the Hensel lifts of go(X) and hy(X),
respectively, and hence, they are uniquely determined by g2(X) and hy(X).

Definition 11.1. The quaternary quadratic residue codes Q4(p), Q% (p), N4(p),
Ny (p) are defined to be the Z4-cyclic codes of length p generated by g(X), (X -
1) g(X), h(X), (X = 1) h(X), respectively. 0

Clearly, both Q4(p) and N4(p) are of type 4(P*1)/2 and both Q4 (p) and
N;(p) are of type 4P=1/2_ In the following, for simplicity, we denote Q,(p),
Q4(p), Na(p) and Ny(p) by Qa, Qf, N4 and Ny, respectively, if the code length
p is clear from the context.
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Let us compute the generating idempotents of the quaternary quadratic
residue codes.

Proposition 11.8. Let p = 1 (mod8) and write p £ 1 = 8r, where 7 is a
positive integer. The generating idempotents of Qq, @y, Ny and Ny are given

by the following table:

Table 11.1. Generating idempotents of quaternary quadratic residue codes.

p+1=28r p—1=8r
7 odd T even 7 odd T even
Qa 0Q(X) + 20n(X) 30g(X) 14+200(X)+30n(X) 14 0n(X)
Q' 14 200(X) +30n(X) 1+ 6n(X) 0Q(X) + 20N (X) 30q(X)
Ny 20Q(X)+0N(X) 30N (X) 1+39Q(X)+20N(X) 1+0Q(X)
Ni o 143000X) +208(X)  146(X)  209(X)+0n(X) 30N (X)
Proof. 1t follows from Proposition 7.27 and Lemma 11.3. O

Parallel to Proposition 11.1, we have
Proposition 11.9. Let j be an integer and 0 < j < p. If j € Q, then m;
leaves every one of Q4, Q4, Ny and N invariant. If 3 € N, then m; carries
Q4, Q4, Ny and Nj into Ny, Nj, Q4 and Qj, respectively.
Proof. By Proposition 11.8. O

Parallel to Proposition 11.4 we have

Proposition 11.10. If p = —~1 (mod8), then Qi = Q} and Njt = Ny. If
p=1 (mod8), then Q7 = N; and Nj- = Q.

Proof. By Propositions 7.29 and 11.8. a
Corollary 11.11. If p = -1 (mod8), Q; and N, are self-orthogonal
codes. O

Definition 11.2. The estended quaternary quadratic residue codes Q4 and
N, are defined to be the Zs-codes obtained from Q4 and Ny, respectively,
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by adjoining the zero-sum check symbol ¢, = — Zf;ol ¢, to every codeword
(coy €1, - .-, ¢p—1) Of @4 and Ny at coordinate position oo. a

We have the following lemma:

Lemma 11.12. Let G be a generator matriz of Q4 (or Ny). Then

(1 1&”) (11.4)

is a generator matriz of Q4 (or Ny, respectively). Moreover, when p =
—1 (mod8),
1 1 -+ 1

(11.5)
G

0
is a generator matriz of Q4 (or Ny, respectively), and when p=1
(mod 8),

311 - 1

0

_ (11.6)
: G

0

is a generator matriz of Q4 (or Ny, respectively).

Proof. By Definition 11.1, Q4 and Q} are cyclic Z4-codes of length p with
generator polynomials ¢g(X) and (X —1) g(X), respectively. Over Z,, we have

XP = 1=(X -1)g2(X) ho(X),
where X — 1,92(X) and ho(X) are pairwise coprime. Over Z,, we have
X?P-1=(X-1g(X)h(X),

where §(X) = g2(X) and h(X) = hy(X). By Lemma 5.1, X — 1, g(X) and
h(X) are pairwise coprime over Z,. But

Xp—l+XP—2+...+X+1=Q(X)h(X).
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Therefore there are polynomials a(X) and b(X) such that
a(X)(XPTH+ XP 2k X 1)+ B(X) (X — 1) g(X) = g(X).

It follows that (11.4), with G a generator matrix of @, is a generator matrix of
Qa. Similarly, (11.4), with G a generator matrix of N}, is a generator matrix
of Ny.

The second and third assertions follow immediately from the first one. O

Definition 11.3. When p = 1 (mod 8) we define Q4 (or N,) to be the Z4-codes
generated by the following matrix

111 -+ 1
’ (11.7)
, 11.7
: G
0
where G is a generator matrix of Q) (or Ny, respectively). O

From Proposition 11.10, we deduce

Proposition 11.13. Ifp = —1 (mod8), Q4 and N4 are self-dual codes. If
p=1(mod8), Qf = Q4 and N} = Ny.

Proof. By Lemma 11.12, Q4 has generator matrix (11.5), where G is a gen-
erator matrix of Q4. If p = —1 (mod8), by Proposition 11.10 every row of
G is orthogonal to every row of (11.4). It follows that any two rows of G are
orthogonal. Thus Qf C Q4. But |Q4] = |Q4| = 4(»+1)/2. By Proposition 1.2,
[QL| = 4p+1-(P+1)/2 = 4(p+1)/2 Therefore Qf = Qu, ie., Q4 is self-dual.
Similarly, if p = —1 (mod 8), Ny is also self-dual.

If p=1 (mod8), Q4 (or Ny) has generator matrix (11.6),

311 -1

0

. G

0
where G is a generator matrix of Q} (or Ny, respectively). It also follows from
Proposition 11.10 that @+ = @4 and Njt = N,. O

A Z,-linear code C is called isodual if C is equivalent to its dual C*.
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Clearly, when p = 1 (mod8), Q4 (or N,) is equivalent to Q4 (or Ny,
respectively). Therefore the second assertion of Proposition 11.13 implies

Corollary 11.14. If p=1 (mod8), both Q4 and N, are isodual. O

By Proposition 11.9 @4 and N4 are permutation-equivalent. Therefo~re Q.
and N4 are permutation-equivalent and when p = 1 (mod 8), Q4 and 1}74 are
permutation-equivalent. Therefore it is sufficient to study Qu, Q4 and Q.

Parallel to Proposition 11.16 we have

Proposition 11.15. PSLy(F,) C AutQs. If p = 1 (mod8), we also have
PSLy(F,) C Aut Qy. 0

The proof of Proposition 11.15 is almost the same as that of Proposi-
tion 11.6 and is omitted.

Proposition 11.16. Let d be the minimum Lee weight of the quaternary
quadratic residue code Q4 of length p, where p is a prime = 1 (mod 8). Then

(i) if there is a minimum Lee weight codeword in Q4, which has a compo-
nent equal to 2, then

(d=1)2—=(d=1)+1—4dny(ng—1)>2¢+1,

where nqy is the number of components equal to 2 of that codeword.
(ii) If all minimum Lee weight codewords in Q4 have no component equal
to 2, then
d® > 3q/2.

Proof. By Proposition 11.9, @4 and N, are permutation-equivalent, so they
have the same minimum Lee weight d. We know that

Q4 = (9(X)), Na(X) = (MX)),
and
XP—~1
X-1"
Therefore the intersection of the Z4-cyclic codes Q4 and Ny is the code

9(X)M(X) =

1+ X+ -+ XP Y = {el?|e € Zy)} .
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Let f = (foo, fo, f1,..., fp—1) be a codeword of minimum Lee weight d in

Q4 and let

ny =i €{00,0,1,...,p=1}| fi =2}/,
Le., ny is the number of components of f which are equal to 2. Then the
number of components of f which are equal to 1 or 3 is d — 2n,.
i Consider first the case n; # 0. By Propositior 11.15, PSLy(F,) C Aut
Q4. Since PSLy(F;) acts transitively on PG(1, Fp) = {00,0,1,...,p -1},
by applying some automorphism in PSLy(F,), we can assume that fo, = 2.
We assert that not all nonzero f; (0 < i < p— 1) are equal to 2; otherwise,
(B(fo), B(f1),-.., B(fp-1)) would be a codeword in Q4 and then (- 2:01
ﬁ(fi),_ﬁ(fo), B(f1), .-, B(fp—1)) would be a codeword of Lee weight less than
d in @4, which is a contradiction.

Let 7 be an integer with 0 < j < p and j € N. Then 7;(Q4) = Ny
and 7;(f) € Ny. Let 7;(f) = k = (koo, ko, k1, - .-, kp—1). Applying some
automorphism in PSLy(FF,) we can assume that k., = +1.

Let

1 _
f(X)= pZ fiX'  and  k(X)= pzl kX',
1=0 i=0
then f(X) € Q4 and k(X) € Ny. Since Q4N Ny = (1+X + -+ XP71), we
have
FX)EX)=a(l+ X+ + XP7Y), where a € Zy.
Substituting X = 1 into the above equation, we obtain
foo koo = ap(mod4).

Since foc> = 2, koo = %1, and p==1 (mod 4), we must have o = 2. It follows
tha,t
f(‘K)‘C(JK) - 2(1 + X+ _}.){P—l)7

all the p coefficients of which are equal to 2. Now let us examine how products
f:k; might combine to give a coefficient 2 in 1+ X + --- + X?P~!. Clearly

wa(f(X))=n2—1,  wi(f(X))+w3(f(X))=d-2ns,
wa(k(X)) =n2,  wi(k(X)) +w3(k(X))=d—2n; - 1.
Therefore

(ng —1)(d—2n3 = 1) + (d=2n9)ny + (d — 2ny) (d — 2ny, — 1)/2 > p.
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Simplifying, we get
(d=1)=(d=1)+1—-dny(ny — 1) >2p+1.
Thus (i) is proved.

(ii) can be proved in a similar way. O

Example 11.4. Let us study the quaternary quadratic residue code Q4(7).
We have
X7 -1= (X — 1)g2(X)h2(X) over Zg,

where
B(X)=X}+X +1,
Ro(X) = X34+ X2+ 1.
By Proposition 5.15, the Hensel lifts of go(X) and hy(X) can be computed

and are
g(X)=X34+2X* 2+ X -1,

and
R(X)=X3-X?-2X -1,

respectively. We have
X"=1=(X-1)g(X)h(X) over Z4 .

The quaternary quadratic residue code Q4(7) is the Z4-cyclic code of length
7 with generating polynomial g(X) and the extended quaternary quadratic
residue code Q4(7) is the Z4-linear code with generator matrix

11 2 1 -1

1 1 2 1 -1

1 1 2 1 -1

1 1 2 1 -1

It is easy to prove that the above matrix is equivalent to (1.6). Hence Q4(7)

is equivalent to the octacode. By Proposition 11.13, Q4(7) is self-dual, but we
already knew that the octacode is self-dual in Example 1.3. O

Example 11.5. Let us study the quaternary quadratic residue code Q,(23).
We have
X% —1=(X —1)ga(X) ho(X) over Zo,
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where
X)) =X" 4+ X4 XT+ X0+ X5+ X +1,

and
ho(X) = XM + X0 4 X0 4 X5+ X4+ X241,

By Proposition 5.15, the Hensel lifts of go(X) and ha(X) can be computed,
and they are

g(X)=X" 42X 43X +3X7 +3X® +3X°+2X*+ X +3

and
R(X)=X" +3X"0 42X + X6 + X5+ X* + X2 +2X +3

respectively. We have
XB—1=(X-1)g(X)h(X) over Z,.

The quaternary quadratic residue code Q4(23) is the Z4-cyclic code of
length 23 with generating polynomial ¢(X) and the extended quaternary quad-
ratic residue code Q4(23) is a Z4-linear code, the generator matrix of which
can be easily written down. Q4(23) and (4(23) are also called the gquater-
nary Golay code and the extended quaternary Golay code, respectively. By

Proposition 11.13, Q4(23) is self-dual. Moreover, Q4(23) has 4!% codewords
and minimum Lee weight 12. O

Example 11.6. Let us study the quaternary quadratic residue codes Q4(17).

We have
X17 —-1= (X — 1)g2(X)h2(X) over Zg,

where
(X)) =X+ X5+ X4+ X341

and
Ra(X) =X+ X"+ XS+ X4+ X2+ X +1.

By Proposition 5.15 we can compute the Hensel lifts of g2(X) and hao(X),
and they are

g(X) = X8 +2X5 +3X% + X* +3X° +2X? +1

and
R(X)=X84+X"+3X +3X*+3X* +X+1
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respectively. We have
X —1=(X-1)g(X)h(X) over Zy .

The quaternary quadratic residue code Q4(17) is the Z4-cyclic code of
length 17 with generator polynomial g(X). By Corollary 11.14, the extended
quaternary quadratic residue code Q4(17) is isodual, or more precisely,
Q4(17)J' = /;(ﬁ), where Ci:(_l?) is the Z4-linear code with generator ma-
trix (11.7), where G is a generator matrix of the Z4-cyclic code @;(17) with

generator polynomial (X — 1)g(X). Q4(17) has 4° codewords and minimum
Lee weight 8. O

For later applications let us introduce the Fuclidean weights of vectors in
Z}. First, the Euclidean weights of 0,1,2,3 of Z4 are defined to be 0,1,4,1,
respectively. Then the Euclidean weight of an n-tuple in Z7 is defined to be
the integral sum of the Euclidean weights of its components.

Proposition 11.17. Let p be an odd prime and assume that p = —1 (mod 8).
Then all FEuclidean weights of the codewords in the extended quaternary quad-
ratic residue codes Q, and N4 are divisible by 8.

Proof. By Proposition 11.9, @4 and N4 are equivalent. So we consider only
Q4. Write p+1 = 8r, where r is a positive integer. Let e(X ) be the generating
idempotent of @4 and C the p x p circulant matrix with the coefficients of
X0 XV ..., XP~1 of ¢(X) as its first row. Then the rows of C span Q.

If 7 is odd, then e(X) = 6g(X) + 205(X) and there are 251 = 4r — 1
coefficients of e(X) equal to 1, 47 — 1 coefficients equal to 2, and all other
coefficients equal to 0. So the zero-sum check symbol of e(X) is —1. Thus the
rows of the matrix )

C
-1
span Q4 over Zs. The Euclidean weight of each row of the above matrix is
equal to
14+(4r—1)+(4r—-1)-4=20r ~ 4 =0 (mod8).
If r is even, then e(X) = 30 (X), there are 47 — 1 coefficients of e(X) equal

to 3 and all other coefficients equal to 0. So the zero-sum check symbol of e(X)
is also —1. Thus the rows of the matrix
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-1
. C
-1
span Q4 over Z,. The Euclidean weight of each row of the above matrix is
equal to 14+ 4r — 1 =4r =0 (mod 8).

Then we can use induction to prove that the Euclidean weight of every
codeword in Q, is divisible by 8. This follows from the identity

Ix+y I*=lxI* + Iy I” +2x-y (mod 8),

where || x || denote the Euclidean weight of x € Z7, and the fact that Q4 is
self-dual. O

For the extended quaternary Golay code we have

Proposition 11.18. The eztended quaternary Golay code has minimum
Lee weight 12, minimum FEuclidean weight 16, and minimum Hamming
weight 8. O

For the proof of Proposition 11.18, see Bonnecaze et al. (1995).

Changing from a binary alphabet to a quaternary alphabet provides extra
flexibility in constructing self-dual and isodual codes.

Definition 11.4. The supplementary quaternary quadratic residue codes
So(p) and Sn(p) are defined to be the Z,-linear codes obtained by supple-
menting the codes Q}(p) and N;(p), respectively, with the all 2 p-tuple 2(17)
(2,2, ..., 2). That is So(p) = (Q4(p), 2(17)) and Sn(p) = (Ny(p), 2(17)). O

We write Sg and Sy for Sg(p) and Sn(p), respectively, if no ambiguity
arises.

From Proposition 11.10 we deduce also

Proposition 11.19. If p = —1 (mod8), then Sg and Sy are self-dual. If
p =1 (mod8), then Sé = Sy and Sg and Sn are isodual.

Proof. We consider only Sp for Sy can be treated in a similar way.
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First we prove that the word 2(17) ¢ Q/, where Q) is the Z,-cyclic code of
length p with generator polynomial (X — 1) g(X). 2(17) can be expressed as
the polynomial

242X +2X% 4. 4 2X77!

Substituting X = 1 into this polynomial, we obtain 2p # 0 (mod 4). Therefore
242X +2X2 4+ ... 4+2XP 1 is not a multiple of X — 1. Hence 2(17) ¢ Qy. It
follows that Sg has generator matrix

(2 2(-;--2) ’ (118)

where G is a generator matrix of Q.
Consider the case p = —1 (mod 8). By Lemma 11.12, (11.4)

(o)

is a generator matrix of Q4. By Proposition 11.10, every row of G is orthogonal
to every row of (11.4). Clearly, the last row of (11.8) is orthogonal to itself.
Therefore any two rows of (11.8) are orthogonal. It follows that S5 C Sg. But
1Sl = |Q4]-2 = 4(P=1)/22. By Proposition 1.2, we also have |S5| = 4(P=1)/2.2,
Therefore S5 = Sg, ie., Sg is self-dual.

Then consider the case p = 1 (mod 8). By Proposition 11.10, Q4 = N;*
and Ny = Q4-. But Sg C Q4, so Sg C Nj*. From 17 € Ny we deduce that
17 is orthogonal to every row of G. Therefore 2(17) is also orthogonal to every
row of G and that Sg C (2(17))*. It follows that Sg C (Ny, 2(17))* = S§.
But |Sg| = |Sy| = 4P=D/2 2, therefore S = Sy and SF = Sy. By
Proposition 11.9, @4 and N, are permutation-equivalent, so are Sg and Sy.
Hence Sg is isodual. O

Example 11.7. So(7) is a self-dual Z4-code of length 7 and its binary image
#(Sq(7)) is a formally self-dual binary code of length 14. Clearly |So(7)| =
432 = 27 and the minimum Lee weight of Sg(7) is 4. Therefore |¢(Sq(7))| = 27
and the minimum Hamming distance of ¢(S¢g(7)) is also 4.

So(17) is an isodual code of length 17, it has 2!7 codewords and its mini-
mum Lee weight is 6.

So(23) is a self-dual Z4-code of length 23, it has 22° codewords. It can be
proved that the minimum Euclidean weight of S5(23) is 12. a

Most of this section are from Bonnecaze and Solé (1994) and Bonnecaze
et al. (1995).



CHAPTER 12

QUATERNARY CODES AND LATTICES

12.1. Lattices

We state some definitions and facts on lattices below; for details, see Con-
way and Sloane (1993).

Let R™ = {(z1, ..., z»)|z: € R} be the n-dimensional row vector space
over R. For x = (z3,...,2z,) and y = (v1, ..., ¥n) € R™ define the inner
product of x and y by

x'}’=x‘y=zly1+'-'+znyn,

then R™ together with the inner product is called the n-dimensional Euclidean
space, which is also denoted by R™. For any x € R™, x? = x - x is called the
norm of x.

A lattice L in the n-dimensional Euclidean space R™ is a free abelian
subgroup of rank n of the additive group of R", i.e., there exists a basis

{€1, ..., €n} of R™ such that L = Ze, + --- + Ze,,. L is also called an n-
dimensional lattice.

For example, Z™ = {(21, ..., 2.)|%: € Z} is a lattice in R™. There exists a
basis

{61—-—(1,0,...,0),..., enz(oa"'yo) 1)}

of R™ such that Z™ = Ze, + - - - + Ze,,. Z™ is called the standard lattice of R™
and {e;, ..., €,} is a basis of Z™.

Let e = (1, 0).-and €3 = (V/2, V/2), then L = Ze, + Ze, is a lattice in R?,
(see Fig. 12.1).

195
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AR,
A
£

Fig. 12.1.

Let L be a lattice in R® A basis {e;, ..., €,} of R® such that L =
Ze, + - +Ze, is called a basisof L. Let {1, ..., €,} beabasisof L, q;; € Z
(1<4,j<n) and

m=z ¢ij€;5, t=1,...,n,
j=1
then {n,, ..., n,} is also a basis of L if and only if the matrix

Q = (gij)1<i, j<n

is unimodular, i.e., det Q = £1.

A fundamental region of a lattice L in R™ is a set of vectors in R™ that
contains one and only one vector from each coset of R™ relative to L. Let
€1, ..., € be a basis of L, then the parallelogram

Pp={zie1 4+ +1,6,|0< 2, <1}

is an example of a fundamental region of L, called a fundamental parallelogram.
The volume of Py is
€1

vol Py = |det
€n

Clearly,
(vol pL)2 =det(e: €;)1<i j<n
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and (vol Pp)? is independent of the particular choice of the basis of L. Define
disc L = det (e; - €5)1<i,5<n,
which is called the discriminant of L. Clearly
disc L = (vol Pp)?.
If L and L' are lattices in R™ and L' C L, then we have
disc L' =disc L|L/L'|?, (12.1)

where |L/L'| is the index of L' in L.
For the standard lattice Z™ in R™ we have disc Z™ = 1. For the lattice
L = Ze) + Ze, where €; = (1, 0) and €2 = (V/2, v/2), we have disc L = 2.
Let L be a lattice in R™. The dual of L, denoted by L* is defined by

L*'={xeR"x-y€ZforallyeL}.

For example, (Z™)* = Z™ and for L = Ze, + Ze,, where €, = (1, 0) and
€2 = (\/5, V2), we have L* = Z(1, —1) + Z(0, %).

It is easy to prove that if L is an n-dimensional lattice with {e;, ..., €,} as
a basis, then L* is also an n-dimensional lattice with {e}, ..., X} as a basis,
where €}, ..., €} are defined by
i €; =6, 1<4,5<n.

A lattice L in R™ is said to be integral, if L C L*, in other words, if x-y € Z
for all x, y € L. L is said to be even, if x> € 2Z for all x € L. L is said to be
unimodular, if L* = L.

It is clear that L is unimodular if and only if L is integral and disc L = 1.
It is also clear that if L is even, then it is also integral.

The theta series 8,(q) of the integral lattice L is the formal power series

0.(q) =) ¢ =) Nug™,
m=0

x€L

where N, is the number of vectors x € L with norm m.

Let L be an n-dimensional lattice, L, and L, be lattices contained in L and
of dimensions n; and ng, respectively, and n = n; + ny. Assume that every
vector of L can be expressed uniquely as a sum of a vector of L, and a vector
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of Ly and that x-y = 0 for any x € L; and y € L,. Then we say that L is
the orthogonal direct sum of Ly and Ly and write L = L, L Ls.

Two lattices L, and L, in R™ are said to be isomorphic, if there exist an
orthogonal transformation o, i.e., an element ¢ € O,(R") such that o(L;)
= L,.

12.2. A Construction of Lattices from Quaternary Linear Codes
Let p be the natural homomorphism
p:Z— 7Ly
nen+ (4)

from the ring of integers to the residue class ring of Z modulo the ideal (4). As
before, the elements of Z4 are denoted by 0,1,2 and 3, that is, they represent
the residue class (4), 1 + (4), 2+ (4), and 3 + (4), respectively.

The map p can be extended to a map from the standard lattice Z™ in R™
to Z7, the additive group of n-tuples over Z,4, which is denoted also by p, as
follows:

p:ZL" — 7y
(z1,. ., za) = (p(z1), -\ P(T4))- (12.2)

Clearly, this is a group homomorphism.
Let C be a quaternary linear code of length n and type 4°12%2. Denote the
complete inverse image of C under p by p~!(C). Then we have

Proposition 12.1. Let p : Z™ — Z} be the map (12.2) and C be a quaternary
linear code of length n and type 41252 Then p~1(C) is a lattice in R™ and
disc p~1(C) = 4¥n—2k1—kz

Proof. Since |C| = 4k12k2 |Z3/C| = 4»—*1—*22%k2 By the first isomorphism
theorem,
Z"[p~(C) = Z¢/C.
Consequently, |Z™/p~1(C)| = 4™~*1—*22%2  Therefore p~!(C) is a free abelian
subgroup of Z™ of rank n and hence, is a lattice in R® Moreover, by (12.1)
disc p~(C) = disc Z™|Z/p1(C)|?

— 42n-2k1—k2 ) D
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Definition 12.1. Let C be a quaternary linear code of length n. The lattice

1
Le=zp!
c=50 (€)
is called the lattice in R™ associated with C. O

Clearly,
1
Le = {§(c+4z)|c66, zEZ"} ,

where c is regarded as n-tuples with integers 0, 1, 2, 3 as components.

Proposition 12.2. Let C be a quaternary linear code of length n and Le =
1p7YC). Then

(i) Lc is integral if and only if C is self-orthogonal.
(ii) L¢ is unimodular if and only if C is self-dual.
(iii) Lc s even if and only if the Euclidean weights of all codewords of C
are divisible by 8.

Proof. Let
1 1
X1 =3 (c) + 42,) and X2 =3 (c2 + 42,)

be any two vectors of Le, i.e., ¢;, ¢, € C and z,, zo € Z*. We manipulate
in R,

1
Xl'X2=ZC1'C2+C1'ZQ+ZI'C2+421'ZQ. (123)

(i) If C is self-orthogonal, ¢; -c; = 0 when it is manipulated in Z,. It follows
that if ¢ - ¢o is manipulated in Z we have ¢; - ¢c; € 4Z. Therefore x; - x; € Z.
Hence L¢ is integral.

Conversely, if L¢ is integral, i.e., x; - x2 € Z for all x;, x5 € Le. It follows
from (12.3) that ¢; - ¢, € 4Z. Therefore ¢; - ¢ = 0 in Z4. Hence C is self-
orthogonal.

(ii) Let C be of type 4*12*2 By Proposition 12.1, disc L¢ = 47"
42n=2ki—k2 — gqn=2k1—%2  We deduce disc L¢ = 1 if and only if n = 2k; + k.
Therefore disc Le = 1 if and only if |[C] = 2™. By (i), L¢ is integral if and only
if C C Ct. Hence

L¢ is unimodular < L¢ is integral and disc L¢e =1
&©CCCt and |C]=2"

s C=Ct
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(iii) Let x = 1(c + 4z) be any vector of L¢, i.e., ¢ € C and z € Z".
Manipulating in R, we have

1
X X = Zc-c+2c-z+4z-z.
Therefore L¢ is even if and only if ¢ - ¢ € 8Z. But ¢ - ¢ is the Euclidean weight
of c. O

Corollary 12.3. Let C be a self-dual quaternary linear code such that the
Euclidean weights of all codewords of C are divisible by 8. Then L¢ is an even
untmodular lattice. O

Corollary 12.4. Let Q4(p) be the extended quaternary quadratic residue code
of length p+ 1, where p is a prime = —1 (mod8). Then L——
unimodular lattice of dimension p + 1.

15 an even
Qa(p)

Proof. By Proposition 11.13, when p = —1 (mod 8), Q4(p) is self-dual and by
Proposition 11.17, the Euclidean weights of all codewords of Q4(p) are divisible
by 8. O

Example 12.1. Let Og be the octacode. By Example 11.3 Og is equivalent
to Q4—(7) Therefore the lattice Lo, is an even unimodular lattice. But Lo,
is an eight-dimensional lattice and the Gosset lattice Eg is the unique even
unimodular lattice of dimension 8 to within isomorphism, (see Conway and
Sloane (1993)). Therefore Lo, is isomorphic to Es. It is known that the first
three terms of the theta series 8g,(q) are as follows:

05,(q) =1+ 240¢* + higher terms,

where 240 is the number of vectors of norm 2 in the lattice Eg, (see Conway
and Sloane (1993), p. 122). O

Example 12.2. Let Q4(23) be the extended quaternary Golay code of length
24. By Corollary 12.4, Lm is an even unimodular lattice of dimension 24.
By Proposition 11.18, Q4(23) has minimum Euclidean weight 16. It follows
that the minimum norm of L ) is 4. But the Leech lattice Ay4 is the unique
even unimodular lattice w1thout vectors of norm 2 in R?* to within isomor-
phism, (see Conway and Sloane (1993), Chap. 12 or Wan (1997)). Therefore
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Lm is isomorphic to Az4. It is known that the first five terms of the theta
series 64, (q) are as follows:

r..(q) = 1+ 196,560q* + higher terms,

where 196,560 is the number of vectors of minimum norm 4 in the lattice Aag,
(see Conway and Sloane (1993), p. 131). a

Corollary 12.5. Let So(p) be the supplemented quaternary quadratic residue
code of length p, where p is a prime and p = —1 (mod8). Then Lg,(p) s a
unimodular lattice.

Proof. By Proposition 11.19, when p = —1 (mod 8), Sg(p) is self-dual.
Therefore by Proposition 12.2 (ii), L, (p) is unimodular. 0

Example 12.3. Let Sg(7) be supplemented quaternary quadratic residue code
of length 7. By Corollary 12.5, L, (7) is a unimodular lattice of dimension 7.
It is known that Z7 is the unique unimodular lattice of dimension 7 to within
isomorphism, (see Conway and Sloane (1993), Chap. 2, §2.4). Therefore Ls,(7)
is isomorphic to Z7, i.e., there is an orthogonal transformation o € O7(R) such
that O’(LSQ(-/)) =7 0

Example 12.4. Let Sg(23) be the supplemented quaternary quadratic residue
code of length 23. By Corollary 12.5, Lg,(23) is @ unimodular lattice of di-
mension 23. But So(23) has minimum Euclidean weight 12 (Example 11.7).
It follows that Ls,(23) has minimum norm 3. But there is a unique unimod-
ular lattice of minimum norm 3 to within isomorphism, which is denoted by
Oa3, (see Conway and Sloane (1993), Chaps. 16 and 19). Therefore Lg,(23) Is
isomorphic to Oa3. 0

We end this section with more examples.
Example 12.5. Let X4 be the Z,-linear code with generator matrix (1.3)
1 1 11
020 2],
00 2 2

introduced in Example 1.1. It is known that K4 is a self-dual code. By Propo-
sition 12.2(ii) Lk, is a unimodular lattice. It is known that Z* is the unique
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unimodular lattice of dimension 4 to within isomorphism, (see Conway and
Sloane (1993), Chap. 2, §2.4). Therefore L, is isomorphic to Z* O

Example 12.6. Let Kg be the Z4-linear code with generator matrix (1.7)

11111111
0200000 2
0020000 2
0002000 2{,
0 000 2 00 2
0000020 2
000 O0O0O0O 2 2

introduced in Example 1.4. It is known that Kg is a self-dual code. It is
also clear that every row of the matrix (1.7) is of Euclidean weight 8. As in
the proof of Proposition 11.17 we can show that the Euclidean weights of all
codewords of Kg are divisible by 8. Therefore by Corollary 12.3, L, is an even
unimodular lattice of dimension 8. But the Gosset lattice Eg is the unique even
unimodular lattice in R® to within isomorphism. Therefore Ly, is isomorphic
to Eg. Together with Lo, of Example 12.1 we already have two constructions
of Eg from quaternary codes. ]

Example 12.7. Besides Og and Kg, there are two more self-dual Z4-codes
of length 8, denoted by Ky and Qg, respectively, which were introduced by
Conway and Sloane (1993a). Kg has generator matrix

1111000 2
00021111
02020000
002 20000 (12.4)
000 0O 20 2
0 00O0O0O0Z2 2
and Qg has generator matrix
00110 21 3
00021311
1102001 3 (12.5)
0202020 2
0000 O0O0Z2 2
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Clearly the Euclidean weight of every row of (12.4) and (12.5) is 8. As in the
proof of Proposition 11.17 the Euclidean weights of all codewords of Ky and Qg
are divisible by 8. By Corollary 12.3, both L, and Lg, are even unimodular
lattice in R8.

Thus we have altogether four constructions of the Gosset lattice Ejg from
quaternary codes; they are Lo,, Li,, Ly, and Lo,. a

Example 12.8. Let RM(r, m) be the rth-order Reed~-Muller code of length
2™, where 0 < r < m. Consider the Z4-code

RM(1, m) + 2RM(m — 2, m).

It is known that RM(1, m) is doubly even, that RM(1, m)t = RM(m — 2, m),
and that for any a, a’ € RM(1, m) axa’ € RM(m —2, m). By Proposition 3.20
the code RM(1, m) + 2RM(m — 2, m) is a self-dual Z4-linear code. It is easy
to verify that the Euclidean weights of all its codewords are divisible by 8. By
Corollary 12.3 the lattice

1 n
LrMm(1, m)+2RM(m-2,m) = 2 (RM(1, m) + 2RM(m — 2, m) + 4Z*")

associated with the Z,-linear code RM(1, m) + 2RM(m — 2, m) is an even
unimodular lattice of dimension 2™. Denote it by L,,.

When m = 4, it is easy to check that the minimum Euclidean weight of
RM(1, 4) + 2RM(2, 4) is 8 and the minimum norm of L, is 2. It is not difficult
to prove that L4 is isomorphic to Fg 1 Ej.

When m = 5, it is easy to check that the minimum Euclidean weight of
RM(1, 5) + 2RM(3, 5) is 16 and the minimum norm of Ls is 4. Ls is the
Barnes—-Wall lattice of dimension 32 and is usually denoted by BW3, . O

Most of this section are from Bonnecaze and Solé (1994) and Bonnecaze
et al. (1995).



CHAPTER 13

SOME INVARIANT THEORY

In this chapter we review some classical invariant theory, which will be
needed in the study of weight enumerators of self-dual quaternary codes in
Chap. 14.

13.1. The Poincaré Series

Let C denote the complex field, n be an integer > 1, X;, ..., X, be n
independent indeterminates, and C[X,, ..., X,] be the polynomial algebra in
X1, ..., X, with coefficients in C. We write A = C[X}, ..., X,] for simplicity.
Denote by A, the set of homogeneous polynomials of degree m, where m > 0.
Then A,, (m =0, 1, 2,...) are subspaces of A, 4g = C, A, = CX, + - -+CX,,

A= 0: Amy

m=0

and
A; A]' C Ai+j forall 7,5>0.

Here and after we use + to denote the direct sum of subspaces.
Define the Poincaré seriesof A = C[X,, ..., X,] as the formal power series

B(A, \) =) (dim Am)A™,
m=0

where ) is an indeterminate. It is well known that
(X7 - X7 |m; > 0and my + -+ My =m}

is a basis of A, therefore dim A,, is the number of partitions of m into n
non-negative integers mi, ..., m, and is known to be equal to

205
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(n +m-—-1 )
m )
B(A, ) = (1- X
More generally, let S be a subspace of A = C[X;,..., X,] and assume
that S is homogeneous, which means that for any f € S if we express f as a
sum of homogeneous polynomials of different degrees f = f; +--- + f; (say),
where f;'s are homogeneous and deg f; # deg f; for i # 7, then f; € S for all

1=1,2,...,s. Let S,, be the set of homogeneous polynomials of degree m in
S, then S, (m =0, 1, 2, ...) are subspaces of S and

Clearly, we have

e
S=+ S,
m=0
Define the Poincaré series of S as the formal power series

Z (dim S,
m=0

Proposition 13.1. Let ¢1, ..., g» be 7 algebraically independent homoge-
neous polynomials in C[X,, ..., X,], where v < n, and let deg ¢; = d; (i =
1,2,...,7). Denote B = Clgy, ..., g]. Then B is homogeneous and the

Poincaré series of B can be expressed as

r

&(B, A =[] (- a4~

1=1

Proof. Clearly,
{o7"" ---g7" |m; > 0 and mydy + - + m.d, = m}

is a basis of By, thus dim B,, is the number of partitions of m into a sum of
some dy, some d, ..., and some d,. But expanding

[Ta-x4~

=]
into a formal power series in A, the coefficient of A™ is also equal to this
number. Therefore

r

(B, N =[]Ja-xt)"". O

=1
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Corollary 13.2. Let gy,..., g, be r algebraically independent homogeneous
polynomials in C Xy, ..., X,|, wherer < n, and g,+, be another homogeneous
polynomial in C (X, ..., X,,]. Assume that the subspace
D=Clgi, -, ] + g+1Clgn, .-, gr]
is a direct sum. Letdeg g; =d; (i=1,...,7+1). Then
®(D, A) = (1= x%++1) [T (1 - x%)~! o
=1

13.2. Molien’s Theorem

It is well known that the set of n x n nonsingular matrices over C form
a group with respect to the matrix multiplication. This group is called the
general linear group of degree n over C and denoted by GL,(C). Denote the
polynomial ring C[X, ..., X,] in n independent indeterminates X1,..., X,
over C again by A. For any ¢ = (045)1<4,j<n € GLn(C) and f € A define

(- £) (X1, ..., Xn) = f((X1, ..., Xn)T0).
Then for any o, 7 € GL,(C),

T (o-H Xy, Xp) =0 F((Xy, ..., Xa)'7)
=f((X1, ..., Xn)lo'tr)
=f((X1, .., Xn)70))
=((ro) fH (X1, ..., Xa).

Therefore the map
GL,(C)xA— A
(0, flma-f
defines an action of GL,(C) on A. Clearly, 0 Am = Am, where
0 Anm={0-f|f€ An}

Let G be a subgroup of GL,(C). For f € A,if o f = f for all 0 € G, then
f is called a G-invariant polynomial. Let

A ={f€Alo f=fVYoeG},
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then A€ is a subalgebra of A, called the algebra of G-invariant polynomials.
Clearly, O

Proposition 13.3. AY is homogeneous. More precisely, let
AS ={feAnlo f=f Yo€G},

then
AC = A, N AC
and

(AnnACS) = 1 AC O

m=0

AS =

ﬁ+-8
o

Let d(G) = dim A%, which is the number of linearly independent G-

invariant homogeneous polynomials of degree m. The Poincaré series of A,
®(AY, \), will be abbreviated as ®g()), i.e.,

$ e

m=0

which is also called the Molien series of AS.

We mentioned before that for any ¢ € G, ¢ A,, = A,,. Denote the
restriction of ¢ to A, by o |a,, and the trace of the linear operator ¢4, on
Am by Tr(o|a,,)- Then we have

Lemma 13.4. Let G be a finite subgroup of GL,(C) and o0 € G. Then

- 1
Tr ( —
mgo (@10 )X" = T T 20)

Proof. We can assume that

o =P ldiag{A,..., \} P,
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where diag {A;, ..., A,} is a diagonal matrix whose diagonal entries are Ay,
.., An in succession. Let

1, ., Ya)=(X1, ..., Xn)'P,
then . _
{Yi* - Yo |41,...,in > 0and 4y + - -+ + i, = m}
is a basis of A,,. For any f € A, we have
o - fM ... .Y) =0 f((X1,..., X»)'P)
=f(Xy,..., X.)'0e'P,
=f(yy,...,Y,)' P lietP
=f(M,..., Ya)diag{A, ..., An})
=f(aY, .., ARYn).

In particular, _ . . o _
o (YY) = A AR Y Y

Therefore _
Tr(o|a,) = Z A Al
lvenin 20
1+ +in=m

On the other hand,
1 3 1
det(I — o) (1—=XMA) (1= 2AA)

n

= [Ja+xx+220%+ )

=1
=i AT |
m=0 ip.in 20
i1+ tin=m
=) Tr(olan) A" =
m=0

Let G be a finite subgroup of GL,(C). The element

1
Z=E ZO’
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can be regarded as an operator acting on A, which is defined by

1
e f=i Yo f forall fed,
G| =
and is called the averaging operator of G. Denote z - f simply by f Clearly
we have
1

() (h+f)=Fi+fafor fi, fr €4,

(i) ¢f =cf forc€ Cand f € 4,
(iii) fh = fh for f € A and h € A

—~

Lemma 13.5. Let G be a finite subgroup of GL,(C) and z = TclT| v O
Then dn(G) =Tr(z]a,,).

Proof. It is easy to verify that z2 = z, so the eigenvalues of z |4, are only
Oor 1. Let A,, = AD 4 A,(,,ll), where A% is the eigenspace corresponding to
eigenvalue ¢ (¢ =0, 1). Then

Tr(z|a, )= TI‘(ZlA(o))-’rTI‘(ZlA(x)) = dim AS_,{L).

Clearly, AS C AY Conversely, assume that v € A,(,,i), then 2z -v = v and

c-v=0c-(2-v)=(0z)-v=z-v=ufor all ¢ € G, therefore v € AS. Hence
AS = AY) and Tr(z|a,.) = dim AL = dim AS = d.(G). 0
Theorem 13.6. (Molien) Let G be a finite subgroup of GL,(C). Then

1 1
SN = — [ —
(V) G| Zeg det (1 - o))

Proof. By Lemmas 13.4 and 13.5

61 2 & =eX) = 6] 2 0o Tr(elan)
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i dm(G) A™

=0
c(A). O

I
o 3

Molien’s theorem helps us to compute the Molien series of A® for any finite
subgroup G of GL,,(C) and the latter can be used to determine whether a set of
G-invariant polynomials generates C[X1, ..., X,]°, as the following examples
show.

Example 13.1. Let G C GL2(C) be the group consisting of the following four

elements:
01 ’ 0 1 ’ 0 1 ' 0 1 '

Denote them by 1, —1, o, ~0, respectively. We compute

det (1 —1t) = (1 — t)?,
det (I - (=1)t) = (1 +1)%,
det (I —ot)=det(I —(=o)t)=(1-2t)(1+1).

By Molien’s theorem, the Molien’s series of C[X;, X]€ is

1 1 1 2
®a(t) =7 ((14)2 Tar;e Tt <1—t)<1+t>)

It follows that dim C[X), X5)$, = k + 1 and dimC[X), X2]$,,, = O for any
non-negative integer k. Clearly, fi = X? + X3 and f, = X — X§ are G-
invariant homogeneous polynomials of degree 2 and they are linearly inde-
pendent. Hence f; and f; form a basis of C[Xj, X,]§. It is easy to ver-
ify that fF, f57" fa, ..., fifs™", f§ form a basis of C[X), X2]S,. Therefore
C[X1, Xo]¢ = Clf1, fo]- a

0 1
o= ,
-1 0

Example 13.2. Let
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which is an element of order 4, and G be the cyclic group generated by o, i.e.,
G ={1,a, a?, 0%},

We have

det (I —1t) = (1 -1)%,
det (I — at) = det (I —o%t).= 1 + %,

det (I — o%t) = (1 +1)2.

By Molien’s theorem, the Molien series of C[X1, X, is

1 1 2 1
®(t) =7 <(1—t)2 tiret (1+t)2>
1+t
(1-12)(1-1¢4)

= (2k+ 1) (£ +1777).
k=0

Thus
dim C[X;, X3)$, = dimC[X), X2|$ye = 2k + 1

dim C[X1, X3)$y, = dimC[X;, X2|$y3 =0
for any non-negative integer k.

Clearly, fi = X2 + X2, f» = X}X? and f3 = X} X, — X, X5 are G-
invariant homogeneous polynomials of degrees 2, 2 and 4 respectively. For any
(N1, Y2), q(Y1, Y2) € C[Y, Y2, p(fi, f2) + f3q(f1, f2) is also G-invariant.
Furthermore, using (13.1) we can show that any G-invariant polynomial can
be expressed uniquely in this form. Therefore C[X,, X;]° = C[f1, fo, fa).
But fi, fo and f; are not algebraically independent over C. In fact, we have
f2fs —4f2 — f2 =0, which is called a syzygy relating f, fo and fs. a

(13.1)

13.3. Hilbert’s Finite Generation Theorem

An algebra D over C is said to be finitely generated if there are finitely
many elements fi, ..., fm in D such that D = C|fy, ..., fm]. For example,
the algebras of G-invariant polynomials C [X;, X2]|¢ for the finite subgroups
G of GL,(C) considered in Examples 13.1 and 13.2 are finitely generated. In
fact, for the subgroup G considered in Example 13.1 we have C[X,, X;]¢
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= C[f1, fo], where f; = X2 + X} and f, = X? — X2, and for the subgroup
G considered in Example 13.2 we have C[X1, X2)¢ = C[f1, fos fa], where
Hi=XE+ X2 fo=X2X3 and f3 = XX, - X1 X3.

More generally, Hilbert proved the following famous finite generation the-

orem of the algebra of G-invariant polynomials for any finite subgroup G of
GL,(C).

Theorem 13.7. (Hilbert) Let G be any finite subgroup of GLA(C). Then
these are finitely many G-invariant polynomials fi, ..., fm, say, such that

ClX1, ..., X, =C[f,..., fm).

To prove Theorem 13.7 we need the following Hilbert’s basis theorem.

Theorem 13.8. (Hilbert) Let X, ..., X, be n indeterminates over C. Then
every ideal I of C[X1, ..., X,] has a finite basis, i.e., there are finitely many
polynomials fi, ..., fm in I such that

I'=(fi, o fm)={afi+  +gmfmlg € C[Xy, ..., Xa]}.

Proof. Apply induction on n. For n = 1, it is well known that C[X/] is a
principal ideal domain, i.e., for any ideal I of C[X|] there is a polynomial f in
I such that I = (f). Therefore our theorem is true for n = 1.

Assume that our theorem is true for n—1. That is, every ideal of C [ X, ...,
Xn-1] has a finite basis. Write B=C[X,, ..., Xo_1], then C[X,, ..., X,| =
B[X,]. Let I be any ideal of B[X,|. For any f € I we can write f =
ap + a1 Xn + -+ a; X%, where ag, ..., a; € B and a; # 0. We call a; the
leading coefficient of f. Denote by Iy the set of the leading coefficients of
polynomials in I. It is clear that I, is an ideal of B. By induction hypothesis,
there are elements ai, ..., am € Isuch that Iy = (a1, ..., am). Let fi, ..., fm
be polynomials in I whose leading coefficients are ay, ..., am, respectively. Let
d = max {deg f1, ..., deg f.}. Forany f € I and deg f > d, since the leading
coefficient of f belongs to Iy, subtracting a linear combination of f;, ..., fm
with coefficients in B from f we obtain a polynomial in I whose degree is
lower than f. Continuing in this way we obtain finally a polynomial in I
whose degree is < d.

For any 1 (0 < i < d—1) denote by I, the set of leading coeflicients of polyno-
mials of degree 7 in I. It is clear that all I; are ideals of B. By induction hypoth-
esis there are elements ai1, - .., @im € I; such that I; = (a;, ..., Gim,). Let
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firs -y fim, be polynomials in I whose leading coefficients are a1, ..., Gim;,
respectively. Clearly we have
I= (f17 sy fm; fd—l,17 R fd—l,md_xy sy f017 sy fO"'"-O)' u
Proof of Theorem 13.7. By Proposition 13.3, C[X, ..., X,]¢ is homoge-
neous, i.e.,
C[X1, -y XWC =C[Xy, ..., XAIS + [X1, -, Xalf
+ClXy, ..., X5 +
Let
ClXy, .., XS =C[X,, ..., X, +C[Xy, ..., XS +
Denote by I the ideal of C[X, ..., X,] generated by C[X, ..., X.]¢. By
Theorem 13.8, I has a finite basis, i.e., there are polynomials f;, ..., fm in I
such that I = (f1, ..., fm). Without loss of generality, we can assume that all
fi. ..., fm are G-invariant homogeneous polynomials of degrees > 1.
Let f € C[X,, ..., X,]§. We apply induction on d to show that f can
be expressed as polynomials in fi, ..., f,». When d = 0, this is trivial. Now

assume that d > 0. We can express f as

f=hfi+ -+ hnfm, hi, .. . hm €C[Xy, ..., X4 (13.2)
Canceling all the terms in Ay f, ..., A fin wflich are of degrees # d, we can
assume that all Ay, ..., h,, are homogeneous. Applying the averaging operator

1
z a
G 2

to both sides of (13.2), we obtain

fzﬁlfl+"'+ﬁrhfmv

where h; = z - h; {i =1,...,m) are G-invariant homogeneous polynomlals
with deg hy = =deg f — deg f, < d. By induction hypothesis, Ay, ..., k., can
be expressed as polynomials in fi, ..., fin, so is f. O

Moreover, we have

Proposition 13.9. Let G be a finite subgroup of GLL(C) and f1, ..., fm be G-
invariant polynomials such that C[Xy, ..., X,]¢ =C [fi, -y fm]. Then m >
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n. In particular, if m = n then fy, ..., f, are algebraically independent over
C and if m > n then there are some polynomial relations among fi, ..., fm,
(which are called syzygies relating f1,..., fm).

Proof. For any h € C(X1, ..., X,), let h = L where f, g € C[X), ..., Xn].
Define
o-f

ch = —.
7 oc-h

It is easy to verify that this definition is well-defined, i.e., independent of the
representation of h as a quotient of two polynomials. It is also easy to verify
that ¢ is an automorphism of the field C(X,, ..., X,).

Let

C(X1,. ., X)¢={heC(Xy,..., Xa)|o -h=nh}.

Then C(X,, ..., X,)€ is a subfield of C(X), ..., X,), called the fized field
of G. Clearly, C(fy, ..., fm) C C(X,, ..., Xn)¢. Conversely, for any h €
C(X1, .-, Xa)¢, let h =L, where f, g€ C[Xy, ..., Xy), then

Ll /(Ha'g)

"’,icl? oc€G
Since the left-hand side of the above equation belongs to C(X1, ..., X»)“ and
the denominator of the right-hand side belongs to C[X,, ..., Xn]G, the nu-
merator of the right-hand side also belongs to C[X}, ... , X,]¢. We assumed

C[Xy, ..., Xa]¢ = C[f1, ..., fm]. Therefore h € C(f1,..-,fm). Hence
(C(Xl, ey Xn)G ZC(fl, ey fm)

/ C(Xl’“.,Xn)
C(Xy, ..., Xn)° I
l C[X1, s Xn)
C[Xy, -y Xn]®

Fig. 13.1
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For any h € C(X), ..., X,), h satisfies the polynomial
[T-o-n
ceG

with coefficients in C(X1, ..., X,)¢ Therefore C(Xi, ..., X,) is algebraic
over C(X,, ..., X,)¢. The transcendental degree of C(X,, ..., X,) over C
is m, so is that of C(X,, ..., X,)¢ over C. But C(X,, ..., X2)¢ = C(fi,
.. fm). Hence m > n. O

For example, in Example 13.1 we have m = n = 2 and in Example 13.2 we
havem =3 >n=2and fif; —4f2 — f2 =0 is a syzygy.



CHAPTER 14

SELF-DUAL QUATERNARY CODES AND
THEIR WEIGHT ENUMERATORS

14.1. Examples of Self-dual Quaternary Codes
Recall that a Z,-linear code C is called self-dual if C+ = C.

Example 14.1. Among the three Z4-linear codes of length 1 listed in Sec. 1.1
only the code {(0),(2)} is self-dual. Denote

A ={(0),(2)}

The complete weight enumerator and the symmetrized weight enumerator
of A, are the same.

cwe 4, (Xo, X1, X2, X3) = sweq, (Xo, X1, X3)
= Xo + Xs5. O

It is easy to prove that there is no self-dual code of length 2 and 3.

Example 14.2. Consider the Z4-linear code K4 with generator matrix (1.3)

o O o~
S N =
N o
N N =

introduced in Example 1.1. We know that X4 is of type 4122 and is self-dual.
From Examples 2.2 and 2.5, we have

217
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cwer, (Xo, X1, X2, X3) = Xg + X} + X3+ X3+ 6X2XZ +6X]X]

and
swei, (Xo, X1, X2) = X3 +8X] + X3 +6X2X].

Denote the Z4-linear code with generator matrix

(=
S Now

3 3
0 2
2 2
by K. K} is also of type 4122 and is self-dual. We have

cwer: (Xo, X1, X2, X3) = X§ + X5 +6X5 X7 +4(X7 X5 + X, X3)

and
swer: (Xo, X1, X2) = Xg + 88X} + X] +6X5X7.

K4 and K} have the same symmetrized weight enumerator but different com-
plete weight enumerators. Actually they are equivalent but not permutation-
equivalent. O

Example 14.3. We have already met four self-dual codes of length 8; they are
Og (see Example 1.3), Kg (see Example 1.4), Ki and Qg (see Example 12.7).
Og and Kg have generator matrices

1 00 0 3 1 21
01 001 2 31
001 03 3 3 2
0001 2 311
and
11111111
0200000 2
0 020000 2
0 00 2 000 2
000 0 200 2
000 00 2 0 2
0000 0 O0 2 2
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respectively. They are of type 4* and 425, respectively. From Example 2.6 we
have (2.11):

cwep, (Xo, X1, X2, Xa) = X§ + X + X8 + X8 + 14(X¢X5 + X1 X}
+56( XXX X3 + XX, X X3
+ Xo X2 X3X3 + Xo X, X3X3)

and (2.12)

sweo, (Xo, X1, X2) = X§ + 16 X8 + X8 + 14X X5 + 112X X1 Xo(XE + X2).
We can compute

cwercy (Xo, X1, X2, X3) = %((X0+X2)8+(X1+X3)8+(X0—X2)8+(X1—Xs)s),

and
1
swex, (Xo, X1, X2) = 5((X0 + X2)® + (X0 — X2)% + (2X,)8).

K§ and Qg have generator matrices

11110 0 0 2
0 00 21111
02020000
002 20000
0000020 2
000 O0O0O0 2 2
and
0 0110 213
0 00 21311
110 2 0 0 1 3
0202020 2
0 00 0 0 2 2

respectively. Kj is of type 422% and Qg is of type 4°2%. We have

swek, (Xo, X1, X2) = X8 +64X% + X5 +12X2X2(Xg + X3) +38X5 X3
+ 64X X T Xo(XE + X3)
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and

sweo, (Xo, X1, X2) = X& +32X5 + X5 +4X2X2(X5 + X3) + 22X X5
+96Xo X} Xo( X2+ X2). O

Example 14.4. The self-dual Z4-codes K4 and Kg can be generalized to
K4m(m > 1). It has generator matrix

1 11 11
020 --- 0 2
0 0 2 0 2

oo0o0 -~ 2 2

which is a (4m — 1) x 4m matrix. Ky, was introduced by Klemm (1989). We
have

1
cwek,n (Xo, X1, X2, X3) = 5((X0 + X))+ (X1 + X))t
+(Xo— X2)*™ +(X) — X3)'™)
and

1
Swe,cqm(Xg,X],XQ) = 5((X0 +X2)4m + (Xg - X2)4m) + 24m_1 Xfm (]

Example 14.5. C;¢ is the self-dual Z4-code of length 10 with generator matrix

1011111011
01 00003310
00 2000000O0 2
0002 000O0O0 2
000020000 2
000002000 2
00 0O0O0O0Z2O0TZ20
0000 O0O0O0Z2 2 2

and type 422% see Conway and Sloane (1993a). 0
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Example 14.6. We have the self-dual code C;g with generator matrix

1 0000011103310 32
0100001001331 123
0 01 00010O0O0O0Z272°033
0 0010O0O0O1113¢02331
0 00010O0111001111
0 000OO01O0O0O0OO0OO0OZ 3%2¢011
0 000O0O0O200O0O0Z2020 2
0 000O0OO2O0O0O0O0O022 2
0 000O0OO0OOOZ2UO0O0O0O0Z222
0 00O O0OO0DO0OO0OO0ODTZ2U0O0O0TZ2TUO0TO0
C16 was introduced by Conway and Sloane (1993a). a

14.2. Complete Weight Enumerators of Self-dual Z4-Codes

Let C be a self-dual Z4-code of length n. By Corollary 1.3, |C] = 2™ and
the MacWilliams identity in Theorem 2.2. becomes

cwee(Xo, X1 X2, X3)
= Elgcwec(Xo + X+ Xo+ X3, Xo+1X, - Xo —1X5,
Xo— X1+ Xo— X3, Xo—1X; — X2 +1X3).
=cwec (% (Xo+ X1 + X2 + X3), %(Xo + 11X — X —1X3),
1 1 , .
§(X0 - X1 + X2 — X3), §(X0 —iX; — X2 +1X3)>-
This means that cwec is invariant under the linear transformation

i (X07X1)X27X3) - (XO)XlaX27X3)tp’7

where

(14.1)

=
I
[
e

l.e., - Cwec = Cwec.
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For all c € C, ¢ - ¢ =0, from which follows:
wy(¢) + wz(c} = 0(mod 4). (14.2)
Therefore cwec is also invariant under
§ = diag{1,7,1,1}. (14.3)
We also have
we(—¢) =w_q(c) forall c€C and a€ Zy.
If —¢c = ¢ for some ¢ € C, then w,(c) = w_,(c) and, hence,
XS""(C)X;”‘(C)X;”(C)X;“(C)

is invariant under
1

T = (14.4)

If —c # ¢ for some ¢ € C, then —c € C and
XSUO(C)X;U‘(C)X;UZ(C)X;“(C) + XGUO(—C)XIM(-C)X;UZ(—C)X;U:‘(—C)

is also invariant under .
Let
G = {pu,b,7). (14.5)

We have proved

Proposition 14.1. For any self-dual Zs-code C of length n, let cwec (X,
X1, X2, X3) be its complete weight enumerator. Then

cwee(Xo, X1, X2, X3) € C[Xo, X1, X2, X3¢,

where G s defined by (14.5). O

It will be helpful to determine C[Xy, X1, X2, X3]€.
For any polynomial f(Xo, X1, X2, X3) € C[Xo, X, X2, X3], define

* Xo+X, Xi+Xs Xo—-X; X\-X
f(XOaXhX?,Xg)Zf( 0 2 1 3 0 2 1 3)
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Let

CXet+ X; X+ X

Zo="2"12 7=
0 \/§ 1 \/§

 Xo— X,

X1 — X3
7Z2_ \/§ =07

y Z - Y
: V2
then
[ (Xo, X1, X2, X3) = f(Zo, 21,22, Z3).

Let cwec(Xo, X1, X2, X3) be the complete weight enumerator of a Z,-code
C, both cwep(Xo, X1, X2, X3) and cwec(Zy, Z1, Z2, Z3) are called the trans-
formed complete weight enumerator of C.

Let

=7 B (14.6)

1 -1
For any finite subgroup H of GL,(C), define

H* = pHp~'.

Lemma 14.2. Let f(Xo, X1, X2, X3) be any polynomial in C[Xo, X1, X2, X3]
and H be any finite subgroup of GL,(C). Then

@) p-f=r
(i) (f1) = r.
(lll) f € (C[Xo,Xl,Xz,X;;]H = f* € (C[X(),Xl,Xz,X;;]H.
= f(Zo,Zl,ZQ,Z:g) S C[ZO,Z],Z2,Z$]H..

(iv) @ (X) = @x-(N).

Proof. (i) is clear from the definition of f*.
(ii) follows from p? = 1.
For (iii), we have
feC[Xo, X1, X2, X3)" @ o -f=f forall o€ H
& popt-(p-fy=p-f forall ceH
& pop~t-fr=f* forall o€ H
& f* e ClXo, X1, X2, X3]7 .
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(iv) is a consequence of (iii). O
It follows from Lemma 14.2 that to determine C[X;, X2, X3, X4 is equiv-

alent to determine C[Zy, Z1, Z2, Z3)%".
Now let us return to the group G defined by (14.5). Let G* = pGp~'. Let

w*=pupt, & =pbp~!, and 7* = pmwp~!, then
G* = (u", 6", 7*).
We have
1 0 0 O
. o010
Zlo 10 0]
0 0 0 =
§* = diag {1,7,1,1} =4,
ot = diag{1,1,1,—-1}
and
-1
pré*pt = diag{l,1,4,¢}.
Let

N = (diag {1,1,1,i}, diag{1,1,4,i}, diag{1,1,1,-1}).
Then N is an abelian group of order 32,

G* =(N,u*), NaG*, [G*:N| =2 and |G*|=64.

Theorem 14.3. Let C be a self-dual Zy-code and cwec(Zo, 21, 22, Z3) be its
transformed complete weight enumerator. Then

(l) Cwec(207 Zl) Z?) 23) € C[207 Zla 221 2311?. .
(ii) The Molien series of C[Zo, Z1, Z4, Z5]¢" is

B (A) = (1+M0)/(1 = A)(1 = A1 = A8).
(iii) C[Z0, 21,22, 23] = C[81, 040,045, 03] + 010C[61, 044, 045, 0], where
0, = Zy, b4 = Zf + Z‘z‘, 04 = Zé‘, s = ZfZ;>

010 = 282222 — 2278272
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Proof. (i) follows from Proposition 14.1 and Lemma 14.2 (iii).

(i) First let us determined the explicit structure of C[Zy, Zy, Z2, Z3]" Let
(20,21, Z,,Z3) € C[Zy,2),2Z2, Z3)V. Assume that Z¢ZPZ5Z¢ appears in f
with a nonzero coefficient. Clearly

NNV AVAY AV AR AR AVAYAYAS
(u*6"u'™") - 23272528 =14 28 2y 25 23,
w2820 2528 =(-1)428 202578,
Since f is N-invariant, we have
b+ d=0(mod 4),
c+d=0(mod 4),
d = 0(mod 2).

There are two possibilities
1°d# 0(mod 4). Thenb=c=d =0(mod 2), b Z0(mod 4), c #
0(mod 4).
2° d =0(mod 4). Then b= ¢ =0(mod 4).
Therefore

ClZo, 21,22, 23" = ClZo, Z{, 23, Z3) + 21 23 Z3C( 20, 2}, 23, Z3].
By Corollary 13.2
Bn(A) = (1+X5)/(1 = 1) (1 - 243 (14.7)
Now let us compute ®5-()). We have G* = N U Nu* By Theorem 13.5,

1 1
@G- () = g anG:‘ T—on

1 1 1 1
= +— —
2|N| anN 1-0oX |G ae%r 1—0oA

1 1 1
=z e () + o > : (14.8)

By routine computation, we have

! 1 1 1+/\2+/\4 )
T-ox 2 - 14.9
|G*| anN:,‘— l-oX 2 ((1 — )14 A2)(1 - )\8) ( )
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Substituting (14.7) and (14.9) into (14.8) and simplifying, we obtain

14 A0

e = TR )

(iii) It is easy to verify that 8, = Zy, 04, = Z7 + Z4, 04y = 24, 05 = Z} 23,
and 0y = 282222 — Z2Z§Z2 are all invariant under G*. Clearly, 6;, 044,64
and g are algebraically independent over C, and 6%, € Cl[f,84q,04s,63].
Therefore,

(C[Z07 ZI)Z21 ZS]G. = C[01)04a)046708] + 010((:[01 ) 040.7 046) 08] O

Now let C be a self-dual Z4-code of length n and contain the all 1 codeword
1™. We already know that We(Xo, X1, X2, X3) is invariant under

G = (u,d,m),

where p, 8,7 are defined by (14.1), (14.3), (14.4), respectively. Since 1™ € C
and C is self-dual, 1" - 1" =0 and 1 -c = c-c =0 for all c € C. Tt follows that

wo(c) + wi(e) + wa(c) + w3(c) =0 (mod 4), (14.10)

wi(c) + 2wz (c) — wz(c) = 0(mod 4) (14.11)

and (14.2)
wi(c) + wsz(c) = 0(mod 4).

From (14.2) and (14.10) we deduce
wyp(c) + we(c) = 0(mod 4).
Therefore cwec 1s invariant under
6 = diag{s, 1,3, 1}. (14.12)
Adding (14.2) and (14.11) together, we obtain
wy(c) + wa(c) = 0(mod 2).
Therefore cwec is invariant under
&, = diag{1,~1,-1,1}. (14.13)
Since ¢ + 1™ € € for all ¢ € C, we have

wr(c+1") =w,_1(c) forall reZ,.
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Forall c € C, c + 1™, ¢ + 2(1™), ¢ + 3(1™) € C, thus all
X&UO(C)XIWI(C)X;UZ(C)X;US(C) XSUS(C)X;UO(C)X;UI(C) X;UZ(C)

X&UZ(C)X;US(C)XZWO(C)X;UI(C) and XSUI(C)XIUZ(C)X;M(C)X;UO(C)

appear in cwec. Hence cwee is invariant under

01 0 O
0 01 0
&=
0 0 01
1 0 0 O
Let
Gl = (G)61)621£>' (1414)

Therefore we have proved

Proposition 14.4. For any self-dual Z4-code C of length n and containing
17, let cwee( Xy, X1, X2, X3) be its complete weight enumerator. Then

cwec(Xo, X1, Xz, X3) € C[Xo, Xy, X2, X3] 1,
where Gy is defined by (14.14). O
Let G} = pG1p~!, where p is defined by (14.6). Then
G} =(G",61,63,¢7),
where 6% = pbp~', 65 = pbap™t, £* = p€p~t. We have

6y = diag{s, 1,1,1} = 6y,

0 1 0
. o 0 -1
=11 0 0 o]
0 -1 0 0
0 1
|
&= 0 1
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Let
Ny = (N,é; = diag{i,1,7,1}).

Clearly, N, is an abelian group of order 128. Let

01
* * ok 10
§E=m¢ = 0 1
1 0
1 0
* * ok Kk 01
f=mbm = 1 0 )
01

then
Gy = (N,u" &1, &),
N1 QGI,

G} /N, is isomorphic to the Dieder group of order 8 generated by permutations
(01)(23), (02)(13) and (12), and |G}| = 1024.
Parallel to Theorem 14.3 we have

Theorem 14.5. Let C be a self-dual Z4-code of length n containing the all 1

codeword 1™ and cwee(Zg, Z1, Z2, Z3) be its transformed complete weight enu-
merator. Then

(1) CweC(ZOVZ11Z2)Z3) € (C[Z07Z1)Z27Z3]7?;-
(ii) The Molien series of C[Zo, Z1, Zq, Z3)C1 is

B (M) = (L+ A%+ AT+ M) /(1= A (1= A%)(1 = A1%)(1 - \9).
(111) (C[Zo, Zl, Z2, Z3]G; = R-i-O'gR-i-O’%R-i-O'IGR-i—O'go'leR-i—O'go'lsR‘

where R is the C-algebra of symmetric functions of Z&, Z}, Z3 and Z$
and

o8 = 223 + 21 Z3,

J16 = (Z()Z1Z2Z3)2(Z(‘}ZI1 + Z;Zg - Zgqu - ZfZg)
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Proof. (i) follows from Proposition 14.1 and Lemma 14.2 (iii).
(ii) As in the proof of Theorem 14.3 (ii) first we prove
ClZo, 21, 22, Z3)" = C|Zd, 28, 24, 24 + 222222 22C 28, 28, 78, 74,
from which we deduce
SN, (A) = (1+23)/(1 = a4,

and then we compute ®:(A). The details of the proof will be omitted.

(iii) Clearly, R + 03 R + 02R + 016(R + 0sR + 02R) C C[Z0, Z1, Za, Z5)C1,
and 03 ¢ R, 05 ¢ R+ 0gR, and 016 ¢ R+ osR + o2R. The symmetric group
Sy on four letters has the Molein series

1
(I=1 =) (1 -A)(1 -

It follows from (ii) that

ClZo, 2y, 29, 2Z3]° = R+ 0gR+ 0iR+ 016(R+asR + 02R). O

Gleason proved that the weight enumerator of any self-dual doubly even
binary code can be expressed as a polynomial in the weight enumerators of
the binary Hamming code Hg and the Golay code Ga4. For self-dual Z4-codes
we have the following analogs of Gleason’s theorem which can be derived from
Theorems 14.3 and 14.5 by routine verification.

Theorem 14.6. The complete weight enumerator of any self-dual Z4-code
can be expressed as a polynomial of the complete weight enumerators of the
self-dual Zy-codes Ay, Ky, Ky, Og and Cyp. O

Theorem 14.7. The complete weight enumerator of any self-dual Z4-code
containing the all 1 codeword can be expressed as a polynomial of the complete
weight enumerators of self-dual Zg-codes K4, Kg, K12, K16, Os and Cig, all
containing the all 1 codewords. a

14.3. Symmetrized Weight Enumerators of Self-dual Z4-Codes
The analogous theorems to Theorems 14.3 and 14.5 for symmetrized weight

enumerators of self-dual Z4-codes follow easily from Theorems 14.3 and 14.5.

Theorem 14.8. The symmetrized weight enumerator of any self-dual Z4-code
belongs to the ring
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Cl2o, 2} + 23, 21 23],

where ¥ Yo x
5 _ Xo+Xo 5 5 0~ X3
Zo=20" 2 70 =V2Xy, Zy = ==
0 Vi 1 1, £2 NG
The ring has the Molien series
1

(1 =2)(1—=24)(1 - A8

An alternate basis is given by the polynomials

$1 = Xo + Xo,
¢a = 2X; — XoX2(X§ + X3),
ds = X1 (Xo — X2)*. a

Theorem 14.9. The symmetrized weight enumerator of any self-dual Z4-code
containing the all 1 codeword belongs to the ring

S+ 24235+ 282785,

where S is the ring of symmetric functions of Z&, Z¢, Z4. This ring has the

Molien series
14 X8 + A16

(1 =291 = 28)(1 - A12)

An explicit basis for S is given by the polynomials
by= X5 +6XEXZ+8X]1+ X1,
®s = (X5 X3 — X7) (X3 + X3)? - 4X]),
@12 = XJ (X5 - X%,
and then the ring is S + WgS + ¥ZS, where
Vg = X{(Xo — X2)*
with

1 1 1
Vg =93 (Eﬁ—%) —5‘1’8@1‘1’124‘%‘1’%2- ]
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We also have the following analogs of Gleason’s theorem

Theorem 14.10. The symmetrized weight enumerator of any self-dual Z4-

code can be erpressed as a polynomial of the symmetrized weight enumerators
of the self-dual Z4-codes A,, K4, Og. O

Theorem 14.11. The symmetrized weight enumerator of any self-dual Z4-
code containing the all 1 codeword can be expressed as a polynomial of the
symmetrized weight enumerators of the self-dual Z4-codes K4,Kg, K12 and Og,
all containing the all 1 codewords. O

Theorems 14.3 and 14.5 are due to the Klemm (1987, 1989). Theorems
14.6-14.11 are due to Conway and Sloane (1993a). More results on self-dual
quaternary codes can be found in Conway and Sloane (1993a), Bonnecaze et al.
(1997), Calderbank and Sloane (1997), and Pless et al. (1997).
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additive representation, 79
algebra of G-invariant
polynomials, 208
automorphism group of a
quaternary code, 2
averaging operator, 210

basis of a lattice, 196
binary image, 37, 39

characteristic of a ring with
identity, 78
code
binary augmented quadratic
residue, 178
binary cyclic, 93
binary expurgated quadratic
residue, 178
binary Golay, 183
binary Hamming, 182
dual, 2, 6
equivalent quaternary, 2
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extended binary Hamming,
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extended quaternary Golay,
191
extended quaternary
quadratic residue, 185
formally dual binary, 43
formally self-dual binary, 43
Goethals, 164
“Goethals”, 164
Hamming, 40, 54, 57, 182
isodual Z4-linear, 187
Kerdock, 124
Nordstrom-Robinson, 47
permutation-equivalent
quaternary, 2
Preparata, 145
“Preparata”, 139
quaternary cyclic, 96
quaternary
Delsarte—Goethals, 170
quaternary Goethals, 163
quaternary
Goethals-Delsarte, 170
quaternary Golay, 191
quaternary Kerdock, 113
quaternary linear, 1
quaternary Preparata, 133
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quaternary quadratic residue,
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quaternary Reed-Muller, 156
Reed-Muller, 53
self-dual, 2
self-orthogonal, 2
shortened Preparata, 147
shortened quaternary
Goethals, 163
shortened quaternary
Kerdock, 113
shortened quaternary
Preparata, 133
shortened Reed-Muller, 55
supplementary quaternary
quadratic residue, 193
Z4, 1
Z4-cyclic, 96
Z4-linear binary, 44
Zg4-linear, 1
code over Z4, 1
codeword, 1
complete weight enumerator, 9

direct sum decomposition of a
commutative ring, 99

direct sum of subspaces, 205
discriminant of a lattice, 197
distance

distribution, 27

dual, 30

enumerator, 27

Euclidean, 16

external, 30

invariance, 28

element
invertible, 68
irreducible, 68

Subject Indez

nilpotent, 68

primary, 69

prime, 69
encoding of Z4-linear code, 6
error pattern, 143

finitely generated algebra, 212
four fundamental parameters, 34
fundamental

parallelogram, 196

region, 196

Galois group, 87

Galois ring, 77, 79

general linear group, 207
generalized Frobenius map, 85
generator matrix, 4

Graeffe’s method, 74

Gray map, 35

group action, 207

Hadamard transform, 11
Hamming

distance, 18

weight, 18, 19

weight enumerator, 18
Hensel lift, 68, 74
Hensel's Lemma, 64, 66
Hilbert’s basis theorem, 213

Hilbert’s finite generation theorem,
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ideal, 68

maximal, 68

primary, 68

prime, 68

principal, 68
ideal with a finite basis, 99
idempotent, 68

generating, 95, 111
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information symbol, 6

inner product, 2, 195
intersection of ideals, 99
isomorphism of lattices, 198

Krawtchouk
coefficient, 24
expansion, 24
polynomial, 19

lattice, 195
dual, 197
even, 197
Gosset, 200
integral, 197
Leech, 200
n-dimensional, 195
standard, 195
unimodular, 196
lattice associated with a Z4-code,
199
Lee
distance, 16
weight, 16
weight enumerator, 17
length of a code, 1

MacWilliams
identity, 11, 15, 17
transform, 28-30
minimum
distance, 27
Hamming distance, 39
Hamming weight, 39
Lee distance, 39
Lee weight, 39
Molien series, 208
Molien’s theorem, 210

n-dimensional Euclidean space,
195

octacode, 8
orthogonal
direct sum, 198
idempotents, 68
n-tuples, 2

parity check matrix, 6
Poincaré series, 205, 206
polynomial
annihilator, 32
basic irreducible, 66
basic primitive, 66
check, 97
coprime, 64
generator, 94, 97
G-invariant, 207
idempotent, 94
primary, 69
prime, 69
reciprocal, 94, 98
product of ideals, 99

radical, 69

sum of ideals, 99

Sun Zi Theorem, 101

symmetrized weight enumerator,
14

syndrome, 143

syzygy, 212

theta series, 197

trace description of quaternary
Kerdock code, 116

2-adic representation, 83

2-weight of a non-negative integer,
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type
of an abelian group of prime
order, 2
of a quaternary code, 2

unit, 68

volume of the fundamental
parallelogram, 196

Subject Inder

weight, 9
distribution, 19
enumerator, 19

word, 1

Z4-dual, 42
zero divisor, 68



	Front matter
	Quaternary Linear Codes And Their Generator Matrices
	Weight Enumerators
	The Gray Map
	&#8484;<sub>4</sub>-Linearity And &#8484;<sub>4</sub>-Nonlinearity Of Some Binary Linear Codes
	Hensel's Lemma And Hensel Lift
	Galois Rings
	Cyclic Codes
	Kerdock Codes
	Preparata Codes
	Generalizations Of Quaternary Kerdock And Preparata Codes
	Quaternary Quadratic Residue Codes
	Quaternary Codes And Lattices
	Some Invariant Theory
	Self-Dual Quaternary Codes And Their Weight Enumerators
	Back matter

