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Preface

Mastering modelling, and in particular numerical models, is becoming a
crucial and central question in modern computational mechanics. Various tools,
able to quantify the quality of a model with regard to another one taken as the
reference, have been derived. Applied to computational strategies, these tools
lead to new computational methods which are called "adaptive". The present
book is concerned with outlining the state of art and the latest advances in both
these important areas. Contributors belong to two communities : Applied
Mathematics and Mechanics.

Papers are selected from a Workshop (Cachan 17-19 September 1997) which is
the third of a serie devoted to Error Estimators and Adaptivity in Computational
Mechanics and started at Austin (16-18 October 1989) and Cracow (14-16 October
1991). Cachan-Workshop dealt with latest advances in adaptive computational
methods in mechanics and their impacts on solving engineering problems. It was
centered too on providing answers to simple questions as :

- What is being used or can be used at present to solve engineering problems ?

— What should be the state of art in the year 2000 ?

— What are the new questions involving error estimators and their

applications ?

Six distinct chapters define the main book topics :

* Error estimators and adaptive computational methods for linear problems

* Modelling error estimators and adaptive modelling strategies

* Local error estimators for linear problems

¢ Error estimators for non linear time-dependent problems and adaptive
computational methods

¢ Adaptive computational methods for 3D problems

¢ Error estimators and mesh adaptivity for vibration, acoustics and
electromagnetics problems

We hope that these contributions provide answers to the basic questions
addressed in Cachan-Workshop.

P. Ladeveéze and ]J.T. Oden
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Recovery Procedures in Error Estimation and Adaptivity :
Adaptivity in Linear Problems

O.C. Zienkiewicz?, B. Boroomanda and J.Z. Zhub
a University of Wales, Swansea, U.K.

b U.ES. Inc. Annapolis, U.S.A.

ABSTRACT

The procedures of error estimation using stress or gradient recovery were introduced
by Zienkiewicz and Zhu in 1987 (3] and with the improvement of recovery procedures
(introduction of Superconvergent Patch Recovery SPR) since that date the authors have
succeeded in making these error estimators the most robust of those currently available.
Very recently introduced methods of recovery such as REP (Recovery by Equilibrium
in Patches) allow general application.

In this paper the general idea of using recovery based error estimation in adaptive
procedure of linear problems is explained through which the latest developments in
recovery techniques is described. The fundamental basis of a ‘patch test’ introduced by

Babugka et al [11}- [14] is explained and applied to the recovery based error estimators
using both SPR and REP.

1. INTRODUCTION

Two types of procedures are currently available for deriving error estimators. They are
either Residual based or Recovery based.

The residual based error estimators were first introduced by Babugka and Rheinboldt
in 1978 [1] and have been since used very effectively and further developed by many
others. Here substantial progress was made as recently as 1993 with the introduction
of so called residual equilibration by Ainsworth and Oden [2].

The recovery based error estimators are, on the other hand, more recent having
been first introduced by Zienkiewicz and Zhu in 1987 [3]. Again these were extensively
improved by the introduction of new recovery processes. Here in particular the , SO
called, SPR (or Superconvergent Patch Recovery) method introduced in 1992 by the



same authors [4]- [5] has produced a very significant improvement of performance of the
Recovery based methods. Many others attempted further improvement [7]- [9] but the
simple procedure originally introduced remains still most effective.

In this paper we shall concentrate entirely on the Recovery based method of error
estimation. The reasons of this are straightforward:

(i) the concept is simple to grasp as the approximation of the error is identified as
the difference between the recovered solution u* and the numerical solution uy;
thus the estimate

lle™|l = llu” — usl| 1)

in any norm is achieved simply by assuming that the exact solution u can be
replaced by the recovered one.

(i) as some recovery process is invariably attached to numerical codes to present more
accurate and plausible solutions, little additional computation is involved;

(iii) if the recovery process itself is superconvergent, it can be shown [5] that the
estimator will always be asymptotically exact (we shall repeat the proof of this
important theorem in the paper);

(iv) numerical comparisons on bench mark problems and more recently by a ‘patch
test’ procedure introduced by Babuska et al [11]- [14] have shown that the recovery
procedures are extremely accurate and robust. In all cases they appear to give a
superior accuracy of estimation than that achievable by Residual based methods.

1t is of interest to remark that in many cases it is possible to devise a Residual method
which has an identical performance to a particular recovery process. This indeed are
first noted by Rank and Zienkiewicz in 1987 [15] but later Ainsworth and Oden [16]
observed that this occurs quite frequently. In a recent separate paper Zhu [17] shows
that:

(v) for every Residual based estimator there exists a corresponding Recovery based
process. However the reverse in not true. Indeed the Recovery based methods
with optimal performance appear not to have an equivalent Residual process and
hence, of course, the possibilities offered by Recovery methods are greater.

In this paper we shall describe in detail the SPR based recovery as well as a new
alternative REP process which appears to be comparable in performance.

With error estimation achieved the question of adaptive refinement needs to be ad-
dressed. Here we discuss some procedures of arriving at optimal mesh size distribution
necessary to achieve prescribed error.



2. SOLUTION RECOVERY AND ERROR ESTIMATION

In what follows we shall be in general concerned with the numerical solution of problems
in which a differential equation of the form given as:

STDSu+b=0 2)
has to be solved in a domain {} with suitable boundary condition on:
MN=r (3)
In above S is a differential operator usually defining stresses or fluxes as
o = DSu 4)
where D is a matrix of physical parameters.
We shall not discuss here the detail of the finite element approximation which can be
found in texts {18]. In there the unknown function u is approximated as:
u=xu,=Nia (5)

which results in approximate stresses being:

on = DSu; = DBii (6)
In above
N = N(z;) t=1-3 and B =S8N M

are the spatially defined shape-functions.

The solution error is defined as the difference between the exact solution and the
numerical one. Thus for instance the displacement error is:
€y =U— Uy (8)
and the stress error is

e, =0—0, (9)

at all points of the domain. It is, however, usual to define the error in terms of a suitable
norm which can be written as a scalar value



e = |leu|| = |ju — ] (10)

for any specific domain 2. The norm itself specifies the nature of the quantity defined.
The well known energy norm is given, for instance, as

lell® = [ [ (@~ a4 D10 - a,.)dn]% (11)

With the Recovery process we devise a procedure which gives , by suitable post-
processing of uj and oy, the values of u* and / or ¢* which are (hopefully) more
accurate and we estimate the norm of the error as:

llell = |le*[l = |ju” — ual| (12)
In the case of energy norm we have:
H
lelf® = [ [ (0" = ow)™D™ (0" - a1} (13)

The effectivity index of any error estimator is defined as:

el (14)

(15)

A theorem proposed by Zienkiewicz and Zhu [5] shows that for all estimators based
on recovery we can establish the following bound for the effectivity:

Bl 1l
<0 <l4-— 16
ell el (16)

i-

In above e is the actual error (viz Equation (10) and (11)) and é is the error of the
recovered solution i.e.

el =l —u?|| (17)
The proof of the above theorem is straight forward, if we rewrite Equation (12) as:

llell = Tlu® — uall = l(u — up)— (u — u*)|| = |le - &} (18)



Using now the triangle inequality we have:
lell = 11éll < llell < llell + 11l (19)

from which the inequality (16) follows after division by ||e]|. Two important conclusions
follow:

(1) that eny recovery process which result in reduced error will give a reasonable error
estimator and, more importantly,

(2) if the recovered solution converges at a higher rate than the finite element solution
we shall always have asymptotically exact estimation.

To prove the second point we consider a typical finite element solution with shape-
functions of order p where we know that the error (in energy norm) is:

llelt = O(A”) (20)
If the recovered solution gives an error of a higher order eg.

ll€l} = O(h™*=) o} >0 (21)
then the bounds of the effectivity index are:

1-0(h*) <6" <14 0(h%) (22)
and the error estimator is asymptotically exact i.e ;

01 h—0 (23)
This is a very important property of estimation based on recovery not generally shared
by estimation of the residual type.

3. THE SPR RECOVERY PROCEDURE

The SPR recovery is based on the assumption that in all element points fixed in space
exist for which superconvergence occurs.

For instance it can be shown that for many elements the unknown u is superconvergent
at nodal points [19] and that the derivatives & are superconvergent on Gauss integration
points [18, 20, 21]. These statements are not in general true for distorted, isoparametric,
elements but hold well for simple, regular, one or two dimensional elements. Fuller
discussion is available in [10].
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Figure 1: Superconvergent recovery of (a) o and (b) u for bilinear and biquadratic ele-
ments in regular patches

The superconvergent recovery first establishes finite element patches at fully con-
nected, corner nodes and specifies in each element the superconvergent points.

Figure 1 shows an example of two dimensional bi-linear and bi-quadratic elements on
which superconvergent points for gradients o (stresses), and displacement u are shown.

In the SPR procedure we approximate within each patch, each component of the
gradient, by a polynomial of order p+ 1 for u and p for ¢ and make this approximation
fit the superconvergent values in a least square sense.

For the bi-linear elements we have four superconvergent points in two dimensions and
a least square fit has to be used to find three constants of the linear expansion for o.

For the bi-quadratic elements we have similarly sizteen superconvergent points in
two dimensions and for ¢ fit, in a least square sense, the siz constants of a quadratic
expansion for each component are necessary.

However we can proceed differently assuming superconvergence of the function u itself
at nodes. Now we have to pass the p + 1 polynomial which again is available for both
bi-linear and bi-quadratic elements. Differentiation of the superconvergent u expansion
will, presumably, yields again superconvergent expansion of ¢ and such methods has
been used by Tabbara em et al [25] for elasticity problems. However, if the energy norm
itself includes u values as well as derivatives, it is necessary to use the u expansion
directly.

This type of problems is typical of dynamics where acceleration has to be modified
and such approximation have been used by Samuelsson et al [22]
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Figure 2: A one dimensional problem. Response to two element patches to exact solution
of o and u one order higher than guaranteed by the polynomial p used (a) p = 1 linear
elements (b) p = 2 quadratic elements

It is important to note that if the points which are being matched are exactly super-
convergent then the approximation will again be superconvergent and hence solution
giving gradients one order higher be automatically satisfied. This, as we shall see later,
gives the fully optimal effectivity index as 6* = 1 asymptotically.

We note this superconvergence effect in one dimensional problems of Figure 2. Here
we note that the solution for u is nodally exact ( as shown by Pin Tong in 1969 [23]) and
hence both direct interpolation of ¢ from superconvergent points or use of nodal u values
gives identical answers. This example also shows why SPR gives much better answers
near boundaries than previously used recovery by averaging of L; projections [24].

The simple and direct SPR procedures here described have been variously augmented
in attempts to improve their performance. Both Wiberg and Abdulwahab {7, 8] and
Blacker and Belytschko [9] for instance added the constraint of satisfying overall equi-
librium and/or of stress boundary condition which may be known when using the least
square fitting minimization. Such additional constraints will generally counter the re-
quirement of superconvergence as the exact higher order polynomial solution will not
fit the solution eractly. Thus although some improvement of accuracy can be achieved
(usually near the boundaries where some of the exact stresses are known) the perfor-
mance of recovery process from the point of view of error estimation deteriorates as
shown by Babuska et al {14]. We thus strongly oppose the use of such devices. However
many other recovery methods with sounder foundations may still exist; in the next sec-
tion we describe one of these.
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4. THE REP RECOVERY

Although the SPR recovery has proved to work well generally, its logic for some appli-
cation where superconvergent points do not in fact exist is doubtful. We have however
sought to determine viable recovery alternatives. One of these, known by the acronym
REP (Recovery by Equilibrium of Patches) will be here described. This procedure is
presented in references [26, 27] with the second one describing a better variant.

To some extent the motivation follows that of Ladevéze [28, 29] who sought to estab-
lish (for somewhat different reasons) a fully equilibrating stress field which can replace
that of the finite element approximation. However we believe that the process derived
in {27] is simpler though equilibration is only approximate.

The starting point is the governing equation, Equation (2), written with the substi-
tution of Equation (4) and in the finite element, Galerkin, approximation sense as:

STe+b=0 (24)
This in the finite element approximation is given as;

T _ T _ Ty 1) —
/ﬂ BT0,d02 /n NTbd02 '[r NTd = 0 (25)

where the last term comes from the tractions on the boundary of the domain Q which
can, of course, represent the whole of the problem, an element patch or only a single
element.

As is well known the stresses g, which result from the finite element analysis will in
general be discontinuous and we shall seek to replace them in every element patch by a
recovered system which is smooth and continuous.

To achieve the recovery we proceed in exactly an analogous way to that used in the
SPR procedure, first approximating the stress in each patch by a polynomial of appro-
priate order 0*, second using these to obtain nodal values of * and finally interpolating
these by standard shape-functions.

The stress or gradient o is always a vector of appropriate components, which for
convenience we write as:

g1

o= 02 (26)
03

with ¢, = 05, 03 = 6, and ¢35 = 7, in elastic two dimensional analysis for instance.

We shall write each component of above as a polynomial expansion of the form:

o ={1,z,y,..]Ja (27)
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where a; are unknown coefficients.
For equivalence we shall attempt always to ensure that the total smoothed stress *

satisfies in the least square sense the same patch equilibrium conditions as the finite
element solution; i.e that

T ~ [ BTo*d 2
'/r;pBoth /n, c (28)

where for convenient we write

o' =0} +05+0} (29)
o} = (1)7a} 12 =0,1,0] etc (30)
and

o} = Pa' (31)

where P is polynomial terms and a‘ is the set of unknowns coefficients for describing
the ith stress component. A similar decomposition is used for o*.

It has been found in practice [26, 27] that the constraint condition provided by Equa-
tion (28) are often not sufficient to ensure a non singular minimization to obtain the full
set of coefficients a' we therefore proposed in [27] that the Equation (28) be replaced by

T h T _ T(1i\T i
/nPBa,.dQR:/QPB : (/OFB(I)PdQ)a (32)

As above ensures also satisfaction of Equation (28) and merely enlarges the constrains
set ensuring that each component of o}, is equilibrated by the corresponding component
of 0*. Further the imposition of the approximate equation of (32) allows each set of
coefficients a' to be solved independently reducing considerably the algorithm cost (and
here repeating the procedure used with success in SPR.)

We minimize thus:

= (Ha' —F) (H'a' ~F) (33)
where
H = /n BT (1)TPdQ (34)

and
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Figure 3: A repeatable patch of arbitrary quadrilateral elements

P T, hioy — Tqi o 48 ~
F,,_/QPB ohdf (/OPB 1 ®1BDdQ)u (35)
resulting in
a = ("] BF; (36)

The REP procedure follows precisely the detail of SPR near boundaries and gives
overall an approximation which does not require the knowledge of any superconvergent
points. The accuracy of both processes is comparable but we quote the new method

here as it is our opinion that many other alternative recovery procedures are still pos-
sible.

5. ASYMPTOTIC BEHAVIOR AND ROBUSTNESS OF ERROR ESTIMA-
TORS

It is well known that elements in which polynomials of order p are used to represent the
unknown will reproduce exactly any problem for which the exact solution is also defined
by such a polynomial. Indeed the verification of this behavior is the essential part of
the ‘patch test’ which has to be satisfied by all elements to ensure convergence [18].

Thus if we are attempting to determine error in a general smooth solution we will find
that this is dominated by terms of the order (p+1). The response of the patch to exact
solution of this order will therefore determine the asymptotic behaviour when the size
of the patch and at all the elements tends to zero. If that patch is assumed to be one
of repeatable kind, the behaviour of the patch when subjected to exact solution of that
order will show the exact finite element solution and the corresponding numerical solu-
tion and establish the asymptotic error exactly. Thus any estimator can be compared
with this exact value. and the asymptotic effectivity index can be established. Figure 3
show such repeatable patch of quadrilateral elements which evaluates the performance
for quite irregular meshes.



13

In Figure 2 we have indeed shown how true superconvergent behavior reproduces
exactly such higher order solution and leads thus to an effectivity index of unity in the
asymptotic limit.

In the papers presented recently by Babuska et al [11}- [14] the procedure of dealing
with such repeatable patches for various patterns of elements is developed. We shall not
describe the details of the procedure here in which certain simplification are introduced
to avoid some computational labour. However the basic process consists simply of

(1) subjecting the patches to individual terms of the exact solution of (p + 1) order

(2) computing the corresponding approximate, finite element, solutions and evaluating
the ezact error of these solution (by comparing it with the exact polynomial)

(3) applying any error estimator we wish to test to the finite element solution and
evaluating its effectivity index 8

(4) determining the lowest (1) and highest (fy) values of the effectivity for all possible
combinations of the expansion terms used in the exact solution. This is simply
accomplished by specifying a suitable eigenvalue problem.

These bounds of the effectivity index are very useful for comparing various error
estimators and their behaviour for different mesh and element patterns. However, a
single parameter called the robustness indez has also been devised [11]

1 1
R = maz (|1+0,,|+|1—0U|,|1-—|+|1+——|) (37)
oL 0y

A large value of this index obviously indicates a poor performance. Conversely the
best behavior is that in which

0L =0y =1 (38)

and this gives

R=0 ’ (39)
In the series of tests reported in reference [11}- [14] various estimators have been

compared. Table 1 below shows the performances of an Equilibrium residual based

error estimator with the SPR recovery error estimator for a set of particular patches of
triangular elements [13]
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Table 1. Robustness index for the
Equilibrated Residuals (ERpB) and SPR
(ZZ-discrete) estimators for a verity of
anisotropic situations and element patterns

p=2
Estimator Robustness Index
ERpB 10.21
SPR (ZZ-discrete) 0.02

This performance comparison is quite remarkable and it seems that in all the tests
quoted by Babutka at al [11]- [14] the SPR recovery estimator performs best. Indeed we
observe that in many cases of regular subdivision when full superconvergence occur the
ideal, asymptotically exact solution characterized by the parameter of Equation (38) is
available.

In Table 2 we show some results obtained for regular meshes of triangles and rectan-
gles. In the rectangular elements used for problems of heat conduction type supercon-
vergent points are exact and the ideal result is expected for both linear and quadratic
elements. It is surprising that this also occur in elasticity where the proof of superconver-
gent points is lacking. Further, the REP procedure also seem to yield superconvergence
(except for elasticity with quadratic elements which we believe is due to round-off errors
encountered.)

For regular meshes of quadratic triangles generally superconvergence is not expected
and it does not occur for neither heat conduction nor elasticity. However the robustness
index has very small values (R < 0.09 for SPR R < 0.1 for REP) and the estimators
are therefore very good.

In Figure 4 very irregular patterns of triangular and quadrilateral elements are anal-
ysed in repeatable figures. It is of course not possible to present here all tests conducted
by the effectivity patch test. The results shown are however typical - others are given
in [27]. It is interesting to observe that the performance of quadrilateral elements is
always superior to that of triangles.

In the recent paper of Babuska et al [14] the authors show that the alternative versions
of SPR such as [7}- {9], such as those in [8], give a generally much worse performance
than the original version especially on irregular elements assembled near boundaries.

8. ADAPTIVE REFINEMENT

Most error estimations can yield reasonable evaluation of the global error and of the
error contribution of individual elements. However, once again, the local estimations
are substantially improved by recovery procedures and the knowledge of such local error
is particularly important during adaptive refinement (and derefinement) if the desired
result is to be reached in a small number of solutions.



Table 2. Effectivity bounds and robustness of SPR and REP recovery estimator for
regular patterns of triangles or rectangles with linear and quadratic shape function
(applied to heat conduction and elasticity problems).

LINEAR TRIANGLES AND RECTANGLES
(BOTH HEAT CONDUCTION / ELASTICITY)

Aspect SPR REP
Ratio

[ Oy R [7A oy R
1/1 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/2 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/4 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/8 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000

1/16 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000

1/32 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000

1/64 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000

QUADRATIC RECTANGLES (HEAT CONDUCTION)

(13 0y R or [ R
1/1 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/2 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/4 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/8 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000

1/16 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/32 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
1/64 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000

QUADRATIC RECTANGLES (ELASTICITY)

[ Oy R o Oy R
i/1 1.0000 1.0000 0.0000 0.9991 1.0102 0.0111
1/2 1.0000 1.0000 0.0000 0.9991 1.0181 0.0189
1/4 1.0000 1.0000 0.0000 0.9991 1.0136 0.0145
1/8 1.0000 1.0000 0.0000 0.9991 1.0030 0.0039

1/16 1.0000 1.0000 0.0000 0.9968 1.0001 0.0033

1/32 1.0000 1.0000 0.0000 0.9950 1.0000 0.0050

1/64 1.0000 1.0000 0.0000 0.9945 1.0000 0.0055

QUADRATIC TRIANGLES (ELASTICITY)

[T v R [} (%] R
1/1 0.9966 1.0929 0.0963 0.9562 1.0503 0.0940
1/2 0.9966 1.0931 0.0965 0.9559 1.0481 0.0923
1/4 0.9967 1.0937 0.0970 0.9535 1.0455 0.0924
1/8 0.9967 1.0943 0.0976 0.9522 1.0603 0.1081

1/16 0.9966 1.0946 0.0980 0.9518 1.0666 0.1148

1/32 0.9966 1.0947 0.0981 0.9517 1.0684 0.1167

1/64 0.9965 1.0947 0.0982 0.9516 1.0688 0.1172
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(c) (g)

(d) (h)

Figure 4: Irregular patterns of triangular and quadrilateral elements, repeatable subre-
gions,



Table 3. Effectivity bounds and robustness indices for various irregular meshes of

triangles (a, b, ¢, d) and quadrilaterals (e, f, g, h).

LINEAR ELEMENT (HEAT CONDUCTION)
Aspect SPR REP
Ratio

0r (%} R 0r Oy R
a 0.9626 1.0054 0.0442 0.9709 1.0145 0.0443
b 0.9715 1.0156 0.0447 0.9838 1.0167 0.0329
c 0.9228 1.4417 0.5189 0.8938 1.8235 0.9297
d 0.8341 1.2027 0.3685 0.9463 1.9272 0.9810
e 0.9943 1.0175 0.0232 0.9800 1.0589 0.0789
f 0.9969 1.0152 0.0183 0.9849 1.0582 0.0733
g 0.9987 1.0175 0.0188 0.9987 1.0175 0.0188
h 0.9991 1.0068 0.0077 0.9979 1.0062 0.0083

LINEAR ELEMENTS (ELASTICITY)

0r Oy R [73 [47] R
a 0.9404 1.0109 0.0741 0.9468 1.0148 0.0707
b 0.8869 1.0250 0.1520 0.9392 1.0275 0.0915
c 0.8550 1.6966 0.8415 0.8037 2.0522 1.2486
d 0.7945 1.2734 0.4788 0.7576 1.9416 1.1840
e 0.9946 1.0247 0.0301 0.9579 1.0508 0.0928
f 1.0038 1.0281 0.0318 0.9612 1.0467 0.0855
g 0.9959 1.0300 0.0341 0.9960 1.0298 0.0338
h 0.9972 1.0139 0.0168 0.9965 1.0122 0.0157

QUADRATIC ELEMENTS (HEAT CONDUCTION)

[ (1%} R [73 Oy R
a 0.9443 1.0295 0.0877 0.9339 1.0098 0.0805
b 0.8146 1.0037 0.2313 0.9256 1.0028 0.0832
¢ 0.7640 1.0486 0.3553 0.9559 1.2229 0.2670
d 0.8140 1.0141 0.2423 0.9091 1.2808 0.3717
e 0.9762 1.0053 0.0296 0.9901 1.0177 0.0276
f 0.9691 1.0045 0.0363 0.9901 1.0322 0.0421
g 0.9692 1.0004 0.0322 0.9833 1.0024 0.0195
h 0.9906 1.0113 0.0207 1.0045 1.0261 0.0307

QUADRATIC ELEMENTS (ELASTICITY)

[} Oy R (73 Oy R
a 0.9144 1.0353 0.1277 0.9197 1.0244 0.1111
b 0.7302 1.0355 0.4038 0.8643 1.0346 0.1905
¢ 0.7556 1.1024 0.4163 0.8387 1.2422 0.4035
d 0.7624 1.0323 0.3430 0.8244 1.2632 0.4388
e 0.9702 1.0102 0.0408 0.9682 1.0058 0.0386
f 0.9651 1.0085 0.0446 0.9749 1.0286 0.0537
['4 0.9457 1.0115 0.0688 0.9807 1.0125 0.0321
h 0.9852 1.0141 0.0290 0.9996 1.0522 0.0526

17
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The degree and indeed the nature of the refinement will depend much on the criteria
we wish to satisfy. The most commonly used procedure aims at achieving a specific
percentage error 7 in a global norm such as the well known energy norm and here we
shall seek to achieve this in a manner we outlined originally in 1987 [3]. Many of the
examples studied by the authors and others aim at satisfying;

(] _
n=|||T||“Sn (40)

where 7 is the specified permissible error.

The physical meaning of such a specified error level is not very clear, though approx-
imately it aims at the RMS value of stress error being some specified fraction of the
RMS value of stresses.

A more logical aim perhaps would be to seek a specific value of error density:

o= (1) o

where §), is the element area.

This gives in effect a specified value of the RMS stress error at all elements. This
type of criterion has been discussed extensively by Ofiate and Castro [30] and generally
requires a high degree of refinement.

With specified total energy norm error we can at any stage evaluate both the element
error:

Hella. (42)
and the permissible total error:
flluafl (43)

As in general we shall aim at equal distribution of error between all elements and if n
is the number of elements in a current analysis the permissible error in each element is:

fillusll/n¥ (44)

Now we can find the approximate size of the new element vis a vis the old element
by assuming O(h?) convergence and thus:

hnew — (ﬁ”uh”/n%)%

hog =\ Tlello. (45)
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Base contour value = -0.365100 Base contour value = -0.365)00
Maximum contour value = 0.852200 Maximum contour value = 0.852200
[a.] Contour interval = 0.060865 (b) Contour interval = 0.060865

Figure 5: A Poisson equation in a square domain (viz Zienkiewicz, Zhu 1992), contours
of 2¢ (a) and g—; (b)

Although the procedure is very crude ( as the subdivisions of course changes the
element number) in convergence, it is generally rapid and only one or two resolutions
are generally needed to achieve final results.

Two main procedures exist to obtain the refined mesh; these are either complete
remeshing or subdivision. The former is more useful generally and in Figure 5 we show
a linear example from reference [5]. Figure 6 show the convergence plot for various types
of elements used in solving a Poisson type problem in a square domain. The details
of the problem and of the refinement are given in reference [5] and we only show the
progressive steps of adaptive refinements. In Figure 7 the convergence of the error is
shown versus the degree of freedoms. The reader will observe the better performance
of quadrilaterals in both linear and quadratic versions.

7. CONCLUDING AND REMARKS

In this paper we have summarized the achievements of an error estimation procedure
based on recovery and have demonstrated on linear examples its effectiveness in adaptive
refinement. We believe it is generally more efficient method than that based on residual
computation.

In Part II of this paper, we shall describe the application of the same procedure to
non linear, plasticity, problems.
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Figure 6: Adaptive mesh refinement for example of Figure 5, triangular and quadrilateral
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Figure 7: Convergence of adaptive refinement in example of Figure 5

REFERENCES

(1] I Babuska, W.C. Rheinboldt, A posteriori error estimates for the finite element
method, Int. J. Num. Meth. Eng., 12, (1978), 1597-1615.

[2] M. Ainsworth, J.T. Oden, A unified approach to a-posteriori error estimation using
element residual methods, Numer. math., 65, (1993), 23-50.

[3] O.C. Zienkiewicz, J.Z. Zhu, A simple error estimator and adaptive procedure for
- practical engineering analysis, Int. J. Num. Meth. Eng., 24, (1987), 337-357.

(4] O.C. Zienkiewicz, J.Z. Zhu, The superconvergent patch recovery and a posteriori
error estimates. Part 1: The recovery technique, Int. J. Num. Meth. Eng., 33
(1992), 1331-1364.

[5] O.C. Zienkiewicz, J.Z. Zhu, The superconvergent patch recovery and a posteriori
error estimates. Part 2: Error estimates and adaptivity, Int.J. Num. Meth. Eng.,
33, (1992), 1365-1382.

[6] O.C. Zienkiewicz, J.Z. Zhu, Superconvergent patch recovery (SPR) and adaptive
finite element refinement, Com. Meth. Appl. Mech. Eng., 101, (1992), 207-224.



22

[7] N-E. Wiberg, F. Abdulwahab, Patch recovery based on superconvergent derivatives
and equilibrium, Int. J. Num. Meth. Eng., 36, (1993), 2703-2724.

[8] N-E. Wiberg, F. Abdulwahab, S. Ziukas, Enhanced superconvergent patch recovery
incorporating equilibrium and boundary conditions, Int. J. Num. Meth. Eng,., 37,
(1994), 3417-3440.

[9] T. Blacker, T. Belytschko, Superconvergent patch recovery with equilibrium and
conjoint interpolation enhancements, Int.J. Num. Meth. Eng,., 37, (1994), 517-536.

[10] O.C. Zienkiewicz, J.Z. Zhu, Superconvergence and the superconvergent patch re-
covery, Finite elem. Anal. Design., 19, (1995), 11-23.

[11] I Babuska, T. Strouboulis and C.S. Upadhyay, A model study of the quality of
a posteriori error estimators for linear elliptic problems. Error estimation in the

interior of patchwise uniform grids of triangular, Com. Meth. Appl. Mech. Eng.
114, (1994), 307-378.

[12] 1. Babugka, T. Strouboulis, C.S. Upadhyay, S.K. Gangaraj and K. Copps, Valida-
tion of a posteriori error estimators by numerical approach, Int. J. Num. Meth.
Eng., 37, (1994), 1073-1123.

[13] I. Babugka, T. Strouboulis, C.S. Upadhyay, S.K. Gangaraj and K. Copps, An
Objective criterion for assessing the reliability of A-Posteriori error estimators in
finite element computations, U.S.A.C.M Bulleten, No. 7 (1994), 4-16.

[14] 1. Babugka, T. Strouboulis and C.S. Upadhyay, A model study of the quality of
a posteriori error estmators for finite element solutions of linear elliptic problems,
with particular reference to the behavior near the boundary, Int. J. Num. Meth.

Eng., 40, (1997), 2521-2577.

[15] E. Rank, O.C. Zienkiewicz, A simple error estimator in finite element method,
Com. Meth. Appl. Mech. Eng., 3, (1987), 243-250.

[16] M. Ainsworth, J.T. Oden, A unified approach to a-posteriori error estimation using
element residual methods, Numer. math., 65, (1993), 23-50.

[17) J.Z. Zhu, A posteriori error estimation- The relationship between different proce-
dures, Com. Meth. Appl. Mech. Eng. To be published

(18] O.C. Zienkiewicz, R.L. Taylor, The Finite Element Method , IV Edition, Vol. I
(1989), Vol. II (1991)

[19] C.M. Chen, Superconvergence of finite element solutions and their derivatives,
Numer. math. J. Chinese Univ., 3, (1981), 118-125.

[20] M. Zlamal, Superconvergence and reduced integration in the finite element method,
Math. Comput. , 32, (1980), 663-685.



23

[21} R.J. Mackinnon, G.F. Carey, Superconvergent derivatives: A Taylor series anlysis,
Int. J. Num. Meth. Eng., 28, (1989), 489-509.

[22] A. Samuelsson, N.E. Wiberg, Finite element adaptivity in dynamics and elasto-
plasticity, In The finite elemnt method in the 1990’s, O.C Zienkiewicz’s anniver-
sary volume, (edited by E. Onate et al.), 152-162 CIMNE and Springer-Verlag,
Barcelona (1991)

[23] P. Tong, Exact solution of certain problem by the finite element method, J.
ALA.A, 1, (1969), 179-180.

[24] J.T. Oden, H.J. Brauchli, On the calculation of consistant stress distribution in
finite element applications, Int. J. Num. Meth. Eng., 3, (1971), 317-325.

{25] M. Tabbara, T. Blacker, T. Belytschko, Finite element derivative recovery by
moving least square interpolants, Com. Meth. Appl. Mech. Eng., 117, (1994),
211-223.

[26] B. Boroomand, O.C. Zienkiewicz, Recovery by equilibrium in patches (REP), Int.
J. Num. Meth. Eng., 40, (1997), 137-154.

[27] B. Boroomand, O.C. Zienkiewicz, An improved REP recovery and the effectivity
robustness test, Int. J. Num. Meth. Eng., 40, (1997), 3247-3277.

[28] P. Ladevéze, D. Leguillon, Error estimate procedure in the finite element method
and applications, SIAM J. Num. Anal., 20, No. 3, (1983), 485-509.

[29] P. Ladevéze, G. Coffignal, J.P. Pelle, Accuracy of elastoplastic and dynamic anal-
ysis, Accuracy Estimates and Adaptive Refinements in Finite Element Computa-
tions 1. Babugka, O.C. Zienkiewicz, J. Gago and E.R. de A. Oliveria. Chapter 11,
(1986)

[30] E. Oiiate, J. Castro, Adaptive mesh refinement techniques for structural problems,
The Finite Element Method in the 1990’s, Editors E. Ofate, J. Perieux and A.
Samuelsson, Springer, CIMNE, Barcelon (1991)



This Page Intentionally Left Blank



Advances in Adaptive Computational Methods in Mechanics
P. Ladevéze and J.T. Oden (Editors)
© 1998 Elsevier Science Lid. All rights reserved. 25

The relationship of some a posteriori error estimators
J.Z. Zhu*® and Zhimin Zhang®

“UES, Inc. 175 Admiral Cochrane Drive, Suite 110, Annapolis, MD 21401, USA
® Department of Mathematics, Texas Tech University, Lubbock, TX 79409, USA

ABSTRACT

We present analytical and numerical investigation in the relationship of the recovery
error estimator and the implicit residual error estimator. It is shown that analytically both
error estimators are equivalent for one dimensional problems. Numerical study indicates that
such equivalence also exist for two dimensional problems.

1. INTRODUCTION

The majority of the error estimators used in practical applications are either the
residual type error estimators[1-13] which is computed by using the residual of the finite
element solution explicitly (explicit residual error estimator) or implicitly (implicit residual
error estimator), or the recovery type error estimator[14-20] which is computed by locally
constructing an improved solution from the finite element approximation. The residual type
of error estimator and the recovery type error estimator have always been derived by
different methodologies in their original forms. The formation of the error estimators and
their computational implementation are very much different. Researchers working on these
error estimators have always been following different paths in the construction and the
analysis of these error estimators, although some efforts were made to find the relationship
between them[21-22).

Recently we have demonstrated that the recovery error estimator and the residual
error estimator are related. We have shown that for both one dimensional and two
dimensional model problems, the explicit residual type error estimators can be derived from
recovery type error estimators by using specific recovery techniques [23]. In particular,
when a recovery procedure involving local residual is used, the first residual type error
estimator for one dimensional problems introduced by Babuska and Rheinboldt {1] was
derived from the recovery error estimator. The popular explicit residual error estimator of
Babuska and Rheinboldt for two dimensional problem [2] can also be derived from the
recovery error estimator using average as recovery technique,. It was also shown that some
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recovery techniques used in the computation of the recovery error estimator also forms the
foundation of the implicit residual type error estimator.

In this work we further investigate the relationship of the recovery error estimator
and the residual error estimator, particularly the relationship of the recovery error estimator
and the implicit residual error estimator. We will show analytically that for one dimensional
problem the recovery error estimator involving local residual is equivalent to the implicit
residual error estimator. We will also provide numerical evidence to demonstrate that such
equivalence also exist for two dimensional problems.

2. ARECOVERY TYPE ERROR ESTIMATOR

We shall first introduce a recovery type error estimator. Considering the following
two-point boundary value problem

- -:i!x. (a(x) %) +b(xyu=f x€(0,1) (2.1a)
\ with boundary conditions
4(0) =0, u(1)=0 (2.1b)

We assume that @, b and f are sufficiently smooth and that

O<a,<a(x)ga, <»

0,1 2.1
0<b(x)<b, <o xe[o]] (210
A subdivision of domain /
O=x, <x, <x, <-e<xy =1 22)

divides I into N elements I, = (x,_,,x,) with element size
h=x-x, 2.3)

The finite element solution

M

u, = Z EmNm (24)
m=1

M=pN+1 (2.5)

can be obtained by standard Galerkin procedure [24], where p is the order of the element.
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The discretization error of the finite element approximation is defined as
e=u-u, 2.6

The error in the energy norm is written as

llel = [L(a(x)(u' - u,’,)2 +b(xYu~u, )2 )dr]% 27

where (') represents the derivative.
The recovery type error estimator for the two-point boundary problem is defined as,

e = (La(x)(u" - u,',) 2 dx) * (2.8)

’
where u” is the recovered solution. We note that the higher order term in (2.7) is omitted in
the error estimator.

’

We shall now construct a recovery procedure to compute #" . Considering element
I =[x,x]

Let uy =wuy,+a,Z, 2.9
where

]_
Z,(x)=2Z,(x, -Tgh, )=L, (&) Sel-11] (2.10)

and L, (&) is the Legendre function of order p (same order as N,,).

a, is determined by minimizing the following functional

Aa,) j o= ( (a(x)u(,, )+b(x)u,,(,.)— f)zdx (2.11)

The minimization condition of F(e;) gives

-1

@ = { I, (%(a(x)z,))szc} f. %(a(x)z,)w 2.12)

where
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d
r= -z(a(x)u,',(,))+b(:t)u,,(,) ~-f x e(x,_, x,) (2.13)

is the residual of u, in the element /,.
Once a, is known, #° can be readily computed from (2.9).

The global error estimator is obtained by substituting ° into [e],

N

w-(3wE) @19

i=1

The local, element error estimator has the form of

ﬂi]lz,) = .[,, a(x)(u;,)’ ‘”'w))zd" (2.15)
=L a(x a,Zp)zdx
= a,’J; a(x)Z,dx

Remark 2.1. Starting from the recovery type error estimator (2.15), the explicit
residual type error estimator of Babuska and Rheinboldt can be derived [15,23].

3. THE RELATIONSHIP OF THE ERROR ESTIMATORS

We shall, in the following, establish the asymptotic equivalence between the recovery
type ervor estimator [efl,,, presented in Section 2 and the implicit residual error estimator
discussed in [13] in the one-dimensional setting. We refer to reference [13] for additional
details about the implicit residual type error estimator.

By asymptotic equivalence we mean that there exist positive constants Cy and C;,
independent of h, such that

C, (1 +Om)lel,x <lel, < C,lel,e 1+ Om). G.n

We first consider a simple case of problem (2.1) with a(x) = 1, b(x) = 0, and the
exact solution is a polynomial of degree p + 1 (one order higher than the finite element
space). We write the Legendre expansion of the exact solution on J; as:

Jad,

u(x) = u(x,_ N, () +u(x )N, (x)+ 2 ¢, 4, (x), x€l,, (3.2)

where
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1+(x-x,)/h, xel,,

N,(x)=11+(x,-x)/h,,,, xel,,,
0, otherwise,
1-&
$:(x) = ¢, (x, —Thi) =4, &e(-1)),

with

4 @= {21 1,0

and L;.,, the Legendre polynomial of degree £ - 1. By orthogonality, we see that cx =
(f.6.)/(¢s.¢:). It has been shown in [25] that in this special case, the finite element

solution differs from the exact solution only by the last term, i.e.,

u, (x¥) = u(x, )N, () +u(x, )N, (x) + i Ca B (), xel,. 3.3)

We now examine the recovery element error estimator introduced in Section 2.
Under the assumption a(x) = 1 and b(x) = 0 when the exact solution is given by (3.2), we
have

e, =a? [, Zie, @, =(, Z;)'d) |, Zyrax.

We see that
” ” ” ” 2p+l.,,

_f =u" = uh +cl.p+l¢l.p#l = uh +ci,p+| %*Z,)
therefore,

" ’21) +1,_, ’Zp +1
r=-u, —f=c,_‘”l —2—— b O =C L, 2 (3.4)
and
leley = a2 f, Zide =, [, (@10 = [, (- up) e 3.5)

It demonstrates that the recovery error estimator gives the exact error in this simple case.
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Next, we consider the residual type error estimator discussed in [13] with the flux
splitting of [7). By splitting the flux at each node, the following local problem is solved.

—¢"=r inl, ¢'(._)= L N_rdc, ¢'(x)=- L N, (3.6)
Note that the consistent condition

-[:, N, rae+ | N,rd = ) e

is satisfied. Therefore, the local problem is well post which has a unique solution up to a
constant and has a unique solution for ¢’. The residual element error estimator is defined
by

lelise = J, (#)dke. X))

When r=c, ,, 4., as we demonstrated earlier, it is easy to verify that ¢'=—c, ,.,¢/,.,.
Hence, the residual error estimator also yields the exact error in this case, i.e.,

lelion = f, (opndipn)de = [ (' —upyek 3.8)

We summarize the result in the following theorem.
Theorem 3.1. Let the exact solution be a polynomial of one degree higher than the finite
element space, and let a(x) = 1, &(x) = 0. Then both the recovery and the residual (with the
splitting) error estimators are exact.

We now consider the general case. Again, we use the Legendre expansion of u:

p+l

"(x) =u(xi-l)Ni—l(x)+u(xl)N! (x)+zcm¢.- (x)""q(x)‘ x Gln (3~9)
k=2

with

la’}, < cr™'ld,.. (3.10)

Where [o], is the Z; norm and ||, is the order p+2 seminorm. We denote u; , the
Legendre projection of u by

W' -u;,v)=0, Vvel;, (3.11)
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here V,,’I is the finite element space which consists continuous piecewise polynomials of
degree p. From [25],

Uy (2) = (E,y Wy () 4506 N, 0+ 3 ca 0), x €, (3.12)

with ¢, =(v',4;). It is known that the difference between the finite element solution u;
and u; is superconvergent in the following sense [26].

i - ik sy < CA7 oy (3.13)

Where [o],,, is the maximum norm and [e],,. is the standard maximum norm up to p+1
order of derivative. We now examine the residual term.

r=—(a(x)u,)’ +b(x)u, - f
=—(a(x)u;)" +b(xyu, - f +la(x)u; —u,)') - b(x)u; —u,)
=[a(x¥u-u,)') -b(x}u—wu,)+[a(xXu, ~u,)'Y —b(x}u, -u,) (3.19)
=r,+n,

where

2p+1
o= o ) =y B 012,
and

r, =(a(x)q")" - b(x)u~u,)+{a(xXu, —u,)} - b(xXu, —u,).
We see that r,is a higher order term compared with 7, and more precisely, we have
r=r,(1+0(h)). (3.15)

Therefore, the major part of the coefficient ¢; is

[, @=z,yrd 2p

= ci.p+l
[ la(0)z,)T e 2

More detailed analysis shows that

Q; =€,y \’$(l +0(h)). (3.16)
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Hence,

lell, = a? f, atx)Z;de
= Clpu J, AN Y (1 + O = [, a2, (B, & HOG)  (B17)

We see that the recovery type error estimator catches the leading error term ¢, pifip

In the case of residual error estimator, the local problem (3.6) can be decomposed to
two problems,

~#=ro, inl, KGx)=[ Nords, 86 =-] Nrds; (3.18)
and
~¢r=r, inl, #(x.)=] N,_ird, #(x)=-] Ny, (3.19)

Based on (3.15), we have

¢ =¢,(1+O(h)). (3.20)
It is easy to verify that
2p+1 (s
B0 = ¢, J%‘”—( [ @02,y N(a)z,yd)
==, 1#%”@(::)2, (0)+ ], Nia(x)Z,dv) (3.21)

is the solution of (3.18). The first term in (3.21) is the leading error for u'-u;. The
second term is of higher order which can be seen from

_ 1
) NL,a(x)Z,ds = ) N (@(x)-8)Z,d, a= " ) a()d.
Note that Z, is orthogonal to N/,. Therefore,

# =—C pn J—zﬁ;—la(x)z ,(1+O(h)). (3.22)

Taking into account of (3.20), we have
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= =ty L0121 00 = 6036,y 1+ 00D EED)

Therefore, the residual element error estimator is
1
Iesac = [, 20580 e = [ X ) 1+ OC)? (3.24)

We now have the following theorem for the general case.
Theorem 3.2. For the two-point boundary problem (2.1), when the exact solution has &

Legendre expansion (3.9), the recovery error estimator and the residual error estimator are
asymptotically equivalent in the sense that

el = (f, @, pu ) )51+ OB, (3:29)

el = € L, a(e, pud! ) @)% (1+0(H)). (3.26)

4. RECOVERY TYPE ERROR ESTIMATOR AND IMPLICIT RESIDUAL
TYPE ERROR ESTIMATOR

In this section, the relationship between the recovery error estimator and the implicit

residual type error estimator, in particular the implicit residual error estimator proposed by
Ainsworth and Oden [13], is investigated for two dimensional problems.

Let QeR?be a bounded polygonal domain and let X=X, U&, be its
boundary. We shall consider the following problem

=Ve(alx,y)Vuy+c(x,y)u=f x,yeQl (4.1a)
with boundary condition

u=0 on A2,
2]
aE=g on &, (4.1b)

We shall assume that a, ¢, fand g are sufficiently smooth for our analysis and

O<a, <a(x,y)<a, —
Q 4.1
O<c¢ <sce(x,y)<c, nYe (10)
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Let u, denotes the finite element approximation of u. It was shown [13] that the
discretization error e can be bounded from above as

lel” <277 g) 42)

where M is the number of the elements and for each element i

' (q.) =& (2,)+AN(q,) @3)
with
, 1
61(g) =, ~g. o9 (4.42)
1 2
N(q)=[, (Veq,+r) (44b)
Here
r, = f+Ve(aVu,)-cu, 4.5)

is the element residual.

¢ is chosen such that 7?(q,) is minimized.

Assuming ¢, = Vg,, rather than pursuing the minimization of 77(g,) directly to
compute ¢, the minimization of 7?(q,) is transferred into the boundary value problem: find
@, e H'(Q,) such that

a,.(fp,,w)=L,.(a))—a,.(u,,,w)+jaw<n,oaVu,,>ds wocH' Q) (4.6)

where a,(e,,9) is the bilinear form, L,(e) is the linear form, &2, is the boundary of
element 2, and

<nmeaVu,>=n, 0[(1— a,!)aVu,l, +a,.,aVu,,|j] “4.7)

Here n; is the outward norm to &2, and a; is a linear function obtained by flux

splitting. Obviously, in solving the boundary problem (4.6), the residuals are used as data.
For details on how to perform flux splitting, we refer to {6] and [13].
The implicit residual error estimator then takes the form of
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% %
= )

el =(Zt) =(E70)

4.8)

In the following, we shall construct the recovery type error estimators. Assume that
aVu" is the recovered solution, and

q, =aVu" -aVu, 4.9)

The recovery type of error estimator is written as

il=(Sets) @10)
with
||5ﬂz,-) = In' a(Vu(',) - V“»(i))r (V“(.v) -V, )dﬂ
= [, Havaz, ~ Vi) (aVi, - Vi, i @11)
-1, ‘—ll-q, *q,dQ

The following recovery technique is used in the computation of the recovered
solution aVu®.

RECOVERY PROCEDURE: The recovered solution aVug, is determined by the
minimization of

F= IQ' a(Vu('i) - Vu,,(i))r (Vu(") - Vu,,(,))dQ + Inr‘ 2dQ

= [, aVigy ~Vangy) (Vi) = Vit O+ [ (V@) e, - 1) (4.12)
Immediately we observe that
F=|, -‘l;q'. «q [, (Vog,+r)'d0 @.13)

Compare with

77:2 (qi )= 5.'2 (qi )+ Al: (qi)
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1 1
=) gt eads ] J(Veq 4n) a0 “.14)

The equivalence of F and 7] is evident. Therefore, the basic formulations used in
the computation of residual type error estimator and the recovery type error estimator are
equivalent. The methodology in deriving these error estimators and the computational
implementation of these formulations are, however, completely different.

The minimization condition of F is imposed over a patch of elements, as described in
[16], in computing the recovered solution. The flux splitting is not required in the
computation of the error estimator, which makes the recovery type error estimator
computationally more efficient. The recovery procedure described here is similar, but not
identical, to the one used by Wiberg ef al. [19] and Belytschko ef al. [20], which is a
modification of the superconvergent patch recovery (SPR) technique originally proposed by
Zienkiewicz and Zhu[16-18].

5. NUMERICAL STUDY OF THE EQUIVALENCE OF THE ERROR
ESTIMATORS

We have, in Section 4, established the equivalence relationship of 7 and F. The
equivalence of the recovery error estimator [l and the residual error estimator [lef, is
however, not immediately apparent, because the procedures used in searching g, to satisfy
the minimization condition of 7’ and F are different. In this section we shall numerically
study the equivalence of the recovery error estimator and the residual error estimator
discussed in Section 4.

We define @ as the effectivity index of the error estimator, which is the ratio of the
estimated error and the true error. Effectivity is used as a measure of the quality of the error

estimator. The error estimator is said to be reliable if @ is close to one while the finite
solution converges to the true solution.

From (3.1) we know that the equivalence of the recovery error estimator [[é]] and the
residual error estimator [ef, means that

C,(1+0(h)) sl—lgl—lscz(uom)). (5.1)

In the numerical studies, we are interested in determining the value of C, and C,
asymptotically. In other words, we are interested in the asymptotic equivalence of the error
estimators. The numerical test will be performed over a patch of elements.

Note that the value of C, and C, are different dependent on the solution type and
the mesh pattern. Further, for a mesh patch in the interior of the domain the values will be
different from that at the boundary. Following assumptions are made in the numerical study:



_ 1
a
/
Regular Pattern Chevron Pattern
Union Jack Pattern Criss Cross Pattern
Figure 1. Mesh pattems used in the numerical study.
Laplace Equation, Au=0
Aspect-ratio | Regular Pattern Chevron Pattern Union Jack Pattern Criss Cross Pattern
[or} Cuy Cy Cv C l Cv C Cy
Linear Elements; Full Residual Estimator
in 1.225 L7132 1.225 1.732 1.225 1.732 1.225 1.132
n 1.225 1732 1.225 1.7132 1.225 17132 1.225 1132
174 1.228 1.732 1.228 L7132 1.225 1132 1.225 1732
1] 1225 | 1732 | 1225 | LR 1.225 1732 1225 1.732
116 1.225 1.7132 1.225 1.732 1.228 1.732 1.225 1.732
Linear Elements; Bubble Residual Estimator
(1] 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
n 1.000 1.000 1.000 1.000 1.000 1.008 0.906 1.009
4 £.000 1.000 1.000 1.000 1.000 1.008 0.781 1.046
1”3 1.000 1.000 1.000 1.000 1.000 1.003 0.728 1.089
e 1.000 1.000 1.000 1.000 1.000 1.001 0.713 1.109
Linear El Recovery Esti
n 0.885 0.902 0.868 0.902 0.890 0.902 0920 1.042
1 0.890 0.904 0.861 0914 0.895 0915 0.920 1.049
/4 0.893 0.904 0.860 0.919 0.895 0917 0920 1.058
n 0.894 0.905 0.860 0.921 0.896 0921 0920 1.062
V6 0.894 0.905 0.860 0921 0.896 0.92t 0920 1.063

Table 1. Range of the effectivity index as a function of the aspect ratio for the four mesh

patterns. Laplace Equation. Linear element.
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Laplace Equation, Au=0
Aspect-ratio | Regular Pattern Chevron Pattern Union Jack Pattemn Criss Cross Pattem
[ ] Cy Ce | Cv Ct I Cy C I Cu
Quadratic Elements; Full Residual Estimator
m 1281 1541 1.409 1417 1417 1417 1417 1417
” 1339 | 1487 | 1407 | 1419 1407 1423 27 1.724
14 1339 1.508 1.342 1.508 1.341 1.508 1.235 1.958
1] 1.306 1.558 1.306 1.559 1.306 1.558 1227 2,047
116 1.204 1.575 1,295 1.575 1.295 1.578 1.225 2078
Quadratic Elements; Bubble Residual Estimator
n 1.000 1.000 1.000 1.008 1.000 1.000 1.000 1.000
172 1.000 1.000 1.000 1.009 1.000 1.000 0.922 0977
14 1.000 1.000 1.000 1.004 1.000 1.000 0.796 0985
s 1.000 1.000 1.000 1.001 1.000 1.000 0.733 0.995
1716 1.000 1,000 1.000 1.000 1,000 1.000 0714 0.999
Quadratic Elements; Recovery Estimator
" 0983 0.999 0989 | 0991 0.999 1.00} 1.001 1.00t
173 0988 | 0997 | 0984 | 0998 0.998 1.002 1.008 1013
174 0989 0.9%4 0981 0.995 0.997 1.003 1.008 1.029
1] 0989 | 0993 | 0980 | 0993 0.996 £.004 1,005 1.034
6 0.990 0.993 0980 | 0992 0.996 1.004 1.005 1.035

Table 2. Range of the effectivity index as a function of the aspect ratio (or the four mesh
Laplace Equation. Quadratic el

P

Laplace Equation, Au = 0
Criss Cross Patiern
Linear Ele : Equi <
Recovery/Full Residual R y/Bubble Residual
Aspect-Ratio C G C [%3
in 1272 1.817 0919 1.042
n 1.304 1.883 0912 1.159
174 1317 1977 0379 1.354
n 1313 2019 0.844 t.458
16 1313 2.032 0.829 1.491
Quadratic Elements; Equivalence Constants
ry Yl Residual Y yTBubbic Residual
Aspect-Ratio G Gy G G
" 1.407 1.407 1.00¢ 1.00!
n 1.268 1.687 1.029 1.099
14 1237 2015 1021 1.293
1 1.236 2.296 1.010 1.409
116 1.238 2439 1.006 1.449

Table 3. Equivalence constant for recovery type eror estimator and residuat type error

estimator. Laplace equation. Criss cross pattem. Linear and quadratic elements.




Orthotropic Heat Conduction, V - Ku =0

Quadnatic E ; Principal Material C Ky =1000,K; %
Chevron Pattern Criss Cross Pattern
Angle of Orientation Ce, I Cy C l Cy
Full Residual Estimator
00 1.292 1.579 1.225 2079
15 3.657 12.285 1.349 15.062
30 5.611 17.407 3.808 14.229
45 1.002 25.903 1292 1.5719
60 2119 25.989 3808 14.229
75 4.607 16.134 1.349 15.062
90 1.292 1.579 1228 2079
Bubble Residual Estimator
00 1.000 1.000 0.709 1,000
s 0.885 1.000 0.805 0.989
30 0.839 1.000 0941 0997
45 0.742 1.000 1.000 1.000
60 0.934 1.000 0.941 0.997
kH 0.989 1.000 0.805 0.989
90 1.000 1.000 0.709 1.000
Recovery Estimator

00 0.980 0.998 1.005 1.038
s 0.989 0.999 0.997 1.050
3 0.997 1.001 0997 1.026
45 0.993 0.994 0.998 1.004
60 0991 0.998 0997 1.026
75 0.993 0.998 0997 1.050
90 0.996 0.997 1.005 1.038

Table 4. Range of the effectivity index as a function of t

orientation for the othotropic heat
pattern and criss cross pattern. Quadratic element.

| 4

he mesh-material
blem. Chevron

Orthotropic Heat Conduction, V - Ku =0

Criss Cross Pattem

Quadratic Etements; Equivalence Consuants

R y/Full Residual R y/Bubble Resid
Angle of Orientation (o} [} G [=9
00 0.498 0.321 1.005 1459
15 0.069 0.740 1.012 1.300
30 0.072 0.263 1.00t 1.089
45 0.635 0.773 0999 1.004
60 0.072 0.263 1.001 1.089
75 0.069 0.740 1012 1.300
90 0.498 0.821 1.005 1.459
Table $. Equivalence constant for recovery type error estimator and residual type
i Onthotropic heat conduction problem. Criss cross pattem.

error
Quadratic eleme

s,
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(1) The solution of the test problem is smooth.
(2) The mesh patch considered is in the interior of the domain.
(3) The mesh is locally periodic.

Essentially, it means that the asymptotic solution corresponds to the local (p+1) Taylor
series expansion of the exact solution ( see, e.g. [27] for details ). Thus, following the
procedure proposed by Babuska et al [27] we will be able to compute the asymptotic value
of C, and C,. We note that, as observed in [28], the conclusions obtained based on the
periodic meshes also apply to the general meshes.

The following problems are considered in the numerical study:
(a) Au=0 (Laplace equation)
and
(b) Ve(KVu)=0  (Orthotropic heat conduction equation)

as reported in [27-28). Where K is the 2x2 matrix with principal value X, ,K, and the
principal axes oriented at ¢@° to the coordinates axes.

The residual error estimator is computed in two different finite element space [27-
28]. The corresponding error estimators are termed as full residual error estimator [l .,
and bubble residual error estimator [le]; ;.5 respectively.

We study the performance of the error estimators by, as reported in Table 1 and 2,
the values of the bounds C, and C,, of the effectivity index (C, <8< C,) for recovery
error estimator, full residual error estimator and bubble residual error estimator for problem

(a). Here all the four mesh patterns shown in Figure 1 are tested. The value of the
equivalence constant C, and C, are reported in Table 3 for Criss Cross pattern. We observe

that both recovery error estimator and bubble residual error estimator are robust and C,, C,
are very close to one for ratio of the recovery type error estimator and the bubble residuat
error estimator [[e]/flel .y, . For ratio ffe]/lel; .., C, and C, are also asymptotically
constants, although the full residual error estimator is lesss robust..

We present the results of problem (b) from similar studies for various value of the
orientation of the principal material axes in Table 4 and Table 5. Here K, =1000

and X, = 1. The recovery type error estimator is found to be robust and the bubble residual
error estimator is more robust than the full residual error estimator. Again it is observed that
C, and C, are very close to one for 2]/l 5 .. - However, For ratio [e]/[el; 4, C, and
C, are functions of the orientation of the principal material axes.

We conclude that the bubble residual error estimator is numerically equivalent to the
recovery error estimator and it’s performance is also similar to the recovery error estimator.
The full residual error estimator, on the other hand, although numerically equivalent to the
recovery error estimator, but their numerical performances are not close.
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Remark 5.1. We refer to [27-29] for the tests of the numerical performance of
various error estimators. It was concluded that, in general, the recovery type error
estimators are more robust than the residual type error estimators.
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A technique for a posteriori error estimation of h-p approximations
of the Stokes equations
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The University of Texas at Austin, Taylor Hall TAY 2.400, Austin TX 78712, USA

This paper deals with a posteriori error estimation for finite element approximations
of the Stokes problem. The ultimate objective is to analyse how given error quantities of
interest are influenced by the residuals, which are viewed as the sources of the numerical
error. First, a global error estimator is proposed in terms of the norms of the residuals.
Then, techniques to efficiently estimate these norms are advocated. This is followed by
the investigation of a general approach to evaluate the numerical error in pointwise, local
or global quantities of interest.

1. INTRODUCTION

Error estimation in computational processes has been a subject of interest for more
than two decades since the pioneering work of Babuska and Rheinboldt [3]. We refer
to Ainsworth and Oden [2] and Verfiirth [19] for an extended account of the subject.
In the particular case of the Stokes problem, several approaches have been investigated
in [18,8,6,16,2).

The method we propose here belongs to the family of Implicit Error Residual Meth-
ods. The errors in the velocity and pressure variables are driven by the residuals R}
and 7R§ in the momentum equation and the continuity equation respectively. The resid-
uals represent the sources of error in the finite element approximations, and as such, are
post-processed to provide meaningful error estimates in global “energy” norms. The eval-
uation of R is shown to be exact, local and cheap. The calculation of the error measure

7 is however more demanding. A new technique has been developed which provides
accurate approximations of R} through a global but inexpensive iterative process. First,
error estimates are obtained using spaces of low-order bubble functions as perturbations.
These are then corrected by using enriched spaces constructed through an adaptive proce-
dure. This approach avoids the major difficulty of prescribing proper boundary conditions
for each subproblem in the Element Residual method {11,7,2]. The effectiveness of the
methodology is demonstrated on various test cases of the Stokes problem with smooth
and unsmooth solutions.

In recent years, the success of a posteriori error estimation has prompted users to
demand error estimates in quantities of interest other than the classical energy norm.

*Director, TICAM, Cockrell Family Regents Chair in Engineering.
tGraduate Research Assistant.



44

Works in this field have been undertaken by Babuska and Strouboulis [4] and Becket
and Rannacher [10,9] in order to estimate and control the error by adapting the mesh
parameters with respect to these quantities of interest. We extend the ideas to the Stokes
problem and perform a preliminary investigation of the performance of such techniques
to evaluate the error in pointwise, local or global quantities of interest.

2. PRELIMINARIES

Let Q denote an open bounded Lipschitz domain in R", n = 2 or 3, with boundary
9. We consider the Stokes equations:

—Au+Vp = f in !
Viu = 0 inQ (1)

with Dirichlet boundary condition:
u = g, ondf, (2)

where u = u(x) and p = p(x) are respectively a vector-valued and a scalar-valued
function defined at point @ = (z3,232,...,2,) in ). Since the Stokes equations can be
derived as a linearization of the steady-state Navier-Stokes equations, the variable u and p
are referred to as the velocity and pressure. The source term f = f() is a prescribed body
force and g is a function defined on 9} which must satisfy the compatibility condition,

fang-nds=0. (3)

In what follows, we restrict ourselves to the case of homogeneous boundary conditions,
i.e. g = 0 on 9. This simplifies somewhat the theoretical analysis of the Stokes equa-
tions, while retaining all their interesting features. We shall use standard notations for
various Sobolev spaces of functions defined on {2. We begin by introducing the trial spaces
of velocities V and pressures @ defined by:

V=H{®)=H©O)",  Q={geL(®): [ qds=0},
with corresponding norms:
2 _ . 2 = 2

of; = [ Vo:Vvde, gl = [ ¢*de.

We also introduce the bilinear forms a and b,
o: HYQ) x H(Q) — R; alu,v) = /nVu . Vv de
b: HYQ) x [}(Q) — R; b(v,q) = -—/an-vdm.

The bilinear form a is the inner product associated to the norm ||, in V, so that

a(v,v) =of}, WYoeV.
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Lemma 1 The bilinear form b is continuous on V X @, and in particular, there ezists a
positive constant M, such that

b(v,q) < My v}, llgll,, Yv€EV,VqeQ,
where My = \/n, where n is the geometrical dimension of the problem.

Proof Let v and g be arbitrary functions in V and Q. Since V- v € @, we have:

5(v,q) < V- vll5 llgllo -
It is now sufficient to show there exists M, such that ||V - v|l; < M, |v|,. Indeed,

IV - o2 =/n(§:a”'> dz </ E(g;"') dz < n/an:Vvdx = nof. (4

i=1

so that ||V - v, < v/nlv], and M, = /n.
Moreover, it can be shown that b satisfies the standard LBB condition (see Girault and
Raviart [12]), i.e. there exists a constant § > 0 such that

fo(v, 9)|

up >0 llglly, Vg€ Q. (5)
vevifo} ML

The Stokes problem is now reformulated in the equivalent weak form:

For f € V' given, find (u,p) € V x @, such that
a(w,v) + b(v,p)
b(u,q)

Extensive results concerning the existence, uniqueness and regularity of solutions (u, p)
in V x @ of the Stokes problem can be found in Girault and Raviart [12].
Let V* ¢ V and Q" C Q denote finite element spaces, possibly h-p finite element

spaces [14], of the spaces V and (. Approximate solutions to problem (6) are then
obtained by solving the following system of discrete equations:

<f$v)’ YveV (6)
0, Vge@Q

For f € V' given, find (us,ps) € V* x Q", such that
a(u’nv) + b(vvph) = (f$v)’ Vv € Vh (7)
bun,q) = 0, vge Q"

Let us consider a pair (un,py) € V* x Q*, not necessarily a solution of (7). The
numerical error (e, E) € V x Q in (u,ps) is defined as

(e, E) = (u,p) — (us, ps)- (8)

Then, substituting u and p in (6) by us + e and p;, + E respectively, we show that the
distribution of (e, E) is governed by the system of equations:

a(e’v) + b(v, E) = ’R""(‘v) Vv [ Vv (9)
ble,q) = Rjlqg), Yq€Q
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where the linear functionals R : V — Rand R} : Q — R

hm(v) = (RZ',") (_f,v) - a("'nv) - b(v, ps)
i@ = (Ri9) - b(us, q)

are respectively the residual in the momentum equation and the residual in the con-
tinuity equation. The residuals R and Rf are viewed as the sources of error. Indeed,
whenever they are zero, the numerical error is zero as well. We show in the next section
how the residuals can provide reliable global error estimates in specific norms.

3. GLOBAL ERROR ESTIMATION

The objective here is to relate the residuals to the numerical errors expressed in some
global norms. We recall (see 12, p.22]) that the space V = H(2) can be decomposed
into the direct sum V = J @ J*, where the spaces J and J* are defined as:

J = {veV; bv,q)=0, Vee@Q},
Jt = {veV; av,w)=0, Ywe J}.
The space J* is the orthogonal complement of J with respect to Hg() for the inner
product a(-,-). It follows that the error in the velocity variable e € V' can be uniquely

decomposed into a sum of two vectors,eq € J and ey € J 1 such that e = ey +e,.
We naturally measure the error (e, F) in the usual global norm

lite, B = lel + IEll; = leal; + e} + I Ell;.- (10)
and consider the following norms for the residuals R} and Rf

Ry R;
RPN = sup RO IRsh. = sup LA (1)
vev\{o} Ivh

B q € Q\{0} llqll

Lemma 2 With the above definitions and assumptions:
Blecl, <RGN, < Mylerl; . (12)
Proof From the definition of the residual R, we have, for all ¢ € @

7(q) = ble,q) = bley,q) < MileL|; ligllo -

The upper bound in (12) follows as

Ri(q) < su M ley|, llgllo < Myleyl,.

RE|l. =
IRAN = o Talo = g% Tall

The divergence operator is an isomorphism of J* onto Q, so the function Ve belongs
to @ and therefore

IV -ells = —Ri(V - er) < IREIL NV - el

which yields ||V - eL]l, < lIR§|l,. From Girault and Raviart [12, p.24, p.81], we obtain
the lower bound in (12) as

Blerly < NIV-eLlly < IRE. -
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Lemma 3 With the above definitions and assumptions, we have:

(1) leal, <HIREH. - (13)
(2)  IRPH. <lel, + My ||l - (14)
(3)  BlIEl, < IRF N, +lesl;, (15)
Proof

1. By simple algebra, we get:
leal; = ales, ea) = a(e, eq) = Ry (ea) — bes, E) = R (eq) < | R, leal;

which shows (13).
2. We also have

m R (v a(e,v) +b(v,E
IRpL = sup ) oy dev) HbOE)
vevV vl vevV v,
, b(v, E
< sup 28U g 22B) iy B,

sup s
veV lvl, vevV [v],

3. The upper bound for the error in the pressure variable follows from the inf-sup
condition on the bilinear form b, i.e.

b o -
B”E”o S s b(v1E) S (U’E) S sup Rh (1)) a(e,v)
veV Il Tyegr P T e vl
¢y FEO), o alew)  CURRG), | alesv)
veJt |v|1 veJt Iv'l vev 'vll ve Jt |v|1
< IRRIL +lesd;

Theorem 1 Let (e, E) be the numerical error in an approzimation (us,ps) of the Stokes
problem. Then there exist positive constants Cy and C; such that

Ci li(e, N S IRGIE + IRTIZ < Ca li(e, B (16)
where Cy and C; depend only on the constants B and M, respectively:

Ci = 1/2min(1,5%), Cy = max(2 + MZ,2M}). (17)



48

Proof The proof of this theorem directly follows from Lemma 2 and Lemma 3. In
particular, the lower bound is obtained from inequalities (12), (13} and (15), while the
upper bound is derived from the inequalities (12} and (14).

This theorem is similar to the Theorem 6.1 introduced by Ainsworth and Oden in [2].
It shows that the global quantity ||R§||? +||Rp]1? is equivalent to the global error measure
li(e, E)|*. We emphasize that it represents a meaningful quantitative global estimate as
long as the constants C; and C; do not take values far from one. Here the constant C,
takes the value 4 in two-dimensions and 6 in three-dimensions since M, = /n. Therefore,
the accuracy and robustness of this error estimate essentially depends on the value of
C\, a fortiori, B, which depends itself on the problem in consideration. Moreover, we
emphasize that such a global result does not provide any reliable information about the
local (elementwise or pointwise) error, as we know that the error can propagate far away
from their sources R}’ and R§. This actually motivated the work undertaken by Babuska,
Strouboulis and co-workers [4] and Oden and Feng [15] on pollution error in order to esti-
mate the contributions of the residuals to the error outside the region of interest. However,
the quantity ||RP||? + || R5||? provides information about the location and intensity of the
sources of errors, and as such, should be used to determine local refinement indicators.

4. EVALUATING NORMS OF RESIDUALS

This section is devoted to the evaluation of ||Rj*|l, and ||R§}|,. The objectives are, on
one hand, to minimize the cost of the computations while retaining a certain accuracy,
and, on the other hand, to obtain elementwise contributions of these quantities.

4.1. Residual in the continuity equation

The residual R gives us information about whether the discrete velocity u, does or
does not satisfy the incompressibility constraint. This is stated in the next lemma, where
the norm of the residual R}, is expressed in terms of the divergence of u,.

Lemma 4 Let u, € V" be the discrete velocity of the Stokes problem. Then,
IR&N. = IV - ually - (18)
Proof From the definition of the residual R}, we have, for all ¢ in Q:
R (a) = —b(un,a) = [ gV - unde < IV - unll gl
It follows that

(RN o

Rila) .
IRAL = oo Taly = % Tiallo

We also have
IV - ualls = RE(V - un) S RGNV - wally,

that is, ||V - unll, < [IR}|., and the equality (18) has just been proven.
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The result of Lemma 4 is remarkable in the sense that the evaluation of ||Rl], is
both exact and cheap, as it is equivalent to compute the L?(Q)-norm of the function
V - up. In addition, it is straightforward to decompose ||R§]|, into a sum of elementwise
contributions as:

IRSIE = 19 - wally = SV - wallere = 3 [ 19 il do
K K ik

where ¥ represents the sum over all the elements in a finite element partition.

4.2. Residual in the momentum equation

Simple considerations reveal that the evaluation of [|R}?|f, is neither cheap nor exact. At
best, one obtains approximations of it. There exist basically two approaches to compute
such approximations. The first one always delivers lower bounds on ||R}*)|, while the
other provides upper bounds. Here we only consider the former, which is referred to as
the conforming method.

4.2.1. Exact evaluation
Since V is a Hilbert space, the Riesz Representation Theorem tells us there exists a
unique element ¢ in V' which satisfies:

a(()ovv) = R;x"(v)a YveV, (20)

as well as:

lel, = Vele, v) = IRTI. - (21)

In other words, the residual R € V' is identified with an element ¢ € V of equal
norm. Moreover, the function ¢ gives information about the local intensity of the residual
R}, such as:

IRFNZ = lolf = Llelix =3 [ Veo:Veds.
K K J9x
However, the problem (20) cannot be solved numerically due to the infinite dimension

of the space V.

4.2.2. Conforming finite element approximations _

The objective here is to construct a finite element subspace V* C V, hence the label
conforming method, in which to approximate problem (20), that is, to find ¢, € V* such
that:

a(py,v) = RP(v), YveVh (22)

We show that the norm of ¢, is always smaller than the norm of R} and that both
quantities are indeed equivalent. First, we observe from (20) and (22) that:

a(lp —¢p,v)=0, VYve Vh, (23)
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In consequence, ¢, is simply the orthogonal projection of ¢ onto the space V* with
respect to the inner product a(-,-) associated to ||,. It follows that:

leal: +le — eali = lel}, (24)

which yields the inequality | — ¢,|, < |i|;. Such a result can be sharpened, as stated
in the next lemma.

Lemma 5 Let p € V and ¢, € V* satisfy (20) and (22) respectively. If o # 0, let V*
be such that ¢, # 0. Then, there exists a constant o, 0 < o < 1 such that:

le — el < olel; - (25)
Proof Since |@,l; # 0, ¢ — 4|, is strictly less than |p|, by (24).

Theorem 2 Let p € V, @, € V* and V* satisfy the conditions of Lemma 5. Then,
there extsts a constant 0, 0 < o < 1, such that:

V1-0® IR < lealy S WRTH, - (26)

Proof The upper bound follows from equality (24). Indeed, |¢,l, < ||, = |[R7]l.. Now,
making use of (24) and (25), we have:

lelt = lealt = 1o — eul: < o lel?,
that is

(1 - o) |el? < lenl}, (27)

from which the lower bound follows.

Theorem 2 shows that the quantities |p,}, and ||R}}||, are equivalent. However, |¢,},
provides a valuable approximation of ||R}}||, as long as +/1 —¢? is close to one. The
constant ¢ clearly depends on how rich the finite element space Vhi is, but, at the same
time, we point out that even a crude approximation ¢, of ¢ may be sufficient to obtain
an acceptable estimate of [[R}}||,. For instance, by committing a relative error o = 40%
in approximating ¢, we still approximate ||R7}||, with an effectivity of 91.6%.

The finite element space V* has to be chosen so that the action of the residual R
different from zero for at least one element of V*. In the case where the pair (u, p;,) is
the solution of problem (7), we observe that the residual vanishes on V*, that is:

RP(v) =0, YveVh (28)

It follows that the space V' should be larger than V* itself. It is then constructed by
enriching V? with elements of a space W, called space of perturbations, which satisfies

wh£{0}, Whtcv, Vvtnwh=/{0}. (29)
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so that V* c V* = VA4 W* C V. Since V* C V*, problem (22) is more expensive to
solve than the original one. At this point, we want to reduce the cost of the computations
by taking advantage of the fact that the residual vanishes on the space V*. In other words,
we would like to approximate ||RJ||, by the norm of the function 9, € W* satisfying

a(d’ha”) = R;T(”)a Vv e Wh' (30)
Following Bank [5], we suppose that a Strengthened Cauchy-Schwartz Inequality holds
with respect to the spaces V* and W* | in the sense that there exists a positive constant

4 < 1 such that for all v; € V* and for all w, € W*,

a(v}nwh) <7 ‘vhll ,wh|1 H (31)

which implies, using Young’s inequality, that

lval} + 2a(vn, wa) + lwal} > |onl} — 27 |val, wsl, + |wal}
2 2 2
val? = [oal; — 7* lwaly + [wal] = (1-7°) |wal;.

|on + wh|f

v

Thus,

lon + waly 2 /1 —7% |wal;. (32)

The Strengthened Cauchy-Schwartz Inequality allows us to relate the accuracy of the
approximation [1,], = ||, to 7, the cosine of the angle between the spaces V* and W:

Theorem 3 Let ¢ € V, ¢, € V* and V* satisfy the conditions of Lemma 5. Let
the strengthened Cauchy-Schwartz inequality (31) hold for the spaces V* and W, where
Vh= VR4 W and RP =0 on V", Let o, € W* satisfy (30). Then

VI =)@ =) IRRI. < 1yly < IRF. - (33)

Proof The upper bound is readily obtained as W* C V. In order to prove the lower
bound, we write @, = @} +%}, where ¢} € V* and 9} € W". Then, from equation (22),
we have, since p} € V*:

a(pn i) = Ry (p3) =0, (34)
and from (22) and (30), we get:

a(en, ¥1) = Ry (Y1) = a(ty, ¥1)- (35)
Hence,

leali = a(en en) = alen, 04 + ¥3) = alen ¥3) = a(¥y, ¥3)

R UAR AN (36)
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Applying the strengthened Cauchy-schwartz inequality to solution ¢, yields:

V1i-12 W’;lxﬁ lek + ¥l = lenls (37)

which; combined to (36), gives

1

2 »

< [ R —

lenly < |¥nli 1¥il; < Ao AN AN

that is,

lenh < —g==r il (38)

Then, using inequality (27) shown in Theorem 2, allows us to write:

1
Vi-atlpl, <leul; < = |l - (39)

The lower bound is proved.

The above theorem shows that the accuracy of the approximation |14}, = |e|, only
depends on the constants ¢ and 4.

We recall that o depends on the richness of the space V* or W*. The main difficulty is
to construct W? so that the approximations ), € W deliver reliable estimates of IR,
at the lowest cost. In h-p finite element methods, the perturbations can be conveniently
constructed from layers of piecewise polynomial basis functions involving monomials of
degree between p+1 and p+q, ¢ > 1, where p is defined as the maximal degree of the basis
functions in V*. Obviously, in two-dimensional problems, such basis functions consist of
edge and/or interior bubble functions. In three-dimensional problems, they would consist
of edge, face and/or interior bubble functions. One question one has to answer is “what
is the best value for ¢ 7”7 Actually, this is problem dependent, and one should consider a
method in which the value of g is increased as needed.

We recall that y represents the angle between V* and W, Its value is directly related
to the choice of the shape functions used to construct the basis functions of V* and W,
Here we use hierarchic shape functions based on integrated Legendre polynomials (see
Szabé and Babuska {17, chapt. 6]), which satisfy the orthogonality property with respect
to the inner product a(:,-).

Meanwhile, the cost in solving (30) is controlled by the dimension of W*. However,
the bilinear form a(:,-) is symmetric and positive definite so that the finite system (30)
can be cheaply solved using the iterative Conjugate Gradient method (CG). Moreover, we
emphasize that the solution does not have to be highly accurate as shown by Theorem 2,
so that it is usually sufficient to perform a few iterations.

Finally, conforming methods always deliver lower bounds on R}}. In order to construct
upper bounds, one has to approximate problem (20) in a space larger than V. This lead to
the equilibrated residual method developed by Ainsworth and Oden [1,2] or Ladevéze and
Leguillon [13]. In this approach, the global problem (20) is decoupled into a collection of
local problems, usually constructed on each of the elements in the partition. Our present
conforming method avoids the major difficulty of prescribing boundary conditions for each
subproblem typical of the equilibrium methods at comparable cost.
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5. ESTIMATION AND CONTROL OF ERROR QUANTITIES OF INTER-
EST

Let L denote a linear functional defined on the product space V x Q. We suppose
that we are interested in the error quantity L(e, E} € IR, which we want to estimate
and control. For example, L(-,-) may represent something more localized than the global
estimate (16), such as the error in u and p or their gradients at a point @, €  or along
acurve I C Q; eg. L{e, E) = E(zo) or L(e, E) = §re-nds, etc. We cite more examples
later. The main objective is then to relate L(e, E) to the sources of error R} and R; in
other words, we would like to find linear functionals w™ and w®, if they exist, such that

L(e, E) = w™(R}) + w(R}). (40)

These functions are viewed as influence functions as they indicate the influence of the
residuals on the quantity L(e, E). They are defined on the bidual of V' and @, and since
these spaces are reflexive, we have:

w"eV and W EQ. (41)

This is understood in the sense that for each w™ € V" and each w® € Q", there exist
@™ € V and &° € @ respectively such that

(W™ Ry v = (RN yy and (SRR, = (R @) g
By identifying @™ and &° with w™ and w° respectively, the relation (40) becomes
L(e, E) = RY'(w™) + R5(w°). (42)

Substituting for the terms R7*(w™) and R§(w) in (42) using (9), rearranging and
assuming a symmetric, we finally get

L(e,E}) = a(e,w™)+b(w™, E)+ be,w) (43)
= a(w™,e)+ b(e,w) + bw™, E). (44)
The influence functions can thus be obtained as solutions of the global dual problem:
Find (w™,wf) € V X @, such that (45)
a(w™,v) +b(v,0°) + b(w™,q) = L(v,q), Y(v,q) €V xQ
which is equivalent to the generalized Stokes problem:
Find (w™,w) € V x @, such that
a(w™,v) + b(v,w’) = L(v,0), YveV (46)
b(w™,q) = L(0,q), Yq€Q

It readily follows that the functions w™ and w® do exist and are unique as L(v,0) €
V' and L(0,q) € Q' (see Girault and Raviart [12]). Obviously, (46) cannot be solved
exactly for the functions w™ and w® in the general case. At best, one seeks numerical
approximations of w™ and w*®. This raises two questions, which should be simulatenously
investigated:
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1. How do we effectively calculate finite element approximations of w™ and w® ? In
particular, is it necessary to solve a global problem ?

2. How do we utilize the relation (42) to derive elementwise refinement indicators in
order to control the error quantity L(e, E) ?

From a computational point of view, we observe that the cost involved in approximating
w™ and w° in the spaces V* and Q" is almost negligible, as the resulting finite system
has already been factorized once to calculate the solution (uy,ps). The cost therefore
reduces to perform one backward and one forward substitutions. However, we recall that
the residuals are identically zero on V* x Q" whenever the pair (%4, py) is the solution of
the finite system (7). Therefore, if we approximate w™ and w® by w € V* and w§ € Q*,
we obtain that

P@P)=0 and R§(wf)=0, (47)
which implies

L(e,E) = RP(w™) + Ry(w*) = RE(wh)+Ri(wh) = 0.
In this case, the quantity L(e, E) would be estimated by a quantity which proves to be

0. This reveals that w™ and w® should be approximated in spaces of greater dimensions
than V* and Q".

One strategy, proposed by Becker and Rannacher [10], consists in using (47) such that

L{e,E) = Ri(w™)+RE(w) — RE(wi') — Ri(wh)
Ry (W™ = wi’) + Ry (w° — wp).

Then, an upper bound can be derived as:

|L(e, E)|

|RE (W™ — wi) + R (w® —w})| = la(p,w™ = wi) — b(un,w — i)l

> ak(p,w™ —wi) = 3 bk (W' — wj)
K K

< Tlaxlprw™ - wf) 4+ 3 Ibr(w — uf)
K K

S L (lelhg ko™ =l g + 1V - wnllog o = willo k) (48)
K

< T\l i+ IV will g flom = WF B + o — ol (49)
K

where ¢ is the function in V satisfying (20). Becker and Rannacher {10] use (48) to
estimate the quantities L(e, E) using local interpolation properties to evaluate the error
quantity jw™ — w}|, x and [w® — wf]lo - They thus introduce an interpolation constant
they arbitrarily choose to be 1. Here, we could estimate L(e, £) by introducing the global



55

error estimates developed in section 3 into (49). However, those estimates are not local
and do not reflect the error propagation in w}® and wj. In general, such a procedure
overestimates |L(e, E)| by several orders of magnitude. If one is interested in accurate
values of L{e, E), one has to consider another approach.

The strategy we propose is to solve a global problem defined in some finite element
spaces V* and Q" satisfying

thvhcv QhCQhCQ-

Obviously it is more expensive to solve this global problem than the solution problem
in V* x Q*. In order to optimize the selection of V* and Ok, we propose to construct
them by adapting V* and Q" according to a combination of global error estimates on
(wp,wf) as well as error estimates on L(e, E) using (49). Thus, we can utilize the global

error estimates (very cheap) developed in the previous sections. Let (@} ,&;) denote the
solution in V* x Q*. Then we have

Lie.E) ~ RE(@F)+R5(@;) (50)
S\ lel i+ 19 - wnll e 15 = o g + 135 — ol i (51)

Therefore, the quantity L(e, E) is estimated using (50) and controlled by adapting the
mesh according to the elementwise indicators produced by (51).

We now provide some examples for which we would be interested in calculating the
quantity L(e, F) € IR. The error measure L(e, F) obviously represents the numerical
error we do in computing L{u,, ps) instead of L(w,p). Indeed,

L(e’E) = L(u,p) - L(uh’ph)'

Linear quantities of potential interest in the variable (u,p) are pointwise values of the
velocity component u, L(u,p) = u(xo), 2o € 1, volume flow rates through a surface T,
L(u,p) = Jru - nds, where n is the unit normal to T, or directional derivatives of the
velocity averaged over one element Qk, L(u,p) = [, Vu-ldz, where l is a given unit
vector. In the case one is interested in nonlinear quantities N(u,p) € IR, one performs
the expansion:

N(u,p) = N(un,pn) + N'(wn,ps) - (v — un,p—ps) + ...
so that the error quantity N(u,p) — N(us,ps) may be approximated by
N(u,p) — N(un,pa) = N'(us, p1) - (e, E).

Then, we denote the linear quantity N'(un,ps) - (e, £) by L(e, E) and all the analysis
described above applies. For example, let us suppose that one is interested in the kinetic
energy K, in some subregion Q5 of . We employ

N(u,p) = K.(u) = %/ u?dz.

N

It results that the error in the kinetic energy may be approximated by

Ke(u) — K.(un) = L(e,E) = /QK uy - edz.
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6. NUMERICAL EXPERIMENTS

6.1. Global error estimation

In the first example, the Stokes problem is solved on the unit square £ = [0,1] x [0, 1]
with the data f chosen such that the exact solution is given by the velocity profile u =
(u,v) shown in Figure 2 and by the pressure p = 0. We consider uniform meshes formed
of squared elements with size h x h, h = 1/2,1/4,1/8,1/16,1/32. The polynomial degree
p of the basis functions in V'* is uniformly set to 2 or 3.

/|

.0';:)(![ ; i off
0, "!H
c_'fil {

Figure 1. Exact velocity component w. Figure 2. Exact velocity component v.

We consider the global error estimator 7 defined as:
n* = IRPIZ+HIREI = lel; + 11V - wally

where ¢ € V is approximated by a function ¢, € V* or a function Y, € W" satisfy-
ing (22) or (30). We characterize the extra degree (with respect to p) of the perturbations
in W* by the pair ¢ = (gedges 9int), Gedge being the extra degree for the edge bubbles
and gqjpt the extra degree for the interior bubbles. We recall that the cost of this error
estimator is controlled by the cost in solving (22) or (30), that is, by the size of W*
and the number of iterations performed using the Conjugate Gradient method. What is
sought is a trade-off between accuracy in the approximations 1, and cost (time) spent
to solve for them. Values of approximations of ¢ and corresponding times are given in
Table 1 and Table 2 for various values of h, p and g. The approximations are normalized
with respect to overkills using ¢ = (2,2) while the times are normalized with respect
to the times spent to solve for the solutions (us,pn). The number of iterations in the
CG algorithm are determined according to a preset tolerance in solution accuracy. We
first observe that the performances greatly increases as the size of the problem increases.
For example, for h = 1/16, p = 2, the residual is estimated within a 1% accuracy while
spending less than 7% of the solution time. We also observe that it is approximated with
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Table 1
Normalized values of approximations of ||R}'|], -

wh vh
h p q=(01) 9=(10) g=(11) g=(11)
1/2 2 0.7620 0.5235 0.8520 0.8571
1/4 0.7300 0.8282 0.8983 0.9040
1/8 0.8154 0.9684 0.9797 0.9805
1/16 0.8184 0.9941 0.9947 0.9948
1/4 3 0.8406 0.8952 0.9679 0.9693
1/8 0.8815 0.9781 0.9895 0.9896
Table 2
Normalized times and number of iterations () performed using the CG method.

wh vk
h p q=(0,1) q=(1,0) q=(1,1) q=(11)
1/2 2 0.169 (2) 0.196 (2) 0.695 (6) 3.454 (8)
1/4 0.065 (2) 0.117 (4) 0.443 (7) 2.925 (9)
1/8 0.015 (2) 0.042 (4) 0.241 (8) 1.309 (9)
1/16 0.006 (2) 0.018 (3) 0.069 (5) 0.474 (8)
1/4 3 0.071 (2) 0.013 (4) 0.123 (9) 0.921 (9)
1/8 0.004 (2) 0.004 (4) 0.088 (9) 0.339 (9)

less than one percent of error using W" instead of V* with ¢ = (1,1). Moreover the
number of iterations is kept very small while requiring reasonable accuracy of the order
10-2. We also compute effectivity indices, defined as:

1
PP =
li(e, B}l

as well as elementwise effectivity indices. Results are collected in Table 3 for the case
P, € W*, q = (1,1). We also show in Figure 3 and Figure 4 the elementwise distribution
of the exact errors and of the effectivity indices for h = 1/8 and p = 2. The global
effectivity indices are excellent as they are all close to unity. On the other hand, the local
effectivity indices, as it is expected for the case of a global error estimator, may behave
poorly, and in some cases drop to a value as low as 0.012. However, these are always near
unity in elements with large error, and diverge from unity only in elements with rather
small error.

6.2. Backward facing step Stokes problem
The second example is the classical backward facing step Stokes problem. The problem
is slightly different than in Bank and Welfert (8], as we consider a homogeneous Neumann
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Table 3

Global and elementwise effectivity indices.

h P P min yg” max Yy’
1/2 2 0.760 0.717 0.921
1/4 0.927 0.274 1.103
1/8 1.038 0.069 1.321
1/16 1.066 0.033 1.388
1/32 1.073 0.012 1.408
1/4 3 1.028 0.519 1.051
1/8 1.084 0.167 1.339
1/16 1.096 0.025 1.381

i

[ 0.75

0.5

0.25 '

0 025 05 0.75 1

Figure 3. Elementwise distribution of the Figure 4. Elementwise distribution of the
errors. effectivity indices.

boundary condition downstream of the domain. The solution develops a discontinuity in
the pressure variable due to the discontinuity in the geometry of the boundary. The norm
of the residual R} is then expected to be very large in the near region of the reentrant
corner and small in the farfield, as illustrated in Figure 5, where the solution has been
computed on a pre-adapted mesh of 120 elements.

We are then motivated to construct W in an adaptive manner in order to minimize
its dimension, that is, the number of degrees of freedom associated to problem (30). As
a first guess, the residual is approximated by v, € W* with q = (1,0). Then the space
is successively enriched with interior and edge bubble functions of higher degrees only in
the elements for which the contribution to |4,], is large. Results are shown in Table 4
where the approximations of ||R*}],, computed either in the complete space W'(‘:mp, with

uniform g = (qedge; Jint), OF in the adapted space W';dp with g varying between (0,0)
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Figure 5. Elementwise distribution of the residual | R},

to (gedge: Jint) depending on the element, are compared. It is clear that the number of
degrees of freedom, and a fortiori the cost of the error estimator, is greatly reduced for
comparable accuracy. The global effectivity index for this problem has been computed as
7P = 0.884 and 0.915 for p = 2 and 3 respectively, noting that the exact solutions are
actually approximated by overkills of degree p + 3.

Table 4
Approximations of ||R7||, in complete or adapted spaces of perturbations with corre-
sponding numbers of degrees of freedom ().

q=(1,0) q=(11) q=(21) q=(22)
p W’::mp W’;dp W’émp W';dp Wl::mp W:;dp W'::mp
2 0.1078 0.1247 0.1275 0.1271 0.1301 0.1344 0.1361
(530) (650) (1250) (716) (1780) (922) (2980)
3 0.0291 0.0527 0.0531 0.0535 0.0539 0.0607 0.0612
(530) (650) (1730) (686) (2260) (854) (3940)

In Figures 6 and 7, we respectively show an adapted mesh and the corresponding
solution (w4, ps). Such a mesh has been automatically adapted from a given coarse mesh
in order to achieve a preset tolerance of 1.2% in the global relative error.

6.3. Error estimation in the quantity of interest

The following results constitute a preliminary study of error estimation in local quan-
tities of interest. We consider the test case described in section 6.1 and suppose we are
interested in evaluating the quantity

1 Ou
= — —dz €R
= Tl Jo By
where || represents the area of a given subdomain Qg C Q. Then, the error in the
computed quantity L(ug,ps), where (us, ps) is the finite element solution in Vhx Qh is

L(u,p
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Figure 6. Example of an adapted mesh (201 elements).

given by L(e, E). We consider a uniform mesh with A = 1/8 and p = 2 and choose the
subdomain Q to be either element 1 located in the lower left corner of the domain, or
element 55 the next to last element in the upper right corner. Then, L(e, E) is estimated
by three quantities in IR denoted 1y, 1; and ns. The first one, #;, is obtained as:

m = Rp(@y) + Ri(&5)

where the discrete influence functions @} and & belong to the spaces V* and (*
defined using basis functions up to the degree p + 1 and are solutions of the generalized
Stokes problem (46). The second one, 7,, is calculated as

2 2 2
M= S\ all ik + IV -l yflom — Wl + e — wfle
K

where |w™ — w}'|, x and |Jw® — wf ||y i are approximated using the global error estima-

tor. We also note that %, € W* q = (1,1), is an approximation of ¢ € V, that is, of
the residual RP. Finally the last approximation, 73, is computed as

~ ~ 2
1o = S\ fll g + IV -l I — WP+ 155 — w i
K

where @} and &f have been defined earlier. The results are displayed in Table 5. The
elementwise distribution of 1, and 73 are shown in Figures 8-9 and Figures 10-11 for
element 1 and element 55 respectively.

Table 5

Estimates 1;, 1, and n3 of the error quantity L(e, E'} for elements 1 and 55.

Element L(u,p) L(e,E) m 2 73
1 -0.000364 0.000088 0.000081 0.003304 0.015205

55 1.6699 0.0258 0.0271 0.3733 0.4783
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Figure 7. Velocity and pressure on adapted mesh with relative estimated error of less
than 1.2%.

The conclusions of this preliminary study are twofold. First, we observe that only the
quantity 1; represents an accurate approximation of L(e, F). The other two quantities
ne and 73 provide very pessimistic estimates as expected, but provide local refinement
indicators as they reflect the intensity of the elementwise contribution to the error quantity
L(e, E). Secondly, we remark that the distribution 7, relative to the case involving
element 1 (see Figures 8 and 9) is very different from the one of n3. This can be explained
by the fact that the quantities jw™ — w}'|,  and |jw® — wfll, x are approximated using a
global error estimator, which does not take in account the propagation of the errors away
from their sources. On the other hand, the discrepancy is less noticeable for element 55,
because the region of large numerical errors in the influence functions superpose with the
regions of large sources of errors R} and Rj.
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A mathematical framework for the P. Ladevéze a posteriori error
bounds in finite element methods
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Using the Poisson model as an example, we analyze the a posteriori error bound
suggested by P. Ladevéze in his thesis. The method is applied to a non-conforming
finite element method which seems to be particularly well adapted to the ideas of P.
Ladevéze. Few numerical results are given. Finally a comparison with a conforming

method is mentioned.

1. INTRODUCTION. Let £ be an open set in R? with a smooth enough boundary denoted
by I'. We consider the Poisson model defined by :

1

find ueHb(Q) such that:
-MAu=f inQ,

where f is a given function in the space LZ(Q) (at least). Let Th be a triangulation of £ which
is assumed to belong to a uniformly regular family (see P.G. Ciarlet [1978]). Then we define
an approximation space of H})(Q) by :

Vb= {v €H)(Q), VKeT", v € Py (K)} @)

where P; (K) denotes the set of polynomials the degree of which are less or equal to one. The
classical finite element approximation of the solution u of (1) consists in finding uh € Vh such
that :

VYve Vh, J.Vuh-Vv=J‘fv. 3)
Q Q
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The existence and uniqueness of u" is very classical and one has the well-known
asymptotic error bounds (see G. Strang - G.J. Fix [1973]):

|u - L’Q Schlul o @

where ¢ is a constant which is independent of both h and u and | |m2 q denotes the

semi-norm of the higher order derivatives in the space H(Q). Obviously a regularity
assumption is necessary in order to make sense to (4).

Unfortunately, (4) is neither an error bound nor an error indicator. Hence several
publications have suggested a posteriori estimates. Let us point out the pioneer work of
P. Ladeveze [1975] who used the Prager-Synge relationship. Another way was opened by

I Babu\s,ka - W.C. Rheinbolt [1978] using estimates in dual spaces. This last method was
revisited and more conveniently formulated in view of applications (pratical computations) by
R. Verfiirth C. Bernardi - B. Métivet - R. Verfiirth [1992]. More recently B. Métivet extended
it to Stokes (and Navier-Stokes) problem. Up to now this last version seems to be one the
most well founded and useful for mesh refinement algorithm. But its main drawbacks is that
it only gives an error indicator, not an error bound.

On the contrary, the method of P. Ladeveéze [1975] which has been widely studied by
him and his co-workers (see P. Ladevéze - J.P. Pelle - Ph. Rougeot [1991}), gives an explicit
error bound. But the way to use of the method is not unique and several choices must be
made. Furthermore few difficulties (from the theoretical point of view) arise for the elasticity
model.

Our goal in this paper is to revisit the Ladev&ze's method on a simple equation and to
focus on a particular case for which this method is almost perfect. It corresponds to a non
conforming finite element formulation. Then we shortly compare the results to a conforming
case and to the error indicator strategy of C. Bernardi - B. Métivet and R. Verfiirth. Let us
also point out that M. Ainsworth and J.T. Oden [1993] have suggested a mathematical
analysis of Ladevéze's method based on an hybrid-primal variational formulation.

2. A NON CONFORMING APPROXIMATION OF THE POISSON MODEL.

Let us define for each triangulation Th of the open set 2, a finite dimensional space by:

XM= {v |VKe"[h,v|KePl(K);VyeAh,L[v] = o}, 5)
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where A" is the set of all the sides of Th and the symbol [¢] denotes the jump of a function
across a side v. If v is on the boundary of Q, then the outside value of v is zero. Then we
introduce the following bilinear form on Xh by :

Vu,veXh, ah(u,v) = z J. Vu e Vi
Keh K

and we define the approximate model of (1) by :

find u" e X", ]
VveXh, ah(uh,v)=jfv. ©
0

The existence and uniqueness of a solution to (6) is classical and furthermore, there is
an asymptotic error bound between u and uh (for details, see Ciarlet [1978]). Setting

vl = \/ah(v,v), )

one has :
mu — uhm S [o} h Iulz'n

where c is a constant which is independent of both h and u. An interesting property of the
approximate solution uh of (6) is formulated in the next result.

THEOREM 1. Let uh be the solution of (6) and v an arbitrary side inside the mesh Th.
Then if K| and K, are the two elements adjacent to v, then one has :

ut a1 [
Bvl sz ly' Ky Y K

h h
u . du L. h , h .
where —— (respectively —— ) denotes the normal derivative of W, (respectively u in
v, (resp Y av2) f IKI( P Y |K2)

the direction outwards K, (respectively K). Finally, A’Y is the function of Xh equal to one
at the middle of ¥ and to 0 at all the other middles of sides. and |y| is the measure of y

-
2

The proof is very simple and obtained from (6) by choosing v = A,. It is worth noticing
that u" ¢ H})(Q). Hence the method is called non-conforming. In order to furnish a
conforming solution from uh we define a local projection — say uhh - of uh onto the
. h
conforming space V' defined by :

V= {v|VKeT" vy e (K), veH)@)}. ®)
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It is characterized by the values of u™ at the vertices of ‘[h One has:

¥ S, inner vertex of ‘Zh :

L O K
_ Kec!
O ®

KeC

where Gih is the set (cluster) of all the elements which have S as a vertex and |K] is the

measure of the triangle K. We proved in Ph. Destuynder - B. Métivet ({1996] a), that there
exists a constant ¢ such that :

ﬂ|“"“"“l|l=|“"“”’|1,g < ch Jolyq - (10)

3. THE PRAGER-SYNGE RELATIONSHIP [1947] AND THE ERROR BOUND.

Let us introduce the functional set for the dual problem associated to (1) :

. 2,0\ 4 .
H; (dxv,Q)={pe(L (Q)) , dwp+f=0mQ}.

Then one has the following basic result which is a particular version of Pythagore's
Theorem.

THEOREM 2 (Prager-Synge). Let u be the solution of the Poisson model (1). Then :
V peHg(div,Q); VveH)(Q),

2 2 2
fu— Vh,n + [p- V“"o,n = |p- V""o,g

A consequence of this Theorem is the inequality used by P. Ladevéze and called
"constitutive error bound” by this author :

V peH;(div,Q); Vve H}) Q), ju- Vh’g < fp- Vv“O‘Q .

Let us apply this inequality to the non-conforming finite element described previously.
We set :

v= uhh (the projection of uh on Vh defined in (9)).
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Then :

V p e H; (div,Q) |u-u"“|LQ < "p-—Vuhh"QQ. an

The definition of a particular element p is based on the particular property satisfied by
uh (non-conforming solution) and which has been formulated in Theorem 1. On each triangle
K of the mesh Th, we set :

ouP _

1
VT e — — f K 12
pev > W -[K Ay on ycd (12)

where v is the outwards unit normal to y and )“Y the linear function equal to one at the middle
of v and zero at the middle of the two other sides of K. Furthermore p must satisfied in K :

divp+£f=0. (13)

The solution of (12) can be obtained as follows. We look for a particular solution of
(12) - say ph - using Raviart-Thomas element (see P.A. Raviart - J.M. Thomas [1975]). Then
p is such that on each element K of ‘Z'h

h_ [ak+bk X
ek +bk %

and satisfies (the 3 X 3 linear system is well-posed) :

h ol 1
ey= — — — f K.
P eV 3 M IK Ay Vycd (14)

Thenfrom Y A, =1:

yedk
h
h h du
phey= J' ev= —-—--If = —jf (15)
-[BK Yc%( yF kK v Jk K
and therefore (div ph =2 bg =constant in K) :
divp'=- - J' £=0 (16)
Kl Jx

In order to define p so that (13) would be satisfied, we introduce a local term denoted
by r and solution of the following Neumann model.
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( 1
—Ar =f——I f inkK
K K| Jx

g
ov

rw =0.
Je

The existence and uniqueness of ry is classical. Furthermore we can prove that Vry is
neglectible if f is smooth enough. Then setting on each triangle K of ‘l'h :

=0 on dK 17

p=p"+Vrg,

we define an element p which satisfies both the relations (12) and (13). We proved in
(Ph. Destuynder - B. Métivet ([1996] a)) that there exists a constant independent of both h
and u such that :

IIp—Vuhh“O’n <ch ||u|l2’n (18)

which ensures that “p - Vuhh“0 0 is a coherent error bound.

3

Remark. The definition of p is not unique. Let us introduce a new term on each K of 7.1'
satisfying.

qev=0 on JK,
(19)

divg = 0 in K.

Such an element is characterized as the rotational of a function defined up to an
additive constant (in K) — say W —. The boundary condition on dK implies that ¥k can be
chosen such that.

q=rot ¥y , Y e Hj (K).

Hence the best choice for Wi is the one which minimizes the error bound (the term Wi
is local) :

. | bhl?
min p+rot Y - Vu “ . (20)
¥k €Hp (K) 0.K

Therefore (because rot(ph+ Vuhh) ):

—A¥g =0 ¥y e H) (K)
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which implies :
Yk =0.
Finally we prove that p defined previously is the best choice satisfying (12) and (13).

The result would be slightly different for higher order element as we show it in
Ph. Destuynder [1997] .

4. THE NUMERICAL TESTS FOR A NON-CONFORMING F.E.M.

In order to compare the exact error and the error bound suggested in this paper, we
have considered a simple square open set and a constant function f. The side of the square
being L, the analytical solution of (1) is given by the sum of a series :

u = z Apm sin(nle) sin(mlzxa)

n,m21

L) () {e5) ao-cor) o)

where :

om e (nz +m2) - NG (n2 + m2)

Two kind of grids have been used. One is regular and shown on figure 1 (seven sizes of
meshes were used). The second one is obtained by a mesh generator and one of them is
represented on figure 2. Again seven different sizes were used. Then we have represented on
figures 3 and 4 the three following quantities.

I I
1 O l[p —yuhh ﬂ versus h (7 values)
| 0,02
= hh
2 u—u versus h (7 values)
' 1,2
3 v u}'u - uhlg:‘ versus h (7 values)
i Il

Let us make some comments on the obtained convergence curves.

1) The slopes of the three curves for any kind of grids is 1. This is in agreement with the
theoretical results.

2) The relative positions of curves 1 and 2 are in accordance with the error bound (11).
Furthermore the ratio between 1 and 2 is constant equal to: 1.3 (1 is the lower bound
which can not be reached) for the regular meshes and to: 2 for an arbitrary mesh.
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3) The projection of ol onto a conforming subspace leads to a slight improvement for a
regular mesh.

4) Because of Prager-Synge equality the numerical results given on figures 3 and 4 indicate
that the error between p and Vu is smaller than the one between Vu and Vuhh (in L2 Q)

- norm). The ratio is about .83.

Figure 1. Example of a regular mesh Figure 2. Example of a mesh obtained by
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Figure 3. The error bound and the exact error for a regular mesh versus the mesh size
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Figure 4. The error bound and the exact error for an-irregular mesh versus the mesh size.

Non regular mesh

Mesh size

5. THE CONFORMING APPROXIMATION

|
| [ Sy
|

Let us now consider that uh is solution of the classical conforming finite element
method defined at (3). In order to apply the Prager-Synge relationship, one has to construct a
vector field p lying in the set Hg (div, Q). Here again the Raviart-Thomas finite element can

be used. A possibility is the following. At each node of the mesh ™- say S; — we define

(following the Ladevéze's idea) a cluster of elements — say C’ih - which is the union of

elements having S; as a vertex.
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Then for each S; (even on the boundary of Q), we set (A, is the continuous piecewise
linear function, equal to one at S; and O at all the other nodes).

'p}‘ €RT! (ei“),

ddiv p}l = ﬁ {J;(Vuh ® Vxl - .[Kf ll} , @1

VKECih

\

where:

~ o ~ h h o _[2k*Pk7
RT(C] )-[peH(dw,Gi ) ov=0 on aC! and VK eC] p|K—{cK+be2 }

The existence of a solution to (21) has been proved in Ph. Destuynder - B. Métivet
([1996] b). But the solution is not unique. The general solution is :

p:‘ = ph + 0 rot A; 22)

~i

where p! is a particular solution of (21) and o; an arbitrary constant. Then we set :
~i

h
p= Y=Y ph+ Y oroty @23)
jesh jesP 1 jesh

s" denoting the set of all the nodes of T". As in the non-conforming case the coefficients o
should be chosen in order to minimize the error bound (assuming that div ph +f=0orelse
that f is piecewise constant) :

oeR —s ph + X o, rot A’i —vuh (24)
jesh 0,Q
where: L =card (Sh).

Two strategies can be discussed. One consists in replacing (24) by a local minimization
(one iteration of Jacobi algorithm). The second one consists in adding one iteration of SSOR
algorithm. These two strategies have been checked on the test model presented in section 5.
One can observe that the second one is more reliable for irregular mesh (see figures 5 and 6).
As the additional cost is neglectible, it has to be recommended for general applications.
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Figure 5. The error bounds, the exact errors and the error indicators for regular meshes.

Regular mesh

0.010 |-

0.001

0.100
Mesh size

B—H Present estimate, local minimization |
®—@ Fresent estimate, one iteration of Gauss-Seidel|
&—& Bernardi-Metivet-Verfurth estimate

| &——A Exact error

Figure 6. The error bounds, the exact errors and the error indicators for irregular meshes.

Non regular mesh

0.010 f—i——p

0.001

0.100

Mesh size

Remark. As a matter of fact one only has :

1
divph = ——IK f.

i

Hence it is necessary to add a local term in order to satisfy exactly the divergence
condition. But if f is smooth enough, this term is neglectible (the discussion is the same as in
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the non-conforming case) with another respect, we proved in Ph. Destuynder - B. Métivet
([1996] b) that the error bound fp" - Vu*], , is O (h).

In order to compare the methods of P. Ladeveze up-dated as mentioned previously and
the error indicator strategy of C. Bernardi - B. Métivet - R. Verfiirth [1992], we have plotted

this quantity (denoted by Bh) on the figures 5 and 6. Let us recalled that it is defined by :
172
2

h
BU-| 3 I freanh) +L oz p2fle
k 0K 2 ov

(25)

0y

One can see, that the results are similar to those of the non-conforming model, but the
error is larger for the same mesh. The Bh indicator is larger (ratio of 6 with the exact error
instead of 1.3 for the Ladevéze based method). Another huge advantage of the error bound
suggested by P. Ladevéze is that it is possible to improve the approximation of u by a local
minimization problem. For instance by adding degrees of freedom on the sides between
elements (second degree polynomials) (see Ph. Destuynder - M. Collot - M. Salaiin [1997]).

6. CONCLUSION

The explicit error bound based on the idea of P. Ladevéze, coupled with the use of
mixed finite element method, lead to very accurate results which are compatible with the
theoretical results known in finite element methods. The extension to elasticity is also
possible but the H (div, Q) finite element are then more complex (21 d.o.f .in 2D). This finite
element has been developed by D.N. Arnold- J. Douglas and C.P.Gupta [1984].
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Abstract

Many interesting tasks in technology need the solution of complex boundary value
problems modeled by the mathematical theory of elasticity and elastoplasticity. Error
controlled adaptive strategies should be used in order to achieve a prescribed accuracy
of the computed solutions at minimum cost.

In this paper, locally computed residual error indicators in the primal form of the
finite-element-method for Elasticity as well as Hencky- and Prandtl-Reuf-plasticity
without and with nonlinear hardening are presented, controlling global errors of
equilibrium, plastic strain rates, the yield condition and the numerical integration of
the flow rule. Furthermore, an error estimator based on local Neumann problems is
extended to elastoplasticity, based on improved boundary tractions. This recovery
technique is called PEM (Posterior Equilibrium Method).

1. INTRODUCTION

In the adaptive Finite-Element process for elastoplastic deformations, aside from the step-
wise optimal choice of the spatial discretization we have to pay attention to the implicit
time (load) dependency of the deformation process.

As the usual decomposition of FEM in space and FDM in time (method of lines) does
not permit a rigorous coupled a posteriori error analysis in space and time, an heuristic
assumption based on the comparison of Prandtl-Reufl elastoplasticity with the so-called
Hencky plasticity, (nonlinear elasticity with a yield limit), is used to split the total error
into spatial and time discretization errors {6, 8].

In this paper three separate local spatial error indicators of the primal FEM are derived
from global errors, namely for equilibrium, direction of plastic strains (using the plastic
dissipation) and the yield condition. Each of them yields a scaled local indicator for mesh
refinement. The error within the integration of the flow rule by the backward-Euler scheme
is estimated by the maximal change of the normal (with respect to the yield function)
between two time (load) steps.

In section 2, the basic equations for elastoplastic deformations with isotropic harden-
ing are listed in a canonical form. Section 3 treats the differences between global and
local error estimations. Section 4 describes the benchmark example used for the numerical
tests. Section 5 presents numerical results of error indicators and refined meshes for all rel-
evant errors. Section 6 gives an overview of the posterior equilibrium method (PEM) with
anisotropic error estimation for elastic deformations and the extension to elastoplasticity,
[7, 22, 11, 23]. In the last section, some numerical results are given, showing the efficiency
of the adaptive process of computation.
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2. THE BASIC EQUATIONS OF CLASSICAL ELASTOPLASTICITY

Consider the solid body £ C IR® with boundary 8Q = I' = I', UT,. The variational form
reads

/ne(v(m)):a(u(:c)) dQ=/nv(:z:)fdQ+/nv(:n)idl" (1)

with test functions v € V; V = {v(z) € [H}(?))},Q C R% v =0 on I',} and mixed
boundary conditions for the displacements v = 0,v = 0 on I',, and given surface tractions
t = o -n=1%on T Herein, £ are prescribed traction forces and f are body forces. o and
€ denote the macro stress tensor and macro strain tensor, respectively.

Among the theories of elastoplastic deforming materials we consider the deformation
theory or Hencky-plasticity [13] and the flow theory by Prandtl-Reu8 {17]. The latter has
the advantages that it can not only describe changes of the material parameters during
the loading process but also ‘plastic’ unloading with resulting plastic deformations because
of the existence of an ‘internal time’ which is represented by means of a loading history.
Consequently, Hencky-plasticity is often referred to as ‘non-linear elasticity’ with a yield
condition. )

Prandtl-Reu$ elastoplasticity for small strains with nonlinear isotropic hardening can
be described in the following canonical form, Table. 1:

Elastic strains within linear kinematics gf:=eg—¢f

Internal variable for isotropic hardening (micro strain) «

Free energy function U =Y a)

Macro stress o =08.¥

Micro stress B =-8,¥

Plastic dissipation DPP=c:e"-B-&20
Yield function ¢ =,f

Flow rule &P = 48,0

Evolution of a & = —40;d

Loading and unloading (Kuhn-Tucker) conditions ¥>0, $<0, 4-&=0

Table 1: The basic equations for Prandtl-ReuB elastoplasticity V « € 2 c IR®
The free energy function ¥ = ¥ (g%, @) can be split into a macroscopic part
Fataerole®) = 5 1 (&) + o tr (€Y (2)
with bulk modulus « and shear modulus g, and a microscopic part
tila) = 3 0+ (s = 2 (04 5 (exp(-w) - 1)) ®

which contains combined lingar and exponential isotropic hardening with stress saturation.
The yield function ® = &(o, ) can also be split into a macro- and a micro-part

& = &(c, ) = ||devo - \/% (8) (4)
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with the macroscopic stress tensor o and the microscopic stress 8. The saturation law for
the stresses which combines linear and exponential hardening reads

9(8) = Yo + ha + (Yoo — %) (1 — exp(~w a)). (5)

The material model has 6 parameters and the internal variable 8. The plastic dissipation
function for the macro- and the micro-terms

DP=0c:6P-f & (6)

measures the rate of energy dissipation due to inelastic deformation.

3. GLOBAL OR LOCAL A POSTERIORI ERROR ESTIMATORS AND
INDICATORS

Since the end of the seventies, a posteriori global estimates of relative errors for elas-
tic problems are available, especially the energy norm of the integrated local residual of
equilibrium which are evaluated locally.

The goal there is to obtain equidistributed error contributions throughout the system,
i.e. to get the same desired accuracy of the approximated solution in each point of a
system.

Recently, local error estimators and indicators were developed by e.g. Ainsworth (2],
Fish and Markolefas [12], Babuska and Strouboulis [4], Rannacher and Suttmeier [18],
and Ohnimus and Stein [21], which search for an optimal adaptive process with respect
to highest possible accuracy of a local quantity or a function of it. The shortcomings of
this strategy are evident for non-linear consitutitve equations because, e.g., the position of
maximum stress can vary considerably during the loading process. Therefore, the adaptive
process would have to adapt to these conditions. Furthermore, the pollution error (the
influence from outside onto the point in question) has to be computed as a global problem.
On the other hand, it may be sufficient for complex systems with an easy load history to
compute a solution of guaranteed accuracy at only some distinguished points.

As a consequence, the choice of the optimal strategy for error estimation and adaptivity
depends on the goal of the computation and the complexity of the problem.

4. ANUMERICAL EXAMPLE

We chose a ‘rectangular plate with a circular hole under plane strain constraint’ and uni-
directional monotonous loading for numerical tests of the different error sources and their
indicators, Fig. 1a.

Three material parameters describe linear isotropic elastic and perfect plastic deforma-
tions, while mixed linear and nonlinear isotropic hardening with saturation need addition-
ally three parameters, Table 2.

From a priori error considerations the adaptive computation of the above example
starts with a sequence of graded meshes, ranging from 64 bilinear elements with 25 nodes
to 8192 bilinear elements with 8385 nodes, Figs. 2b. Additionally, a reference solution with
24200 bilinear elements, 24642 nodes and 49062 d.o.f. was computed. In order to obtain
comparable results for all meshes and material equations, some selected points were chosen
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Figure 1la: Benchmark system: Figure 1b: Upper left quarter, using
Stretched square plate with a hole in symmetry conditions, with point num-
plane strain, h=200, r=10 bers of computed data

1. Young’s modulus E =206900.00 N/mm?

2. Poisson’s ratio v= 0.29

3. Initial yield stress o= 450.00 N/mm?

4. Saturation stress Yoo=  750.00 N/mm?

5. Linear hardening modulus h = 129.00 N/mm?

6. Hardening exponent w= 16.93

Table 2: Material parameters

for data evaluation, Figs. 1a, 2b and Table 3. In the following sections, spatial distributions
of the different error indicators are shown for a load factor of A = 4.5 where the critical
load for perfect plasticity is Ay = 4.66 and A = 7.89 for nonlinear hardening material.
The load was applied in 18 load steps which renders the time discretization error negligible
against the spatial discretization errors. All given results hold for hardening material,
Table 2.

Figure 2a: v. Mises stresses at A = 4.5 Figure 2b: Smallest mesh with 16 ele-
for hardening material ments a=61.953, b=28.047, c=131.421
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Physical quantity | node No.

Displacement u, 2
Displacement u, 4
Displacement u, 5
Stress Oz 7

Table 3: Selected points and data of system in Fig. 1a,b

5. GLOBAL ERRORS IN ELASTOPLASTICITY
5.1. Spatial discretization errors

As elastoplastic deformations are load-history dependent, the displacement fields u(z,t)
determine the actual stress and strains states for all points £ € Q at all implicit times
0 < t < T. Thus, the spatial discretization error e, measures the difference between the
exact displacement field © and its FE-approximation uy; e = v — up,.

A physically meaningful error measurement is gained by considering the point-wise
incremental total stress power P, where 4 > 0 assures the yield constraint & <0

Pi=g:é+i®=0:&+pfa+o: " —fa+7d =T +D"+42, (7)

¥ P

where all terms have the physical unity of power, i.e. work per unit time.
Time integration over the interval [to, tny1) yields

t ¢
/ Pdr = / (\Il +DP + "7<I>) dr (8a)
0 0

|

t n tit1
\Il+/(’D”+"y<I>)dr=\Il+Z/ (D? + 4%) dr, (8b)
0 i=0 Yt
with P = ¥ holds in the limit case of vanishing plasticity.
The occurring errors can be characterized as follows, see eqns. 8a, 8b:

1. The error of equilibrium related to the elastic strains:

nZ = ll(e® — o5) : (€° = i)l + Il ~ an) H(o = en) Iz, (©)

2. The error increment of the directions of plastic strain rates, related to plastic dissi-
pation:

e =llo : (&7 — éRlIE o) + I1B(@ - )l (10)

3. The error increment in the Kuhn-Tucker conditions for yielding, loading and unload-
ing of a load factor A:

nk7(A) = 178 @hllLa)- (11)
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5.2 Spatial error indicator

The error in the global equilibrium can be controlled by means of the residual error esti-
mator 7, by Babuska, Rheinboldt & Miller [3] and Johnson, Hansbo {14]. It reads

ﬂgq = CRhZHRh"L(n) + th"‘]h"%z([‘)’ () = VNm (12)

with the residuals Ry = div o, — f,,, the jumps of the stresses on inter-element boundaries
J1 and the interpolations constants Cr and C; which remain unknown in case of relative
errors. Fig. 3a shows the spatial distribution of 7, for the load A = 4.5.

AWAY T
S5 h Al 1
< T
Y 11
- —
N "\)L\\ 11
N

.

T r

Figure 3a: 7., for load A = 4.5 Figure 3b: Adapted mesh for 7., with
1168 elements and 1242 nodes

Figs. 3a, 3b illustrate that the areas of high relative errors are concentrated at the edge
of the hole close to the singularity. It is obvious that this error indicator is not sufficient
to describe the effects of elastoplastic deformations.

The error increment of the directions of plastic strain rates £” at the and of a load-step
is given by the weighted Ly-norm

gr = llo: (€7 — D)L m) + 18 - (& = &)Ly [ngr] = VNm,  (13)

introduced in [6]. As the exact solutions o, €7, 8 and & are unknown, we use smoothened

discretized solutions o, €7, 8, and d., gained by Lp-projections according to [23]. Thus
2 d

Ng» reads

e & los : (€2 = €}l + 116, - (6 = an)liZyqe) (14)

Figs. 4a, 4b show the distribution of nz» at A = 4.5 and the related adaptive mesh.
This indicator acts inside the plastic domain.

A third error occurs in the flow condition ® outside the Gauss integration points and

is controlled by the the error indicator of the Kuhn-Tucker conditions for yielding, loading
and unloading

®<0, 420, 4®=0 (15)
The related global error indicator ngr by Barthold and Stein [8] reads with (11)

Nkr(N) = 172 — m®allzo@) = 1n®alla@y; k] = VNm. (16)
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Figure 4a: 7z» at a load of A = 4.5 Figure 4b: Adapted mesh from 7ng»
with 1285 elements, 1368 nodes

The yield condition is fulfilled at all quadrature points but not elsewhere in the elements.
The idea for nxr is consequently an extrapolation of the given Gauss-point values to
integration points of higher polynomial order.

Figs. 5a,b show the error distribution of 7kt at a load of A = 4.5 and the resulting
mesh refinement. This estimator concentrates at the transition zone between the elastic
and the plastic parts of the domain.

Figure 5a: ngr at aload A = 4.5 Figure 5b: Adapted mesh for nxr

AS mentioned before, the adaptive computations start with a sequence of graded
meshes, Figs. 8a-8c. From there the error-controlled adaptive process starts accordingl
to the three developed indicators 7, mgr and 7k, see section 7.2, Figs. 10a-10d and
11a-11d.

5.3 Time error indicator

Using numerical integration schemes such as the backward Euler rule, an additional error
is present for each implicit pseudo time interval [¢;; t;41], which has an accumulation effect.

The basic idea consists in detecting points within the plastic domain with maximal de-
viation of Hencky-plasticity from Prandtl-Reu8-plasticity. In the latter theory, the plastic
strain rates &° (instead of the plastic strains €?) are proportional to the stress deviator
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in the flow rule. Therefore Hencky-plasticity only describes a non-linear elastic material
with an additional yield condition but without a flow rule. The error na; in the numerical
integration of Hill’s flow rule is defined by

i1
[ Ceda-se
t

=t;

nat = |lollL,@) (17)

Ly(Q)

with the scaling factor |||z, in order to characterize the influence on the stress power.
The physical unit of the square of this error indicator is also Nm.

For numerical computations we assume, that the space discretization does not affect
the time discretization error, i.e. the quantities in the definition above can be replaced by
FE-solutions. The error can then be bounded for each time step by

tit1
‘ / 2 dt - Al
t

where n = deve/||dever|| denotes the outer normal to the yield surface.

Assuming further that the difference of plastic flow directions n(t) and n;y, in the
current time interval is maximal for ¢t = ¢; and choosing the plastic multiplier ¥(t) as v;4,,
the computable bound

< At max |[¥(#)n(t) - v 18
Lz(ﬂ)— te[t.»;tm]”’)l() (t) = Yin .+1”L,(n) (18)

Nat = Yirrllmg — nigq || At (19)

is obtained. The integrated staggered control of mesh size and time step was treated in
[7)- In order to pay tribute to the accumulation error, the adapted time integration starts
from the previous time step. The figures 6a,b show the spatial error distribution for 7a,
at different loads. It is significant for this error indicator that the regions with beginning
plasticity contribute high values of na, whereas already plastified sub-domains add only
low values.

Examples with the convergence properties for graded meshes and adapted meshes due
to the above error indicators are given in Figs. 11a - 11d.

Figure 6a: 175, at A = 4.5 Figure 6b: na; at A = 4.75
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6. THE POSTERIOR EQUILIBRIUM METHOD (PEM)

6.1. Formulation of PEM for error estimation on patches

The posterior equilibrium method is based on local recovery analysis of improved tractions
at the internal element boundaries with C%continuity condition in normal directions. PEM
can be explained as a stepwise hybrid displacement method or as a Trefftz method for Neu-
mann problems of element patches, see also [11, 20, 15, 16, 22). We formulate regularized
variational problems on patches which equilibrate these new tractions with the known en-
ergy equivalent nodal forces from the previous finite element solution. Such it is possible
to introduce an anisotropic error estimator for the discretization error and especially for
the model error. The unknown locally equilibrated boundary tractions t, on each patch k
have to fulfill the weak equilibrium conditions (a hat denotes nodal quantities)

/ Tvido = (Br(u) 9a)e  VYva € VaeV(R);Ta€Lal)  (20)
an,

related to the previous approximated solution u,. The resulting element nodal forces
Phe» the test functions (virtual displacements) v, and the unknown locally equilibrated
boundary tractions t; are given as

]%he(uh) = Ke ﬁh; Vp = Nu ?h; ’Eh = Nt %‘h- (21)
From eqns. (20 - 21) we get
T [ —r o aT PN S e U
t, Nt N,dO ¥, = pha(uh) Vi V ¥p€eV, (22)
an
Te
which results in TT t, = P,.(us) . Different from Ladevéze and Leguillon (15} and Brink

and Stein {10], eqns. 20 and 21 fulfill the element equilibrium exactly, such that anisotropic
error estimation is possible.

a priori defined
normal vectors at

5 1
A element sides of
2 patch k
4
3

Figure 7: Patch k for node k; element boundaries are described by side numbers i==1-5. A
priori defined normal vectors at element sides i are plotted
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Only CP-continuity conditions for t, in the normal direction of element surfaces are
necessary, due to t, € Ly(T) it is sufficient to describe the equilibrated tractions without
CP-continuity conditions in tangential direction of element surfaces. Consequently, a patch-
wise calculation is possible, see Ladevéze, Leguillon (1983) [15], Bank, Weiser (1985) [5]
and Ainsworth, Oden (1992) [1].

To avoid coupling effects between neighboring patches it is recommendable to describe
the new tractions with orthogonal shape functions N, with respect to the shape functions
N, of the test space, see eqn. (22). N, and N; are different bases of the same approximation
space. The orthogonality condition reads

/ NiN,;dO = &, (23)

thus N, forms a covariant and N, the corresponding contravariant basis.
The equilibrium conditions, eqn. (22), for a patch k in Fig. 7 are given by

Element 1 : t,.l —t,,s = Ppy(un)
2: thz —thl = Dra(un)
3 th3 "th2 Pha(un) (24)
4 : tM - tha Pra(un)
5 ths—the = Dps(un)
and result in .
r —A Ba(un)
T+1 17 | Im Pra(un)
-1 +1 tha th(“h)
-1 +1 ‘tvhs = Pha(“h) (25)
-1 +1 {h4 2’14(“"1)
-1 4 | Bas(u)
= h5 -
where T can be interpreted as a topology matrix. Eqn. (25) can be written as
Tt = |JTI th = U Phe(us) = Pa(un). (26)

eck eck

We introduce covariant Lagrangean base functions and their contravariant base functions
NU(T, S) = NC(T1 S) = NC(T) ® NC(S) ) (27)

Ni(r,s) = Ne(ris)  _ Ner) ® Nefs)

det (J (v, s))ane det (J (v, s))an

or the hierarchical Legendre base functions, respectively. The topology matrix T, see eqn.
(21),(26), is not regular and repeated as eqn. (i)

(28)

3

()  TTE=Pp(w) ; det (ITTT) =0. (29)
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In 2D-problems there are one or more zero eigenvalues of TTT, and in 3D-problems there
are five or more zero eigenvalues.

The regularization of the local equation system for patch k is given by two additional
conditions.

The first additional condition is posed on Neumann boundaries of the structural system
where equilibrium with the FE-nodal forces is satisfied explicitly as

(i)  Put)=%t on T,. (30)

The second additional condition is gained with FE-stresses os(uy) in 2, by postulating
that the boundary tractions from the previous finite element solution uy are approximately
equal to the new tractions in the weak sense.

(i) / (on(un) - 0)T vadO = / Tvad0 Vvne Vi, (31)
o9, a0,
/ (oa(un) - )T NodO ¥y = &, / N l:/ do ¥, (32)
8ﬂ¢ aNe
- 7 eti]ir "i)ﬁﬂe ‘
Pa(0s)
= =T ~
P(on) Va = %, / mNc N¢ det (J(,5))a.dO ¥ (33)

-

1
= Pulon) =1t (34)

This results in a least-squares-approximation
(ii) 1/2(B,(on) —ta)? = Min. (35)
Summarizing the calculation of new tractions th

Nodal forces TTAZh —Pu(up) =0 - T fh _z exactly fulfilled

Boundary tractions  t, — Pa(t) = conditions (i), (i)
s 1) = Ry . weakly fulfilled

Regularization /(p,{on)—t,)? = Min condition ().

(36)

6.2. Higher order equilibration for improved effectivity index

Using higher order polynomials (p > 3) of the current approximation space and in case of
solutions with very small errors the effectivity index tends to values much higher than 1.
The reason is that the locally equilibrated tractions are not consistent to higher order
deformation modes. The error is e = u—uy;, € V and the discrete error of the hierarchically
expanded test space reads e,, = e, -+ ey with the interpolations e, = N,é, € V} and
ey = Ny, &, € Vi, If, e.g., the error is zero (e = e, + €4 = 0) w.r.t. the locally higher
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order approximation space than the following equation for the local Neumann problem on

Q: holds
Kp Ly ] [uh+eh ] [ ] _ 1 Jon, taNadz
[L{+ X, fon, BN dz (37)
with Kj = fn BTCBdz, K, := fa, BICB.dz, Ly+ := fn BTCB,dz. This leads to
the demand for e=¢e,+e; =0, ie.

L, uy=P,. (38)

This condition can only be fulfilled by higher order equilibration with introduction of locally
higher order equilibrated tractions tp.

6.3. PEM for anisotropic error estimation in Prandtl-Reup elastoplasticity

In case of Prandtl-Reuf elastoplasticity the error estimation has to be calculated in the
tangential space. For linear elasticity the error estimation yields the local variational
Neumann problem for the error e € V with higher test functions v,

a(e, va+)a, = L(vai)an, — a(un, Vas)a, VVar € Vi (39)

For elastoplasticity the following tangential space of nonlinear deformation and the linear
form have to be introduced on element level

(e, vas)a, = / tvpe dO — / Bl ondV. (40)
an. Qe

For anisotropic refinement with discrete test- and solution spaces (V — V},) one has to
take testwise p, = 1 and 2 for each local direction 1,2,3. For perfect plasticity the tangent
is given by

i, vasln, = [ €(€)(C = 2un @ )e(var)dV (41)
e
with the elasticity tensor C and the relations of the current approximation
flow direction n, = ﬁ—::%:—l
yield condition &, = |devos|-— \/gyo =0
flow rule Exf = z'\grad,<1>,. = An.

The flow direction n; is given from FEM. Then the local anisotropic element error for
Prandtl-Reuf} elastoplasticity is

7. = V(e e)q, = llellg@q.)- (42)

6.4. Solution- and model-error estimation

After calculation of the equilibrated tractions_the discretization error can be calculated
by the difference of the equilibrated tractions t; and the previous FE-tractions tj in the
Lo-norm or better by the energy norm of the difference of the new solution u, ¢ of the
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Neumann problem (for postprocessed tractions Ih) minus the previous solution u, see
also Ladevéze, Leguillon {15} and Bank, Weiser [5].

Introducing the locally expanded test space vi € Vi C 'V and the locally expanded
solution space upy € Vi C V, the local variational problem is formulated as

a(Uns, Vae)a, = L(Vat)aa. V Vi € Vg uny € Viy (43)
with the locally enhanced test space
Vi = {Vay € H(S%) ; Va+ without rigid body modes} (44)
and
L(Viy)aa, = / Vi, tdO. (45)
a0,

The local tractions t, are gained from PEM. Mechanically, eqn. (43) describes the weak
form of equilibrium of the tractions t, and yields the displacements u,; without rigid body
modes. The “equilibrium” discretization error estimator np. in §), is given by the difference
of the current FE-approximation u; and the locally improved approximation usy in the
energy norm by

The = a((uny — un), (Ure — wn))a,  and  Npg = llons — oallecn)- (46)
The estimator, eqn. (47), yields an upper bound if the hierarchically expanded test spaces
are sufficient. It has the same order of magnitude for convergence as the Babuska/Rheinboldt
residual error estimator, but anisotropic error estimation and the interpolation constants
are computed indirectly with higher accuracy. For model error estimation we introduce the
local variational form aps for an hierarchically expanded model, connected with the reduced
model by a monomorphic transformation, and the corresponding discretized solution w4
using again enhanced local test spaces

aM(ﬁh+;Vh+)Q, = L(Vh+)aﬁc , Y Vit € Vh+ and ﬁh+ € Vh+ (47)

and yielding @i, with the right-hand side

L(Vhy)on, = / Vi, thdO. (48)
o0,

Eqn. (47) describes the weak form of equilibrium of the new boundary tractions th (of an
element patch k) for the expanded model within element Q.. Note that Ux4 and up4 must
have the same dimension.

Then, the “equilibrium” model error estimator Ny, in the energy norm within Q, reads

N, = am(Upy — Uy, Oay — Unt)a, 5 Ohy € Vi Uny € Viy (49)
with
n?wa’, = ”&h+ - ah+”EM(ﬂ¢)' (50)
This model error is gained by the difference between the locally expanded approximation
Uy (using the reduced 2;—,D model of a thin-walled structure) and the locally expanded
approximation 14 (using the full 3D- model) in the energy norm. This model error
estimator, eqn. (49), is subject to locking phenomena for thin walled plates whereas the
model error estimator, eqn. (49), yields consistent estimates.

To avoid substantial influences of the discretization error on the model error, the global
discretization error has to be smaller than the global model error, 7}, < n},.



94

7. FURTHER NUMERICAL RESULTS

The following numerical examples were performed for the benchmark system described in
section 4. The results were computed for Hencky-type non-linear elastic materials and
elastoplastic materials with Hill's flow theory and nonlinear isotropic hardening.
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e i
Figure 8a: Graded Figure 8b: Graded Figure 8c: Graded
mesh No. 2 with 64 el- mesh No. 3 with 256 mesh No. 4 with 1024
ements, see Fig. 1b elements elements

7.1. Hencky-type non-linear elasticity

Mesh number 2, Fig. 8a, was refined in 10 steps using the equilibrium criterion by Babugka
and Miller, yielding 875 elements with 1816 degrees of freedom. The results of the adaptive
computation are shown in the following Figs. 9a-d in comparison with the results of the
sequence of graded meshes.
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:1“ I 3 83 rélerence solution —
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leg (no. of DOF)
Figure 9a: Adapted mesh at A = 4.5 Figure 9b: [°|u,|dz at A = 4.5 for
g g 4 1Yy
for Hencky-plasticity Hencky-plasticity

7.2. Prandtl-Reup elastoplasticity with mixed hardening

In Figs. 102-f, an adaptive computation starting from mesh 1, yielding finally 802 elements
with 1674 degrees of freedom, is shown in comparison to the solutions of the sequence of
graded meshes. Mesh No. 1 with 16 elements remains elastic throughout the whole loading
process.

In the Figs. 11a-c below, the convergence rates for the three parts of spatial error are
shown for a sequence of uniformly refined graded meshes from 256 (mesh no. 3) to 4096
elements (mesh no. 5) for a load of A = 4.5. Adaptive computations were performed from
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start meshes number 2 and 4. Fig. 1la presents the error of equilibrium 7,g; Fig. 11b
depicts the evolution of the error ngr w.r.t. the plastic strain rates, and Fig. 11c shows the
evolution of the error gt of the Kuhn-Tucker-conditions. A higher rate of convergence is
obtained for all the three adaptive computations.

Finally the convergence of the combined spatial error indicators was considered. Fig.
11d shows again that the convergence rate is higher for the adaptive computation starting
from mesh number 4 than for graded meshes

Figs. 12a - 12h show results form elastoplastic plate with a hole, calculated with
isotropic and anisotropic PEM. (O : isotropic error estimation; O : anisotropic error
estimator.
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Figure 12g: 4th Mesh with isotropic Figure 12h: 9th Mesh with isotropic
PEM PEM

8. CONCLUSIONS AND FUTURE WORK

It was shown that the primal FEM for elastoplasticity of Prandtl-ReuB-type with FEM
in space and FDM in time yields essentially three spatial discretization errors, namely of
equilibrium, of the Kuhn-Tucker conditions (yield condition and loading conditions) and
of the plastic strain rates which can be interpreted as a control of the plastic dissipation
condition. At the time there is not yet a common mathematical basis for these three errors
due to the complicated trace-spaces in which the elastoplastic solutions are located.

Dual and dual hybrid FE-functionals, as applied in [9] for elasticity and in [19] for
elastoplasticity, shall be investigated further on. Moreover local error analysis by using
dual arguments is in progress.

The Posterior Equilibrium Method (PEM) yields physically consistent orthogonalized
boundary tractions t,. With these tractions an error estimator was gained with solving
local Neumann problems. For elastoplasticity the local Neumann problem was formulated
in the tangential space. This method leads to anisotropic error estimators with upper
bounds of the discretization error for elasticity and elastoplasticity and also an consistent
model error estimator by locally changing from a reduced model to an enhanced model.

In the concept of operator split (FEM in space, FDM in time) the coupling of space-time
discretization errors is only possible in a crude way using time step control with constant
time increments for the whole spatial system. Qur staggered scheme for space-time error
control, [7], is promising, especially for un- and reloading processes. A true coupled space-
time error analysis is only possible for FEM in space and time which becomes also attractive
for parallel computing by e.g. splitting a time slab into p subproblems, p being the number
of processors.
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A Reliable A Posteriori Error Estimator for Adaptive Hierarchic
Modelling

M. Ainsworth and M. Arnold ® *

a8Mathematics Department, Leicester University,
Leicester LE1 TRH, United Kingdom

An a posteriori error estimator is obtained for estimating the error in non-uniform order
hierarchic models of elliptic boundary value problems on thin domains, and is shown to
provide an upper bound on the actual error measured in the energy norm. The estima-
tor has many similarities with a known heuristic refinement indicator used for adaptive
hierarchic modelling and in this sense provides some theoretical support for the existing
technique. Numerical examples show that the performance of both estimators is compa-
rable, both yielding good results, with the new technique performing slightly better.

1. Hierarchic Modelling

Let w be a plane, polygonal domain with boundary 8w, and let Q = w x (~d/2,d/2)
be the domain of thickness d > 0. If the thickness parameter d is small compared with
the dimensions of the mid-surface w then 2 is often referred to as a plate.

Consider a steady state heat conduction problem with heat fluxes fi, f- € Ly(w)
prescribed on on the upper and lower faces of the plate

Q. ={x=(21;5): & €w,z3=%d/2}.

On the lateral boundary, I' = 8w x (—d/2,d/2), the temperature u of the plate is pre-
scribed to be zero. The heat flux vector q is assumed to be related to the temperature
gradient according to

b(2z3/d)
g(z) = - b(2z3/d) Vu(z), =€
a(2z3/d)
where the thermal conductivities a and b are even functions independent of the thickness
d and satisfy a, b € Lo(—1,1) and

0<a<a(z), 0<b<b(2).

In particular, these assumptions allow the material properties to be piecewise constant
as would be the case for the laminated domain shown in Figure 1. In addition to the

*The support of the Engineering and Physical Science Research Council through a research studentship
is gratefully acknowledged.



102

Mid-surface w. Prescribed heat flux fJr
i on top surface

d = thickness

Prescribed of domain Q
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on lateral boundary 8w.

Domain of
laminated
construction.

Figure 1. Plate-like domain of laminated construction.

constitutive equation, the boundary value problem may be formally stated as
V-g=0inQ; ny-q(z',+d/2)+ f=00ny; u=0onT.

The variational form of the problem is

findueV:B(u,v)=Lv) YweV

where V is the space

V={v€H‘(Q):v=Oonl"}

with B:VxV 3>Rand L:V — R given by

B(u,9) = [ {a (2%’) g-%gz"—s +b (35&) Vu. V'v} dz' des
and

L) = [ {#+@ (@, d/2) + £-(@ (e, ~d/2)} da

where V' = (8/8z,,8/0z,,0).

1.1. A Simple Plate Model

(1)

Generally, the true solution u will vary through the thickness. However, if the domain
is thin, then the variation will be relatively small in comparison with the variation over
the mid-surface. Therefore, it is natural to attempt to simplify the problem by seeking an
approximate solution that is constant through the thickness. Mathematically, this amounts

to seeking the solution of the problem: find uy € Vj such that
B(ug,v) =L(v) YveV,
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where V3 C V is the subspace of admissible functions that remain constant through the
thickness,

Vo = {v e HY(Q) : v(z',z3) = ap(x'), ap=0on dw}.

For smooth data, this problem is readily found to be equivalent to solving a partial
differential equation posed over the mid-plane w,

—dbA"ug = fy + f-inw (2)
with up = 0 on Aw, where b is the value of the thermal conductivity coefficient b averaged
through the thickness

d/

- 1 pdf2 1 rt
b—"qn“”ﬁﬂ““—iﬁﬁ““&

The equation (2) represents a dimensionally reduced, or plate model, for the original three
dimension boundary value problem. It is natural to ask how accurately the solution of
the reduced model approximates the full solution.

1.2. An A Posteriori/Priori Error Estimate for the Simple Plate Model

Suppose, for ease of exposition, that the prescribed fluxes are equal so that f, = f_ = f.
If the error in the dimensionally reduced approximation is denoted by eg = u —up € V,
then foranyveV

B(eo,v) = L(v) — B(uo,v).
Let vy € Vp be defined by

' _3 d/2 '
v(z') = = dlzb(Zz;,/d)v(m,xa)dza,

then straightforward manipulations show that

B(wg,v — 1) =0 Vuw, € V.

As a consequence,

B(eg,v) = Beg,v — vp) = L{v — vg) — B(up,v — vg) = L(v — vg)

where use has been made of the standard orthogonality property of the Galerkin approx-
imation. Now,

L(v —v) = /w £(&') {o(e', d/2) + v(=', ~d/2) - v(')} de'.

The following identity is obtained via the Peano Kernel Theorem,

ofa, d/2) + (@, ~d/2) - (&) = [ d’/ K(2z5/d) 22 (2!, 25) dzy

T3

where

K@=%£WML
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Therefore,

/
L(v — v) = /wf(z') /:/22 K(2x3/d)%(z',zs) dz; da’

and, with the aid of Cauchy-Schwarz inequalities,
d{n 1
o<l L opro2 2 2
o= < [/ 275K 8] Uil

where |||v|||* = B(v,v). Gathering results shows that

lesllP < 5 [ [} K ds] M1 -

In particular, if the plate is homogeneous so that @ = b = 1, then K(s) = s and the
estimate simplifies to

d
lleolll” < 5 11711709 -

These estimates show how the accuracy of the solution of the simplified model (2) depends
on the data f, the material properties a and b, and the thickness of the plate. In fact,
the error bound is computable and provides a numerical estimate for the accuracy of the
zeroth order model.

2. Higher Order Plate Models

If the error in the simple plate model fails to meet the required tolerance, then it is
necessary to turn to a higher order plate model. Let

{#i}52 c H'(-1,1)

be a sequence of linearly independent functions that are dense, and let N be any non-
negative integer. The subspace Vy C V is defined by

N 223 1
Ww=(qv:v=) aj(z)y; (—d—) yaj € Hy(w)
=0
and the model problem is approximated by solving
find uy € Vy : B(uN,v) = L(v) Yv € Wy. (3)

As before, the problem is formally equivalent to solving a coupled system of PDEs on the
mid-plane
4 2
-_— U — P H
BA'a + dzAa d‘f inw

subject to a = 0 on 8w, where

1 1
(A = [ a@¥ i@z (Bl = [ bei(le) dz
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and

(fle = (D fo () + (-1 f-(&);  [a]; = ().

Thanks to the density property of the sequence {y; 20, the modelling error converges
to zero in energy as the order N increases. The selection of the functions {1;}), has been
studied by Vogelius and Babuska [1]: define 9,5, j = 0,1,2,... recursively by ¢_, = 0
and

/_11 a(Z)"/’;j(z)v'(Z) dz + /l b(2z)aj-2(2)v(2)dz = { g,(lgt;etsv—ist), ifj=1 @

and define 541,  =0,1,... by ¢_; =0 and

v(1)—v(-1), ifj=0
0, otherwise

1 1
[ e @5+ [ ey ha)az = | ®)
for all v € HY(-1,1).

In particular, if the coefficient functions a and b are constant then the optimal choice
is to take 1; to be a polynomial of degree j. More generally, Vogelius and Babuska [2]
show that this process generates a dense subspace.

The Gram-Schmidt procedure may be applied to orthogonalize the basis functions so
that without loss of generality we may assume

1
[ bbi(2n(2) dz = Asde (6)
where d; is the Kronecker symbol.

2.1. An A Posteriori Error Estimate for Higher Order Models

It is possible to derive a posteriori error estimates for the error in the higher order plate
models [3]. For instance, if the domain is homogeneous so that @ = b = 1 and the data
satisfies f,. = f. = f then

4
4N + 3

Buz N

2
— <
”lu “2N”| = 013

f—a(1)

)

d/2 La(w)

The term on the right hand is the residual in the approximation to the boundary condition
on the top (and bottom) surface. In particular, if N = 0, then the expression reduces to
the bound obtained earlier for the error in the simple plate model.

Babuska and Schwab [3] showed this estimator to have a number of highly desirable
properties. In addition to providing an upper bound, if the data is sufficiently regular
then the upper bound will tend to the actual error as either the order N — oo or as the
thickness d — 0.

2.2. Adaptive Plate Modelling

Typically, the true solution » will have markedly different behaviour through the thick-
ness direction in different parts of the domain w. For instance, if f = 1 then, away from
the boundary dw, the variation through the thickness will be virtually constant and could
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be well-resolved by a low order model. However, a very high order model would be needed
to resolve the boundary layer in the true solution in the neighbourhood of 8w. This sug-
gests that there are advantages in using non-uniform model orders N in different regions
of the domain.

Let {wx : K € P} be a partitioning of the mid-surface w into the union of non-
overlapping triangles or convex quadrilaterals such that neighbouring elements share a
single common edge or vertex. Let N(K) denote the order of the model to be used on
the region wg, and define V C V to be the subspace

V={veV:, € H'(wx)®span{yh: k=0,...,N(K)} KeP}.

The solution @ of the non-uniform model is obtained by solving the problem: find & € V
such that

B(ii,v) = L(v) YveV.

The selection of the model orders {N(K) : K € P} will depend on the particular features
of the specific problem under consideration. Adaptive, hierarchic modelling consists of
starting from a low order model and then designing a sequence of non-uniform models for
a given problem based on assessing the accuracy of the current approximation on each
of the elements wg and locally increasing the order of the plate model in those elements
where the error i3 too high. At the heart of the adaptive algorithm is an a posteriori
estimator indicating the error on each element wg.

3. An A Posteriori Estimator for Adaptive Hierarchic Modelling

The purpose of this section is to describe a technique for estimating the error in a plate
model of general, non-uniform order. To date, there have been no reliable error estimators
for non-uniform order plate models. The basic idea behind the estimator given here stems
from an idea in [4] for estimating the errors in fully discrete hierarchic models (where the
error in the finite element approximation of the dimensionally reduced model is also taken
into account). The estimator requires the solution of an auxiliary residual problem posed
over a local patch consisting of a small number of elements , and is similar in spirit to an
estimator proposed by Babuska and Rheinboldt [5] for finite element approximation.

3.1. Preliminaries

Let ¥ denote the vertices of the elements in the partitioning P of the domain. Associ-
ated with each vertex @, is a first order (finite element type) Lagrange basis function 6,
defined by the conditions

On(zm) =bmn, Ymne V¥,
The basis functions {6, : n € ¥} form a partition of unity on w,
Y. bu(z)=1, zecw

nc¥y

and satisfy

0<8,(x)<1, z€EwW
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Moreover, the support w,, of the basis function 8,, consists of the elements wx having a
vertex at @,

wp = supp(8n) = | {wk : @ € wx}.

If a family of partitions is used in the adaptive modelling procedure, then it will be
assumed that the number of elements forming the support of a basis function is uniformly
bounded over the whole family.

The basis functions are constructed using first order polynomials in the usual (finite
element) way. Consequently, the gradients may be bounded as

|V'60n ()| < A}

where A, depends on the dimensions of the elements forming the support of 6,. For
instance,

¢ if w is an interval then A, is equal to the size of the smallest element on which 8,
does not vanish identically;

o if w C R? is partitioned into triangular or rectangular elements then v/2A,, equals
the length of the shortest edge that is connected to the vertex .

A variation of the arguments leading to the standard Poincaré inequality shows that there
exists a positive constant Cs such that

/:11 b(s)v(s)*ds < C? /_11 a(s)v'(s)ds

for all v € H'(~1,1) such that [, b(s)v(s)ds = 0. In particular, for a homogeneous
material (a = b = 1) then Cs = 1/x. The following result will also prove useful:

Lemma 1 For any v € V there exists T € V such that for alln e ¥

csd\2\ "
16a0 — D)1l < V2 (1+ (&) ) ol

Proof. Let v € V be given and let NV be the largest global modelling order,
N =max{N(K): K € P}.

Without loss of generality, it may be assumed that the basis functions {¢; : j = 0,...,N}
are selected so that 1y = 1 and (by solving a generalized eigenvalue problem)

(%5, ¥n) = (a9}, ¥i) =0for j# k

where (-, ) denotes the inner product on Ly(—1,1). Let the expansion of the function v
in terms of these basis functions be

i
v=1 oy
i=0
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where a; € H}(w). A simple computation reveals that
N

d 2
lelli2, = 3 {5 19y B 5) + = L, (a8 ¢;)} .

Choose 7 = oty € Vo C V. Then
N
. d 2
a0 = I = 3. {5 IV (Bnag) I3 0y (s 95) + 5 1805 (a¢;,¢;)} .
The properties of the Lagrange basis functions imply that
Honaj”L,(w) < ”aj"L,(w,,)
and

! 1 - 2
IV'Gne)litay < (1V'0illany + A sl 2o
dCs\? 2 2 \?
< (1+ (52) ) (190l + () Tt

Therefore, for j > 0,

d
5 19 @m0y (505, 9)
dcs\*\ (d 2 2 )
The result follows at once by summing over both j > 0 and n € ¥, and recalling the

expression for |{jv||}.

3.2. Local Residual Problems
Let n € ¥ be fixed and define the space V" to be

V* ={v €V :supp(v) Cw,}.
The largest local model order on the support wy, of 8, is denoted by
N(n) = max{N(K) : wg C w,}

with the associated local space V" is defined as
N(n)

V":{uev":u= Zﬂ,-n/),-}.
i=0

The local energy projection of the true error € onto the space V" is denoted by ¢, and is
characterized by the condition: find ¢, € V" such that

B(¢n,v) = B(,v) YweV".

As a matter of fact, the function ¢, may be defined without explicit use of the true
solution u since, foranyv e V" C V,

B(€,v) = B(u,v) — B(#,v) = L(v) — B(i,v),
and so ¢, may be obtained by solving the local residual problem
B(¢n,v) = L(v) — B(§i,v) YveV". (8)

A
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3.3. Derivation of Error Estimator

The local projections ¢, are needed for the a posteriori error estimator that will now
be derived. Let v € V be arbitrary and let ¥ be chosen as in Lemma 1, then, thanks to
the Galerkin orthogonality property,

B(&,v) = B(¢,v — ¥) = B(g,w)
where w = v — 5. Moreover, since the Lagrange basis functions form a partition of unity,

B(E,w)=B(Ew Y 6,) =Y B(&w,)

nevy nevy

where w,, = wb, € V™. Following [4], introduce the mapping @, : V" — V" given by the
rule

P21 an ,
Qnu(z',2) = 5 g% X;¢j(2z/d) ./-d/z b(2s/d)v(x’, s)¥;(2s/d) ds

where A; was defined in equation (6), and define R, : V" — V" by

Wp = ann + R,wy.

Now,

B(&, w,) = B(€, Rawn) + B(€, Qnwy)

and then,

B(&, Ryw,) = L(Raws) — B(%, Rawn)

and

B(€, Qnws) = L(Qnwn) — B(l, Qutwn) = B(s, Qnwn),
so that

B(E, wn) = L(Rawa) — B(ii + $n, Ruwn) + B(n ).

=:f'1"1 =Ty

Integrating by parts in the thickness direction leads to
T, = / {Rowa(2', d/2)r4(2') + Rywn(a', —d/2)r_ (')} da’
where

re = fo ¥ o1) o (3 + du) ©

+d/2

Applying Corollary 7 from [4] gives the following bound:

ITi] < {v g"’L (—N(n)) fIrs + "—"L,(w,.) + v g"_ (N(")) lirs = T—"L;(u,.)} M(wn)
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where the functions x* are defined in [4] (and are discussed later), and

M = [ [7 atea/a

Observing 1)y is constant and using properties of the Lagrange basis functions shows
Own ~l, gl”_ (v —7) _
0z " 0z 0z
and in turn reveals

M ()] < ol

Gathering these results gives

ITy| < {\/§~+ (W) s+ 7oy + {55 (W)l = r-n,,,(w,,} [

The second term is bounded more easily using Lemma 1 as follows

aw" dzde'.

az

Bz

i\? 1/2
ITa] < Unlll lalll = il 1602 ~ DI < v2 (1+(2C§ )) 1 nll ol

Collecting these results

|B(&, wn)| < alllv]]lun
where

d
\/g (N(n)) llr++r-lIL,(w,.)+\/ (M) lirs = 7-llpa(0m)

csd\?\
+ V2{1+ (3= lllalll- (10)
2A,
Now, :
SR, =3 3 Nl <7 3 HiviliE =7l
nev neY wxCwn KeP

where 7 is the number of vertices of each element. Therefore,

1/2
B ) < 3 IBG, wn|<( zn,.) el

nev
and hence we have proved:

Theorem 2 Let & denote the error in the non-umform hierarchic model associated with
the subspace Vev. Then,

Nell> <y n.

nevy
where 1, is defined in (10), T is the number of vertices of the elements, ry are defined in
(9), #n denotes the solution of the local residual problem (8) and k* are given in Corollary

7 of [4).
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A few remarks are in order:

1. The bound suggests using 2 as an estimator for |||€]||>. However, since the patches
overlap, resulting in each part of w being counted 7 times, we shall instead base the

estimator on 77152,

+

2. For a homogeneous material (a = b = 1) the functions x* are given by

HN) = 2/(2N +3), if N iseven
RWYI=N 2/(2N +1), if N is odd

and

~(N) = 2/(2N +1), if N iseven
B A= 2/(aN +3), if Nisodd

3. If f, = f- = f and a uniform model of order 2N is used then the solution of the
local residual problems is ¢, = 0. Consequently, the residuals satisfy ry = r_ =
f - a(1)Buzyn/0z3. In addition, if the material is homogeneous a = b = 1 then the
estimator reduces to (7).

4. The factor involving the term Csd/2A,, may blow up if the the elements are small
compared with the thickness of the domain. Consequently, this suggests that one
should not attempt to vary the model order over a scale significantly smaller than
the thickness of the domain.

5. The estimator was based on solving residual problems formulated over patches com-
posed of the elements. One obvious way to simplify the computation would be to
solve residual problems posed on single elements. The local projection ¢x on the
element wg would be characterized by: find ¢x € VK such that

B(¢x,v) = L(v) - B(@i,v) YoeV" (11)

where VX is defined in a similar way to V" with the element wx replacing the patch
wy. The estimator would then be defined using the same expressions given above
with the patches w, replaced by single elements wg. (Of course, the theory given
earlier is no longer applicable.)

In fact, this estimator simplifies drastically if one notices that the solution of the
local residual problem ¢x vanishes (since V¥ ¢ ¥ and the right hand side of (11)
is identically zero). Therefore, the expression for the error indicator on element wg
reduces to

M = \/‘—8% (NV(E) I+ Foll oy + g"_ (NN = loaters o)
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2
»
[}
o ' .
5 w4

Figure 2. Domain and partition used to construct adaptive hierarchic model for numerical
example.

where
o

Fi= fi ¥ a(:!:l) 3$3 .
+d/2

This method for estimating the error in non-uniform hierarchic models was suggested
in Babuska et al. [6].

4. Numerical Examples

The performance of the indicators described will be illustrated by solving the following
problem:

—Au=0in Q= (-1,1) x (-d/2,d/2)

subject to u = 0 on the lateral boundary with prescribed heat fluxes f, = f_ =1 on the
upper and lower faces. The domain w is partitioned symmetrically into 20 subdomains
with breakpoints located at -1.00, -0.998, -0.990, -0.975, -0.950, -0.925, -0.900, -0.850,
-0.750, -0.500, 0.00 as shown in Figure 2. The exact solution contains a boundary layer at
z = +1 whose accurate resolution requires the use of very high local model orders. Con-
versely, away from the boundary, the solution may be resolved with the use of relatively
low model orders.

Table 1 shows the sequence of hierarchical models used to approximate the problem on
a domain of thickness d = 0.2. The solution of the dimensionally reduced systems posed
on the mid-surface is accomplished using a p-version finite element method designed so
that the discretization error is negligible in comparison with the modelling error. The
performance of three error estimators is shown in Table 1. In particular, the ratio of the
estimated error to the actual error is shown for the following estimators:

1. nx denotes the estimator based on (12) proposed in [6] obtained when the local
residual problems are posed over single elements;

2. 1, denotes the error estimator based on (10) analysed in the previous section and
shown to yield an upper bound;
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Table 1

Details of sequence of non-uniform hierarchic models. The columns refer to each of the
nine different hierarchic models used. Rows 1-10 show the model order used on each of the
ten elements present in all the models. The final three rows show ratio of the estimated

error to the actual error for three different error indicators.
Adaptive Hierarchic Model

1 2 3 4 5 6 7 8 9
1 4 6 8 10 12 12 14 14 18
2 4 6 8 10 10 12 10 12 18
3 4 6 6 6 6 6 6 6 16
4 4 4 4 4 4 4 4 4 12
Element Number 5 4 4 4 4 4 4 4 4 6
6 4 4 4 4 4 4 4 4 4
7 2 2 2 2 2 2 2 2 2
8 2 2 2 2 2 2 2 2 2
9 2 2 2 2 2 2 2 2 2
10 2 2 2 2 2 2 2 2 2
ng 1.75 1.74 152 131 121 1.13 111 1.04 091

Effectivity Index 7, 1.70 168 151 135 130 1.25 1.25 1.20 1.06
ne 170 166 1.45 130 116 119 1.10 1.10 1.01

3. 7 denotes the error estimator based on (10) when the extra term |||¢n|| is excluded.

The results confirm that the estimator 7,, provides an upper bound on the actual error as
the theory suggests.
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Figure 3. Plots showing the resolution of the derivative of the solution in the thickness
direction near the edge of the plate of thickness d = 0.2 for Models 1, 3, 8 and 9. The
details of the local model orders in each case are shown in Table 1.
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In this paper, we introduce a two-scale strategy to model scalar diffusion problems in
heterogeneous structures and estimate a posteriori the quality of the model obtained. The
modeling strategy involves the following steps: partition of the domain into subdomains,
description of the temperature field as a “smooth” part plus a “correction” on each subdo-
main, construction of a prolongation operator on each subdomain by minimizing the local
potential energy with respect to the correction part and, finally, definition of the “ho-
mogenized” problem through the minimization of the global potential energy expressed
in term of the smooth part of the temperature field. By choosing properly the boundary
conditions in the local minimization step, the strategy yields a continuous temperature
field. To estimate the quality of this approximate solution, a second solution is locally
built such that the heat flux field is in thermal equilibrium. Then, the energy in the differ-
ence of the two solutions built is linked to the exact energy error in these solutions using
the Prager-Synge hypercircle theorem. Finally, the results are revisited in the case of an
approximate computation of the prolongation operator and a 2-D numerical experiment
is studied to analyze the proposed approach.

1. INTRODUCTION

In recent times, the use of the notion of hierarchical modeling has arisen as an approach
to very complex problems involving the analysis of heterogeneous media. One approach,
advanced in [1,2], is to construct an adaptive modeling strategy called the Homogenized
Dirichlet Projection Method (HDPM) in which the various fine-scale constituents in a
heterogeneous media are present in the characterization of the material constants, and
a homogenized solution is calculated. Once an estimate is obtained, only the fine-scale
information sufficient to produce solutions within a preset level of accuracy is used, with
the result that models containing orders-of-magnitude fewer degrees of freedom can be
used to obtain acceptable resolutions of fine-scale phenomena. In these approaches, the
homogenization step is regarded as a process provided by a black-box-homogenization
unit outside the HDPM algorithm.

*The authors gratefully acknowledges the support of this work by the U.S. Office of Naval Research
under Grant N00014-95-1-0401 and the National Science Foundation under grant ECS-9422707. The
assistance of Dr Carter Edwards in providing a C++ library useful in our calculations is also gratefully
acknowledged.
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In the present paper, we explore a slightly different strategy for hierarchical modeling
in which the computation of an appropriate homogenized model is an intrinsic part of the
hierarchical modeling process. Here a coarse scale model is produced which effectively
projects fine-scale features onto a finite dimensional space. A prolongation operator of
the coarse scale approximation into the fine scale solution is determined so as to minimize
the potential energy based on the fine-scale features. A global coarse solution is likewise
obtained through a minimization process. The boundary conditions for the local mini-
mization are chosen so that the strategy yields a continuous temperature field. Then, to
estimate the modeling error in this solution, we built locally a second solution for which
the heat flux is in equilibrium. The energy in the difference of the two solutions may then
be related to the modeling error.

Our method exploits a number of strategies proposed in other applications. For exam-
ple, the relation mentioned above is provided by the classical Prager-Synge hypercircle
arguments [3]; the second solution is built using Ladevéze equilibration technique [4]; the
domain decomposition strategy is reminiscent of those proposed recently by Ladevéze and
Dureisseix (5], and a similar approach to homogenization techniques for porous media is
being developed by Arbogast [6] using mixed finite element techniques.

Following this introduction, we outline the details of the approach on a model class
of scalar diffusion problems in n dimensions. We give a full development of techniques
for constructing the coarse-scale homogenized models, and well-defined prolongations to
the fine-scale model. This is followed by the local calculation of the equilibrated solution
which is then used for a posteriori error estimation purposes. The practically important
case of an approximate computation of the prolongation operator is studied and the
meaning and validity of the results in this framework are analyzed. Finally, the technique
is demonstrated through a representative numerical experiments and a summary is given
of the major conclusions of this investigation.

2. THE MODEL PROBLEM

Vectors will be bold and scalars italic. For instance, the temperature will be denoted by
u and the heat flux and the temperature gradient will be denoted by o and ¢, respectively.
More complex operators will be uppercase (e.g. E for the conductivity tensor).

We consider a material body composed of a linearly-conductive material in thermal
equilibrium under the action of given volumetric and surface heat sources, fq and t4
respectively, see Fig. 1. The domain, @ C R*,n = 1,2,3, occupied by the material body is
considered bounded and regular with a simply-connected domain with Lipschitz boundary
I'. The boundary T' consists of a portion I'y where the temperature uq is given and a
portion 'y where surface heat sources t4 are prescribed, I' = Ty UTy, [y N Ty = 0. The
external sources are assumed to be regular and, in particular fg € L3(Q), t4 € L*(Ty).
The problem to be solved on £ is to find a triple (u,€,0) such that the temperature
constraints, the equilibrium equation and the constitutive law hold:

€ Vu onQu=uqonly
dive = —fs onQ,o-n=t4onT}y (1)
o Ee onf)
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n is the outward normal to the boundary. The conductivity tensor E is a function of the
position @ i.e. E = E(z) € L*(2)"*" and E is symmetricand elliptic; i.e. fora.e. z € Q,
there are constants ag,a; > 0, such that ega'a < a'E(z)a < aja'a for any a € R™
More precisely, problem (1) corresponds exactly to a heat transfer problem if o, f4 and
14 are the heat flux, the volumetric and surface prescribed heat sources, respectively (up
to a sign).

Eliminating € and & in (1) we also have the classical heat-conduction formulation,

—div(EVu)=fyonQ, u=ugonly, EVu-m=tgon Ty (2)
A weak formulation of problem (2) is to find u € V4 such that
B(u,v) = F(v) Yv€E Vo 3)
where

Va={veV:v=uson Ty}, Vo={veV:v=00nTy}, V=H ()

B(u,v):/ﬂEe(u)-e(v)dx, F(v)=/nfdvdz+/rttdvds

and we have used the notation €(v) = Vv.
Owing to the assumed properties of E, B(-,-) is symmetric positive and induces the
energy norm on V:

ol @) = {B(v,v)}'/? (4)

Problem (3) possesses a unique solution u for given data and, as it is well known, this
solution also minimizes the total potential “energy” J:

J)= inf J), )= —12—B(v,v) — F(v) (5)

3. TWO-SCALE MODELING STRATEGY

We are concerned with classes of problems in which the material body {2 possesses
complex microstructures in which case E = E() exhibits highly heterogeneous structure
with possible nonperiodic oscillations at one or more scales smaller that the characteristic
length of Q) itself. The present analyses focuses on cases in which the resolution of these
fine scale features represents a computational problem of very large size, but within the
capabilities of comtemporary massively parallel computers; e.g., fine scale features may
be of the order of 10~3L, L being a characteristc length scale of . Our approach to the
resolutions of the effects of the fine scale consists in the following steps.
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Figure 1. Notations for the model problem Figure 2. Notations for a
subdomain

3.1. Partition of the domain
We introduce a partition P, of the domain 2 into N, subdomains Q:

Q=UF Ok, QxnQ=90, K#L (6)

The boundary, 'k, of each subdomain is decomposed into the part of the boundary on
which the temperature is prescribed, I'k,, the part of the boundary on which surface heat
sources are prescribed, 'k, and the remaining interior part, I'x;, Fig. 2:

Tk =TkuUTk UTs )]
where
Tro=TuNTk, Tre=TtNTCk, Tki=Tx\(CxkuUTk) (8)

We assume that Qg contains no holes or cracks and that its boundary does not cross any
holes or cracks of 2. These cases need special attention and will not be considered in this
paper.

3.2. Decomposition of the spaces

On each subdomains 0k, we shall define the space Vi = H!(Qk) which is decomposed
into the spaces V¥ and Wk such that the following conditions hold:

¢ V¥ is a finite dimensional subspace of Vx whose dimension is dimV}¥ = M > 1.
We assume we have a sequence of nested spaces everywhere dense in Vg

VM VM C... CVk; UmsoVY =V 9)

¢ For any dimension M > 1, V¥ must at least contain all the constant temperature
fields defined on Qg i.e.

VM>1: RgC VY, Rg={veVk:e(v)=0} (10)
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e Wy is a subspace of Vg such that
Vi = V¥ o Wk (11)

We understand this direct sum condition in the following algebraic sense

VM Wk = {0} (12)
YoM e VM we Wk : o™ 4w e Vi (13)
VveVK:E!UMGV,I:-’,wEWK:vva+w (14)

Note that for a given choice of V¥, the choice of Wi satisfying the previous condi-
tions is not unique

Ezample An example of such a decomposition of Vg is provided by the case in which
VM is the space of all the polynomials of order < M defined on Q, and Wy is the
orthogonal complement in the H!'(2x) norm, all the rigid body modes being excluded.
Note that this example is particular since orthogonality is not required.

VK = {ve Pu(tx)}

Wg = {weVg: Vw-Vvdz =0 VvGV}y,/ wrdz =0 Vr € Ry}
Qx Qe

We note that the finite dimensional space V) characterizes a “coarse scale” representation
of the solution for which we will eventually define an homogenized model. On the other
hand, Wk describes a correction space to take into account the fine scale features of the
solution in Q.

3.3. Definition of the prolongation operator

Our next goal is to establish a connection between the coarse scale components of Vg
and the fine scale components of Vg . This is accomplished if a prolongation operator Py
can be constructed by mapping V¥ into V. In particular, we seek a prolongation of the
form

Pk: VM o Vk: oMo oM 4 CpoM (15)
Ck: V¥ - Wk : oMo w(M) (16)

where Cf is a correction operator.

3.4. Local construction of a prolongation
A natural way to construct the prolongation operator is to choose a perturbation w in
Wk which minimizes the total potential energy over Qk. Thus, we define w = w? by
k(™ +wP(WM)) = inf Jg(M +w) (17)
weWwp
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where WP is

WE = {w € Wk : w=0on Ik, UTki} (18)
and
Jk(v) = 3Bx(v,v) - Fi(v) (19)
Br(uv) = [ Ee(u)-e(v)de, Fr(v)= / favde + [ tavds (20)
Qe Qg Tge

The D superscript used in the correction solution stresses the fact that we are consid-
ering Dirichlet type boundary condition on [k; in the local minimization problem. The
corresponding correction and prolongation operators are denoted by C} and P2, respec-
tively. We shall see later that another useful choice of boundary condition is the Neumann
type that will be denoted by the superscript A'. Concerning the imposed temperature, we
assume that they may be taken into account exactly in the V¥ space, i.e. Vg aNVY # {0}
where

vK,d = {v € VK tv=1uqon FKu} (21)

3.5. Definition of the homogenized problem
Knowing the prolongation operator, we can define the “homogenized” potential energy
on each subdomain Qk in the following way:

JE™P V5 R0 o TP (M) = Ji(PRoM) (22)

Then we can sum these local potential energy to obtain the global “homogenized” poten-
tial energy on Q

No

JhomD . M, R : oM 5 JhomP (M) - Z HE™P (oM |ay) (23)
K=1

where

VM= {veC%Q):vlae V¥, 1<K <N} (24)
The homogenized problem then reads

JhomD (,MD) ) Mlg{;y JhomD(,M) (25)
where

V¥ ={veV¥:v=ujon Iy} (26)

We assume that this space is not empty.
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3.6. Prolongated solution

Once the homogenized solution u

compute the prolongated solution uP.

MD is computed, we return to each subdomain and

uPlq, = PPuMPlq, 1< K<N, (27)
The quality of the approximate solution 4P will be studied in section 4.

3.7. Local and homogenized variational principles
We now describe the variational principles associated with the minimum principles (25)
and (17).

Local variational principle
The minimum principle (17) is equivalent to finding w?(v™) € WE such that.
Br(vM + wP(vM),w) = Fx(w) Yw € WP (28)

We observe that the solution may be written as the sum of a particular solution w} due
to the linear functional Fk(-) and a term depending linearly on v™ denoted w (v M ):

wP(vM) = wg (M) + w] (29)

w3 (v™) belongs to W2 and satisfies

Bx (vM + wg (vM), w) = 0 Yw € WP (30)
w} belongs also to WP and satisfies
By (wl, w) = Fr(w) Vw € WE (31)
Homogenized variational principle
We may now rewrite the expression (22) of JE*™P(.) as
TR (M) =I5 (0M) + e (wd) (32)
where
TP M) = SBEmP(M,0M) — FEP (M) (3)
B™P (oM, oMy = B,\ (M + wg (M), oM + wp (UM)) (34)
FEmP(oM) = Fi(o™ + wd(oM)) — Bye(wl, o™ + B (vM)) (35)
The variational principle associated with (25) is thus to find «M? € V¥ such that
No
Z B;I\PmD M‘D M Z Fhom'D M V‘UM € v())\'f (36)
K=1

Compared to the initial variational principal (3), we see that the bilinear and linear
functionals have been “homogenized” and that the homogenized problem is defined in a
finite coarse scale space VM instead on the initial full space V.
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4. A POSTERIORI ERROR ESTIMATION

u? is an approximate solution to the problem and differs form the reference solution u.

We note that uP belongs to VP

VP = {v=vM4w:vMe V¥ we [}Q),wln, e W2 1< K <N,} (37)
and satisfies Property 1, which is obvious since V? C V.
Property 1 uP is an admissible temperature field, i.e. u? € Vy

In order to estimate the quality of the solution u?, we shall built locally from u® another
temperature field denoted u" such that the corresponding heat flux will be in thermal
equilibrium over the structure. This equilibrium property will allow us later to use the
Prager-Synge hypercircle theorem and relate the difference in the solution »? and u¥
to the exact energy error in these fields. This strategy is inspired by the error-in-the-
constitutive law approach [4].

The computation of ¥ is carried out in two steps: the construction of equilibrated
surface heat source and the resolution of Neumann type subdomain problems.

4.1. Construction of equilibrated surface heat source

Using the coarse scale Dirichlet solution «™®, we built surface heat source t} on the
boundary 'k, UTk; of each subdomain such that they are continuous across I'g; and they
are in thermal equilibrium over each subdomain; i.e. we require t} to be such that

Fx(r)+ Fx(r)=0Vr e Rk, IS K < N, (38)
Ny .
Y Fx(v) =0Vw e Vo (39)
K=t
where
Fr(v) = / My ds (40)
T poUl ki

Assuming that the subdomains Qx, 1 < K < N,, have been obtained using a finite
element type decomposition of the structure and that the coarse scale spaces V¥ are
finite element type local spaces, the construction of the equilibrated surface heat source
may be carried out locally using the equilibration technique introduced in [4,7].

4.2. Subdomain Neumann type problems
The temperature field uV is built in each subdomain separately: u" lo, = uf\./- were
ul € Vi = H'(Q) is such that

BK(U%,U) = F]\-(v) + FK(‘U) Vv € Vi (41)
(¥ —uPlg)rde =0 VreRg (42)

Qx
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The condition (42) allows us to define the solution uniquely.
In order to solve efficiently the problem (41-42), we take advantage of the decomposition
of the space Vk into the spaces V¥ and Wx. We now look for u¥ in the form

u%-u%”-}-w , uK EVK,w € Wk (43)
such that
By (uM + w¥, M) = F(o™) + Fr(v™) VoM e VY (44)

B;\-( MV 4w w) Fr(w) + Fx(w) Yw € Wk (45)

The solution of (45) may be expressed as the sum of a partxcular solutlon w due to
the linear functional in the right hand side and a term, denoted wf (u}" K ) dependmg
linearly on uy

K+l (46)

= ul (u
wf (uld ) belongs to Wk and satisfies
Br(uM¥ 4w (u¥M), w) = 0 Yw € Wk (47)
4 belongs to Wk and satisfies
B (wd,w) = Fx(w) + Fr(w) Vw € Wk (48)

Note that the problem (49) differs from the problem (30) only through the boundary
conditions. The problem (44) now reduces to find u,A('N € VM such that

BhomN (MN My = phomN (M) oM ¢ M (49)
(ug MN _ uMPlg )rdz=0 VreRg (50)
Qe
where
Be™ V(M oMy = Br(uM + wlf (uM), o™ + w} (vM)) (51)
F}l:’om,A/(vM) — FK(’UM) + FK(UM) — Bk(wé‘/, 'UM) (52)

The condition (42) has been replaced by the condition of (50) which allows us to deal only
with the coarse components of the fields. Note however that conditions (42) and (50) are
equivalent in the case where Wy is defined so as to contain all w such that

/ wrdr=0 Vr € Ry (53)
Qe
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4.3. Property of the Neumann type solution

In each subdomain {lx, we may define the heat flux vector associated with the local
solution u¥ by o¥ = Ee(u}l) which is well defined in (L?(Q))". We have the following
property

Property 2 There ezists a heat fluz field o™ € (L*(Q))" such that
O'N'QK = U}I‘(/ = Ee(u’}{/),l <K<N, (54)

which is admissible i.e. oV € Sy where

Sa = {T € (L} ()", divr € L}(Q) : / T €e(v)dz = F(v), Vv € Vo} (55)
Q

Proof: Owing to the definition of tr% , we have

/ o¥  e(v)dz = Fx(v) + Fx(v), WweVk, 1<K <N, (56)
Qg
Summing these relations over all the subdomains, we get
No No No
> / ol -e(v)de =) Fx(v)+ Y Fi(v), Ywe V¥ (57)
K=1Y9k K=1 K=1
where
VW = {v e L}Q) : v|o, € Vk} (58)
Using (39) and the fact that Vo € V¥, (57) yields
No No
Z / 0'% . G(U)d(l? = Z FK(U), Vv € VO (59)
K=1Y9k K=1

We may take v = ¢ € D(Qx) (space of test functions) in (56) and using standard
arguments, we show that div o) € L*(Qk) and dive) + fa = 0 in L*(Qk). From this
and (59), it follows there exists a function o such that div o’ € L*(Q) and 0¥ |q, = a¥,
see [8].

4.4. Bounds on the error

The energy in the difference of the “Dirichlet”, u?, and the “Neumann”, u¥, solutions
may be linked to the exact energy error in these solutions using the Prager-Synge hyper-
circle theorem [3]. Since the solution u¥ belongs to H'(f) only on each subdomain but
not on the whole domain, we need to introduce the notation

No 12
ollle@ = (Z ||v|nxlli:(n,\-)> (60)
K=1
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Figure 3. Geometrical interpretation of
the Properties 3 and 4

Property 3 Defining the energy norm errors associated with the “Dirichlet” solution,
the “Neumann” solution and their difference

e = lu® — ullz@, ex = v —ullls@), e- = lllu® - u|llg@) (61)

we have e_ = \/€% + €%

The hypercircle theorem of Prager-Synge also gives us an interesting property concern-
ing the average of the Dirichlet and Neumann solutions.

Property 4 Defining the energy norm associated with the average between the Dirichlet

and the Neumann solution,

u? + wV
2

we have e4 = -;-e_

ea= ||| - ul||E@) (62)

Proofs: The geometrical interpretation of property 3 and 4 is shown Fig. 3. Property 3
stems from

NO
Z Br(uf —u,u® —u) = /(0'”/ ~0) P —u)dz =0 (63)
K=1 Q
since oV, o € 84 and uP,u € V,. Property 4 follows from
wW—u u¥—u
& = |l 57—+ Tllli:(n)
1 2 2 X N D _ 1,
= 4—(eD +ej+2 Z Bg(ug — u,u” —u)) = 16-
K=1

The last equality is obtained using Property 3 and relation (63).
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5. FINITE ELEMENT APPROXIMATION

In the two-scale strategy presented in Section 3, the space Vg = H(Qk) was de-
composed into the spaces V¥ and Wy. In practice we shall work with a finite element
subspace, V C Vk. This subspace is decomposed into the spaces V¥ and W so that the
conditions described in the subsection 3.2 are fulfilled. Since we work with the subspace
V72, the prolongation operator will now be discrete.

5.1. Discrete prolongation operator
We have to find w™P(v™) € Wi'P such that

Bx(v™ + w™P (M), w) = Fx(w) Vw € WP (64)
where
W;‘,""D ={weWg:w=00nTgk,U Tk;} (65)

The prolongation operator is now denoted by P,'?"D to stress the fact that it depends on
the choice of the subspace Wg. The associate local and global homogenized potential are
now

JHmD  YM  R ;oM o JUP (M) = Jr(PRPoM) (66)
No

JMmD L YM R My gMmD (M) = Z TP (M o) (67)
K=1

The homogenized problem is then

JM.m,D(uM,m,‘D) = VMHEIQ{W JM,m,D(vM) (68)

and the prolongated solution reads
u'm.Dan = P;\'},DUM.M{D|QK 1 S I{ S No (69)

5.2. Discrete reference solution
We see the solutions u™"™P as an approximate solutions to a discrete reference solution,
u™, defined in what follows. We introduce the discrete global space V™ defined on 2 as

V™ = {v e C%N):v|a€ VR, 1 < K < N} (70)

Clearly V™ C V. As a particular case, in the numerical experiments, the meshes defining
the space V7 on each subdomain will be such that they match on the I'x; boundaries.
Thus, the space V™ is defined on a global mesh obtained by assembling the local sub-
domains meshes. Finally, we define the discrete reference solution u™ as u™ € V' such
that

B(u™,v)= F(v) Yve Vg (71)
where

Vi={veV :v=ugonly}, Vg@={veV":v=00nTly} (72)



127

5.3. A posteriori error estimation

u™ is our reference solution and 4™? is our approximate solution. We wish to analyze
which results of Section 4 still hold and in what sense. u™? belongs to the space V™P
defined by

VP = fv=vM 4 w: oM e V¥ we L}(Q),wla, e WRP 1<K <N} (73)
Property 1 must now be understood as follows:
Property 5 u™P? is an admissible discrete temperature field, i.e. u™P € VI

Proof: This property is obvious since u™? € V™P C V.

Following the steps described in subsections 4.1 and 4.2, we are able to construct a
Neumann solution u,\"v over each subdomain. The corresponding heat flux 0',\’” =
Fe(ug ) belongs to (L?(Qk))™ and we have the property:

Property 6 There exists a heat flur field o™V € (L*(Q))" such that
o™ loy = 0% = Be(ui™) (74)

which is admissible in the discrete sense i.e. a™N € S where

ST = {r e (L} ()" : /s;T - €(v)dz = F(v), Vv € Vg'} (75)

Proof: Following the path of the proof of Property 2, we may obtain the relation

No X No
Z/ o e(v)da = Z Fx(v), Yv € Vo™ (76)
K=1" 8K K=1

yielding the proof.
Properties 3 and 4 must be rewritten as Properties 7 and 8.

Property 7 Defining the energy norm errors associated with the “Dirichlet” solution,
the “Neumann” solution and their difference

ep = u™® — u" gy, € = ™ —u™|llp@), €™ = ™ — u™¥|||g@)

we have e™ = (/(eB)? + (e})?

Property 8 Defining the energy norm associated with the average between the Dirichlet
and the Neumann solution,

m urn,D + um,JV
i = ll———— = ulllz@) (78)

we have €% = 1e™

Proofs: The proofs of Properties 7 and 8 are similar to the proofs of Properties 3 and 4.
We note that the discrete exact stress ™ = Ee(u™) belongs to SJ* and thus we have

ZB" upN —ym ™ )—/(o'"‘” o™) e(w™? —u™)dz =0 (79)

since o™V, 0™ € ST and u™P,u™ € V.
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Figure 4. A square domain divided into Figure 5. Mesh for a subdomain without

400 subdomains and prescribed tempera- and with inclusion
ture along three segments of the boundary

6. NUMERICAL EXPERIMENTS

6.1. Relative error, local contributions and effectivity indices

We shall need some notations to describe the numerical experiments. The relative error
associated with the absolute errors ep, ey, e~, e4 are defined using the energy of the exact

solution.

m

ep = ep/llu™lew), v = ex/llu™le@), € =eZ/lu" @) €1 = ei/llu"lew)

The contribution of a subdomain Q to an absolute error will be denoted using a K index:

enk = ™ —u"lg@e), ek = ™ ~u|l5e,
D mN
. N u™” +u™
ek = U™ —uv™V|gqaq €k = l———— - ullez@n

We also need the define the global effectivity indices:
em A e
0=—, 0'=_—
ep 2e7
and the local effectivity indices:

m m
C-K  gA_ SoK

0k , 1<K<N,

—1 3 K- —1
26;')', K 26’,’1‘, K

(80)
(81)

(82)

(83)

Owing the Property 7, 6 should be greater than 1 and owing to Property 8, 84 should be

equal to 1.
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6.2. An example

We consider a square domain, Q = [0,20] x [0,20], Fig. 4, insulated on its boundary
except along three segments where the temperature is prescribed. The domain is decom-
posed into 400 unit-square subdomains. Each subdomain is meshed using a 15x 15 uniform
mesh. Half of the subdomains are made of a material with uniform and isotropic con-
ductivity, E = 1, and the other half contain a square inclusion of conductivity E = 0.01,
Fig. 5. The distribution of the inclusions over the domain is obtained through a random
process.

On each subdomain, Qk, V3 is based on a 15 x 15 uniform mesh of four-node quadri-
lateral, Fig. 5. The space V¥ is defined using bi-linear functions:

VK = {ve VR :v=ai(z — 3)(y — y3) + a2z — 21)(y — vs) +
a3(z — z1)(y — 1) + as(z ~ 3} (y — 41), @i €ER,i=1---4,(z,y) € Ok} (84)
where (z;,y;), ¢ = 1--- 4, are the coordinates of the vertices of the subdomain. Note that

we have indeed V¥ C V2. The correction space W is defined by

W ={weVp: Vw-Vvdz =0 VvEV,A\I',/ wrdz =0 Vr € R}
Qe x (85)

Level Uo
8 00789
1 7 0.0582
8 00378
5 0.0169
4 -0.0038
i 3 00245
orsf 2 00452
1 00659
>osf
025 ¥
.
0 .35 5.5 575 ° o5 o5 5.7%

Figure 6. Correction field w™?, over a subdomain containing an inclusion, associ-
ated with a bilinear function v™ whose value is one in the bottom left corner. Left:
Dirichlet boundary condition on each edge; right: Dirichlet boundary condition on
the bottom and right edges and homogeneous Neumann boundary condition on the
other two edges.

Figure 6 shows the correction function, w™P(vM), for a bilinear function whose value
is one at the bottom left corner. Dirichlet conditions are applied on each edge for the left
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Figure and only on the bottom and right edge for the right Figure, the two other edges
being supplied with homogeneous Neumann-type boundary conditions.

T

Leve! u Level |
s 08889 : g-;;::
7 orTrs :
paml TR L/ yARE:
5 05556 .
4 04448 4 Odda
3 03333 H / o g :Ag;::
2 02222 .
1 o1 / 1 0.1111

:\\ji
N
:).,

Figure 7. Homogenized solution with the

Figure 8. Prolongated solution with the
Dirichlet approach: uMm™?

Dirichlet approach: uv™?

Figure 7 shows the homogenized solution, u™? and Fig. 8 the prolongated solution
u™P. We note that this latter solution involves local features that were not present in the
homogenized solution. The exact relative energy error for this solution is € = 17.6%. The
contribution of each subdomain to the error, €3 g, are given Fig. 9. The contributions are
the highest where a change of boundary condition occur and are small inside the domain.
This latter observation may come from the fact that the boundary of a subdomain never
cross an inclusion.

The Neumann solution, u™¥, is shown Fig. 10. It is discontinuous from subdomain to
subdomain as expected. The exact relative error associated to this solution is €f = 24.7%.
The relative energy in the difference of the Dirichlet and Neumann solutions gives the
estimated error €™ = 30.3% so that the global effectivity index is = 30.3/17.6 = 1.7,
greater than one as expected. The local effectivity indices 0 are shown Fig. 12. They
are reasonably close to one on the subdomains contributing the most to the error. The
average effectivity index is 1.46 and the standard deviation from this average is 0.78.
Note that the equilibrated surface heat source were built in a crude manner since they
are constant along the edges of the subdomains. Usually, linear representations are used
for four-node quadrilateral elements {7].

The exact error associated with the average between the Dirichlet and Neumann solu-
tions is €} = 15.2% which is half the error in the difference of these two solutions (30.3%)
as announced by Property 8. The local contributions €7} x to the error are given Fig. 11
and do not differ much from the contributions ef j shown Fig. 9. Finally, Fig. 13 shows
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Figure 9. Subdomain contribution to the
absolute error for the Dirichlet solution

(eB.x)

the local effectivity indices 8#. The average effectivity index is 0.90 and the standard
deviation from this average is 0.23.

The results for this example suggest that the average of the Dirichlet and Neumann
solutions may be a better approximate solution than the Dirichlet solution itself since

e we can can compute exactly the global energy error of the average without knowing
the exact solution

o the local effectivity indices are closer to one for the average than they were in the
case of the approximate Dirichlet solution

e the error in the average is smaller than for the Dirichlet solution (15.2% against
17.6%)

The first observation is supported by Property 8 and will always hold. On the other
hand, the two other observations may not be true in general and pertain to the particular
example considered.

7. CONCLUSIONS

We have presented a two-scale strategy to model scalar diffusion in heterogeneous struc-
tures. The structure is decomposed into subdomains over which the fine-scale components
of the solution are expressed in terms of the coarse-scale component through a prolon-
gation operator. The choice of Dirichlet types boundary conditions when solving for the
prolongation operator yields a continuous approximate solution over the structure called
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Figure 12. Local effectivity index on each Figure 13. Local effectivity index on each
subdomain, Ok, for the dirichlet solution. subdomain for the average approximate
The minimum and maximum values are solution, §4. The minimum and maxi-
0.35 and 8.79, respectively murm values are 0.16 and 1.58, respectively
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the Dirichlet solution. Using an equilibration technique and Neumann type subdomain
problems we were able to build a second solution, called the Neumann solution, in thermal
equilibrium over the entire structure. The energy in the difference of the two approximate
solutions was found, using the Prager-Synge hypercircle theorem, to be an upper-bound
to the error in the Dirichlet solution. The strategy was also analyzed in the important
practical case of an approximate computation of the prolongation operator. A 2-D nu-
merical experiment showed that the strategy yields a fast and fairly accurate first guess to
the exact solution except in some zones generally near a point at which there is a change
of boundary condition. We plan in a forthcoming paper to design a strategy to correct
the solution where it is needed.
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A modelling error estimator for dynamic structural model updating
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Abstract: The key-point in structural model updating is to first design an error that's between a
mathematical model with its parameters and tests, and then to minimize this error. The proposed
modelling error estimator can be considered as an extension to the works previously conducted on a
posteriori error estimators in quantifying the quality of a finite element computation. It is based on
the "mechanics concept” of constitutive relation error. Damping effects and non-linearities are
taken into account. All available experimental results may be used as either free or forced
vibrations. Applications deal with the improvement of finite element models, i.e. the mass,
stiffness and damping matrices.

1. INTRODUCTION

Controlling and mastering both mechanical and numerical models has always
been a major preoccupation in Mechanics, especially for engineers. So, what has
changed? Quantitative tools have started to appear; they are capable of
quantifying the quality of an approximate model with respect to a reference
model.

In Mechanics and in particular for dynamic problems, there are not just two
categories of model, but rather there are three :

¢ the continuum mechanics model,
¢ the numerical model, and
* experimental simulations.

Therefore, two situations do indeed exist. Most papers appearing in the present
book are devoted to the situation whereby the continuum mechanics model
(resp. the numerical model) is the reference (resp. the approximate model). The
other situation studied in this paper relies on experimental simulations as the
reference. The continuum mechanics model now becomes the approximate
model.

For both of these situations, the first and most critical concern is to develop
error measures which are able to quantify the quality of the approximate model,
i.e. to build a distance between the approximate and reference models. Since both
the data of the reference model and the approximate solution are assumed to be
known, an a posteriori error estimator can be derived.
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The second concern differs for the two studied situations. In the case where the
numerical model is the approximate one, it is to determine the best
computational parameters for a given level of accuracy, i.e. those which lead to a
minimum numerical cost. For the other situation, the second issue is to correct
the approximate model so that it provides a better fit for the experimental results.

References concerning the situation where the numerical model is the
approximate one can be found in the present book. Concerning the situation
studied herein where the reference has been defined through experimental
simulations, many references are also available (see (Bui, Tanaka et al., 1994)).
Most of the reference authors have been part of "Automatics and Control”, with
for them the model being represented by a black box. In the field of Dynamic
Structural Model Updating, mention should be made of: (Baruch, 1982),
(Mottershead, 1988), (Ibrahim et al., 1990), (Berger et al., 1991), (Natke, 1991),
(Farhat and Hemez, 1993), (Nobari, 1993), (Piranda et al., 1993), (Berman, 1995),
and (Kaouk and Zimmerman, 1995).

At Cachan, still with respect to Dynamic Structural Model Updating, we have
been developing a rather different approach which demonstrates a strong
mechanics content. Such an orientation could be considered as an extension to
the works previously conducted on a posteriori estimators in quantifying the
quality of a finite element computation, i.e. in studying the situation where the
approximate model is the numerical one. More precisely, the updating method
we have been developing over the past 15 years is based on the concept of a
posteriori constitutive relation error. This concept was introduced in (Ladevéze,
1983) for improving models by means of experimental free vibrations tests. The
numerical strategy has been developed in (Ladevéze, Reynier and Nedjar, 1994).
The M.A.T. (Model Adjustment Technique) software was developed and
implemented by the CNES (Bricout et al., 1993) to constitute a post-processor of
the MSC/NASTRAN. Applications deal with the improvement of finite element
models, i.e. the mass, stiffness and damping matrices.

An additional step has recently been achieved (Ladevéze, 1994), (Ladeveéze,
Reynier and Maia, 1994), and (Chouaki et al., 1997). We have taken into account
damping effects and, more generally, non-linearities due to the material
behavior. All available experimental results may be used as either free or forced-
vibration responses. These test data, combined with a certain knowledge of the
model, constitute the reference which allows building the "modified constitutive
relation error" used to define the model's quality. The basic equations (e.g.
equilibrium and compatibility equations), along with reliable experimental data
(e.g. excitations and measurement locations), have been verified exactly.

The tuning procedure is iterative, with each iteration composed of two steps:
(i) locating the most erroneous substructures, and (ii) correcting their structural
parameters. This strategy is very well suited to the ill-posed property of tuning
problems, thanks to the efficiency of the location step as well as the ability to
introduce more information at each iteration.
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The aim of this paper is to focus on the main features of the proposed
modelling error estimator and its corresponding updating strategy. Applications
representing industrial problems are also presented.

2. THE APPROXIMATE MODEL

2.1. Forced-vibration mathematical model - Classical formulation

(Tl

Modelization

(Finite Element Method)

e

Using bar elements
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Tests
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Figure 1: The studied structure: Excitations and geometry

Let us consider a structure occupying a domain Q whose boundary is 9Q. It is

being submitted to a body force f; wei‘”t (applied on Q); a surface force F, mei‘”t is

given on a part 9,Q of dQ. The displacement U, mei“’t is prescribed on the
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complementary boundary part of 9,Q, namely 9;Q.® is the given angular
frequency; U do’ f d0 and F qo 3T the amplitudes.

The assumption of small displacements is then made; harmonic solutions are
sought. Therefore, the problem becomes in the particular case where damping
has not been taken into account :

Find the amplitude U w(I\_/I) M€EQ such that:

] ng% g(l):gd,u) on 619

.- f Tr[K o(Ug)e(U)|d0+ [ 4,00 a0 (1)

Q
* 2 *
[ aFaocl d5==[ po?U,-U"da

vy‘éﬂadr{y'l I_J‘,a,fo,y'e%}

7 denotes the space of the displacement fields defined over Q that possess

finite energy; K is Hooke's tensor, and p the mass density. The strain operator is
written €.

A new writing for the previous classical formulation of the forced-vibration
mathematical model can then be given by introducing the basic equations of
Continuum Mechanics :

Find s, = {I_J M)T(M)o(M);Me g} which satisfies :
w

e kinematic constraints: U €%

l_Jlalﬂ = [_Jd,u) (2)

¢ equilibrium equations : (F, 0) €S

- Tr[o U ae+[ t,,°U" a0

F, oU'ds=| r.u'de @
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¢ constitutive relations :
o=Ke (U)
=-pa?U @

Remark
The constitutive relations are generally the least reliable equations. They are

determined by the following structural parameters, defined over Q:
K (M) p (M) MeQ
Notations
Let S be the space of the triplet s= { (M), (M) ( ) MEQ} where UE%

and (F, U)GS . Solutions to the kinematic constraints (2) and the equilibrium

equations (3) are called "admissible”. Sy denotes the corresponding subspace of

S.
The forced-vibration mathematical model can then be written :

Find s, CSgy which satisfies the constitutive relations :

o,=Ke (gm)

(5)
= 2
Fp=-po®U,

2.2. Error on the constitutive relation
Let s=(U, T, o)e Sg’d. The global constitutive relation error is the sum of two
terms which are associated with the two constitutive relations (5) :

)= [ e+ e} puru)an
Q

pw?

+ (1 ;Y) fg Tl{(@ -K s(l_})) K! (0 -K s(g))

where Y is a weighting factor belonging to {0,1]. A typical value is y =%. The

(6)
dQ

norms involved in the global constitutive relation error are mechanical norms :
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elastic energy norm and kinetic energy norm. Moreover, because 7 w(s)zO, it is
easy to prove the following proposition :

Proposition 1: Conditions (i) and (i, i) are equivalent for y E]O, 1[

B ny(s)=0
G,1) 0=Ke(U)
; on Q
[=-po’U

2.3. New formulation
Recognizing that 1, (s) is always either positive or equal to zero, the following
minimization formulation is reached :

Find sm:{g, T, o}w admissible (sme S‘;’d) that minimizes the global error on

the constitutive relation:

s —=n2s) @)
Sad
Then, an approximate solution to such a new formulation exactly verifies the
most reliable equations, which are the equilibrium equations and the kinematic
constraints. The least reliable equations, i.e. the constitutive relations, are verified
as well as possible.

Proposition 2: If a solution exists to the classical formulation, then the new
formulation also has a solution and :

nﬁ,(sm) =0

Proof

Let s, be a solution to the classical formulation. We then have :

i swES‘;’d
-om=K%gQ
_I_‘m=—p0)21_1m

It follows that nw(sm)=0. Since 7,20, s, is also a solution to the
minimization problem (7).
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Remark 1: As opposed to the classical formulation, the new formulation yields
a solution for ill-posed forced-vibration problems, yet its value of the global error
on the constitutive relation can be different from 0. Such ill-posed problems are
typical for identification purposes. A common situation is the one in which both

displacements and forces are known over the entire boundary Q2 of the structure.

Remark 2: Extension to both damping and nonlinear behavior has recently
been performed in (Ladeveéze, 1994). Amplitudes then become complex numbers.
Damping effects are taken into account by the following constitutive relations:

oc=K e([_}) +B, s(g) @®)
F=-fow?U+a,U
where B, a,, are damping operators that depend both on the material and on «.

The new formulation displays the same form as (7). The only modification
concerns the expression of the global constitutive relation error. Our proposed
error has been derived from Drucker's stability inequality (Drucker, 1964) which
is verified by most stable materials (Ladeveze, 1985).

3. EXPERIMENTAL DATA

For m€ [‘”mini' wmaxi], the excitation is defined by the data :

a,= (I_Jd,uf fau Ed,m) &)

All of the quantities are not necessarily measured data. Some of them are
merely reliable informational elements. For the sake of simplicity, let us consider
a structure submitted to a single excitation, i.e. to a force excitation at a given
point P and in a given direction. Let F4, be its value. It is clear that both the

force location and the force direction generally constitute reliable information.
Such is not the case for its value Fy ,, with the measured value being Fy,,. More

generally, it is possible to consider that the data & are not perfectly known. &

depends on some quantity p which belongs to a certain space 2 (example :
P=Fye P =R).

In addition to the excitation points, both forces and displacements are known
for other points and other directions as well. All of the measured quantities are :

mr, no (10)

—0
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where IT', IT are projection operators. They serve to define the unreliable part of
the experimental data. The reliable part is that portion of &, which does not

depend on p (PEP).
4. QUALITY OF THE DYNAMIC STRUCTURAL MATHEMATICAL MODEL

4.1. Modified error on the constitutive relation at a given frequency ®
First, let us recall that s, = {I_J, T, U}m has to be admissible, i.e. must verify the

reliable equations and experimental data. The data that depend on pE2 can be
introduced by employing some obvious notations :

smes?d(E) EEP

S L

The norm I lK (resp. l IE) is a kinematic energy norm (resp. elastic energy

norm) obtained after condensation. The condensation can be static or otherwise,
as chosen. r is a confidence coefficient belonging to the interval [0,1]; r = 0.5 is the
current value. With the error measure being defined, the following problem is
thus an extension to problem (7) :

Find s, admissible and pE2 which minimizes the modified error on the
constitutive relation :

u’s — em(s) (12)
Sad(E)

pEP

Remark: In determining the solution s,, the most important constraints are
the admissibility conditions. They indicate the "possible shapes" of the solutions
s, as defined on Q; these "shapes" are to be compared with the experimental

values through the second term of the modified error on the constitutive
relation. The first term of this error provides a distance between the model's
constitutive relations and the various constitutive relations which can be
associated with s,.
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4.2, Quality of the model
Let us introduce the function z as depending on the frequency ®. z() is the
"weighting factor" at frequency @. The function is scaled such that :

[ oo -1 220 (13)
Pmini

This weighting factor depends on the purpose of the model. The quality of the
model is then defined by :

¢2= [ oo njs ))2 (14)

where is the relative error on the constitutive relation at frequency .

(0]
D“,(sm)
[D,,,(Sm)] is a combination of kinetic and elastic energies with the dissipated energy

for one cycle.
If the structure is divided into substructures EE€E, the contribution € of the
structure E to the error can be easily defined, such that :

e2= X €2 (15)

A local error can also be introduced :

€10c = Max € (16)
EEE

Weighting factor. examples :
1
. z(u)) S over [u)mini, wmaxi]

)= 3 (o)

i=1

(17)

d,; is the Dirac distribution associated with the value w;, where o; i€1,..,m

denote the free-vibration eigenfrequencies which are included between w,;; and

(Dmaxi :
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4.3, An initial example

Figure 1 details the studied problem wherein a single excitation is present. The
frequency bandwidth [0-20 Hz] contains the first five eigenfrequencies.
"Experimental data" are computed introducing a rigidity error of 100% for
element 8. Figure 2 displays, for each element, its contribution €5 to the error for
different experimental situations. The first curve is related to the use of
maximum measured quantities : the displacement associated with all d.o.f. are

measured. It shows an excellent space localization of the defect. In contrast, in
using 15% of the measured d.o.f., the defect's detection is far from attaining such

a good level.

x 10 using 100% measured dof

D

et
)

£

Error by element
N

Error by element
(¢, N

o

0
1234567 89101112131415

Elements
x10™  using 25% measured dof

1

0.8
€

€ 06
®

Zos
£

5oz
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12346567 89101112131415
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y—r -

«w

-

(=}

12345678 9101112131415
Elements

x 10 using 15% measured dof

N W A o

-

0

12345678 9101112131415
Elements

Figure 2 : Effect of the amount of experimental information
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Figure 3 : Beam structure under testing

5. UPDATING METHOD FOR DYNAMIC STRUCTURAL MODELS

5.1. Principle

The mathematical model depends on structural parameters which are not
necessarily well-defined : modulus, thickness, damping coefficient, etc. More
specifically, these are :

- elastic coefficients: K(I\_/I)
- mass density: P (l\_/l)
- damping operators: B, 24

These structural parameters are denoted by k and the corresponding space .
The updating problem is then to determine for k the best value belonging to é,

i.e. minimizing over £ the global modified error on the constitutive relation. The
following is then obtained :

Find k€ £ which minimizes :
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K] (k)= :“.‘af‘i 2o) [ew(sm)]zd (18)
y i

As is the case with most inverse problems, this one is also ill-posed. This is
why we are proposing herein an adaptive updating method which is iterative
with two stages per iteration. Let us consider the n™ iteration :

* localization stage at iteration n
The updating procedure is to be stopped if the error £ is less than a certain
value £;, which serves to characterize the quality of the tests. If not, the most
erroneous substructures are then detected by the criterion :

€= 0.8 max €0 (19)
E€E

Complementary information can also be introduced. This defines a small

subset of £: [é]

n

¢ Correction stage at iteration n
The following "small” optimization problem has to be solved :

Find lfne[é] which minimizes the modified error on the constitutive
n

relation :

ke (k)

[,

5.2. Updating examples

Industrial applications concern satellites, launchers, planes, etc. Here, we study
the "Eight-Bay Truss" (see figure 3) whose real configuration is described in
Figure 4. The "experimental results” are to be computed with such a
configuration. Tests conducted and experimental data collected are shown in
Figure 5.



Figure 4 : The real Eight-Bay Truss

Excitation points

Figure 5 : Tests conducted and experimental data collected
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Elements and initial values of|  First step
the structural parameters

Second step

Exact values

Bar 21

-Mass: pm =1

- Stiffness px =

1

pk = 0.0002
m = 1.0467

corrected

pk := 0.0000
pm = 1.0000

Joint 110

-Mass:pm=1

- Stiffness : px =1

Not localized

pk = 0.5025
Pm = 1.0007

Pk = 0.5000
Pm = 1.0000

Error

1.109

0.147

Figure 6 : First and second updating steps
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Figure 7 : Error contributions of the various elements - second updating step

Figure 6 presents the structural parametric corrections and the global error
value for the first two updating steps. The chart of error contributions to the
global error of the various elements is given in Figure 7 for the second updating
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step; the joint 110 appears clearly as an incorrectly modelled zone. The updating
procedure normally has to be stopped after the second step because the error
value is small in comparison with the quality of the experimental results which
have been contaminated by noise (level: £ 3%). During this step, the modelling
errors related to joints 136 and 140 have not yet been detected. If one were to
proceed further, it would be possible to detect and then correct these errors. Figure
8 shows, for the third updating step, the chart of error contribution to the global
error of the various elements; modelling errors for joints 136 and 140 are clearly
indicated.

LOCALIZATION STEP No 3

1 T T T T T T T
JOINT 136 ——=~>
0.8+

JOINT 140 ——>

THRESHOLD E

o
-J
)

o
D
T

o
F-N
T

ERROR_el / MAX( ERROR_el)
o o
w n
T T

o
)

©
—

120 140

ELEMENTS

Figure 8 : Error contributions of the various elements - third eventual updating
step
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6. CONCLUSION

Remaining within the context of missmodelled complicated structures such as
launchers, satellites or engines, and subsequent to the two issues raised in the
introduction whose responses have been given herein, a third issue can now be
raised: how to design a testing program that yields a satisfactory model after
updating? This represents one of the key challenges for research over the next
15 years.
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ABSTRACT

In this paper we address the problem of a-posteriori estimation of the error in
the error estimate. We consider the case of estimates for the error in the
derivatives, the strains, or the stresses, which are constructed in terms of locally-
computed element error indicators of the element residual, or the least-squares
recovery type. The estimates of the error in the error estimate have the same
structure as the original error estimates, and are computed in terms of indicators
of the error in the error indicators, which are determined by locally averaging
(recycling) the original error indicators. The most accurate indicators of the error
in the error indicators are obtained by employing a "harmonic” basis in the
recycling of the indicators, namely, a basis which locally satisfies the partial
differential equation and the boundary conditions.
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1. A~-POSTERIORI ESTIMATION OF THE ERROR IN THE MISES STRESS
Let us consider the plane elasticity problem in a polygonal domain 2 (e.g., the domain

shown in Fig. 1 which will be used as the model problem throughout the paper), with
boundary I' = 89, T = TpUTy, I'p Ny = @, where I is the Dirichlet part of the

(2) (b)

Fig. 1. An ezxample of a polygonal domain. (a) The domain with the applied boundary tractions:

glr, = SnF}‘ ) Blpy = 3“1‘;, . (b) The partitioning of the domain into an initial mesh of curvilinear
N N

superelements.

boundary, where the displacements are prescribed (here we will assume that the boundary
I'p is fixed), and I'y is the Neumann part of the boundary, where the tractions are
prescribed. Let ufX, denote the exact solution which satisfies the variational problem:

Find u* € HE(Q) ¥ {v = (u,0) | IMll, % yBofvv) <0, vl =0}

such that

Ba(w Y [ 3 0,05y = £ E [ vt [ gy Vve Rl (@) )

ij=1
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Here @, : Hp () X Hp (Q) v R is the energy inner product; H}_(9Q) is the space
of admissible displacements; & : H,‘-D(Q) — R is the virtual work functional for the

applied loads, which are f € L?(Q), the applied body force (in our model problem we will
at l(ﬁ'ﬁ + a"f)

© 2\8z;  Ox)’

i,7 = 1,2, are the components of infinitesimal strain corresponding to the displacement

let f = 0), and g € L(Ty), the applied boundary traction; ¢;;(u)

u, g, i,j = 1,2, are the components of stress, which are obtained from the strain
components by employing Hooke’s Law, g;;(u) = E;;, €,,().

Let us assume that the domain  has been discretized by a mesh T, which is obtained
from the subdivision of an initial mesh of mapped squares (superelements, e.g., the mesh
of mapped superelements shown in Fig. 1b), let F_ : ¥ — 7 denote the mapping which
maps the master square (element) 7 into the element 7, and S§? denote the space of bi-p
polynomials over the master element. The finite element approximation u" is the solution
of the discrete variational problem:

Find u* € S%.Tn oo { v e C(Q) l v| oF. € § VreT, vlr =0 } such that

D
Bo(u®,v*) = L(v") VVhe S )

h def  EX

Letting, e ufX — u", denote the error, substituting ufX = e* + u* into (1), and
integrating by parts the term %, (u®, v) in each element 7, we see that the error e" is the
solution of the residual equation:

Find e* € H}_(©) such that

Boleh,v) = Ro(v) & T (/Tr;h v+ S -;-/eaf,h .v) VveHL (@) )

T€T, eCar

Here Rgq » : H}D(Q) +— R is the virtual work functional for the residual loads, rj,,

¢, € C 01, T € T}, where

rh EE+ V- (Be(u?)) (4)
is the interior residual in the element 7 (the residual distributed load in the interior of
7), and

(o(u")|,.) - o(u"l,))(x) n,(x), x€e=08rNor
Jen(x) & 2(g(x) ~ o(u*)(x) nFN(x)) , x€eC Ty (5)

0, x€eCTlp
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is the jump in the traction on the edge £ (the residual line load on the edge £). In the
first case in (5) € is an interior edge, T and 7* are the elements which share it, and n,
is the unit normal on ¢ which points into 7*; in the second case, € is an edge on the
Neumann boundary, and nr is the outward unit normal on I'y. The orthogonality of

the error gives that
R (V) = By(e®, v) = L(v) — Bo(ut,v) =0 Vvest (6)

namely, the work done by the residual loads for any admissible displacement from the
finite element space s';wrb, vanishes identically.

Following Ladeveze (see [1, 2, 3]), we will partition the residuals into element groups
such that an ancalogue of the condition (6) holds in each element. For each interior edge
€=0rNar*, let J7% and Ju,. , be such that

I = I, e=0rnor M

and, for each edge on the boundary of the domain, € = drNT, let J5x = J<,. We will
call the groups of loads r(,, u,., & C Or, the element residuals of the element 7. Let
dmp & 8rNTp, and

S? ar, oo {v € C°(1) l voF, €&, v|8rD = 0} (8)

be the restriction of the finite element space s; I, in the element 7. We will construct
the split jumps J;i such that the virtual work of the element residuals vanishes for any

displacement from S,'a,D, namely

R (v) / vt 3 / 3 VveS, 9)

eCor
Here 9]?.53,;” : H}, (1) def {v € H‘(T)l vlaﬁJ = 0} — R, is the egquilibrated element
residuum of the element 7, namely the virtual work functional of the element residuals
of the element 7. For each element which does not have an edge or a vertex on the
Dirichlet boundary, namely 87, = 8rNT'p = §, the mapped affine functions belong to
§7 or,» namely, we have WoF! € 875 for any % € ®'(#), and letting v = i,oF;!, and

v = %,.i,0 F7! into (9), we obtain the conditions of equilibrium of forces and moments
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for the element residuals over the master element, namely

[ra+ T [3i=0

eCor
(10)
/ F, XTI+ Y, / F, x =0
eCar
Note also that from (8) it follows that
R (V) = 3 REZP(v] ) VveH; (9 (11)

T€T,

and hence we have an ezact splitting of the global residuum. In the numerical examples
of this paper we employed the constructions of the split jumps J_5 described in [4, 5).
(See also [6] for another method of splitting the jumps, which guarantees (10) but not
(9).)

Let us now construct a splitting of the error corresponding to the above splitting
of the global residuum. We will denote by e*”, the component of the error due to the
residual loads rjs, u,., € C dr, of the element 7, namely, the solution of the variational
problem:

Find ™" € Hp_(Q) such that

Ba(e™,v) = REGP(v].) VveH (2) (12)

T,ub

In the case I'y = 0, " is defined up to an arbitrary rigid body motion, and the
equilibrium condition (10) is & necessary condition for the existence of e*”. Recalling
(11) and (3), by superposition we have

=Y e (13)

T€T,
We will use the functions e® to partition the error into two components with respect to
any element of interest. Let 7 denote an element of interest, and let

wh {TET,,I 67’(‘]6?740} (14)

be the patch of elements which are connected to the vertices of 7 (see, for example, Fig. 2,
where the element 7 is shown shaded dark gray, and the patch w! consists of 7 and the

elements shown shaded light gray). We will employ the splitting
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Fig. 2. Local error and pollution error. The patch w} (light gray) which corresponds to the element F;
the patch consists of the elements connected to the vertices of 7, including 7.

el = elttoc 1 ghlod (15a)
where
def def
e;.loc e E eh.‘r’ e";-ﬂ"’" = Z e (15b)
TET, T€T,
TCw} TCR-wh

and we will call e?""‘lf, the restriction of €' in the element 7, the local or near-field

error in ¥, and eﬁ'g""’] »» the restriction of e29% i the element 7, the pollution or far-field
error in 7.

Remark 1. The component €' is the solution of the near-field residual equation:
Find e}* ¢ Ht_(Q) such that

Bo(e}he, v) = RH(v) & 3 REIP(v) VveH: () (16)
TeT,
TCwh

Similarly, %9 is the solution of the far-field residual equation:

Find e} ¢ H}_ () such that
Bo(e}o?,v) = QT4 (v) E S REIP(v) VveH} (@)  (17)

TET,
rgﬂ—wk
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Remark 2. Let us underline that the near-field residual equation (16) is never solved in
practical computations. Instead, the local error is estimated by an element error indicator
which is determined, at a negligible cost, using local computations in w.

Remark 3. In the numerical examples we will need elloc §

in order to analyze the accuracy
of the locally computed element error indicators, and we will employ the following overkill
approximation:

Find e}y, € Sg.:,’.’{:rb such that

Ba(e}m v) =RV = T A7) Vvesil, (19
TeT),
TCuwh

Here T} is a mesh obtained from T}, by refining several times the elements with a vertex

at a corner point, and m > 1. The accuracy of e;';f;;i, should be sufficiently high, such

that it does not influence the conclusions of the analysis of the local error indicator.
Remark 4. Similarly, we will analyze estimates of the pollution error et % by compar-
ing it to e,'gf;;f, the approximate solution of the far-field residual equation which satisfies:

Find e}%% € S2IT. such that

Trel‘ r
Ba(ehme, V) =RV = 3 ATV Vvesph, o (19)
Z h D
TCO-wh

The overkill approximation (19) can be used as a practical method for approximating

the pollution error within the context of iterative solvers; see Oden and Feng [7].

Let us assume that we are interested in estimating the stresses in the element 7. We

will employ the splitting

o(@)®) = (o))~ [o)) + = [ ole) (20)

local error pollution error

We call the first term the local error because

o) - 7 [

and the second term the pollution error because

1 1
i /f o(e?) ~ i /* o (efsth) (22)

o(e") ~ o(e}'™) ~ &5(n (%) (21)



162

Remark 5. Let us justify (22). Note that

l—;—l ff o(eh) = I—% /f o(e}'™) + I—;—I /f o (e} (23)

First, let 7 be an element in the interior of the mesh, and assume that the meshes T), are

guasi-uniform, namely, we have
qhgh,sh%"gé%h, €T, (24)

where 0 < v < 1 is a fixed parameter which characterizes the entire sequence of meshes.
Further, assume that the meshes are sufficiently refined in the neighborhood of 7 (see [8]
for the precise assumptions). In [8] we have proven that the local error is locally periodic,
up to higher order terms, and we have

T;—l / o(eg-'“)”M ~ @ HPH (25)

where |[-]|,, is any matrix norm, e.g., the norm which chooses the maximum of the

entries, and because
|5 [otehe)]| =@ (26)
7| J» M
the average local error may be neglected.

Remark 6. The majority of engineering computations are performed for the approxima-
tion of solutions of boundary value problems in complex domains (curvilinear polygonal
domains with one or several corner points, or corner points smoothened by sharp fillets).
Assume that the domain has ncp corner points and let o & _min o be the smallest

j=1,..,ncp
exponent in the asymptotic expansion

nep , oo L
wx(®) = 3 (3% (3R @{(0,())) + uE* %) (27)
=1 Vim1
where 7;(X),8,(X) are the polar coordinates of X centered at the jth corner point, @,
i=1,2,..., are the eigenfunctions for the infinite wedge corresponding to the jth corner
point (see pp. 176-177 in [9]), and ufX is a smooth function which vanishes in the

neighborhood of the corner points. Then, it can be proven (see {10]) that

1
m Lot

It follows that, in the cases that 2a < p, we have

e (28)

oC > 1 {s 4
(el )(x)”M ~NGH < ”ITl / o(e}g’“)”M ~ R (29)
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which means that the local error at % is negligible when compared to the element average
of the pollution error. Note that the condition 2a < p is realized in the majority of engi-
neering computations. Consider, for example, the case that the domain has a reentrant
corner (e.g., the domain in Fig. 1); then, we have a < 1, and for elements of quadratic
degree or higher (p > 2), we have 2a < 2 < p. The above arguments also hold in the
case that 7 is adjacent to a smooth boundary (see [11]). In the case of an element 7 with

a vertex at jth corner point, we have

“—E—/o(eh‘“ “ ~ @ ho (30)
|7 Jr
while
o (el H ~ QR (31)
ITI/ ( 7
where o/ = k_rlnin ak. It follows that, if oz’l > 24a, the average local error can be
R
neglected.

Remark 7. Below, we will construct estimates for the average values of the derivatives
of the pollution error in the element 7. From Remarks 6 and 7, it follows that these
estimates can also be interpreted as estimates of the average error.

Let (!?r:"j be the Green’s function which corresponds to the average ij component of
the stress in the element 7, namely, the solution of the variational problem:

Find G; € HE_(Q) such that

%Q(G:ﬁrv) = /? Usj(V) = -/{91‘- Eijre (V) = /af Eijkt(vk Tare + Yy "af,k) Vve Hf“D(Q)
(32)

holob into (32), employing

where ny; is the exterior unit-normal on 07. Letting v = e
the symmetry of the bilinear form Bq(-, ) and (19) we get
I—;—I [osho) = ¥ aI(G) = ¥ @EW(G - ALCH)  (3)
TET, TET),
TCR-wh TC-wh
where Af,,r. G7Y is the best approximation of Gy from the restriction of the finite ele-
ment space in w?. The second equality in (33), follows from the orthogonality condition
%EQ”’ (v) =0, for any v € S% 707 which follows from the splitting of the jumps.
Let us also construct another representation of the average values of the derivatives
of the pollution error. For each element 7 € T, let ef f,‘.’ , be the exact solution of the

element residual problem:
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Find &% ¢ Hj, (7) such that

€ uh

B, (8252, v) = R (v) VveH;, (1) (34)

Remark 8. In the elements for which dr, = 8rNT = @, the function éff,’.’ is deter-

mined only up to & rigid body motion, and (10) is & necessary condition for its existence.

Employing (33) and (34), we get

1 JERp & ,
i L 0y(eheioh) = ; B, (8580, G — A7, GTY) (35)
rgfel—':u#

We will call the contribution

Cruh

HESE) BRI (CT — A, G1) = 8, (R C - £, 80) (a0

the ezact pollution indicator in the element 7, corresponding to the ij component of the
average stress in the element 7. We can then write (33) and (35) in the concise form
1 -
i Loshe = T uEgne) (37)

T€T,
TCA-uh

We will base the a-posteriori estimates for the derivatives, strains and stress of the pol-
lution error on (35)-(37).

Let C:‘f,, be the finite element approximation of G3” from SIT’}.:FD’ namely, the solution
of the discrete variational problem:
Find G T, 1, Such that

B (Gr hr ) = -/er Eijke ("k Nore + Vg "ar,k) Vvest (38)

Then, we expect that

o(&"%,) ~ oGP — AL, G — xB) (39)
ek

where X2 € SP ron, is the local best approzimation of the pollution error in Gf }, and hence

we can employ the approximation

%EQJ’(G § Ap > au) - g{EQ'p(Go‘j AZL\ G:ij _ ) %EQ P( Egpq) (40)
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Remark 9. Note that (39) and (40) do not hold in general (see [12] for a counterexam-
ple). However, they hold for the types of meshes and solutions encountered in engineering

computations.
It follows that the exact pollution indicators, uEQ’P( ), can be approximated by the

computed pollution indicators

AE2%(r; BRp) H RF3P (870, ) = B, (8]0, 652, ) (41)

h LE]
T\ J u iy
fc,,. G,

and we obtain the following estimate:

def o
o fou(es ) ~ €5 & 5 2207 BRp) (42)
T€T,
‘r_C_Q—-':u,
ERp

Remark 10. The function & &% . cannot be obtained exactly, in general, and must be

h
approximated in order to computed the pollution estimate; see (52)~(54) below.

Remark 11. Noting that

lureP(7) = fira? (7, ERp)| = B,

( ~ERp (G”u _Ap G.;" _xp) AER;; )

hy
T, 1
T'G‘!.i

(43)

and using the orthogonality condition &, ( ef ff ,xf) REQP(xP) = 0, and the Cauchy-

T,ub
Schwarz inequality we get

WE2?(7) - i72?(7; ERp)| < |II6Falll, IINGF? — AZ, G7¥) — &5 il (49

T,ub

Hence, the accuracy of the computed pollution indicators and the pollution estimate de-
pends on the magnitude of the term |||(G7¥ -AL G Gr)— 'ER" ||| namely, the difference
between the employed element error indicator and the error in the local best approzimation

of the extraction function Gf".
Remark 12. The exact pollution indicator can also be written in the form
E ~ 17‘ =~
prol(T) =R 2P (Grr - GRY) (45)

Above, we employed the representation (36) in terms of the error in the local best ap-

proximation, because it underlines that it is not necessary to estimate the pollution error

. - 0.,
in Gz,
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Let us also construct an estimate for the energy-norm of the error in the element 7.
We have

e, \/ [lle3 =12 + [[leF<"*|Ii2 + 2By (e, e77) (46)

Noting that
(B (1, )| = [a(eh, e — Arelse)| (47)

it follows that for sufficiently refined meshes we have
| B (elitoe, el )] < ||lehtoe]|), |[leko'® — AZelol], < |lle}™ i, llle}o Il (48)

See also [13] for numerical studies which illustrate (48). Hence, we can employ the

approximation

hit h,globyi1g ., cp ERp def ER ER
We®IIl, \[lle N2+ Ner @Il m 5™ = (€rp00)* + (Brgip)?  (49)

where we have used the estimates

ERp def |11~ ER;
lllektoelil, ~ rre < llleFarlll, (50)
and
2
ERp def = ER, ER,
ek Ill, = &gl = JITI 2 Bt s e (51)
1,7,k l=1

The error indicators éf: f,‘f will be approximated by

~ def ~
a2y o GE) £

f
where Tgrim Hj, (1) — prim df gpim
T, ,D

0 - 87 ar, denotes the energy-projection into

.97,

the bubble space B’,’}'T':, (see Oden, Demkowicz, and coworkers [14]), and efﬁ,{’a”“" will

be determined by solving the following discrete element residual problem:
Find eER”B”“" € BPA™ such that

T T
BRI =RERV) VveBT (53)

The corresponding computed pollution indicators are

#E’S p(T ERpo + m) def %EQ,})( ERpo+m) = % (eERpo+m éERpo+m) (54)

T,ut G if T,uh - G":i‘
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and
%E:E':S;’*"‘ €Y a72e(r;ERpBp+m) (55)
T€T;,
TCO-wh

The corresponding estimate for the energy norm of the local error is

%ERPBP‘H" ERpBp+m def
+,loc nf'uh -

lAERpo+m|“ (56)

Let us now consider the case that the finite element code does not have the capability
of computing the above splittings of the residuals and the residual error indicators, but
nevertheless, as it is now the case with many commercial codes, it can compute indicators
of the error based on a local averaging of the displacement, the strain, or the stress.
We call such an averaging a recovery (REC),e.g., the ZZ-SPR recovery proposed by
Zienkiewicz and Zhu {15, 16, 17], the WA or the WAZ recoveries proposed by Wiberg
and coworkers (18], etc. In this case we can always compute element error indicators for
the stress in the form

SR S CORE O (57)

where REC = ZZ-SPR, or WA, or WAZ, etc., we can approximate the pollution

indicators by

fing, (F REC) ¥ [ (83807 B 6252, (58)

and we obtain the estimate of the pollution error in the derivatives of the error

%"Eﬁn € S 4., (FREC) (59)
T€T, i
'rgﬂ—wﬁ‘

and the corresponding estimate for the energy-norm of the local error

RECdf ~R C A
eEe [ (e8I B K, (60)

Similarly, we can obtain the estimate of the energy norm of the pollution error €22 g,o,, by

employing the pollution indicators given in (58) into (42).

Remark 13. Let us note that the element residual problems can also be understood as

local recoveries for the stress. For example, let

oBReBimut) ¥ o(u*) + a(e7 R (61)
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and for the error indicator of the stress

~ERpBp+m d__e_f o ( ~ ER,;:Bp+m) (62)

o(uh) er.u

Employing éf&ﬁ?”*’" into (57)—(60) we recover the estimates given in (52)~(56).

Remark 14. The representation of the error in the strains or stresses in terms of the
energy-inner product of the error in the finite element solution with the error in the
finite element approximation of the auxiliary function was first employed by Babuska
and Miller {19, 20]. The same approach was recently employed in [21, 22] for the special
case of bilinear elements (p = 1), and was based on ezplicit error indicators which are
computed directly from the residuals. Let us also note that [19]-[22] do not employ a
splitting of the error, and employ the same representation as (59), with the difference that
the sum is taken over all the elements. In [23] we have shown that the error indicators for
the Green’s function in the elements in w? can be very inaccurate and they can degrade
the accuracy of the estimates for the average error in the stress in the element 7, if they

are included in the sum in (59).

Remark 15. The symbol 4 is used throughout the paper to denote an estimate of the
error for the quantity which appears as a subscript, while the superscript indicates the
averaging employed in the computation of this estimate. For example, %g(zx;sp R denotes

an estimate for e, ,, gof o(e*)(x), which is computed using oZZ2-5PR(yh),
Let us now illustrate the accuracy of the above estimates in the example problem

depicted in Fig. 1 (see also {24] and [25] for details of the implementation of the above
estimates).

Example 1. The accuracy of the ERpBp+m and ZZ-SPR estimates for the local, the
pollution, and the total errors. We considered the domain, the loading, and the mesh of
mapped biquadratic squares (p = 2) shown in Fig. 3. Fig. 3a shows the distribution of
the von Mises stress

VM, hy def 1 hyy def 1 2
o' (u") = Wi Jp(o(u*) = 7 \Ji‘jglagsv(u") og= (u*) (63)
172 :
where 05V def %%—3 ( ) akk) 6;;» is the deviatoric stress, relative to the reference value
k=1

0,ep(u*) & max (0¥ (u?)(%)) (64)
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Fig. 3. An example which illustrates the a-posteriori estimation of the local error and the pollution

error: (a) The mesh and the distribution of the von Mises stress, VM (uh), relative to the computed

reference value o, (u*) = max (¢¥M(uh)(x)). (b) The mesh T, with the mesh patches A and B (shown
x

shaded), in which the von Mises stress attains large finite values, and the estimates of its error will be

computed and analyzed. (c) The mesh T,:" employed in the overkill approximation of the local and the
total errors. This mesh was obtained from T}, by recursively subdividing four times each element with
a vertex at a reentrant corner.
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Note that here we are computing the maximum for a fized mesh 7, and the computed
maximum has finite value. This reference value does not have meaning as h tends to
zero; nevertheless, here we are simply interested in scaling the von Mises stress, and we
will analyze their error in areas away from the corner points where the exact values exist.
From Fig. 3a we can see that the von Mises stress attains large finite values within the
mesh-patches A and B shown in Fig. 3b. We will give the error in the von Mises stress
and its estimates for the elements in these patches. In Fig. 4a we give the results for the

exact relative error in the von Mises stress,
eovmpures = oV (0" + eye) — oM (ut)]/oV M (u?) (65)

where el,, is the overkill approximation of the error computed by employing elements of
degree p + m = 4, and the refined mesh T,:’f shown in Fig. 3¢ (this mesh was obtained
from the mesh T}, shown in Fig. 1, by recursively subdividing four times every element
with a vertex at a reentrant corner), in the elements in patch A, and in Fig. 4b we give

the estimated relative error in the von Mises stress,
1
V3

By comparing Fig. 4a and Fig. 4b we note that ‘555!2“1(3::.)‘ reL is a reliable estimate of

%ER2B4 def
gV M(uh),REL =

Jo(oPR2B4u) + BZEY) — oM (uh)| /0 M (ut)  (66)

the exact relative error in the von Mises stress of the finite element solution in all the
elements in the mesh patch. In Fig. 4c we show the regions of the relative value of the

von Mises stress of the exact local error
hlocy def v . VM h
of ker(e!®) € aVM (i) gV M (u) (67)
which compare well with the corresponding regions of the von Mises stress of the esti-

mated local error (Fig. 4d)

VM (é

orrer(@ra ) = o M(@r k%) joVM (u*) (68)

T,
In Fig. 4e we show the regions of the von Mises stress of the exact pollution error
VM ( hgloby _ _VM(_hglob h
orrer(es? ™) =0 " (ep? )/e"M (u?) (69)

It can be seen that the pollution error in the stresses in an element is practically constant
when compared with the oscillatory behavior of the local error over the element. In Fig. 4f

we give the values of the pollution-ratios

5 def \ .
pol® % |l bst2l) /jllehe|| (70)
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(b)

VM(aER2B4
o’ {p.- uh )

r,“_‘i o )

h.glob
Iller "Il

lller Il

(f)
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®

Fig. 4. An ezxample which illustrates the a-posteriori estimation of the local error and the pollution
error. The estimates based on the ER2BJ indicators: Regions of 0~1%, 1-2.5%, 2.5-5%, and 5-10%
(shown with increasing intensity of gray shading) for the patch A shown in Fig. 3b, for the: (a) Exact
relative error in the von Mises stress e oV M (uh),REL" (b) Estimated relative error in the von Mises stress

85 % reL- (c) Relative value of the von Mises stress of the local error of Mo (e}!%°). (d) Relative

value of the von Mises stress of the element error indicator function oy ¥z, (6E7254). (e) Relative value

of the von Mises stress of the pollution error a}." ,"{EL(eﬁ"M). (f) Values of pollution ratios pol?® in
the elements in the mesh patch. Note that the pollution error and the local error have comparable
magnitudes in all the elements in patch A. (g) Values of the effectivity index xFR2B4 for the ER2B4
estimate of the element energy norm of the error. It can be seen that the estimates for the local, the
pollution, and the total errors, based on the ER2B4 element error indicators, are rather accurate.

in the elements in patch A, from which we can see that the local error and the pollution
error have comparable magnitudes in most of the elements. In Fig. 4g we give the element

effectivity indices

RETB L2 el ulll, (71)
for the elements in patch A; we see that 0.8 < kFR284 < 1.4,

Let us also analyze the accuracy of the estimates based on the ZZ-SPR error indi-
cators. In Fig. 5b we give the regions of the von Mises stress of the local error estimated

by the ZZ-SPR

- def 1 "ZZ
OHRET S e T LS 0 M (o) (72)
h.loc

these regions compare well with the corresponding exact regions a}" M1 (e7°) shown in
Fig. 5a (Fig. 5a is identical to Fig. 4c). In Fig. 5¢c and 5e we give the element effectivity
indices for the ZZ-SPR estimates of the element energy norms of the local and the
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(b)

(9)

(M

Fig. 5. An example which illustrates the a-posteriori estimation of the local error and the pollution
error: The estimates based on the ZZ-SPR indicators, compared with the corresponding estimates based

on the ER2B4 indicators for patch A. Regions of 0-1%, 1-2.5%, 2.5-5% and 5-10% (shown with

increasing intensity of gray shading) for the relative value of the von Mises stress of: (a) o¥ ¥z L ey,

(b) a:" szz[lz-sp R (c) Values of the element effectivity indices, Kf‘lzo:sp R, (d) Values of the element

effectivity indices, kE{2B4. (e) Values of the element effectivity indices, KZZ-5FR. (f) Values of the

element effectivity indices, sEf284. Note that the ER2B4 estimates of the pollution error are more
effective than the corresponding ZZ-SPR estimates.



174

pollution error, namely

- def ©2Z-SPR \
KZE;SPR L GZEZSPR flj|ehtoey), (73)
and
- def xZZ-SPR \
KEZSSPR At GZZOPR [l (74)

and in Fig. 5d and 5f the corresponding element effectivity indices, xFf22* and kf iz
for the estimates based on the ER2B4 error indicators. It can be seen that the estimates
for the pollution error based on the ER2B4 error indicators are more accurate than the
pollution estimates based on the ZZ-SPR. This reflects the inferior accuracy of the
ZZ-SPR pollution indicators in the elements with a vertez at a corner point.

Let us also give the corresponding results for the elements in patch B. Fig. 6 gives
the results for the estimates based on the £R2B4 indicators in patch B, for the same
quantities as the ones depicted in Fig. 4 for patch A. Fig. 7 compares the ZZ-SPR
and the FR2B4 estimates of the local and the pollution errors exactly as in Fig. 5 for
patch A. Once more, we see that the pollution estimates based on the ZZ-SPR are
less accurate than the corresponding estimates based on the ER2B4, due to the inferior
quality of the ZZ-SPR indicators in the elements with a vertex at a corner point.

From the above example we clearly see that:

(a) The estimates based on the ER2B4 and the ZZ-SPR are sufficiently accurate for

estimating the error in meshes of biquadratic elements.

(b) The relative magnitude of the pollution error with respect to the local error in an
element of interest cannot be predicted a-priori, and it is essential to have reliable

estimates for both components of the error.

(c) The accuracy of the pollution estimates depends on the accuracy of the error indi-
cators over the entire mesh, and especially the elements with a vertex at a corner

point.

Above we considered the case of bi-quadratic elements (p = 2) because they are used
most often in practical computations. Similar results can also be obtained for linear
(p = 1) and cubic (p = 3) elements. For example, in Fig. 8 we give the shades of the

exact and the estimated relative error in the von Mises stress for bilinear (p = 1) and
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(® Hlegulll,

Fig. 6. An example which illustrates the a-posteriori estimation of the local error and the pollution error.
The estimates based on the ER2B/ indicators: Regions of 0-1%, 1-2.5%, 2.5-5%, and 5-10% (shown with
increasing intensity of gray shading) for the patch B shown in Fig. 3b, for the: (2) Exact relative error in
the von Mises stress e,vu(,n) ppy- () Estimated relative error in the von Mises stress Sfﬁ";?\fn)' REL-

(c) Relative value of the von Mises stress of the local error oV (&%) /gVM (uh). (d) Relative value of
the von Mises stress of the element error indicator function oV (8E£2B4(uh)) /oM (ut). (e) Relative

value of the von Mises stress of the pollution error oV (e}9'°?) oV M (ut). (f) Values of pollution ratios

polf = |||e¢”l°"||| , / |||e¢"°°||| , in the elements in the mesh patch. (g) Values of the effectivity index

xER2B4 &f gERIBA /Illek, 1|l for the ER2B4 estimate of the element energy norm of the error. Note

that the conclusions are the same as the ones obtained in Fig. 4, namely, that the estimates based on
the ER2B4 indicators are rather accurate.

bicubic (p = 3) elements, and the element effectivity indices for the estimate of the
element energy-norm based on the ERpB2p error indicators for the elements in patch A.

Let us now compute the error in the error estimates. We will denote the error in the
error indicator by

def "
€gREC(yh) = 0(9,;'106) - ef(’fﬁ) (75)

and the relative error in the error indicator by

- def
Engy(8560) = lleorscqumll, goi /eIl (76)

where ||| _, is the stress-energy norm, namely

loll, ot %4/ [ 7B (77)

We will also denote the relative error in the estimate of the element average of the
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(b)

.ER2B4
Floc

Z2Z-SP
Z2-SPR

f.loc

(c) (d)

(f)

Fig. 7. An ezample which illustrates the a-posteriori estimation of the local error and the pollution
error: The estimates based on the ZZ-SPR indicators, compared with the corresponding estimates based

on the ER2B4 indicators for patch B. The regions of 0-1%, 1-2.5%, 2.5-5% and 5-10% (shown with

increasing intensity of gray shading) for: (a) a}" Mo (e®*°%), (b) a,‘." g‘é{z'”". (c) Values of the element

effectivity indices, xZZ-5PR, (d) Values of the element effectivity indices, xEf2B4. (e) Values of the

element effectivity indices, xZZ_5PR. (f) Values of the element effectivity indices, xFR254. Note that the
ER2B4 estimates of the pollution error are more effective than the corresponding Z" -SPR estimates.
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h,glob ER1B2
lllex"lll, é;

lller™]ll, Ileb.ill,
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h,glob
lller"Mll,

hl
Illex*1ll,

HlleGuelll,

(8) (h)

Fig. 8. An ezample which illustrates the a-posteriori estimation of the total error: The estimates based
on the ERpB2p indicators: The results given in (a)-(d) are for bilinear elements (p = 1). (a) Regions
of the exact relative error in the von Mises stress €,va sy rEL (0-5% blank, 5-10% light gray, 10-20%

dark gray, 20-30% black). (b) Regions of the estimated relative error in the Mises stress ‘8555?:,.), REL-
(c) Values of the pollution ratios pol? def |||e';'9'°°||| R / |||e';“°"||| s+ (d) The element effectivity indices

xER1B2 df gER1B2 /lllelli, . The following results are for bicubic (p = 3) elements. (e) Regions of the
exact relative error in the von Mises stress e,va (yr) rEL (0-0.1% blank, 0.1-0.2% light gray, 0.2-0.5%

dark gray, 0.5~1.0% black). (f) Regions of the estimated relative error in the Mises stress ‘éfﬁﬂlxh)‘ REL-

(g) Values of the pollution ratios pol? def llleﬁ"’“’b[” ’ / ek 4+ (h) The element effectivity indices

def o, ER3B6
KfROBS 28 Mlegulll, -

derivative of the pollution error by

o 1 1
EREL(%fég*)) « Ja (‘55532?) - |-T-‘| /; Uij(eg'gm)) / Ja (F_|| /T aij(e‘};,g'Ob)‘) (78)

and the relative error in the error estimate for the element energy norm of the error by

EREL (<6 '?REC) Q_gf

75 — [lefill, | /1lie™, (79)

for REC = ER2B4 and REC = ZZ-SPR. In Fig. 9 and Fig. 10 we give the values of
Eppr(8RER), EREL(%:’:?%)) and Egp. (4FE€) in the elements in Patch A and Patch B,
respectively. We see that the maximum relative error in the ER2B4 error estimate of
the element energy norm of the error in the elements in patches A and B is less than
30%, while it is more than 100% for the ZZ-SPR estimate. From these results, we can
conclude that the error in the error estimate can be very significant and we must have

the ability to estimate it.
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ZZ-SPR

EREL (éc(u")

(b)

(d)

(f)
Fig. 9. An ezample which illustrates the a-posteriori estimation of the local error and the pollution
error. The relative errors in the error estimates for the elements in patch A: The values of: (a)

R ~Z2Z~ ER - ER2B
EREL(eg(}f.th)“)v (b) EREL(G%,»)SPR): (c) EEEL(%,:;":(B;?) (d) EREL(%dZém(f)P "), (e) Erer(8772%%),
(f) Egg L(‘@f Z-SPRy Note that the error in the ZZ-SPR estimates can be more than 100%, while the
error in the ER2B4 estimates does not exceed 30%.
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22Z-SPR
EREL(eg(uh)

(b)

ZZ-SPR
EREL (%09_"9(*)
i

(d)

Epe1(657757)

)

Fig. 10. An ezample which illustrates the a-posteriori estimation of the local error and the pollution
error. The relative errors in the error estimates for the elements in patch B: The values of: (a)

ER2B4 ZZ~SPR

Erpr(@guny ) (b) Erpr(€giny ) (¢) Egpr(®

Epp (82275PR),

) (d) EREL(%fé,:(‘f,P R)y (e) EREL(ngRzB‘)’ (f)
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2. A-POSTERIORI ESTIMATION OF THE ERROR IN THE ERROR ESTIMATE

In this section we construct a-posteriori estimates of the error in the error estimates by
employing indicators of the local error in the recovered stress. The error in the error

estimate %o(,-() can be split into two components, namely

o(e")(x) - #3 = (o(eH*)®) — &FEA®)) + (e MR - €n)  (80)

error. in the error in the
error indicator pollution estimate

The error in the element error indicator will be estimated by

ofe hloc) ems% ~ euggg(uh) def L REC, RECt(uh) oREC(u") (81)
where gRECREC* is g recovered stress which is constructed by locally averaging (recy-
cling) oREC(ut) (see [26] for the asymptotic analysis of recycling). The error in the

pollution estimate will be estimated by

! RECs def R
0.( h,g ob)(x) %cavg(f) ~ %%RE'S(') 2 f, +(1;REC) (82&)
T€T,
TCQ~wh
where
&REC def &REC YT i3—1 §REC
€40, (RREC) = [r (Cotum)” BT & e sty (82b)

is the indicator of the error in the pollution indicator ﬁ’-"u (7; REC). Let us now show
how (82) was obtained. Noting that

o) (@) ~ = [o(eh ) = T () (83)
| T€T),
TCN~wh

the error in the pollution estimate is practically given by
1 glob :
(G [oteh™) -2 = 3 (uE27() - pnolmREC))  (54)

T€T,
rc_:n—u;‘

Further, the error in the pollution indicators is

HESP(7) = i, (7; REC) = / (&R T B (0(G7Y — AR, GFY) — .n(sg“) (85)
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and employing the approximation
] 2~ g ax ~ A *

o (G —.A’,.Gf’) mgcu) ~ o(GeY) — oFEC(GTY) ~ eff;(czfi) (86)
we obtain the estimate (82). We obtained the last approximate equality in (86) by
REC,REC* (G“u )

7,k

employing @ to approximate o/(Gs¥).

Let us now give some constructions of the recycled recovered stress, gREC:REC*.

(i) Polynomial recycling:

Let
GRECPOL(yh)| = o(uﬁf,?"’o” (87)
where uREC POL ¢ @P+™(,h) is obtained by solving the following local minimization

problem:
REC,POLy_ _REC(,:h _ GREC

lo(uEEE7E) = 2 (), e = i )= oy e (89)

where

def el T
llorlf?, w = 2 (0(G)) D o(y) (89)
ADALES T &

and {&;}2F, is the set of mapped 2 x 2 Gauss-Legendre points in the elements in w?. In
the results given below we employed D = I (the identity matrix); another possibility is
D =E"} etc.

Remark 16. The polynomial recycling is rather general and can be easily implemented

in any existing code which has the capability to compute a recovered stress.

(ii) “Harmonic” recycling:

Let {Qf}%2, a local “harmonic” basis in the element w?, which satisfies
V- (o(Qp) =0, o(Qnl, =g, Qil,, =0 (90)

where 97, Earn I'p, and Oy “ or Ny In the cases that any of these sets is empty

the corresponding boundary condition need not be enforced. We then have

o0
X =Y o Qf (91)
T k=1
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Note that (90) does not specify uniquely the basis functions. For elements in the interior
of the mesh, or elements adjacent to a smooth boundary, we will employ the Muskhel-

ishvili complex potentials [27)

Q1 +1Qpz = £ p(2) — 2¢/(2) = ¥(2) (92)
where
p+m
p(z) =Azlogz+Blogz+ Y. a2 +a, mpz™*
k=1
(93)
p+m
P(z) =-rkAlogz+ Y bz + bz
k=1

. 3—v
where z = 1, +iz;, i = vV~-1, & df 3 _ 4y for plane strain or x & Ty

for plane
stress, and A, B, a;, b, are complex and chosen such that Q] has finite value in w?.
In the computations we also constructed the basis, such that boundary conditions can
be enforced on a circular arc (here we assume that the boundary of the domain can be
represented by circular arcs).

For elements in the interior of the mesh, or adjacent to a smooth boundary , we
will determine the recycled stress o®*EFGHAR(yt)) = o(uf’ﬁ,.c "HAR) where the recovered

displacement
N
w2 ot # fa| @ - $-a,07) 2
i=1

is obtained by solving the local minimization problem

REC.HAR
llo(u REC (M),

» - - REC (. .h
f.u" ) o wh, D(K,‘}""' ue Q.(N)( h)“(r(u) o (u )“w‘l’D‘{‘k):;Pl (95)

Here {{;};F, is the set of mapped 2 x 2 Gauss-Legendre points in the elements in w?.
We employed N = 4(p + m) for interior elements, N = 2(p + m) for elements adjacent
to a straight boundary, N = 4(p + m) + 2 for elements adjacent to a curved boundary,
and we let m = p.

For elements with a vertex at a corner point we will also employ the vertex basis

functions

0 by

2(x) = (1) Re(Bs) (96)
where x° is the position vector of the corner point, and 7,0, 8,0 is & polar coordinate

system centered at x°. Here A, and ®, are, respectively, the ¢th eigenvalue and the
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eigenfunction for the infinite wedge, corresponding to the corner point. In this case we

will employ a recovered displacement in the form

REC,HAR _ g(N), py def N .. «0
Upn T ER Hwr) = {Ql Q=) Qi+ oy @ } (97)
i=1

i=1

Analogously as in (87), will let &24if% ) denote the indicator of the error in the

recovered stress, namely
ég!'?s%(uh) def GREC,HAR(uh) _ 0,REC(uh) (98)
and will compute the error in the pollution indicators as in (87)-(89)

~HAR def aEST \Tp-15HAR
eﬁr,uk"(f;REC) - /T(eﬂ(u")) E e‘,REC(G*.'";‘) (99)

and the corresponding estimate of the error in %ffﬁ;) is
k.

HAR  def ~HAR
Bgizc, = X &L (ec) (100)
Ykt TETh "
'rg'l—w:.l

Let us now give an example which compares the accuracy of the estimates of the error

in the error estimate obtained by polynomial and harmonic recycling.

Example 2. The accuracy of the estimates of the error in the error estimates. Let us

compare the exact relative error in the error-indicator
VM,REC def hl
Oz REL = J2(eoREC(u"))/J2(U(e'F *)) (101)

def . . X g
where we recall that e, rec(,» E g(ell) —ef(’fﬁ) is the exact error in the error indicator,

and the estimated relative error
VM,REC,RECs def 1 (~REC+
0% REL = J2(effgc(uh))/Jz(c(eﬁ"“)) (102)
and we measure the accuracy by computing the element effectivity indices

o RECRECe S ||GREGE . s /legnzcianyl, g (103)

1]

where REC* = POL, HAR. Let us first consider the case of polynomial recycling

(RECx* = POL). In Fig. 11 we give the shades of the exact relative error in the REC

indicator oy wpr-C (Fig. 11a, for REC = ER2BA, Fig. 11b, for REC = ZZ-SPR) and
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(b)

(d)

65 2kmuunll, g1 1859% < rmunyl

rE"!

“eu:mm(“\)”r‘ﬁq ”eczbspn(uu]”rE-:

(f)

Fig. 11. An ezample which illustrates the accuracy of the estimate of the error in the error estimate:
The accuracy of the indicators of the error in the error indicators in the elements of patch A. The regions
of 0-5% (white), 5-10% (light gray), 10-20% (gray), 20-30% (dark gray), above 30% (black) for: The
exact relative error in the error indicator, J2(euuc(u,.))/Jz(c(e';"“)), for (a) REC = ER2B4, and (b)
REC = ZZ-SPR. The estimated relative error in the error indicators, J,(é;’,?é‘c(u,.))/J2(o(e:§"°°)), for
(c) REC = ER2B4, and (d) REC = ZZ-SPR, obtained using polynomial recycling. The values of the
element effectivity indices [jé78L, il g1 /llegrec(ymll_ -1 for the estimate of the error in the error
indicator, for: () REC = ER2BA, (f) REC = ZZ-SPR.
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g

i .
2 €grR2Bagyhy)

(a) Jy(o(e'*)) (b)

(d)

aPOL 1 -
|!eozituic(u~}1|f£-\ l[cz‘gzl‘—ﬁ""{u"}”,_E-l

(e) |Je‘,snma(uk}|l7£-1 (f) “eﬂzz_.-wn(un}”f E-!

Fig. 12. An ezample which illustrates the accuracy of the estimate of the error in the error estimate:
The accuracy of the indicators of the error in the error indicators in the elements of patch B. The
regions of 0-5% (white), 5-10% (light gray), 10-20% (gray), 20-30% (dark gray), above 30% (black) for:
The exact relative error in the error indicator, Jy(egrsc(yn))/ Jo(ar(ef°)), for (a) REC = ER2B4, and
(b} REC = ZZ-SPR. The estimated relative error in the error indicators, Jz(é":noé'c(u,,)) [Ta(o (b)),
for (¢) REC = ER2B4, and (d) REC = ZZ-SPR, obtained using polynomial recycling. The values of
the element effectivity indices ||é5%‘c(u,.)llr g-1/legrec(ymll_ g1 for the estimate of the error in the
error indicator, for: (e) REC = ER2B4, (f} REC = ZZ-SPR.
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the corresponding estimated relative errors in the REC indicator 0,‘." MHRECPOL (pig 11c,
for REC = ER2B4, Fig. 11d, for REC = ZZ-SPR), and the element effectivity indices
KloeREC.POL (Rig 1le, for REC = ER2B4, Fig. 11f, for REC = ZZ-SPR) for the
elements in the patch A. In Fig. 12 we give the corresponding results for the elements
in patch B. Note that the indicators 7% ) have effectivity indices in the range (1.0,
3.0). Let us now compute the estimates for the error in the stress in pollution estimate,
i.e, %5%'3(,, given in (85). The accuracy of ‘8:&%(” depends on the accuracy of the
indicators of the error in the pollution indicators.

Let us now illustrate the accuracy of the “harmonic” recycling. In Fig. 13 we give the
shades of the exact relative error in the REC indicator a,‘,/, ¥iEC (Fig. 13a for REC =
ER2B4, Fig. 13d for REC = ZZ-SPR), and the corresponding estimated relative errors
in the REC indicator oy MREC.HAR (Fig. 13b for REC = ER2B4, Fig. 13e for REC =
ZZ-SPR). In Fig. 13c and Fig. 13f we give the effectivity indices x/“RECHARs fo;
REC = ER2B4 and REC = ZZ-SPR, respectively. Let us compare the estimated

error in the error estimate ‘éf;%g: with the exact error in the error estimate given by
L4

€4REC & o(eh)(x) - ‘éf@f (104)
for REC = ER2B4 and REC = ZZ-SPR. In Fig. 14 we give the shades of the exact
relative error in 8255 (Fig. 14a for REC = ER2B4, Fig. 14d for REC = ZZ-SPR),
and the corresponding estimated relative error regions (Fig. 14b for REC = ER2B4,
Fig. 14e for REC = ZZ-SPR). In Fig. 14c and Fig. 14f we give the effectivity indices
||<£g£%||nE_l / ||ez§5$||T'E_, for REC = ER2B4 and REC = ZZ-SPR, respectively.
In Fig. 15 and Fig. 16 we give the results which are analogous to Fig. 13 and Fig. 14,
respectively, for the patch B. We note that the effectivity indices in all the above cases

is in the range (0.7, 1.3).

Let us now employ the “harmonic” recycling to predict the effectivity index of the

global energy norm of the error, kEEC, Recalling that

@2 T [ (") ~ o(w)" B (o750 (w) — o)) (105)

TET, "7

letting oREC(uh) - o(u*) = (GREC(u”) - 0’(11)) + (o-(u) - o'(u")), and expanding, we
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(d)

“HAR
J}{egzz _ypn‘.-ukl}

(e)

2 R
”eg?z—si'k{uh}”r.s_|

Hé‘,zz-spn(un} ”f.E“

()

Fig. 13. An ezxample which illustrates the estimate of error in the error indicator: Accuracy of the
indicators of the error in the error indicators in the elements of patch A. The regions of 0-5% (white),
5-10% (light gray), 10-20% (gray), 20-30% (dark gray), above 30% (black) for: (a) Jy(egenizagyny)/
To(0(er™);  (B) Jo(6HABauun)/Ta(a(el ™)) (o) l16ge80euml, g1 /llegnsaeumyll, g1
(d) Jy(egzz-srnum)/Tp(9(e7"*)); (&) J(EAR soniun))/Ja(e(el'™)); () (1HAR sompun)

I, g
/“e.,zz—spn(uh)“f‘s-x .
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HAR

”ew‘z‘i]-srn ”r.E"

Fig. 14. An example which illustrates the estimate of error in the error indicator: Accuracy of the indi-
cators of the error in the error indicators in the elements of patch A. The regions of 0~-5% (white), 5-10%
(light gray), 10-20% (gray), 20-30% (dark gray), above 30% (black) for: (a) J,(ezs(nga.)/.lz(a(eh))
o(R]
(b) Jz(igﬁ'gm)/-fz(ﬂ(eh)); (©) 118g&ioall, gor /llegemsdll, g7 (&) Jolegzz-sen)/Ja(oleh)); (o)
HA

. HAR
J2 (‘Gz:&;spn)/Jz(ﬂ'(eh», (f) H%z:(l*;-SPR“'_’E_I /”ez:(z*;.s;’n”nE-: .



191

Jz (e" ERIBA(y» _‘J
(a) Jy(or(e3")) (d) Jy(o(eh))

e HAR
J2££§;‘£E‘Bl{“h]) Jy(€ girans)

(b) AT (e) AT

6# 4R neunl, o

(c) “805"39‘(“\J”r|£wl (f)

”e'ﬂg":’:"‘“r,i‘."

Fig. 15. An erample which illustrates the estimate of error in the error indicator: Ac-
curacy of the indicators of the error in the error indicators in the elements of patch B.
The regions of 0-5% (white), 5-10% (light gray), 10-20% (gray), 20-30% (dark gray),
sbove 30% (black) for: (2) Jy(egempaqn))/J2(0(eF')); () Jp(eHAR s, 1)/ Ta(0(F); ()
“é;’iz‘tﬁm(nh)"ns-x/”ecsmac(uh)”nE-:; (d) Jz(e“fggm)/lz("(eh)); (e) Jz(%gﬁlgﬂ‘)/ Jz(“(eh)); (£

HAR
Igiedll, -1 /llegegaodl, g
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/ N T—
Jz‘\"uzx-srnmn;) R

(2) Ty(a(eF™)) (d) T(a(em)

®) @) T{o(en)

||ég?ﬂspu(u»]]|r‘z_.

(C) Ifeuu-spn(u»ﬁl,ls-. (f) I|e!:[z‘;srnn‘_£_:

Fig. 16. An ezample which illustrates the estimate of error in the error indicator: Accuracy
of the indicators of the ervor in the error indicators in the elements of patch B. The regions
of 0-5% (white), 5-10% (light gray), 10-20% (gray), 20-30% (dark gray), above 30% (black)
for: (8) Jy(€gzs-spnquny)/J2((e}'™)); (b) J,(éz'f‘z"-m(u»>)/J2(c(eﬁ"“)); (c) Neg# serpumyll, -1
[legas-senmll,gosi (@) Jrlegzz-sra)/Ta(0leh); () To(@ilern)/Tp(oleh);  (£)

HAR
”‘83:(‘;)-5“‘”,’!3—1 /”eg:&;splz”nE_l .
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get
(BREC)2 _ lller|Ii2 = )y / (O.REC(uh) _ o(u))'r E-! (om;c(uh) _ o(u))
reT, 7
' (106)
+2Y ] (O'REC(u") o(u)) (o(u) - o‘(u"))
7eT,
Employing oREC:REC*(yh) instead of o(u) in (106) we get the estimate
(83)" — [, ~ €5 (107

where

}:zﬁtga)z &f E /(e,REC(uh))TE -1 f,‘:’fgc(uh) -2 Z /(e.,mz(:(uh) E™! f(l:’;f; (108)

T€T,
We have @RE
REC\2 def (%n ) RECs  def (%REC)z
K ~% 1+ 109
(%= o~ Bedier = 1+ GEeoy gz, (09

We considered the mesh shown in Fig. 3b (we will call this mesh the refined mesh). We
also employed a coarser mesh which is obtained from the initial mesh of the superelements
by subdividing each element only once (the refined mesh was obtained from the initial
mesh of superelements by employing two recursive subdivisions). In Table 1 we give
the values of kER?P4 and k4Z~5PR for the coarse mesh and the refined mesh and we

also compare the estimated values of effectivity indices ,/‘8(],1 :gnszc)z. Note that we have

,/‘é(]i :gnzic)z ~~ kEEC for both meshes.

ER2B4 ZZ-SPR
Mesh
KngB-t \ /%g‘%ﬁzm): K'gz-sPR ’/%g‘%g-spn),
Coarse mesh 1.877 2.034 2.213 2.469
Refined mesh | 1.938 1.976 2.306 2.514

Table 1. An example which illustrates the accuracy of the estimates of the global effectivity indez: The
values of the global effectivity index kEFC for the coarse mesh and the refined mesh (shown in Fig. 3b),

and its estimate \/‘ég‘gﬁc),. Note that ,/‘G(Knsc)z =~ kREC for both meshes.
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3. CONCLUSIONS

The main conclusions of the paper are:

1. We have constructed reliable estimates of the error in the stress at any point (where
the stress is finite) by splitting the error into two components with respect to the
element which includes the point of interest. The local component (local error)
is estimated by the error indicator, and the global component (pollution error) is

estimated by a global extraction.

2. The estimates of the error in the stress in the engineering model problem are suf-
ficiently accurate when the element residual error indicator or the ZZ-SPR error
indicator are employed. Nevertheless, whenever the mesh is coarse, the effectivity
index may be in the range (0.5, 2.2), and it is essential to estimate the error in the

error estimate in order to guarantee the quality of the error estimate.

3. The a-posteriori estimation of the error in the error estimate is also based on split-
ting of the error in the error estimate, namely, the error in the error indicator and
the error in the global extraction. The error in the error indicator and the error
in the global extraction are estimated by locally averaging (recycling) the original

error indicators.

4. The a-posteriori estimates of the error in the error estimates are most effective when

the local character of the exact solution is taken into account in the recycling.
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We present a framework for the efficient calculation of lower and upper bounds to out-
puts which are linear functionals of the solutions to symmetric or nonsymmetric second-
order coercive partial differential equations. The method is based upon the construction
of an augmented Lagrangian, in which the objective is a quadratic energy reformulation of
the desired output, and the constraints are the finite element equilibrium conditions and
interelement continuity requirements; the bounds are then derived by evoking the dual
max-min problem for appropriately chosen candidate Lagrange multipliers. The bound
computation comprises two components: several global calculations on a relatively coarse
“working” finite—element triangulation Ty consisting of Ky elements Ty; and 2Ky in-
dependent Ty-local calculations on a relatively fine “truth” finite-element triangulation
Th.

In this paper we focus on three new developments. First, we introduce a modified
energy objective, and hence modified Lagrangian, that permits both more transparent
interpretation and more ready generalization. Second, we demonstrate that the bound
gap — the difference between the upper and lower bounds for the desired output — can be
represented as the sum of positive contributions — local indicators — associated with the
elements Ty of Ty. Third, based on these local bound-gap error indicators, we develop
adaptive strategies by which to reduce the bound gap — and hence improve our validated
prediction for the output of interest — through optimal refinement of 7y. The resulting
method is applied to an illustrative problem in linear elasticity.

1. INTRODUCTION

The field of a posteriori error estimation and adaptive mesh refinement now has a long
history in finite element analysis. The two goals of these related pursuits are, first, inex-
pensive confirmation of the accuracy of a particular finite element solution, and second,
efficient improvement of the finite element solution by optimal adaptive mesh refinement.
We now make these notions more precise.

We denote the exact solution to our coercive partial differential equation by u (say,
the displacement), and the finite element approximation to u associated with a triangu-
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lation 7y by uy. The finite element error is thus given by e = u — uy; we denote the
(pseudo)metric in which we wish to measure the finite element error by E(v). A posteriori
procedures provide an estimate, £(7y), for the E-metric of the finite element error, E(e);
this estimate £(7y) is typically expressed as the sum of positive contributions £r,, asso-
ciated with the Ky elements Ty of the triangulation 7z. The elemental contributions
Ery, are interpreted as local indicators for the purpose of subsequent mesh refinement
strategies.

The general approaches to a posteriori error estimation may be categorized as “ex-
plicit” or “implicit” [3]. Explicit techniques are typically based on residual evaluation
and a priori approximation and stability results [4,18,7]: the advantage is computational
efficiency; the disadvantage is the presence of constants that can not be precisely evalu-
ated. Implicit techniques [11,6,2] are based on the solution of K residual-forced Ty-local
independent subproblems: the advantage is more precise quantification; the disadvantage
is increased complexity and computational effort. Although both explicit and implicit
methods typically provide error bounds in the sense that (roughly) there exists a con-
stant C¢ independent of Ty and u such that E(e) < Cg¢&r, [6,18], the constant C is
typically not known. In what follows, we shall reserve the term “bound” for estimators
for which Cg is known to high accuracy.

Most early work on a posteriori error estimation focused, first, on symmetric problems,
and second, on the natural energy measure of the error, in which E(v) is chosen to be
the norm induced by the symmetric bilinear form associated with the weak formulation
of the problem. In this case, very effective explicit and implicit techniques [4,6,18] can
be developed that require essentially no regularity assumptions and contain only mini-
mal unknown approximation (and perhaps coercivity) contributions to C¢. Furthermore,
implicit procedures can be developed {11,2] that provide rigorous bounds for the error;
the unknown contributions to Cy¢ are reduced to the (typically very small) inaccuracies
incurred in the solution of the Tx—local subproblems. Many of these explicit and implicit
methods can be readily generalized to nonsymmetric problems (18] and more general error
metrics; in contrast, the earlier bound procedures [11,2] are developed only for coercive
symmetric problems, and are fundamentally restricted to the natural energy norm.

There has recently been greatly increased interest in the extension of a posteriori es-
timation techniques to error metrics more directly relevant to engineering analysis. In
particular, the quantity (or quantities) of interest in engineering studies is not the field
variable u, or the error in the energy norm, but rather the output — the system perfor-
mance metric - that reflects the specific goals and objectives of the design or optimization
exercise. To be more precise, we denote this engineering output of interest by s (say, the
force over part of the boundary); we further assume that s may be expressed as s = 1°(u),
where [9(v) is a (preferably bounded) affine functional. The finite element approxima-
tion to s, sy, is then given by sy = [9(uy). It is clear that, in order to measure the
error in the linear-functional output s, we should choose E(v) = |I°(v)|, since then
E(e) = 1%e)| = |1°(u — ug)| = |s ~ sn].

Explicit error estimation techniques — based on the Aubin-Nitsche duality proce-
dure [10] — and associated adaptive refinement strategies are now available for linear~
functional outputs, E(v) = J{°(v)| [7,8,16]. These procedures facilitate the assessment and
improvement of finite element predictions for the desired engineering output, s. However,
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in contrast to explicit indicators for the error in the energy norm, explicit indicators for
the error in linear-functional outputs involve, first, more questionable assumptions, and
second, more unknown contributions to C¢. In particular, C¢ now reflects not only unde-
termined approximation constants, but also regularity hypotheses on the adjoint (dual)
variable 1, and potentially inaccurate (7y) estimates for higher-derivative norms of .
Although these explicit techniques for output estimation can certainly yield good results
[7,8,16], the goal of confirmation is less well-satisfied. Related reconstruction procedures
share similar advantages and disadvantages [3].

We argue that engineering analysis and design is best served by a posteriori procedures
that eliminate — or at least greatly reduce — the uncertainty in numerical predictions:
rigorous and quantitative bounds for |s — sy| are required if simulation results can be
reliably incorporated into the engineering design and optimization process. To this end,
we have developed an implicit procedure for the prediction of bounds for linear—functional
outputs of coercive partial differential equations [13,15,14]. The method is based upon the
construction of an augmented Lagrangian, in which the objective is a quadratic energy
reformulation of the desired output, and the constraints are the finite element equilib-
rium conditions and interelement continuity requirements; the bounds are then derived
by evoking the dual max-min problem for appropriately chosen candidate Lagrange mul-
tipliers. As in all implicit procedures, the bound computation comprises two components:
several global calculations on the relatively coarse “working” finite-element triangulation
Tu; and 2Ky independent Ty—local calculations on a relatively fine “truth” finite—element
triangulation 7}.

More precisely, our procedure produces quantitative lower and upper bounds, spo(7x)
and syp(Tw), for s, = 19(us), the finite element approximation to the output s on the
“truth” triangulation 7. These bounds, in turn, engender a predictor for s,

SoreT) = 5(510(Th) + sup(Ta), (1)
for which

Ish = Spre(Tu)| < A(Th). (2)
Here

A(Tu) = %(SUP(TH) = sto(Th)), 3)

which we shall denote the (half) bound gap. It follows that |s — s, (respectively, |s—s|)
is within |s — s,| of A (respectively, of A + |spre — sgl), and thus C¢ is known to within
the accuracy of the “truth” mesh. Note that whereas |s, — sy| may in fact be smaller
than |s; — spr|, We prefer the predictor s, since the error bound on s, will be sharper.

Our framework borrows from earlier bound (and other implicit) approaches to a poste-
riori error estimation both in general methodology — the application of quadratic-linear
duality theory [11,2] — and in specific technology — the interelement continuity com-
ponent of the Lagrangian, and relatedly, the construction of equilibrated hybrid fluxes
(11,6,2]. However, there are also important differences between the earlier approaches
and our new proposal. In particular, earlier bound procedures are based upon a La-
grangian in which the objective function, not the constraints, recovers equilibrium: this
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reliance on a variational principle limits these approaches to symmetric operators, and,
even more fundamentally, to the natural-energy error norm. The Lagrangian in our ap-
proach is rather different: the objective is an energy reformulation of the desired output;
and the constraints include the finite element equilibrium equations, as is common prac-
tice in optimization and control applications. These enhancements permit the treatment
of much more general error measures, in particular linear-functional outputs, and the
consideration of more general equations, in particular nonsymmetric operators [13,15).
Our method has also been extended to the Stokes equations [14,12] and certain nonlinear
problems {14], however treatment of general noncoercive or nonlinear systems is not yet
possible.

We refer the reader to our earlier publications [13,15,14,12] for a complete description
of our approach. In this paper we focus on three important extensions. First, we develop
a modified energy objective — and hence modified Lagrangian — that permits both more
transparent interpretation (e.g., in terms of Aubin-Nitsche arguments) and more ready
generalization (e.g., to inhomogeneous boundary conditions). Second, we demonstrate
that the resulting bound gap, A(Ty) of (3), can be represented as the sum of positive
contributions, Ar, (7Ty) — local indicators — associated with the elements of Tg. Third,
based on these local bound-gap error indicators, we develop adaptive strategies by which
to reduce the bound gap A(7x) — and hence the error bound on s,,, — through optimal
refinement of Ty. We emphasize that our focus is less on error estimation, and more
on output prediction: we view the refinement of 7y primarily as a means by which to
improve our bounds. Relatedly, we anticipate that s o and syp are the quantities that
will be of greatest interest in engineering design; s, and A(7y) are simply convenient
artifices through which we can simultaneously sharpen both the lower and upper bounds.

The outline of the remainder of the paper is as follows. In Section 2 we describe
the problem that will be the vehicle for our exposition: a general second-order scalar
(nonsymmetric) coercive partial differential equation. We also introduce the finite element
spaces and bilinear and linear forms that we will require in subsequent sections. In Section
3 we introduce our modified Lagrangian, and describe the associated bound procedure. In
Section 4 we identify the local bound-gap indicators, and present our adaptive refinement
strategy. Finally, in Section 5, we provide numerical results for a problem in linear
elasticity.

2. PROBLEM STATEMENT AND DEFINITIONS

2.1. Governing Equation
We shall consider a scalar second-order linear coercive boundarv-value problem char-
acterized by the following variational statement : find « € X2, and s € R, such that

a(v,u) =N(), WeXx, (4)
and
s = 1) (5)

The field variable u is defined over a domain @ C JR? with boundary 8Q = ['pUTy;
u must reside in X2 = {v+up | v € X}, where X = {v € H}(Q) | v = 0 on ['p}.
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Here H'(Q) is the usual Sobolev space {1}; I'p is the portion of the domain boundary
on which the essential (Dirichlet) boundary data, gp, is imposed; up is any function in
H'() satisfying the essential boundary conditions, that is, up|r, = gp; and 'y is the
portion of 8§} on which natural (normal derivative) boundary conditions are imposed.
Also, a : HY(Q) x H(Q) = R is a continuous bi-linear form (not necessarily symmetric},
and IV : HY(Q) = IR (respectively, I : H(2) — IR) is a continuous linear (respectively,
affine) functional. (Treatment of unbounded output functionals (© is considered in [12].)

Finally, we introduce a bilinear symmetric coercive form a¥ : X x X — R, defined as

1
as(v, w) = -2-(a(v,w) +a(w,v)), Vv,weX, (6)
which induces the energy norm
HIolI? =a5(v,v), YweX, ")

the “natural” metric in which to measure the finite element error.

2.2. Finite Element Spaces

Two triangulations of the computational domain 2 are considered: the working or
design H-mesh, Ty, consisting of Ky elements Ty; and the “truth” h-mesh, 7}, consisting
of K, elements T;,. We require that 7y, is a refinement of 7T ; the geometric requirements
on Ty are discussed in the context of our refinement strategy.

To each of these meshes we associate regular piecewise-linear continuous finite element
subspaces,

Xy = {'U €eX I 'UITH (S PI(TH), VTy € TH}, (8)
Xy = {veX | ’UIT,l € Py(Th), VT, € T} (9)
where P (T') denotes the space of linear polynomials over T. Similarly, we define X 2=
{v+up|ve Xy}, and XP = {v+up | v € Xp}. Note that, by construction, Xy C
Xn C X, and XF c XP c XP.

The algorithms to be presented require that our spaces and forms be expressed as sums

of contributions over the H-elements Ty. Towards this end, we introduce the subdomain
local spaces Zy(Ty) and Z,(Ty),

ZH(TH) = Pl(TH), VTy € Ty, (10)
Zy(Tw) = {vir, € Py(Th), VTw € R, } NHY(Ty), YTy € T, (11)
where R, denotes the set of h-mesh elements contained in Ty. The global representation
of Zy(Ty) and Z,(Ty) are the “broken” spaces Xy and Xp,

Xy = {veLyQ) | vir, € Zu(Tu), VTu € Ta}, (12)
X, = {’U € L2(Q) | ‘UlTH € Zh(TH), VT € TH}, (13)
where L,(Q) is the space of square-integrable functions.

Finally, the bilinear — a(-, ), a%(+,-) — and linear — (¥ (), [9(-) — forms are extended
to accept discontinuous functions in the “broken” spaces by redefining these forms as a
sum of H-element contributions. For instance, a(-,-) is now written as
a(v,w)= Y, ar,(vlry, wir,), Yv,we X (14)

TueTn
similar expressions are obtained for o, IV, and 1°.
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2.3. Continuity Form

Let £(7y) (respectively, £(7)) denote the set of open edges in the triangulation 7y
(respectively, 75). We can then introduce a space of functions over the element edges
TH € g(TH)y

Qu = {ahy € Pi(yn), Yyu € E(T) | qlry =0} (15)
analogously,
Qr = {aly € Pi(m), Y € E(TR) NE(Tw) | glry, = 0}. (16)

It follows that Qn C @ C H-Y2(£(Ty)); the functions in these spaces can, of course, be
discontinuous [9]. )
Next, we introduce the “jump” bilinear form b: X, x Q; — R,

b,0)= % [ Ty ahy ds, (17)
THEE(Ty) " Y

where J,,v is the jump in v across vy when ~y is an interior edge, and the trace of v on
i when 7y is on the boundary Q. The form b(-, -) can be used to enforce continuity on
functions in Xy and X},; in particular,

Xu = {ve€Xu|b(v,0)=0, Vg€ Qn}, (18)
Xn = {ve Xy |blv,q) =0, Vg€ Qr}. (19)

Note b(-, -) places no restriction on v on natural boundaries.
3. BOUND PROCEDURE
3.1. T4 and 7, Problems

The Galerkin finite element solution on the working mesh, ug € X B, satisfies

a(w,ug) =1V (v), Ywe Xpg; (20)
the associated output, sy, is then computed as

sy = 1%uy). (21)
Analogously, the Galerkin finite element solution on the “truth” mesh, u; € X D, satisfies
a(w,up) =V (v), VYwe Xp; (22)

the associated “truth” output, sy, is then computed as
sh = 1%(up). (23)

In the smooth case, |s ~ sy| ~ O(H?), and |s — s3] ~ O(h?), where H and h are the
diameters of Ty and Ty, respectively.

It will be assumed that the calculation of uy, and hence sy, can be performed at
moderate cost. However, the h-mesh will typically be much finer than the H-mesh, in
order to ensure that |s — s;| is suitably small; the computation of us and s, in (22)-(23)
will thus, most likely, be impractical. Our objective is, therefore, to devise a procedure
that will yield sharp upper and lower bounds for s, in an affordable manner.
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3.2. Lagrangian Formulation
Noting that u, — uy € X, equation (22) gives

a(un — g, up) — IV (up — ug) =0, (24)
which can be combined with (6) to obtain the following energy equality,
a®(un — up,un — ug) = IV (un — ug) + alun — ug, ugy) = 0. (25)

Introducing the error e, € X}, as the difference between the h-mesh and H-mesh approx-
imations, e, = uy — uy, and defining the residual

1B(w) = V() — a(v,uy), Yve X, (26)
the energy equality can be rewritten as
a’(en, en) — 1Z(ey) = 0. (27)

Note that a®(en, ex) is simply |||es|||%. i
We now introduce the set of functions S C X,

S={veX|a(w,ug+v) =I"(w), Yw € Xp; blv,q) =0, Vg € Qn} (28)

We observe that the second constraint enforces continuity and the homogeneous essential
conditions, that is, v € Xj, and the first constraint, from (22), then forces v = e;,.
Therefore, the space S consists of a single function, e;. The following trivial minimization
statement can then be written,

ds, = 151613 k(aS(v,v) - 1B(v)) £ 1°(ugy + v), (29)

where k € IR, is a non-negative parameter that will be used later to optimize the com-
puted bounds.

The constrained minimization problem (29) suggests the formation of the quadratic-
linear Lagrangian C : Xn x Xp x Qn— R,

L*(v,p,9) = K (a°(v,9) = 15(v)) £ 1%(un + v) + alp, ug +v) — 1V (u) + blv,q),  (30)
which allows us to express +s; as

+s, = inf sup  LE(v, p, q). (31)
VEXh pEXh, q€EQn

We know that, at the saddlepoint (es, ¥if, p¥),

en = argmin [ sup L% (v, 1, 9)}, (32)
v€EXn HEXR, gEQn
E— i +
s = f E Lkl .
( h ph) e ue)g.l.ag(eQ;. [vlerk'h (v q)] (33)

We shall refer to i as the adjoint (dual) variable, and g as the hybrid flux.
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3.3. Duality
From quadratic-linear duality theory [17] and (31) it follows that
tsp=sup  inf L¥(v,p0) 2 inf LHu,B3LE),  VER € X VG €Qn  (39)
pEXy, g€QL VEX, vEXy

with equality for (aF, 5F) = (¢, p¥). Upper and lower bounds for the output ss, syp
and spp, respectively, are now readily constructed as

syp = = inf L7(v, By n) < sn < mf L* (v, %, %) = sto- (35)
veX,

We note that (35) holds for any functions ¥ € X, and g& € Q4. In particular, we will

choose these functions to be members of Xg C X}, and Qg C Q.

3.4. Adjoint and Hybrid Flux Calculations

We con51der here the problem of determining H-mesh approximations to the adjoint
Vi, if, and the hybrid flux pi, @&, that will yield sharp bounds. Towards this end, we
look for the saddlepoint of the Lagrangian (30) in the subspaces Xu € Xn, Xu C Xn,
and @, C Qpg, in particular

+
(Wi, pig) = arg  gmax | {min £3(v, 1 ), (36)
and then set aFf = 3 and ¢ = p}.
The stationarity conditions for (36) are obtained by requiring that the variations of £*
with respect to v, g, and g vanish: Find e} € Xy, ¥5 € Xy, and pt € Qp such that

b(w,p}*}) = —{K‘ (20'5(")’ e:}!:i) - lE(w)) + lo(w) + a(¢§1 ‘lU)}, Yw € XH: (37)
a(w,ug +eg) = M(w), Yw € Xy, (38)
be,q) = 0, Vg € Qu. (39)

Flrst equation (39) forces e € Xy, which combined with (38) and (20) implies that

= 0. Next, equatlon (37) must be satisfied for all w € X4y, and thus, for all w € Xy C
)x u. The adjoint, 95 € Xy, can therefore be determined (precisely as in Aubin-Nitsche
procedures [7]) as

a(Yy,w) = -1%w), Yw e Xy, (40)

with ¢& = £yy. Note that, in deriving (40), we exploit, first, [E(w) = 0, Vw € Xy,
which follows from (20), and second b(w, p%) = 0, Vw € Xy, from (18).
Finally, equation (37) can now be evoked to determine the hybrid fluxes pf € Qp,

b(w,pE) = klE(w) ¥19(w) — a(vg,w), Ywe Xu. (41)
Alternatively, we can find poy € Qu and pyy € Qg such that

b(waPOH) = _lo(w) - 0(1/JH, ‘UJ), Yw € XHv (42)
bw,pir) = Ew) (=1"(w) - a(w,un)), Ywe Xy, (43)

and then set pf, = tpoy + kP11
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Note that poy equilibrates the H-mesh adjoint (40), whereas p,y equilibrates the original
H-mesh solution (20).

Equations (42) and (43) represent a solvable but indeterminate system. The computa-
tion of an acceptable compatible solution is known as the equilibration problem. We follow
here the approach proposed in [11,6,2], which involves the solution of an indeterminate
system at each vertex of the 7y grid, the size of which is given by the number of edges
that meet at the vertex. Details about this procedure can be found elsewhere [15,12].

3.5. Local Problems
We consider here the solution of the minimization problems in (35). The minimizers of
L*(v,v5,pE), é& € Xy, will satisfy the following stationarity condition,

2"“’as(w! éf) = K'lE(w) F lo(w) - a(wit[v w) - b(“«'»l’f{): Yw € Xh, (44)

which we recognize as 2Ky independent TH—local symmetric Neumann (or Robin) sub-
domain problems. Note that, although a5 is coercive over X), x Xy, it is typically only
semi-definite over X, x Xj; however, thanks to (41), if the singular modes of X, are
shared by Xy, (44) will be solvable, and our bounds finite. The equations for & and é;
can be rearranged into the following problems for &y, and é;,

2a5(w,ém) = —1°(w) - a(¥m,w) - b(w,por),  Vw € X, (45)
205 (w,é13) = I¥(w) — a(w,uy) — b(w, pia), Yw € Xp, (46)

from which we construct é,f = ﬂ:%éoh + é1n. Note that éy, and &), are related to the error
in the adjoint ¥y, and the error in the solution uy, respectively.

3.6. Bounds Calculation

To evaluate the bounds, it remains only to insert the computed values for &f, 3, and
p% into our Lagrangian. In particular, evoking (44) with w = é&, and (20) with w = ¢§,
we obtain from (35)

sup(Tn k) = —L7 (&, ¥, pr) = 1%(un) + Ka®(é5,€;), (47)
SLO(TH’K) = ‘C+(é:1 }',,pH)——lo(uH)—;qas(eh,e,l) (48)

where the arguments of syp and sy o indicate that the quality of the bounds depends
on the working mesh 7y and the parameter k. Note that (47), (48) indicate that our
bounds for sy, are also bounds for sy. Note also that, for the “compliance” case — a(-, )
symmetric, {° = [V, homogeneous essential conditions, and kK = 1 — ¥+ = —uy and
Pl = 0; it follows that & =0, and thus s; o0 = 19(ug).

We can also express our bounds in terms of éy, €15,

s s 1 g . s .

sup(Tu, k) = 1%(ug) — 20°(éon, é1n) + ;as(eome(m) + ka®(E1n, €11), (49)
A l s, A s

SLo(TH, IC) = lo(uH) - 2aS(COh,€1h) - ;as(eof,,eo,,) - nas(elh,e”,), (50)

which we recall is valid for any positive value of the parameter k. The choice of x will
affect the (half) bound gap,

1 1 e,. . . a
AT, k) = = (sup — sto) = —a°(éon, éon) + Ka° (é1n, é1n), (51)
2 K
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but will not affect the output predictor,

(sup + s10) = 1%(uy) — 2a5(éon, é1n). (52)

L]

Spre (TH) =

(Recall from (2) that |s, — spre(TH)| < A(Tg).) Since &, and €, do not depend on the
choice of k, we can readily find that x which minimizes the bound gap, and hence renders
the lower and upper bounds as sharp as possible. This procedure gives

. I a5(€on, on)
K =\l 53
as(elm é1n) ( )

and the optimized bounds

sup(T, &%) = sup(T) = 1%(un) — 20%(éon, é1n) + 2 ||léanll] 1llEwnlll, (54)
sLo(Tu, ") = sLo(T) 19(ug) — 2a%(éon, é1n) — 2 |ll€anll] 1l]émlll, (55)

and associated bound gap
A(Tw, k") = A(T) = 2 |lléonll] [l1éanll]- (56)

(Note that, in the compliance case, k* = 1.) We thus see that our procedure is a bound
formulation of the classical Aubin—-Nitsche result; an implicit counterpart to existing ex-
plicit schemes for linear functional outputs [7,8]. In the smooth case we expect that
|lléon]]] and |||éin]]| will each be O(H), and thus A(Tx) ~ O(H?) will vanish at the same
rate as [s — sy| as H = 0.

For the special situation in which k = 1 and {°(uy + v) = I¥(v), we see from (27)
that our upper bound corresponds to an upper bound for the error in the energy norm,
and thus in this case our method is a (rather trivial) extension of the method of [2] to
nonsymmetric operators. (The lower bound is zero, consistent with our compliance result.)
Note that, for both the symmetric and nonsymmetric problems, 15 = 0, however only for
the symmetric problem is ¢, = 0. It follows that only for the symmetric problem is e, the
minimizer of £L%(v, Y5 =0, - ) (= 2J(v) of [2] in this particular case) over all v € X},. This
highlights the distinction between our energy functional [14], a®(v, v) — 18 (v) 1% (uy +v),
and a variational principle: the former is only required to evaluate to 19(uy) for v = ey,
while the latter must attain its minimum (°(u,) at v = e,. We are able to consider
more general objective functions since the task of enforcing v = e, has been moved to a
constraint.

Finally, we briefly summarize computational complexity. On Ty, we require two global
calculations, one for uy and one for 1y, and two (local) hybrid flux equilibrations. On 73
we need only invert 2Ky independent Ty-local symmetric Neumann operators. It follows
from the superlinearity of most general solution algorithms that the effort to compute our
bounds will be much less than the effort to directly compute u, and s,. Note that for each
additional output of interest, we require only one additional global calculation on 7, and
one additional equilibration, and only 1Ky additional Ty-local Neumann problems.
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4. ADAPTIVITY

4.1. Local Indicators

The procedure presented to calculate bounds can be implemented on any pair of meshes,
Ty and Ty, which satisfy the requirement that 7y is a refinement of 7. Since the cost
of computing the bounds is essentially a function of the number of elements Ky in 7Ty,
it is desirable to construct optimized triangulations that maximize the bound accuracy
(minimize the bound gap) for a given number of degrees-of-freedom. In this section we
present an algorithm for generating such optimized grids in an adaptive iterative manner.

We first note that the bound gap (56) can be expressed as a sum of elemental contri-
butions,

A(Tw)= 3 Ary(Tw), (57)
TueTy
where
1 A R A
Ay (Ty) = ;;ag,,(eomeon)+ﬁ a7, (€1n, é1n) (58)

aS(én,n) ¢ aS(éon, éon) s
R CIN) S a on) + 4| O COR) s o 0
m TH( Ok Oh) a’s(elhyelh) aTH (elhyelh) ( )

Note that Ar,, (7x) is non-negative and can thus be directly interpreted as the conitribution
to the bound gap from element Ty.

We can now describe our iterative adaptive strategy. Starting from an initial grid 7
with bound gap A(Tg), we generate a sequence of triangulations {7}, k = 1,2,...}, with
corresponding bound gaps {A(7}), k = 1,2,...}, such that each triangulation 7% is a
refinement of the preceding triangulation THk‘l. The approach does not guarantee that
A(TE) < A(TE™) for any particular k, but it does ensure that, for a sufficiently large k,
A(TE) < A9, where A9 > ( is a specified positive gap target.

In order to identify the elements in 75 ~* that need to be refined, we first calculate the
largest elemental contribution AX~! to the bound gap A(T571),

mazr

Dz = pmax, ATy (T, (60)

and then select for refinement all those elements Ty € T,’,‘“ for which
Ary (TF7) 2 el (61)

Here, 0 < o < 1 is a parameter which controls the fraction of elements to be refined at
each iteration. At present, this parameter is specified a priori, and is independent of k.
More sophisticated strategies for choosing « can, of course, be devised; for instance, we
can determine of such that, based on a priori scalings, a given target gap A*"9* should
be satisfied by the refined grid 73.

The refinement process is terminated when a selected accuracy goal is achieved. In the
applications that follow, the accuracy measure is the relative (half) bound gap 6*,

A(TE)

ok = T (62)

The iteration is thus halted when 8% < °% where 6°%, is the prescribed accuracy.
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4.2. Grid Refinement

The triangulation 7 is generated from 75~ by refinement of the selected triangles
(T such that Ar, (T57!) > aA%;L) triangles into four similar triangles. This refinement
strategy leads to the generation of hanging nodes whenever only one of the two triangles
sharing an edge is refined. Since an element Ty with a hanging node — a node on
0Ty which is not a vertex of Ty — requires special computational treatment, we permit
only one hanging node per element. We thus, first, refine all those elements satisfying
equation (61), and then, in addition, recursively refine those elements that have more
than one hanging node. At the conclusion of the process, only two types of elements
(having either zero or one hanging node) are present. This approach has the benefit that
fairly smooth grids are generated, and that only one type of special element needs to be
developed.

We note that in unrefined elements the Ty-local operators required in (45), (46) are
unchanged from iteration k ~ 1 to iteration k. This can be used (in conjunction with
direct solution methods) to greatly reduce the cost of subsequent refinements.

4.3. Computational Treatment of Hanging Nodes

Consider a triangle with nodes IJK, with a hanging node M located at the midpoint
of edge IJ. It follows from (8) that functions in the finite element space X} associated
with the triangulation 7} must be continuous. This implies that any function v in X 2
must vary linearly over the edge IJ, and thus the value of v at M, vy, will be determined
by the values of v at nodes I and J, v; and vy, respectively: vy = (vy +v;)/2.

A convenient way to treat hanging nodes when solving equations (20) and (40) is to
split the triangle /JK into two standard triangles, /MK and MJK, and to proceed in
forming the equation system as if M is a standard node. The equation corresponding to
the hanging node M can then be conveniently removed from the system by simple row
and column operations: one half of row (respectively, column) M is added to rows (re-
spectively, columns) I and J. Performing this operation for every hanging node produces
a system that involves only the true unknowns at the standard nodes. Once the system
has been solved, the value of the solution at the hanging nodes is easily recovered.

The next step is the solution of the equilibration problems (42) and (43). Here, we also
follow the approach of splitting the triangle IJK into the two triangles, IM K and MJK.
The equilibration problem, however, can not be carried out in the usual fashion, since
the solution at points I, M, and J will generally not be in equilibrium. In fact, it can be
shown that the effect of constraining v, to be the average of v; and v, is equivalent to
the application of a “force” X € R at nodes I and J, and a force —2\ at node M. The
magnitude of A — a Lagrange multiplier — can be determined from the load imbalance
at node Al after all elements sharing M have been considered. With the addition of the
elemental forces to element M K (respectively, MJK) — X to node I (respectively, J)
and —A to node M — the flux equilibration procedure (42) and (43) can then be carried
out in its standard form.

Finally, the two elements A/ K and M JK are combined into the original element IJK
before the local Neumann problems (45) and (46) are solved. The element hybrid fluxes
over the edge M K will cancel, and the equilibrating forces A introduced to compute the
hybrid fluxes can be removed; the equations (45) and (46) remain solvable, since the sum
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and moment of the )\ forces applied is zero. The only special treatment in this case is that
the hybrid flux over the edge I.J is defined in terms of two piecewise linear functions.

5. RESULTS

Results are presented for the two-dimensional generalized planar stress linear elasticity
equations. Although here the solution field u is the displacement vector, the theory
presented for the scalar problem can be trivially extended to handle this case [15]. The
particular problem considered is that of one-fourth of a symmetrically loaded plate with
two rectangular holes, as shown in Figure 1. The domain boundaries are denoted by
IV, j=1,...,6. A horizontal unit distributed force is applied along '3, and homogeneous
essential boundary conditions are enforced on the normal displacement on I'!, I'?, and I'3;
stress-free condition apply on all other boundaries and components. The Young’s modulus
and Poisson ratio are taken to be 1 and 0.3, respectively.
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Figure 1. Geometry for linear elasticity example: one—fourth of a symmetrically loaded
plate with two square holes. A normal traction is applied on I'}; the outputs of interest are
the normal force on I'®, and the average normal displacement over the segment I'C C I3,

Two outputs are considered: the normal force on the boundary segment I'’, denoted
by s!, and the average horizontal displacement over the segment I'?, denoted by s%. we
express the force output as a bounded linear functional [15],

Ix;
o] —_ LI
I (v)= o 3z, oij(u)dA, (63)
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Figure 2. Bound gap A(7y) as a function of the number of elements Ky, for the force
output s!, for meshes generated using uniform and adaptive refinement.

where summation over repeated indices is assumed (i, j = 1,2), 0;j(uv) is the stress tensor,
and ; is a vector function defined as

_f1-2z ¢ (z,3) € _
Xl“{ 0 : (z1,72) €Q/¥ x2=0. (64)

Here ¥ = {(z1,7,)] 0 £ z; £ 0.5,0.8 < z2 < 1.0}. Since there are no volume forces, or
tractions applied at either I'* or I'®, (63) is equivalent, for sufficiently smooth functions,
to the integral along I'® of the horizontal component of the traction vector. The average
normal displacement linear functional is simply written as

1
lzo(v) = -IT:B—l /ro nds, (65)

which is bounded for all ['? of non-zero measure.

The same initial triangulation 73 and “truth” mesh 7, have been considered for both
outputs. The initial triangulation consists of 108 triangles. The “truth” mesh has been
generated from this initial triangulation by four refinement interactions in which ell trian-
gles are subdivided; thus, the number of elements in the “truth” mesh is 27,648 = 108 x4*.
In the adaptive process, elements were selected for refinement based on equation (61) with
o = 0.3 for all the iterations. The accuracy goal, 62, for the relative (half) bound gap,
(62), is 0.003 (or 0.3%).

For the force output s, 16 refinement iterations are required starting from a relative
bound gap of 15.64%; only 12 refinement iterations are required for the displacement
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Figure 3. Bound gap A(7y) as a function of the number of elements Ky, for the dis-
placement output s?, for meshes generated using uniform and adaptive refinement.

Figure 4. Adaptively generated meshes for normal force output s'. Figure shows 732,
T8, and T28, with K = 108, K§ = 432, and K} = 1917 elements; predicted outputs
are s, = —0.3198, 53} = —0.3215, and s} = —0.3220; and relative bound gaps are
00 = 15.64%, 618 = 2.59%, and 66 = 0.30%.
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Figure 5. Adaptively generated meshes for the displacement output s®. Figure shows
78, TE, and T2, with K = 108, K§ = 531, and K}? = 2382 elements; predicted
outputs are s25 = 0.4056, s25 = 0.4204, and s3'? = 0.4226; and relative bound gaps are
620 = 13.82%, %% = 1.83%, and 6%'% = 0.23%.

output s%, for which the initial relative bound gap is 13.82%. Figures 2 and 3 show the
relative bound gap as a function of the number of elements, at each adaptive iteration, for
the force and displacement outputs, respectively. We also show the bound gap computed
for a sequence of grids obtained by uniform refinement, the finest of which still has four
times fewer elements than the “truth” mesh 7,. For both outputs we observe that,
the uniformly refined meshes require approximately four times as many elements as the
adaptive meshes for comparable levels of accuracy.

We note that, say for the force output, |(s3°—s4)/sk?| = 0.0001, whereas 6116 = 0.003,
and thus the effectivity of the estimator in the classical sense is not as good as we may
hope, even though the convergence rate of A(7y) is optimal. We emphasize, however, that
our bounds provide certainty that |(sk's — s,)/sh'| < 0.003 — and more importantly,
that sy lies between s}j},s = —0.3230 and sj;p = —0.3211 — without calculating s, on
the uniformly highly refined (and hence expensive) “truth” mesh 7,. Future work will
address techniques by which to reduce the ratio A(7y)/{sy — spre] 25 H — 0; this, in turn,
will permit to achieve 8°% on coarser meshes 7.

Finally, in Figures 4 and 5, we show the initial, an intermediate, and the final adaptive
triangulations obtained for the force and displacement outputs, respectively. Refinement
around the singular re-entrant corners is apparent in both cases but, in addition, in the
displacement output case, further refinement is observed near the points where I§ is
“discontinuous”.

In conclusion, we have shown that the goals of validated outputs and optimal mesh
refinement can be simultaneously satisfied within our bounds framework. Clearly much
work is required to translate these “end results” into computationally effective algorithms;
our focus in the current paper is on the development of the appropriate foundation.
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1. INTRODUCTION

Much of theory of error indicators and error estimators which has been developed in the
context of finite elements is applicable to all Galerkin methods. Consequently, the methodologies
apply directly to meshfree methods based on Galerkin methods. Among the tools which can be
used directly are: relationships between residuals and local errors, concepts such as pollution
error, and the fundamental techniques for error extraction.

Meshfree methods offer several unique opportunities in the implementation of adaptivity:

1. itis easy to add nodes to a model, since a corresponding element structure need not be
developed;

2. error indicators of the residual type can be used more easily since the displacements can
easily be constructed to be Cl, so that one can compute useful residuals at points;

3. meshfree approximations are closely related to wavelets, so some useful techniques and
knowledge from that field can be exploited.

The first point is easily appreciated, but there are some provisos on this statement. While it
is simple to add nodes in a meshfree model, for effectiveness, the procedure must usually be more
complicated because simply inserting nodes between existing nodes degrades the quality of the
resulting approximation. For example, in a one dimensional problem, if two nodes are simply
added in a high gradient region, the error is decreased very little due to the poor behavior of the
approximation. Instead, the nodes should usually be graded somewhat around the area where
nodal insertion is required for extra resolution.

There is a rich theory in error indicators of the residual type and their application in finite
elements has been hampered by the presence of residuals of two types:

1. residuals interior to the elements, which can be evaluated directly from the partial
ditferential equation;

2. residuals on element interfaces, which consist of the violation of the required jump
conditions.

Combining these two types of residuals often involves the introduction of extra scaling
factors. Moreover, it becomes difficult to define the residual, and consequently the error, easily in
a pointwise manner, which is desirable in certain implementations of adaptivity as the new model is
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being constructed.

For meshfree solutions, these error indicators are much more attractive because their higher
continuity is markedly different than finite element solutions, particularly with low order elements.
Low order finite element solutions exhibit jumps in the derivatives, such as strains and stresses in
elastostatics, in areas of insufficient resolution. On the other hand, in meshfree solutions, in areas
of insufficient resolution the derivatives exhibit wiggles or oscillations. Thus jumps in finite
element solutions turn to wiggles in meshfree solutions.

Another interesting aspect of meshfree methods is their relationship to wavelet theory,
which provides a large horizon of new methods for error estimation. In Section 4, we will
demonstrate this relationship to wavelets and how it can be applied to error indicators.

Meshfree methods originated with Smoothed Particle Hydrodynamics (SPH) developed by
Lucy (1977), Gingold and Monaghan (1977), and Monaghan (1988). With moving least square
interpolants, Belytschko et al.(1994) and Lu et al.(1994) developed the Element Free Galerkin
(EFG) method and successfully simulated the static and dynamic crack problems. Other work
includes the hp-Cloud method by Duarte and Oden (1995), Partition of Unity FEM by Babuska
and Melenk (1995), Free-Mesh method by Yagawa (1995) and Finite Point method by Ofate et
al.(1995); these are all examples of meshfree methods that do not need meshes or grids in their
formulation. Therefore, these methods can all be grouped in the category of mesh (or grid) free
particle methods.

Reproducing Kemel Particle Method (RKPM), developed by Liu et al.(1993, 1995c,
1995d), is similar to SPH in the sense that it begins the formulation from the kemnel estimate of a
function. The multiple scale Reproducing Kernel Particle combines multiresolution analysis and
wavelet theory with a meshless method. However, RKPM modifies the kernel function by
introducing a correction function in order to enhance its accuracy near or on the boundaries of the
problem domain. This modified kernel function employing the correction function was first
suggested by Liu et al. (1993, 1995d) in both continuous and discrete forms. Due to this correction
function, RKPM’s kernel function satisfies the consistency conditions (Liu et al.(1995d)).

2. KERNEL REPRESENTATION

2.1. Meshfree Approximation Functions

‘We consider the approximation of a single function u(x) in a domain . The domain Q is
assumed to be described by the usual methods of computational geometry. Within the domain, a
set of nodes x;, i=1 to ny, is constructed and the parameter associated with the approximation at
node i is denoted by u,.

. A rationale for the first meshfree methods was provided by invoking the notion of a kernel

approximation for u(x) on a domain € is generated by
uR (@) = [u()p(x~ y.md2, eR))
Q

where u®(x) is the approximation, ¢(x-y,h) is a kernel or weight function, and h is a measure of the
size of the support; in the SPH literature, it is often called a smoothing function. For purposes of
developing approximations, discrete analogs of (2.1) are needed. The discrete form of (2.1) is
obtained by numerical quadrature of the right-hand side.

2.2. Reproducing Conditions

The derivation of a meshfree discretization begins with the approximation of a function u(x)
in a domain Q by
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ut(x) = [u(%)§,(x - )di (2.2a)

2

From this convolution, the given function u(x) is reproduced up to any degree desired by choosing
a suitable window function ¢,(x). The Taylor series expansion of u about x is given as

()"

u(X)=u(x)—(x- x)u(x)+—(x U () A (x = 7 U™ (x)

( )n+1
( +1)!

(x—=%M "V (x+E(F-x)) Ee(0,1) (2.2b)

Substituting equation (2.2b) into equation (2.2a) yields

Wt (x)= u(x)_[lf,(x‘ f)di—zt'(x)J(x - %)@, (x ~ %)d% + u,;(f)
0 n

[(x= 278, (x - 2)ds
n

+---+(—_—1):u‘"’(x)‘|'(x—i)"aa(x—f)df
n! a
( l) (n+|)(x+5(i_x))‘[(x_x-)n'l-lq—)'(x_i)di (2.3)
MZESY 2 ’

The integrals in equation (2.3) can be used to define the moments of the window function as

A (a,x)= [(x= 2)'3,(x - X)d% k=0, ..,n (2.4)
0
Rewriting equation (2.3) using equation (2.4) gives
w®(x)=u(x)my(a,x)—u'(x)m(a,x)+ 2( )rle(a x)+ee
(=1)" (-1)™" ey -
+-——n—,—u (x)m (a,x) +_(n Y u" N (x+ E(% x)m,, (a x} 2.5)

In order to reproduce the function up to degree n, the following reproducing conditions need to be
satistied [Liu et al. (1996a), (1996b)]:

M (a,x)= 8, k=012 ..,n 2.6)

The window function @,(x — %) can be expressed as
$u(x— %)= bla,x)x—%)¢,(x-%)
k=0

=P"(x—%)b(a,x)p,(x ~ %)
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=C,(x; x~X)§,(x~ %) 2.7
with
1 by(a,x)
pe-0=| FT | md bam=| 2O (2.8)
(x-%p by(a,x)

The function @,(x) is an arbitrarily chosen window function which does not necessarily satisfy
the reproducing conditions. The scalar product of polynomial base vector P*(x— %) and b(a,x) is
called the correction function C,(x; x — X) for the window function. The coefficient b(a,x) can be
obtained by using the reproducing condition. Substituting equation (2.7) into the definition of the
moments of window function @,(x) yields

(e, x) = [(x~ i)*[ib,(a, x)x—5) g, (x- f)]d.i
0 k=0

=by(a, x)m(a,x)+b(a,x)m,  (a,x)+..+b(ax)m,,(ax) 2.9)

where m,(q, x) is the k-th moment of the original window function ¢ (x — %). Equation (2.9) can
also be written in matrix form as

my(a, x) my(a,x) mfa,x) - mlax)|b(ax)
m,(a, x) _ my(a,x) my(a, x) m,.(ax)| blax)
m,(a,x) m(a,x) m,(ax) - myfax)|b(ax)
or
m(a,x)=M(a x)b(a, x) 2.10)

where M(a,x) is called the moment matrix and can be written as

M(a,x)= [ P(x = £)9,(x~ H)P" (x — %)di 2.11)
£1

Equation (2.6) which gives the reproducing conditions is rewritten in vector form as
my(a,x) 1
7 (a, 0
@ 1912 by 2.12)

m,(a,x) 0
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Combining equation (2.10) with equation (2.12) immediately leads to
M(a, x)b(a, x) = P(0) 2.13)
The coefficients b,(a,x) can then be obtained by solving equation (2.13) to yield

b(a,x)=M"(a,x)P(0) (2.14)

2.3. Discrete Form of the Reproducing Conditions

In a computation, discretization is inevitable so the continuous form has to be discretized
into a set of points or particles. Recall equation (2.2a):

u"(x);t:(x)*(fa(x)=Iu(f)q_)n(x—-i)di (2.15)
fe]
On an arbitrary particle distribution, a discrete convolution can be defined by
NP _
uP(x) = Y u(x))Pa(x - x1)AV (2.16)
I=1

where AV is the nodal volume distributed to each node or particle. The number of particles in the

discrete system is denoted by NP. The window function , @4 x = x), normalized with respect to
the dilation parameter, is

F.(x-x) =122 2.17)
a a

Then, the discrete moment of the window function is
NP _
Fig(a,x)= 3 (x— %, ) B, (x ~ x, ) Ax, k=0,1,..n (2.18)
I=1

The window function @,(x—x,) can be expressed as the product of the correction function
C,(x; x — x,) and the originally chosen window function ¢,(x—x,} as

O, (x—x,)=C,(x;x—x,)9,(x—x,) 2.19)
Here, we define the shape function as

Ni(x)=C,(x; x—x;),(x — x;)Ax, (2.20)
Thus, the interpolation equation can be written as

NP NP
wRix)= Y Ni(xju(xp) = 3 Ni(xy (2.21)
I=1 I=1
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3. MULTIRESOLUTION KPM

From the analysis of Fourier transformations, it is noted that the RKPM kernel function can
be regarded as a low-pass filter in the reconstruction procedure (Liu and Chen (1995) and Liu et
al.(1996b)). The multiresolution RKPM is defined by a family of those kernel functions. The
wavelet which corresponds to each level defined by those kernel functions is

Wmi-l (x) = ¢m(x) - ¢m+l (x) (3. 1)
Therefore, a multiple scale decomposition of any response can be written as
u'(x)=u,(x) finest scale
=u(x)+w/(x) two-level decomposition
=u,(x)+wy(x)+w,y(x) three-level decomposition
=u,(x)+ Y w(x) (m+1)-level decomposition (3.2)
i=]
where
u,,,(;ur)=“‘0(2"'a,x,J?)d;,n(x—J?)u(:'c')aﬂ7 (3.3)
2
wi(x) = [i(x - E)u(5)dV (3.4)
o]
with
Vix—%)=C(2"a,x %)p_(x~ %) - C(2'ax %)$,(x - %) (3.5)

where C is the correction function and a is the dilation parameter given in a previous section. For
applications, the integrals in equations (3.3)-(3.4) are converted to their discrete forms. The
discrete counterparts of the above equations (3.3)-(3.5) are written as

NP

um(x)=ZN,(x,x,;2"'a)u, (3.6)
J=1
NP X X

wilx)= Y [Ny(x%,;27 a) = N,(x,x,,2°a)]u, (3.7)
J=1

in which N, is the shape function of RKPM. The two dimensional two-level decomposition of a
function u(x) in discrete form is given by
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NP
u'(x)=Y Ny(x;a,
J=1

= ZN (x;2a, +2[N (x;a)—N,(x;2a)},

J=1
NP NP
=Y Ny(xh,+ Y N(xh,
J=1 J=1
=u(x)+w/(x) (3.8)

The shape function is decomposed into a low scale (or scaling function) component, N }( x), and a

high scale (or wavelet) component, N}(x).

According to the multi-decomposition procedures of RKPM shape functions, a two-level
decomposition of the response of a mechanical system can be conducted. If the solution of a
mechanical system is given, the low scale and high scale components are obtained by the
decomposition of equation (3.8). A review and other literature about multiresolution analysis and
multiple scale RKPM is given in Liu et al.(1995a, 1996a, 1996b, 1995b, 1996c, 1996d, 1997a).

4. ERROR ESTIMATE BASED ON RESIDUAL

The projected solutions of RKM in the a- scale and the 2a-scale are given as

ufe (x) = u(x +ﬂiu("+l) it 1a™ 15 (0) + ho.r2 4.1
() =u(x)+ e @) ¢"(0) .1
ufee(x) = u(x) + ((nlll)'u““’(x)[ "+‘(2a)"“¢("“)(0)]+hot 4.2)

The RKM wavelet solution in 2g-scale is in the form of

n+1 a
whie (x) = (2! - 1)%;3"“’(;:)[1"“::"“6 "'“)(0)] +(h.0.2%-h.0.t.7) 4.3)
n H

Neglecting the h.o.t.’s, the wavelet solution is proportional to the error term
whe (x) = (2"+l - l)error(x) 4.4)

Eq. (4.4) reveals a possibility that the wavelet solution can be an index for the error estimate of the
computed solution.



224

5. ADAPTIVITY BASED ON LOCALIZED SHEAR DEFORMATION

It has been shown, in Liu et al.(1996) and references therein, that the multiple scale RKPM
performs well for high gradient linear problems and its associated adaptivity. Some large
deformation problems, such as shear band problems, also involve high gradient properties. In the
following, the measure of shear deformation for multiple scale analysis is suggested. Additionally,
the validity of the measure is demonstrated by detecting the location of high gradients.

A formula is proposed here for the high scale component of the second invariant I, of the
Cauchy-Green deformation tensor. The second invariant of the left or the right deformation tensor
is given as

1 1 2
1, =—2-[(trG)2 -r(G)’]= 5[(trC)' - 1r(C)'] (5.1)
where the left G and right C Cauchy-Green deformation tensors are defined as

G=F-F' and C=F".F (5.2

For plane strain problems, the deformation gradient F is defined as

du o
x|
F=|%i|= 1 2 5.3
[ﬂi] ﬂ 1+§“—2 G
X, X,

The high scale component of I, can be obtained by inserting »; = v, + w, , into equation
(5.3) to Obtain

M M O Om

1
po| T o, 5.4
T P O Owy '
x| K Ky X,

It is noted that no extra degree of freedom is needed in this multiple scale analysis and the
components of v; and w; are defined according to Eq. (3.8) using the corresponding scaling and
wavelet window functions. Next, if equation (5.4) is substituted into equations (5.2) and (5.3), the
second invariant of the Cauchy-Green deformation strain tensors may be written as a sum of its
low and high scale terms

L=0"+05% (5.5)

The high scale component is defined by grouping the terms involving only the high scale term of
displacement, w,, and is written as
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2
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2 [(+axlI+asz X, ax,] (5.6)

The terms collected, with the omission of the high scale components obtained above, are defined as
the low scale components of the second invariant of the Cauchy-Green deformation tensor.

In order to apply the multiple scale method to large deformation problems, the explicit
RKPM formulation, based on the reference configuration as presented by Jun and Liu (1996), is
employed. Here, an adaptive procedure based on the high scale component of I, is presented. The
example for this model is a plane strain compression problem. The initial shape of the material is
given in Figure 1 (a). The upper boundary is moving down with a constant velocity Vo = 5x10*!
(in/sec) while the bottom surface is fixed. For convenience, a constant time step of 2.5x107 (sec)
is used. The size of the material is 1.0 (in) x 2.0 (in) and the total number of particles is 961. The
upper and lower boundaries are perfectly bonded, which generates severe shear deformation in the
material. The deformed shape at t=3.5x10 (sec) is illustrated in Figure 1 (b) and the contours of
the high scale components of I, are plotted in Figure 1 (c).

(@)

(b)

Figure 1: Compression problem for adaptive procedures; (a) initial shape, (b) deformed shape, (c)
contours of high scale component of I, on deformed configuration.
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Figure 2: Comparison of deformation; (a) coarse distribution (961 particles), (b) 1st refinement

(1113 particles), (c) 2nd refinement (1213 particles), (d) fine distribution (2601
particles).

It is seen that the high gradient values of I, are concentrated around the upper and lower
boundaries. New particles are added at the center of the cells which share a node indicating high
scale location. In this method, the algorithm for the addition of nodes is similar to that of the finite
element method. We have recently changed the algorithm to include the insertion of an additional
node between any two high gradient nodes. This new algorithm is valid for arbitrarily distributed
particles. The high scale is selected if the absolute value of I, is larger than 30% of the highest peak
of 1,. From the contours of I, in Figure 1 (c), it can be seen that the high gradient values are
locaiized at the comers of the material. The deformations at t=3.25x10® (sec) of each particle
refinement are presented in Figure 2. The initial coarse discretization has 961 nodes. The first and
second refinements have 1113 nodes and 1213 nodes, respectively. For comparison, the results
for the finer particle distributions of 2601 and 5041 nodes are illustrated in Figure 2. It is shown
that the first refinement provides a deformed shape which is very close to the deformed shapes of
the finer particle distributions.
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7. CONCLUSION

The framework for meshfree methods based on kernel approximations has been presented.
The modification of the kernel required to satisfy reproducing conditions is also described. A
wavelet interpretation of the kernel approximation enables the approximation to be subdivided into
high and low scale (short wavelength and long wavelength) components. It is suggested that the
highest scale component can be used as an error indicator. As an example of adaptivity driven by
this indicator has been given.
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Today quite a lot of a posteriori error estimators are available to control finite element
calculations. We describe here error estimators based on constitutive relation residuals
which have been developed for 20 years, in particular at Cachan. This approach has a
strong physical meaning and is quite general. Different errors on constitutive relation can
be easily introduced to measure the quality of finite element computations of plastic and
viscoplastic structures whose behavior is described by internal variables. These measures
take into account, over the studied time interval, all the classical sources of error involved
in the computation: the space discretization (the mesh), the time discretization and
the iterative technique used to solve the nonlinear discrete problem. To quantify more
specifically each source of error, we introduce quantities called indicators. Numerical
experiments show that the indicators are linked to the error in a limit sense. The errors and
the indicators may then used to simultaneously adapt the mesh, the time discretization
and the stopping criteria to meet a prescribed accuracy. The adaptive control is illustrated
on two plane stress problems using the Prandtl-Reuss plastic model and it’s viscoplastic
version.

1. INTRODUCTION

Nowadays, numerical simulations are used to solve more and more complex problems.
The control of such computations has become a critical issue for their performance. Con-
cerning a posteriori error estimate for the finite element approximation of linear elliptic
problems, a vast literature is available. Three main approaches must be distinguished.
Chronologically speaking, the first one is based on the concept of error in the constitutive
law [1]. This concept is a priori independent of the type of numerical approximation
used. It's application in the case of finite element approximations may be found in [2,3,1].

*The second author gratefully acknowledges the support of this work by the U.S. Office of Naval Research
under Grant N00014-95-1-0401 and the National Science Foundation under grant ECS-9422707.
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The second approach, introduced by Babuska and Rheinboldt [4,5], then developed by
Zienkiewicz, Gago, Kelly [6,7] and more recently by Oden et al. [8,9], uses the equilib-
rium residuals through local problems to estimate the error. The last one, developed
by Zienkiewicz and Zhu [10-12], consists of comparing the finite element solution to a
smoother one obtained by special averaging techniques. A validation of these a posteriori
error estimators may be found in [13,14].

Here, we are interested in plastic and viscoplastic problems under the small strains,
small displacements and isothermal assumptions. These problems are time-dependent
nonlinear problems. The literature available is much narrower compare to the linear
case. Also, it is important to distinguish between the nonlinear time-dependent and time-
independent problems. Concerning the later type, let us mention Babuska [15] for the
design of estimates for nonlinear elasticity problems of rods, Johnson {16] in the field
of Hencky-type plasticity, and Verfurth for the proof of bounds on the error [17]. For
nonlinear time-dependent problems, viscoplasticty problems were treated in [18], strain
localization problems in [19-21] and large strains problems in [22-25]. In most cases,
techniques devised for linear problems or time-independent nonlinear problems are used
at each time step so that the error due to the time discretization may hardly be taken
into account.

We focus here our attention here on solid mechanics but the design of a posteriori error
estimator for nonlinear fluid related problems is also an active area of research [26-28].

In nonlinear time-dependent problems, three error sources must be distinguished: the
space discretization, the time discretization and the iterative technique used to solve
the nonlinear discrete problem. Several error estimators based on the constitutive law
residuals have been introduced in Cachan to take these three sources into account, mainly
the Drucker error and the dissipation error.

The Drucker error is based on a sufficient condition insuring the stability of the material
(Drucker’s inequality {29]). It was introduced in [30] and first applied in [31] for plane
stress problems and three-node triangular elements. A procedure to adapt the mesh is
also described in this paper. Later, the error has been reused and enhanced in order to
conduct a simultaneous adaptive control of the space and time discretization for three
and six-node triangular elements in plane and axisymmetric problems [32]. The Drucker
error only assumes that the functional law linking the present stress state to the strain
history satisfies Drucker’s stability condition.

Nowadays, characterization of material behaviors using internal variable formulation is
increasingly employed at the theoretical, experimental and computational levels. In this
case, a more natural error has been elaborated in [33] and [34]. It was named dissipation
error since the error is estimated through the residuals of the laws describing the evolution
of the state of the material, thus the dissipation process. It’s usefulness has been evaluated
in the framework of the classical incremental finite element method in [35].

As for the Drucker error, the dissipation error does take into account all the error
sources involved in the computation. For adaptive purposes, it is important to know the
contribution to the total error of each error source. We define three errors: the time error,
the space error and the iteration error. For a given time (space resp.) discretization, the
time (space resp.) error is the limit of the error (dissipation or Drucker) as the mesh size
(time-step size resp.) tends to zero. For a given stopping criteria of the iterative strategy,
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the iteration error is the limit of the error (dissipation or Drucker) as the mesh size and
time-step size tends to zero. Space, time and iteration error are theoretical quantities
that are estimated through error indicators: space, time and iteration error indicators,
respectively. In [32], space and time error indicator were introduced for the Drucker
error and allowed the adaptation of the mesh and the time discretization. Concerning
the dissipation error, space and time error indicators were introduced in [35] and an
iteration indicator in [36]. A simultaneous time, space and iteration adaptive scheme is
also presented in [36]. Basically, the error indicators are introduced by modifying the
reference problem: to obtain the time (space resp.) error indicator, the reference problem
is taken as the space-discrete (time- resp.) problem. For the iteration error indicator, the
reference is the time-space discrete problem.

The present paper is basically a review of the use of the error in the constitutive law in
the control of finite element approximations of plastic and viscoplastic problems. How-
ever, concerning the Drucker error, we take the opportunity to introduce an iteration error
indicator that was missing and we define a new space error indicator in the philosphy de-
scribed at the end of the previous paragraph. So that now, time, space and iteration error
indicators, based on the same philosophy, are available for the dissipation and Drucker
approach.

The plan of the paper is as follows. In section 2, the reference problem and the for-
mulation of the material behavior are recalled. The next section is devoted to the error
in the constitutive law for nonlinear problem. Then, in section 4 the implementation of
the errors in the finite element framework is explained. Error indicators are reviewed in
section 5 and two new ones are proposed. They are tested on examples. Finally, in the
last section, simultaneous time, space and iteration control of the computation are shown
for two examples.

2. THE MODEL PROBLEM

Concerning the notations, vectors will be underlined (u,v,...) and second-order tensors
shaded. For instance, the stress and strain tensors will be denoted by & and €, respectively.
This notation will also be used to denote the additional internal variables. More complex
operators will be in bold (e.g. K for the Hooke’s tensor).

The solid medium under study occupies a domain §2, bounded by 9%, which is indepen-
dent of ¢ (small strains and displacements assumption). The environment of the medium
is schematized for all ¢t € [0, T], with an imposed displacement x4 on a part 9§ of the
boundary, a traction Fy on 8,00 (complementary to 6,1), and a body load f, on the
domain . The partition of 92 in 8; and 3,9 is assumed constant in time.

U denotes the space of the displacement field u defined on (2, and S the space of the
stress field, also defined on . The extensions of these two spaces to the entire time range
[0, 7] will be denoted U] and SIT).

The solution must satisfy the kinematic constraints, the equilibrium equations and the
constitutive equations describing the behavior of the material.
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2.1. Kinematic constraints and equilibrium equations
The displacement solution, u, must belong to the space uj‘;’”:

u€ Uﬂ’T] = {y € U such that v = u, on &N x [0, 7]} (1)
The stress solution, o, must belong to space SE’T]:

o € S8 = {r e ST satisfying (3) , Vt € [0, T]} 2

/T:e(y)dﬂ—/_jfd-ydﬂ— Fi-vdS=0,Yvel (3)
Q o %)

where : denotes the dot product of second order tensors; - the scalar product and
Up = {v € U such that v =0 on §;0} .

2.2. Constitutive relation
The functional approach expresses the stress state at a given time ¢ as a function of the
past history of the strain rate:

o(t) = A(é(t),t' < 1) (4)

In the internal variable approach, the state of the material is characterized at each
point by the total strain €, the inelastic strain € and a set of internal variables denoted
by X. The associated variables are the quantity Y for X and the stress o for €, €? and
€. The expression of the dissipation is given by

c:—-YoX (5)

The second term specifies the contribution of (X, Y) to the dissipation. If X denotes a
column of R", then Y is also a column of R" and we have

YOX:Y'X

where ¢ stands for the usual transposition. More precisely, two spaces e and f are placed
in duality by the following bilinear form:

p _
[_;‘.],[;] = 0:6?~YoX
exf — R

As we work with the small strains assumption, the strain is given by the symmetric part
of the gradient of the displacement. In an orthonormal basis, we have

le(@))i; = %(vi.j + v;4)

and we also have the additivity relation of the elastic strain rate €° and the inelastic strain
rate €P: € = €° 4 €. The material behavior is described in term of state laws, evolution
laws and initial conditions.
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The state laws

According to the first principle of thermodynamics, a free energy 1, depending only
on the state variables €, €? and X can be introduced. The following classical modeling
assumptions are made

o ¢ depends only on the elastic strain €® and the internal variables X
o (e, X) = e(€) + ¥p(X)
o linear elasticity: 1.(e®) = ;Ke® : €, where K is Hooke’s tensor.

The derivation of 9 yields the state equations o = Ke®, Y = G(X') where G(X) is the
derivative of ¢, with respect to X.

The evolution laws

The second principle of thermodynamics, written as o : €® —Y o X > 0, imposes a
constraint on the evolution laws relating (é°,~X) to (o, Y’). This law can be written

EI(E)

B is an operator relevant to the material. It must be positive to respect the second
principle of thermodynamics. A typical way to define the operator B is to give a scalar
function ¢*(o,Y), generally convex, called the potential of dissipation, and to write

€P a(T‘P‘(aa Y)
(%)< (aiom ™
where (0o¢*, Oy ¢*) denotes the subdifferential of ¢* at (o, Y). This defines a standard

materiel. When the potential is differentiable, the subdifferential becomes a classical

gradient and the belonging an equality. The interest of a standard model lies in the
following classical property. The second principle of thermodynamics is fulfilled if the
potential satisfies

* convex, ©*(0,0) =0, ®*(-) 20 (8)
Concerning the initial conditions, we assume that the material is initially virgin:
=0, X=0 fort=0 9)

Finally, note that by eliminating the internal variables in the state laws and evolution
laws, one can always, at least formally, associate a stress-strain functional law to an
internal variable formulation.

Examples

As an example of material behavior described by internal variables, consider the Prandti-
Reuss plastic model. In addition to the plastic strain, the model involves another scalar
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internal variable p that can be interpreted as the cumulative plastic strain. The free
energy is of the form

P(e",p) = Ke*: €+ g(p)

where g is a function characterizing the hardening law. By derivation, we obtain the state
laws o = Ke®, R = ¢'(p), where ¢’ denotes the derivative of g with respect to p and R
is the associate variable to p. Classical hardening laws are R = kyp (linear hardening),
R = k,p'/™ (power hardening) and R = Rp(l — exp(—7p)) (exponential hardening)
where ky, m, Ry and « are constant material parameters. Prandtl-Reuss materials are
standard with a dissipation potential given by

- 0 if <0
woR)={ S ff 250 where s(ouR) = 0% - (R+ o) (10)

oP is the deviatoric part of the stress tensor, Ry the initial yield stress, and {|lo®]| = (o® :
O.D)l/2.

A viscoplastic version of the Prandtl-Reuss plastic model may obtained by the regular-
ization of the plastic potential; for instance, with a power law:

k,
ny+1

¢*(o, R) = (™ (11)

ky, ny are positive constant materials parameters and (z), denotes the positive part of 2:

(2)4 = %H

3. ERROR IN THE CONSTITUTIVE LAW

The notion of error in the constitutive law has been introduced in [37]. It relies on
splitting the equations of the problem into two groups.

When the constitutive law is of the functional type, the first group combines both the
equilibrium equations and the kinematic constraints, and the second group contains the
constitutive law. The quality of an approximate solution satisfying the first group (i.e. an
admissible solution) is quantified by the non-fulfillment of the second group of equations
(constitutive law). If Drucker’s stability inequality, [29], holds for the material, a natural
way to measure the error can be obtained [32,31].

When the constitutive law is described in terms of internal variables, the notion of
admissibility must be revised. Indeed, the state equations ~ associated with the free
energy — and the evolution laws — associated with the dissipative phenomena ~ must be
distinguished in the formulation. In [34], the state equations are included in the definition
of admissibility, the error being measured on the evolution laws alone.

3.1. The Drucker error

The Drucker error is based on a sufficient condition ensuring the stability of the material.
Let (o, €) and (o”, €') be two stress-strain couples satisfying the behavior described by (4)
on I = [0,T], with (o,€) = (0/,€') = 0 at ¢t = 0. The material is said to be stable in the
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Drucker sense if it satisfies (12). Moreover, if (13) is satisfied, the material is said to be
strictly stable in the Drucker sense

t
Vtel,/(o—a'):(é—é’)dtzo (12)
o
t —
A =

We shall need the convenient notation (-, ):

(o, €) = /ot(u - a')(e" —é)dt (14)

where (o, €’) and (o', €) are two stress—strain couples satisfying the behavior on I = [0, T
with (o,€') = (0’,€) =0 at ¢t = 0.

Let (i, &) be a displacement-stress couple defined on  x {0, T} such that & is kinemat-
ically admissible and & is statically admissible, i.e.

aeulm &es8T (15)
This couple satisfies all the equations of the problem except, in general, the constitutive
relation. It is an approximate solution to the problem (1)-(3)-(4). To the strain field,
& = (i), one can associate the stress field ' using the constitutive relation (4). Similarly,
one can associate the strain field & to the stress field & using the reverse relation. The
couple (i@, &) is the exact solution of the problem if and only if

%(6,€)=0 on Qx[0,T] (16)

To estimate the quality of the couple (i, &) as the approximate solution to the problem,
one may define the absolute error as

e’ = sup /’n((r, €)dn (17)
tefo, T)J
and the relative error by € = ¢/ D where
D? =2 sup /7:(6’,0) + 7:(0,€)d2 (18)
tefo,T)J/n

The contribution of the time interval [0,1] to the error is defined by ¢

é= sup [ (a,)a0/D" (19)
t'efo,l}/n
3.2. The dissipation error
The problem is divided precisely into two groups:

e The first group - related to the free energy — defines the admissibility of a solu-
tion. It combines the equilibrium equations, the kinematic constraints and the state
equations. The initial conditions are also included in this group.
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e The second group - related to the dissipation - only includes the evolution laws. The
quality of an admissible solution will be estimated through the quality of satisfaction
of these laws.

The practical definition of the error depends on the form of the evolution laws. We
shall here consider standard materials that possess a normal standard formulation. This
class is important and gathers many practical stable material. For the definition of the
dissipation error for other types of evolution laws, see [34,35). A standard material possess
a normal standard formulation if by definition there exist a change of variables )f = R(X),

Y = 5(Y) such that
e the state equations become linear: o = K(e — €P), Y = AX where A is a constant

symmetric definite positive operator;

o the standard character of the evolution laws is kept with the potential ¥* satisfy-
ing (8)

€P aU(P"(a',Y)
. ~ < — P — -
(—15)6 byr(o,¥) | X=0,@=0 fort=0 (20)

¢ the new formulation still yield the same stress-strain functional law.

The condition for a standard material to possess a normal standard formulation are not
too restrictive in practice, see [33]. For instance, the Prandtl-Reuss model previously
described fulfills them. For the sake of simplicity in notations, the tilde will be dropped,
so that the state laws an evolution laws are now written

o=K(e—-¢?), Y =AX (21)
€ do¢*(a,Y) - - -
( e ) € (3Ytp"(0',Y) X =0,€=0, fort=0 (22)

Finally, note that a standard material possessing a normal standard formulation is strictly
stable in the Drucker sense. In other words, the associated stress-strain relation satis-
fies (13). See [38] for the proof.

With the help of the Legendre-Fenchel transform, one can associate a dual potential
©(€P, —X) to the primal one ¢*(0,Y).

0(€°,—-X)= sup (o' TP —YoX - <p‘(a,Y)) (23)
(o.Y)er
The Legendre-Fenchel transform possesses two interesting classical properties:

U(ép, X’U)Y) Z 0 V(O’,Y, épa_X) (24)

(e, X,0,Y) =0 & ( _;; ) € (f?;i:fij 1}:; ) (25)
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where the condensed following notation has been used:
n(é?, X,0,Y) = p(e?, - X X)+ ¢ (0,Y)—0:&+Y o0 X (26)

The inequality (24) is usually called the Legendre-Fenchel inequality, and the equality
relation (25) simply means that 7 is zero if and only if the evolution laws are satisfied.

For example, we give below the expression of the dual potentials for the Prandtl-Reuss
model. We shall use the convex sets

Ci={(o,R) ef|z<0}, Ci={@—5)ee| T =0},
C;={(o,R)ef|R20}, Co={(é",—p)€e]|é—p<0}

where Tr is the trace operator. In the plastic case, the dual potential are given by
¥*(o, R) = ‘I’c;nc;, w(€P, —p) = Ro||€?|| + ¥gync, (27)

where W 4 is the indicator function associated with the convex domain A. The introduction
of the condition R > 0 is explained in [35]. In the visco-plastic case, we have

» kV ny+1

oo, B) = o (@) + Yoy

. koo (e
o@, - = Raleel + 2 (D™ vo,

where n/, is the inverse of n,.

Dissipation error for normal standard formulation

Let us consider an admissible solution (4, €%, €P, X ,#,Y, ), i.e.. a solution satisfying

geuln &estM (28)
5 =Ké = K(e(@) - &), ¥ =AX, on Q@ x[0,T] (29)
é=X=0att=0o0nQ (30)

This solution is the exact solution of the problem if and only if
(€, X,5,Y) =000 Q x[0,T]. (31)

Thus, the absolute error, e, may be defined as
e—/ / ep X o, det (32)

and the relative error by € = e/D where

D = 2sup di
te[0,T)

¢ - N " ~
[ [0t @.2)+ 008,30, pribu@N dnae + [ @+ PR (39
0
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We have used the notation ||} = 1/2K™'¢ : o and |Y|; = 1/2A"'Y o Y. The
denominator is chosen so that the relative error is reasonable in elasticity in comparison

to classical error norm for such problems, see [35]. The contribution of the time interval
[0,%] to the error is defined by e,

t -~ A
€ = / / n(&,X,5,¥)d0dt/D (34)
o0JQ

The norm chosen allows writing a direct link between the error and the gap occurring
between the exact and admissible solutions:

T - — P ~ ~ —
e=/ /n(éP,X,F,Y)+n(éP,X,&,Y)det+/|3—E|§(+|Y—Y|Zd9 Ir
0 Q Q

where (€P, 3(—, @,Y ) denotes the exact solution. This property has been established in {34]
and is an extension of the famous Prager-Synge theorem [39].

4. IMPLEMENTATION OF THE ERRORS FOR THE FEM

We consider the classical incremental finite element method. The Drucker and dissi-
pation error cannot be directly measured on the finite element solution because it is not
generally admissible. For instance the finite element stresses are only in equilibrium in a
weak, average, sense. We thus need to build an admissible solution from the finite element
one. But, let us first detail the discrete problem.

4.1. The discrete problem

The problem to be solved on [0,T] is divided into a succession of resolutions over
[tnytns1] (n = 0,-+« ,N; to = 0; txy41 = T). Assuming the solution is known up until
the time instant ¢,, one must then build the solution over [t,,#,+1]. Both time and space
discretizations need to be performed.

Time discretization

A common choice is to assume a linear evolution of the solution over {t,,t,41]. Thus,
the problem reduces to the search of the solution at t,4+;. The equilibrium equations
and kinematic constraints are written at ¢,,; and the constitutive law is discretized to
express algebraically the field at t,4; in term of the field at {,4;. The discretization of
the functional law (4) over [t,,f,41] may formally be written

Ongl — O = An(€n+l - en) (35)

The notation A, reminds that the stresses at t,,., are no longer expressed as a functional
of the strain rate history on [t,,ts41], but as an algebraic, nonlinear, function of the strain
increase (€n41 — €,). In the case of an internal variable formulation of the behavior, the
state laws are written at t,4:

ont1 = K(€ng1 — €$+1), Yot =AXon (36)
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and we consider the generalized mid-point rule to discretize the evolution laws:

ép+1 Oop*(09,Y ) >
n ’ , Xo=0,€ =0 7
( —X 41 > € < Oy ¢*(04,Y0) ° €0 37
where we have used the notation
npr = LT IR = (1 — 0)an + Oanyy, 0O < 1 (38)
tn+l - tn

The relations (35) and (36)-(37) may be viewed as “discrete constitutive law” compared
to their continuous counter-part (4) and (21)-(22), respectively.

Space discretization

Concerning the space discretization, the displacement space, U, is replaced a finite
element subset: U, C U. The equilibrium equations (3) is imposed in the weaker sense:

/ r:e(g)dﬂh—/f_d-ydﬂ— Fq-vdS=0, Y€l (39)
[1 Q EX)
where

Uno = {v € Uy such that v =0 on 5,0} (40)

The notation €, instead of 2, in the first term of (39) expresses the fact that due to
the nonlinear stress-strain relation, this term cannot be in general integrated exactly and
therefore is expressed in term of a numerical integration.

iterative technique

The system to be solved at each time step is an algebraic nonlinear system. This
system is solved using an iterative technique, typically Newton’s method. As the iterations
proceed, two types of solutions cohabit: a solution satisfying the discrete kinematic and
static equations, and a solution satisfying the discrete kinematic and constitutive relation.
When the difference between the two types of solutions is under a given tolerance 6., for
instance in the L? norm of the difference in stresses (choice for the numerical experiments
to be shown later), the iterative procedure stops and the finite element code generally
gives the solution satisfying the discrete constitutive relation.

4.2. Construction of an admissible solution

From the finite element solution, one must construct an admissible solution prior to
evaluate the error. For the Drucker error, the admissibility is defined by (15) and the
error is measured by (17)-(18). For the dissipation error, the admissibility is defined
by (28)-(29)-(30) and the error is measured by (32)-(33). The construction techniques
are detailed in [31,32] for the Drucker error and in [35] for the dissipation error.

4.3. Examples: two plane stress problems

Here are two examples of error estimation on problems for which the discretization is
coarse. These discretizations will be enhanced in the last section of this paper using the
tools described in the next section. The parameter @ in the mid-point rule integration,
(37), is taken as 6 = 1.
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Figure 1. The geometry and applied load- Figure 2. Evolution of the loading and ini-
ing on the frame. tial mesh optimized in elasticity, 194 six-
node triangles.

A frame problem

A frame, Fig. 1, is submitted to a growing then decreasing load on its right side (thin
line in Fig. 2). Then, an increasing pressure is applied to its upper part (thick line
in Fig. 2). The Prandtl-Reuss plastic model with linear hardening is considered. The
dimensionless material parameters are By = 1., k, = 8.16, E = 244.95 and v = 0.3.
E and v denote Young’s modulus and Poisson’s ratio, respectively. The mesh has been
optimized in elasticity for an error of 10%, Fig. 2. It is composed of 194 six-node triangular
elements. Three time steps are used and the tolerance for the iterative technique is set to
8tot = 1072, The errors obtained are 28.15% for the dissipation error and 26.90% for the
Drucker error.

Extension of a strip weakened by an angular notch

Fig. 3 shows the geometry and the applied loading which evolves monotonically, Fig. 5.
We consider the same plastic material as for the previous example and it’s viscoplastic
version with n, = 2 and k, = 2.25. The associate one dimensional behaviors are compared
Fig. 6 at a given strain rate speed, 0.05s7!. The mesh used, Fig. 4, is composed of 88
three-node triangular elements and was optimized in elasticity for 10% error. A single
time-step is used and the tolerance is 8.,y = 1073. The dissipation errors obtained are
24% and 17.79% in plasticity and visco-plasticity, respectively. Concerning the Drucker
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error, we obtain 27.55% and 26.26%, respectively.

HTHTTH
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A

Figure 3. The geometry and applied load- Figure 4. Initial mesh optimized in elas-

ing for the angular notch. ticity for 10% error.
vab i ELASTICITY N
LOADF
wr VISCOPLASTICITY
: 12p 1
g 4 PLASTIITY
0.2
1 TIME 0 0.008 0.01 U.OIISTR‘IN D,‘VZ 0.0‘” 0.03 ©.038
Figure 5. Evolution of the Figure 6. Stress-strain curves for three
loading. different models.  The viscoplasticity
curve corresponds to a strain speed of
0.05s™!.

5. ERROR INDICATORS

Consider an initial coarse computation. To know how the mesh and the time discretiza-
tion need to be refined to meet a prescribed accuracy, the single total error information
is not enough. One needs to know the contribution to the error of the mesh, the time
discretization and the iterative technique.

These contributions are estimated through quantities called error indicators: time,
space and iteration error indicator. Time and space error indicator were developed in (38,
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32] for the Drucker error and in [35] for the dissipation error. An iteration error indicator
was also proposed in [36].

To introduce these indicators, four types of problem are distinguished: the continuous
time-space problem (the model problem), the space discrete problem (continuous in time),
the time discrete problem (continuous in space) and the time-space discrete problem.

5.1. Time error indicator

When the reference is the continuous time-space problem, the error associated to the
finite element solution is due to the space discretization, the time discretization and the
iterative technique. We shall call this error the total error. Let us now suppose that the
mesh size tends to zero. The total error then tends to a limit that we shall call the time
error. The time error is estimated through a quantity called the time error indicator. To
compute the time error indicator, the reference is taken as the space discrete problem,
so that the error associated to the finite element solution is now only due to the time
discretization and the iterative technique. The equations describing the space discrete
problem are divided into two groups. The first group gathers the kinematic constraints,
the weak form of the equilibrium equations (plus the state equations and the initial
conditions for the dissipation approach) and the second group gathers the rest of the
equations: functional constitutive relation for the Drucker approach and evolution laws
for the dissipation approach. The time error indicator is measured on an admissible
solution, i.e.. a solution satisfying the first group, by the non-fulfillment of the second
group of equations. In other words, the time error indicator is obtained using the same
strategy as for the total error except that the reference problem is different.

5.2. Space error indicator

The space error is defined as the limit of the total error as the size of the time steps
tends to zero. It is estimated by a quantity called the space error indicator. In [32], the
space error indicator for the Drucker approach was basically obtained by the difference
between the total error and the time error indicator. Another way, is to take the reference
problem as the time discrete problem and to proceed as for the time error indicator. The
difficulty is that in this problem, the constitutive law has now a discrete form. It turns out
that with the generalized mid-point rule the discrete evolution laws (37) are still written
in a standard way so that that the error may still be measured using the n quantity (26),
see [35]. Concerning the discrete constitutive relation (35), a question arise: under what
conditions does the Drucker stability condition still apply and in what sense? A sufficient
condition is given below.

Let (o, €x) and (o}, €};) be two stress-strain sequences defined at every instant #,
k € {0--- N + 1}, satisfying the discrete constitutive relation (35) with op = €9 = o}, =
€y = 0. We shall say that a discrete constitutive relation, is strictly stable in the Drucker
sense if there exist a parameter o, 0 < a < 1, such that the two following conditions are
satisfied:

Vae{0: N}, D (00 =00): (Erpr — €hyy) A 2 0 (41)
k=0
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Vre {0 N} Y (00— 00): (ka1 — €hpy) Atk = 0
k=0 (42)

Aad (akaek) = (UIL.,GL),V,C € {0N+ 1}
The notations (38) have been reused, 6 being replaced by a, and Aty = tryy — .
A sufficient condition to have strict stability is to define the operator A, as the one
obtained by eliminating the internal and state variables in the discrete internal variable

formulation (36)-(37), with 1/2 < § < 1. The parameter a is then simply 8. The key for
the proof is the following, easy to establish, relation:

(09 - Ul&) : (ék'H - 6.’1¢+l) = 'I(éz“, Xk+1ao"0’ Ylﬁ) + W(Gz’“, X;:-H’a% Yo) +
K (09— 04) : (Okt1 — 0'%1) + AT (Yo = Yi) 0 (Vigs — Y1) (43)

where the set of prime and non-prime variables satisfy the system (36)-(37). Taking into
account the zero initial boundary conditions and the algebraic relation

%(zkﬂ +zx) + %(20 — 1) (Zks1 — z) (44)

we obtain by summing the relation (43) over the time steps

Iy =

n

D (00— 0%) : (bkrr = Ehyo) Ot =
k=0
n

. . ! . f
Z (n(€’1§+u X k41,09, Y',) + 77(52“’ X490, Ya)) Aty +
k=0
[onsr — 0':1+1|g( + Yy — Y:1+1'?\ +
20 -1 (101 = Ghalic + Vin = Vilh) A8
k=0

The result stem from this last relation which is positive for § > 1/2 and is zero if and
only if the prime and non-prime variables coincide.

Let (i,,0%) be a displacement-stress couple defined on § for all the time instant ¢,
k€ {0---N + 1} ({tx} in short). We assume that this couple is admissible for the
time-discrete problem, i.e.

i, € u“"’ = {ve U™ such that v = uy on 9N x {tx}} (45)
o, € S = [r e 8 satisfying (3) Vt € {tx}} (46)

This couple satisfies all the equations of the time discrete problem except, in general,
the discrete constitutive relation (35). It is an approximate solution to the time discrete
problem. To the strain field, & = €(i), one can associate the stress field & using the

relation (35). Similarly, one can associate the strain field & to the stress field & using
the reverse relation. The absolute space error indicator, Ispce, may be defined by

spce = E?E)IPN} ‘/Q Z ‘70 - 0'0 €k+l - €k+1)Atk dn (47)
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and the relative space error indicator by ispce = Ispce/ Dspce Where

D} =2 su / Gy + 0 Eyr) Al dD 48
p ne{o-?N} ng( 6 €y o ° €kp1) Al (48)

5.3. Iteration error indicator

The iteration error is defined as the limit of the total error as both the size of the
elements and the size of the time steps tend to zero. It is estimated by the iteration
error indicator. The reference is taken as the fully discrete space-time problem, so that
the error associated to the finite element solution is only due to the iterative technique.
This lead to the iteration error indicator introduced in [36] for the dissipation approach.
Concerning the Drucker approach, expressions similar to (47)-(48) are used.

Dissipation
meshl mesh2 meshd mesh4 mesh5 mesh6
€ 40.94 2899 25.74 2396 20.80 18.92
Ttime 19.29 1833 1768 1765 17.65 17.65
tspce 3408 1542 1090 8.40 4.05 1.61
Ttot 53.37 33.75 28.58 26.05 21.70 19.26
tiee * 102 | 0.38 0.16 0.07 0.17 0.33 0.53
Drucker
meshl mesh2 mesh3 mesh4d mesh5 mesh6
€ 44.75 2712 2357 20.89 16.83 15.14
ttime 1523 14.70 1445 1446 14.45 14.44
Tapce 4467 23.56 19.27 1569  9.06 4.88
Tiot 47.19 27.77  24.09 21.34 17.06 15.24
e * 102 ] 0.80 0.46 0.15 0.31 0.51 0.76

Table 1

Influence of a growing quality of the space discretization on the error and the indicators.
The computations were carried out with a stopping criteria of &y = 1073.

5.4. Numerical experiments

We present here numerical experiments to analyze the behavior of the error and the
indicators as either the mesh, the time discretization of the stopping criteria is modified.
We consider the frame problem. All the results are given in relative % values. Table 1
shows the influence of the quality of the mesh and Table 2 the influence of the quality
of the time discretization. igme, tspce and i denote respectively the time, space and
iteration error indicator Meshl, mesh2, ... are increasingly refined meshes. To see how
the time and space indicators are related to the total error, ¢, we have computed the
quantity ¢, which is defined by itot = %time + Zspce for the dissipation approach and by
ftot = 4/18me T 12, for the Drucker approach. We see that
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Dissipation Drucker
nb steps 3 6 12 24 48 2 4 8 16 32
€ 25.74 16.36 13.85 13.76 14.00 ] 23.57 2091 19.79 19.72 19.80
Ttime 17.69 487 1.00 034 021 |1443 850 397 202 1.04
Tspee 10.91 11.67 12.48 13.39 13.87|19.27 19.72 19.96 20.15 20.21
Teot 28.60 16.54 13.48 13.73 14.08 | 24.07 21.47 20.35 20.25 20.24
fie*x 102 | 289 6.48 7.83 10.25 14.39 | 5.78 10.25 14.75 16.67 18.15

Table 2

Influence of a growing quality of the time discretization on the error and the indicators.
The computations were carried out with a stopping criteria of ;o = 1072,

Dissipation
Stol 10°  10°! 10* 10~ 10~* 10°°
€ 26.60 16.42 16.36 16.37 16.37 16.37
Tume |21.62 532 487 482 482 482
tepce | 22.74 11.75 11.67 11.67 11.67 11.67
tite/0it | 17.78 559 6.48 448 508 517
Drucker

€ 27.78 20.94 20.91 20.91 2091 20.91
fime | 20.57 857 850 850 850 8.50
tspce 28.41 19.74 19.72 19.72 19.72 19.72
tie/Otol | 21.25 930 10.25 6.57 855 10.71
Nb ite 28 72 106 130 154 180

Table 3
Influence of the stopping
discretization.

criteria on the error and indicators for a coarse time-space
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Dissipation

Stol 10° 107! 1077 107 107% 10°°

€ 1240 6.05 537 536 536 5.36
time | 10.74 239 064 0.55 055 0.55
tspce | 1259 513 447 447 447 447
tite/0tol | 11.09 17.01 823 6.20 7.54 8.04

Drucker

€ 15.26 942 936 935 934 9.34
tume | 12.68 3.54 3.07 3.07 3.07 3.07
tpce | 16.68  9.55 9.38  9.37 937 9.37
tie/0tor | 14.24 25.69 16.96 12.97 14.51 15.03
Nbite | 40 112 194 262 322 386

Table 4

Influence of the stopping criteria on the error and indicators for a fine time-space dis-

cretization.

o first, the error decreases but then tends to stabilize;

e the time indicator is almost insensitive to the quality of the mesh and approximate

very well the time error;

o the space indicator barely depend on the number of time steps and approximate

very well the space error;

e the space and time indicators decrease monotonically with respect to the quality of
the mesh and the number time steps, respectively;

o the total error, ¢, is close or bounded from above by the quantity 7.q;

compared to the space and time indicators.

Table 3 and 4 give the influence of the stopping criteria for a coarse and fine space-time
discretization, respectively. N, is the total number of iteration in the computation. We

note that

e the error decreases but then quickly stabilizes;

o under a critical stopping criteria, d¢it, the error and the space and time indicators

are insensitive to the stopping criteria;

o the critical stopping criteria is smaller for a finer time-space discretization;
o the iteration indicator is more or less linear with respect to the stopping criteria;

¢ N, grows roughly logarithmically with the decrease of the stopping criteria.

for the stopping criteria chosen, the iteration error indicator, ., is very small
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6. ADAPTIVE CONTROL

Using the Drucker error, an adaptive strategy to control the space and time discretiza-
tion for three- and six-node triangular elements in plane and axisymmetric problems was
presented in [32). Concerning the dissipation error, a simultaneous time, space and it-
eration adaptive scheme was presented in [36]. We summarize here the basic features
of the strategy. Basically, the idea is to meet the prescribed accuracy while minimizing
the numerical effort. The prescribed accuracy is linked to the time and space indicators
through the i, quantity. The numerical effort is expressed as the number of time steps
times the number of elements raised to a power (2 in the examples).

The time and space indicators need to be related to the mesh size and the time step size.
We assume that the space error indicator has a local convergence O(h?) (from numerical
experiments, p = 1 and p = 2 for three- and six-node triangular elements, respectively),
h being the local size of the element. Concerning the time error indicator, we assume a
local convergence O(At?) (¢ = 1 and g = 2 for the Drucker and dissipation time error
indicator, respectively), At being the local size of the time step.

Minimizing the numerical in order to reach the prescribed accuracy yield a new mesh
size map an a new time step size map, which are used to remesh in space and “time” the
problem. When the p and ¢ parameters are uniform, the minimization of the numerical
effort implies that the prescribed accuracy, €, should be shared in the ratios

spced = ———— €0, . = — 49
Zspce,0 ‘/ 1/ € Ytime,0 l/ | 1/ €0 ( )

for the objective space and time error indicators respectively, in the dissipation error case
and in the ratios

4/p 1/2 - _ 1/q 1/2
4/p + l/q) €0, ltime0 = (4/P T l/q) ] (50)
for the Drucker case.

The stopping criteria for the iterative procedure is chosen such that the iteration error
indicator is about on tenth of the minimum of the space and time error indicators. This
allows that enough ~ and not too many - iterations are made to avoid the influence of
the non-convergence of the iterative technique.

Finally, note that when the prescribed accuracy is too far form the actual error ob-
tained with the initial coarse computation, some intermediate steps are introduced in the
adaptive strategy.

ispce,O = (

The frame example

Tables 5 and 6 summarize the adaptive procedure using the dissipation and Drucker
error, respectively. The prescribed accuracy is 5% and six-node triangular elements are
used. We note that the numerical effort needed to reach the 5% error is more important in
the Drucker error sense than in the dissipation error sense. The optimized meshes at the
last step are shown Fig. 7 and 8 and the evolutions of the contribution to the error with
respect to the time for the successive stages, Fig.7. These contributions were defined by

equations (19) and (34). Note that the time stepping, indicated by the squares, stars, ... is
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not uniform and takes into account the unloading. The Von Mises stresses obtained at the
final time are shown Fig.10. They are compared to the Von Mises stresses obtained with
the Hencky-Mises model, Fig.11. Since the loading does not evolve monotonically, the
difference is important. Indeed, the Hencky-Mises model assumes a simple monotonous
evolution of the stresses which is obviously not the case here.

€ tspce  ltime  lite | Db elts nb steps ol
Initially 28.15 14.33 17.90 0.03 194 3 1.100°7
Asked 10 8. 2. 0.20 .
Obtained 12.30 10.03 2.18 0.38 253 7 7.411072
Asked 5 4. 1. 0.10
Obtained 5.37 4.48 0.74 0.17 661 11 1.9110°2

Table 5
Summary of the optimization procedure using the dissipation error for the frame problem.

€ tspce  ttime  dite | Db elts nb steps Stol

Initially 26.90 23.26 14.56 0.06 | 194 3 1.10°2
Asked 15. 12.2 8.7 0.9

Obtained 17.02 15.34 845 0.77| 262 5 16.210-2
Asked 10. 8.2 5.8 0.6

Obtained 10.54 10.29 444 1.8 502 7 12.510°2
Asked 5. 4.1 2.9 0.3

Obtained 5.75 5.69 2.63 0.40| 1286 12 2.0710-2

Table 6
Summary of the optimization procedure using Drucker error for the frame problem.

Extension of a strip weakened by an angular notch

Finally, we consider the strip weakened by an angular notch with three different models:
the elastic model, the Prandtl-Reuss plastic model and it’s viscoplastic version. Table 7
summarizes the adaptive procedure in the plastic and viscoplastic cases, using the Drucker
error and three-node triangular elements. The prescribed accuracy is again 5%. For an
elastic problem, the Drucker error coincide with the classical energy norm error used in
elasticity, see [32]. The Von Mises stresses obtained at the final time are quite different
for the three models, Fig.12, 14 and 16. The optimized meshes are also quite differ-
ent,Fig. 13, 15 and 17.
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Plastic computation

€ lspce  Ttime  lite | Db elts nb steps Seol
Initially 27.55 21.49 20.53 0.44 88 1 1.1073
Asked 10. 8.9 4.4 0.4
Obtained 9.68 10.13 486 3.9 411 5 9.1073
Asked 5. 44 22 0.2
Obtained 4.81 4.74 212 0.26| 1744 7 4.610°3
Viscoplastic computation
€ spce  Mtime lite | DD elts nb steps Stol
Initially 26.26 16.95 22.42 0.04 88 1 1.1073
Asked 10. 8.9 44 0.4
Obtained 9.47 840 578 1.9 296 5 10.10°3
Asked 5. 44 22 02
Obtained 4.73 444 194 0.58 982 8 1.1073

Table 7
Summary of the optimization procedure using Drucker error for the angular notch prob-
lem.

7. CONCLUSIONS

The error in the constitutive law concept allows to define error with strong mechanical
foundations. When the constitutive law is characterized by a functional stress-strain for-
mulation, the error is based on a sufficient condition insuring the stability of the material,
Drucker’s stability condition. When the constitutive law is described in terms of internal
variables, the error is measured on the equations associated the dissipation process in the
material, i.e. the evolution laws. An extension of the famous Prager-Synge theorem may
be obtained in this later case.

The error itself is not enough to carry an efficient adaptive procedure. The contributions
of each error source to the error are also needed. These contributions are estimated
through quantities called error indicators: time, space and iteration error indicators. They
are defined in the same way as the error except that the reference problem is different:
space discrete, time discrete and space-time discrete problems, respectively. The behavior
of the indicators was shown to be robust.

When used along with the error, the error indicators allows to adapt simultaneously
the quality of the time and space discretization, and the choice of the stopping criteria
for the iterative technique. This was illustrated on two examples. The first examples was
the occasion to recall the danger in using an Hencky-Mises formulation when the loading
is not evolving monotonically. We also noticed that the numerical effort needed to reach
a given accuracy was more important in the Drucker approach than in the dissipation
approach. This point, which is not surprising since the foundations of the two errors are
different, should be investigated in future works.
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Figure 7. Final mesh optimized with the
dissipation error, 661 six-node triangles.
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Figure 8. Final mesh optimized with
Drucker error, 1286 six-node triangles.
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Figure 9. Evolution of the contribution to the error with respect to the time for the
successive adaptive steps, dissipation error on the left and Drucker error on the right.
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Figure 14. Von Mises stresses in plasticity.
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Figure 16. Von Mises stresses in viscoplas-
ticity.

Figure 13. Optimized mesh: 456 three-
nodes triangles.

Figure 15. Optimized mesh: 1744 three-
nodes triangles.

Figure 17. Optimized mesh: 982 three-
nodes triangles.
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1. INTRODUCTION

Adaptive mesh-refinement techniques based on a posteriori error estimators have become
an undispensable tool in large scale scientific computing. In what follows we will present
some of the most popular error estimators and will discuss their common features, their
main differences, and the underlying basic principles.

The essential point will be the equivalence of the norm of the error, which should
be estimated, and a corresponding dual norm of the residual, which only involves the
given data of the problem and the computed numerical solution. This equivalence is a
consequence of the stability of the infinite dimensional variational problem. Thus, in a
posteriori error analysis the situation is quite different from a priori error analysis where
the stability of the discrete problem is the main ingredient.

The error estimators considered here can be viewed as a device for rendering com-
putable the above-mentioned dual norm of the residual. They differ in the way they try
to achieve this goal. We will show that all yield upper and lower bounds on the error
and that they are all equivalent in the sense that the ratio of any two of them remains
bounded independently of the mesh-size.

The upper bounds on the error are always global ones. This is due to the fact that
upper bounds involve the inverse of the differential operator which is a global operator.
Some of the lower bounds on the errors are local ones. This is possible since lower bounds
involve the original differential operator which is a local operator.

Upper bounds, of course, are mandatory for reliability, i.e. to ensure that the error is
below a given tolerance. Lower bounds on the other hand, are indispensable for efficiency,
i.e. to ensure that the required tolerance is achieved with a nearly minimal amount of
work. Moreover, locality of the lower bounds guarantees that the spatial distribution
of the error is properly reproduced by the error estimator. Unfortunately, this point is
often not sufficiently taken into account.

In order the simplify the exposition and to keep the technicalities at a minimum we
present the error estimators within the framework of displacement methods for linearized
elasticity. In the last quarter of this contribution we show how the results and techniques
can be extended to displacement methods for non-linear elasticity.
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In what follows we only consider displacement methods based on a primal variational
principle. We completely omit mixed methods based on a dual or hybrid primal/dual
variational principle. Since these methods play an important role, e.g. in the context of
locking phenomena, this is a serious omission. It is due to two reasons. First, a profound
consideration of dual methods would unduely overload the presentation. Second and
more important, the theory of a posteriori error estimators for mixed methods is not
as well developed as for primal methods. First approaches can be found, e.g. in [6, 7,
17, 18] and the literature cited therein. But all these are concerned with membrane
problems and cannot directly be applied to linearized elasticity.

2. THE EQUATIONS OF LINEARIZED ELASTICITY
We consider the equations of linearized elasticity
~dive(u)=fin§; u=uponlp; n-o(u)=tyonTy (&)

in a connected bounded domain  C R",n = 2 or 3, with a polyhedral boundary
I' =TpUTlN,TpNTxN = 0. As usual, u : @ — R" denotes the sought displace-
ment, f is the external load, ty are the prescribed boundary tractions, and n de-
notes the unit outward normal. The stress tensor o(u) is related to the strain tensor
e(u) = (%(8,—u,-+6,-u.-))15.~,,-s,. by the material law o(u),-j = ZISk.lSn C,'jkze(u)kl witha
symmetric positive definite n? x n2 matrix C. In order to guarantee unique solvability of
problem (1) we assume that the Dirichlet part I'p of I' has a positive (n —1)-dimensional
Lebesgue-measure.

For any open subset w of  with Lipschitz boundary v, we denote by H*(w),k €
N, L?(w) = H*w), and L?(y) the usual Sobolev and Lebesgue-spaces equipped with
the standard norms [|¢llkw = llellmx(w), lelle = llellLzw), and fielly = llellL2y-. I
w = ), we will omit the index w. We use the same notations for the norms of vector-
valued and matrix-valued functions.

Set Vp := {v € H(Q)" : v = 0 on I'p}. Then the standard weak displacement
formulation of problem (1) is to find u € up + Vp such that

/ﬂa(u)-e(v):/nf-v+/rNtN-v Vv € Vp. (2)

Since I'p has a positive (n — 1)-dimensional Lebesgue-measure, problem (2) admits a
unique solution.

3. FINITE ELEMENT DISCRETIZATION

Let T3,k > 0, be a family of partitions of § into triangles or quadrilaterals, if n = 2, or
into tetrahedra or hexahedra, if n = 3. Each 7; must be consistent with I'p and I'y,
i.e. I'p and 'y are the union of edges, if n = 2, resp. of faces, if n = 3, of elements in
Tx. Moreover, T;, must satisfy the following two conditions:
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(1) admissibility: Any two elements of 7}, are either disjoint, or share a vertex, or
share an edge or, if n = 3, share a face.
(2) shape regularity: ¢y := sup{hk /px : K € Th,h > 0} < o0.
Here, hx and px denote the diameter of K and the diameter of the largest ball inscribed
into K, respectively. If n = 2, shape regularity means that the smallest angle of all
elements is bounded away from zero.

Let Vi, C Vp be any conforming finite element space associated with 7. We assume
that it contains all continuous, piecewise linear or n-linear functions. The finite element
discretization (in displacement form) of problem (1) then consists in finding us € up+Vi
such that

/na(u;.)-e(vh)=/nf-v+/PNtN-vh Yo € Vi, 3)

Since I'p has a positive (n — 1)-dimensional Lebesgue-measure problem (3) admits a
unique solution.

4. AUXILIARY RESULTS

For K € T}, we denote by N (K) and £(K) the set of its vertices and the set of its edges, if
n = 2, or of its faces, if n = 3, respectively. Let Ny, := Uker, N(K), & = Uger, E(K)
be the sets of all vertices resp. of all edges or faces in 7. My and &, naturally split
into the sets Ny o, N, 0, N~ tesp. Ena, &, p,En N of all vertices resp. edges or faces
in ©, on I'p, and Ty, respectively. With each E € £, 0 we associate a unit vector
ng orthogonal to E and denote by Jg(¢) the jump of a given piecewise continuous
function ¢ across E in direction ng. Of course, JE(¢) depends on the orientation of ng,
but quantities like Jg(¢ng) do not.

For any K € Ty, E € &5, and = € N, we denote by

wg the union of all elements sharing an edge, if n = 2, resp. a face, if n = 3, with K,
wg the union of all elements having E as an edge, if n = 2, resp. as a face, if n = 3,
w, the union of all elements having r as a vertex.

Civen a vertex z € N} we denote by A, the corresponding nodal shape function, i.e.
the continuous, piecewise linear or n-linear function which takes the value 1 at z and
which vanishes at all other vertices. Note that A, vanishes identically outside w,. With
each K € T;, and each F € £, we associate a cut-off function ¥k and ¥, resp. by

Y=ok [[ A vEi=ar [ X (4)
zEN(K) zEN(E)

Here, N'(E) denotes the set of all vertices of E; the constants ax and ag are determined
by the requirements max;ex ¥k (z) = 1 and max;¢g Ye(z) = 1. Note, that ¢k and ¢g
vanish identically outside K and wg, respectively.

Finally, we define a quasi-interpolation operator I} by

Ihp = Z AT
zGNh,nUN;._N
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where 7;¢ is the mean value of ¢ on w,. Note, that I ¢ vanishes on I'p. For vector-
valued functions, I is defined by applying it to the components of the function. In
particular, we have Iyv € V,, for all v € L?*(Q)". For any v € Vp we can prove the
following interpolation error estimate (cf. [15] or adapt Exercise 3.2.3 in [9])

1/2
{2 w2l =Iwolik + Y b5'le = Dolk} < erllvllia (5)
KeT, Ecé,

The constant ¢; only depends on the shape parameter c7.

5. EQUIVALENCE OF ERROR AND RESIDUAL

Denote by u and u; the unique solutions of problems (2) and (3), resp. and by e := u—uj4
the error of the finite element discretization. From equations (2) and (3) we immediately
get the error representation

/ﬂa(e)-e(v)=/Qf-v+/rNtN-v——/na(uh)-£(v) Vv € Vp. (6)

The right-hand side of this equation implicitely defines the residual R(us) of us as an
element of the dual space of Vp:

(R(up),v) :=/{;f-v+/r tN~v—/{;a(uh)-e(v) Yv € Vp. )

The corresponding norm of R(uy) is given by ||R(us)||-1 := supy,y, =1 (R(u4), v). From
the definition of R(u}), the error representation, and the Cauchy-Schwarz inequality we
get for all v € Vp:

(Rw),v) = [ o) e(0) < lotMe < e fellslols.

The constant c* only depends on the largest eigenvalue of the matrix C in the material
law. This estimate and the definition of [{R(up)||-1 imply that ||R{up)|l-1 < c*llelfs.
From the positive definiteness of C' and from Korn’s inequality we conclude on the
other hand that

/nd(e) -e(e) 2 alle(e)llf > euellf.

The constant ¢; only depends on the smallest eigenvalue of C; the constant c, in addition
depends on § and on I'p. This estimate and the definition of ||R(up)||-1 yield the
estimate c,|lefli < ||R(un)||-1. Combining both estimates of || R(us)||-1 we finally arrive
at

cullelly < 1 R(un)ll-1 < cllells. (®)
I.e., the energy norm of the error is bounded from below and from above by e dual norm
of the residual of the finite element solution. Since, by definition, R(u;) only includes
the given data f and ¢y and the computed finite element solution uj, its norm may
be used as an a posteriori error estimator. Unfortunately, the norm [[R(uz)||-1 is not
directly amenable to numerical calculations. Its computation would require the solution
of an infinite dimensional variational problem. Most a posteriori error estimators try to
approximate ||R(ux)|j-1 by quantities which are much easier to compute.
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6. A RESIDUAL ERROR ESTIMATOR
Since V4 C Vp equations (2) and (3) imply Galerkin orthogonality, i.e.
(R(up),va) =0 VYo, €V,
Since Iyv € Vj, for all v € Vp, this in particular yields
(R(un),v) = (R(un),v — Iyv) Vv € Vp. (9)

Next, we derive an L?-representation of R(uj) which originally was defined as an
element of a dual space being "larger” than L?. To this end we start from equation (7)
and perform integration by parts elementwise. This yields for all v € Vp

(R(u;.),v): Z ./KRK(uh).v-*- Z _/;RE(uh).v (10)

KeT, E€éy
where
Ryc(up) :=divo(up) + f ,K €Ty,
—Je(ng-o(us)) ,E € &na, (1)
Re(up) :=={ tn —n-o(un) yE € &N,
0 ,E €& p.

This is the L2-representation of R(u;). Note that

Ryc(un), K € Ty, is the elementwise residual of u; w.r.t. the differential equation (1a),

Rp(un), E € & n, is the residual of up w.r.t. the traction boundary condition (1c),

Rg(up), E € &g, is the interelement-jump of that trace operator that associates the
weak formulation (2) with the strong formulation (1).

Now, we consider an arbitrary v € Vp with ||lv]|; = 1. Equations (9) and (10), the
error estimates (5), and the Cauchy-Schwarz inequality then yield the estimate

{(R(un),v) =(R(up),v — Inv)
<e{ 2 WlRi(lk + 3 helBe(uilz) ol

KEeT, Eeé&y

Here, the constant ¢ only depends on the shape parameter c¢7. For abbreviation, we set

/
msc = {WlRe)lic + Y BehelReuE}

Ee&(K)
1/2
MR :={ Z U%Z,K} ’
KeT,

(12)

where g = %, if E € &Eu,0, and Bg = 1, otherwise. Then the above estimate and the
definition of ||R(us)||=1 imply that [|R(us)ll-1 < cnr. Together with the first inequality
in (8) this yields the following upper bound on the error

flells < e enr. (13)
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In order to establish the converse estimate, we denote by f, and ty,; some finite
element approximations of f and ty. For example, these may be piecewise constant.
We then define residuals RK(u;.) and RE(uh) as Ry (up) and Rp(us) with f and ¢y
replaced by fn and ty, respectively. Consider an arbitrary element K € 75 and an
arbitrary edge or, if n = 3, face F of K. Inserting the functions wy := ¢ Kﬁk(uh) and
wg = 1/)EI~ZE(u;.) as test-functions in equation (10) on arrives at the following lower
bound on the error

nRK < C{llelh;wx + Y helf=fallr+ Y R ltw —tw hIIE} (14)

K'Cwi EeE(K)NEy, N

The constant ¢ depends on the constant ¢* in inequality (8), the shape parameter cr,
and the polynomial degree of the functions fi,tn s, and of those in Vp. The second and
third terms on the right-hand side of estimate (14) only depend on the given data and
are usually higher-oder perturbations.

In conclusion, ng yields, up to higher order perturbation terms, global upper and local
lower bounds on the error of the finite element solution.

7. ERROR ESTIMATES BASED ON THE SOLUTION OF AUXILIARY
LOCAL PROBLEMS

The residual error estimator of the previous section tries to approximate the dual norm
[lR(un)||-1 of the residual R(us) by a suitable L2-representation of the residual. The
estimators which we will describe now try to lift the residual into a subspace of H!(Q)"
by solving suitable local discrete problems similar to the original problem (3) and by
evaluating the energy norm of the solutions of these local problems.

‘We start with an estimator which originally was introduced by Babuska and Rhein-
boldt {2, 3]. Consider an arbitrary vertex zo € NMu0 NN, N and keep it fixed in what
follows. With zo we associate a finite element space V;, on w;, such that its elements
vanish on 0w, \I'y and in all vertices contained in w,, and are continuous, piecewise
polynomials of a sufficiently high degree (this condition will be made more precise later
on). Then the following auxiliary problem admits a unique solution: Find u,, € V;,
such that

/a(u,o)-e(v)= /f-v+ / tN-v—/a(uh)-e(v) Vv € V. (15)

Weo Weg rnﬁaw,o Wzo
Set
. /2
M00 = le(eluny » o= { 3 wb} (16)
€Ny UM, N

This will be the error estimator. Problem (15) can be interpreted as a discrete elasticity
problem on w;, with load f, traction ¢ty on Ow,,NT'n, and displacement us on w,,\I' v.
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In order to see that np yields upper and lower bounds on the error e = u — uy,
we first observe that the right-hand side of equation (15) is equal to [ o(e) - €(v).
z0

Inserting u,, as a test-function v in (15) therefore immediately yields

letus 2., < |

W,

o(uzo)~6(un)=/ a(e) - e(uzo) < ¢ flellun, le(uzo)llw,

20 Weq

and hence the lower error bound np ., < -‘55-||e||1;w,°. The constant ¢ only depends on
the smallest eigenvalue of the matrix C in the material law. Note, that this estimate
holds without any restriction on the polynomial degree of the functions in V,,.

In order to show that np also yields upper bounds on the error, we must specify the
condition that the polynomial degree of the functions in V;, is sufficiently high. More
precisely, we assume that V;, contains, for each K C w,, and each F € &, having z¢ as
a vertex, the functions wx and wg of the previous section.

In order to better understand this condition, assume, e.g., that we approximate problem
(1) by bilinear finite elements on a quadrilateral mesh in R%. Then, V,, must have at
least two degrees of freedom for each K C 7} contained in w,, and each E € & having
zq as a vertex. Since in the generic case w,, consists of four quadrilaterals, problem (15)
is a linear system of equations with 16 unknowns.

One can then prove that, up to higher order perturbation terms, np yields global upper
and local lower bounds on the error. Moreover, np is equivalent to ng, i.e., up to higher
order perturbation terms and multiplicative constants, which do not depend on h, each
quantity gives upper and lower bounds on the other one.

Next, we consider an estimator which originally was introduced by Bank and Weiser
[4]. Consider an arbitrary element K € 7, and keep it fixed in what follows. We associate
with K a finite element space Vi on K such that its elements vanish on 8K NT'p and at
the vertices of K and have a sufficiently high polynomial degree (this condition, again,
will be made more precise later on). Then the following auxiliary problem admits a
unique solution: Find ug € Vi such that

A- o(ug)-e(v) = A Ry (up)-v+ ./aK\rD Re(up)-v Vve V. (17)

Set

1/2
v = el s v o= { 3 nduic} - (18)
KeT),

This will be the error estimator. Problem (17) may be interpreted as a discrete elasticity
problem on I with load Ry (us), traction Rg(ux) on dK\I'p, and zero displacement
on K NTp.

Inserting, ux as a test function v in equation (17) and using the scaling properties
of uy which are due to its vanishing nodal values, we get the estimate gy x < cnr,i
with a constant ¢ which depends on ¢7 and the lowest eigenvalue of the matrix C in
the material law. Combining this estimate with inequality (14) shows that, up to higher
order perturbation terms, gy, i yields a lower bound on the energy norm of the error
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on wg. This holds without any condition on the polynomial degree of the elements of
V.

In order to establish upper bounds on the error, we must once more specify the
condition that the polynomial degree of the functions in Vi is sufficiently high. More
precisely, we assume that the functions wg and wg, E € E(K)\&,p, are contained in
Vk. I, e.g., we approximate problem (1) by bilinear elements on a quadrilateral mesh
in ]Rz, this means that Vx must have at least two interior degrees of freedom plus
two degrees of freedom for each edge of K which is not part of the Dirichlet boundary
I'p. Thus, in the generic case, problem (17) is a linear system of equations with 10
unknowns. Since the functions wg and wg are contained in Vi we may procede as
for np and conclude that nn yields global upper and local lower bounds on the error.
Moreover, 7y 13, as np, equivelent to ng.

8. HIERARCHICAL ERROR ESTIMATORS

Consider a finite element space W, which satisfies V, C¢ Wy C Vp and which either
consists of higher order elements or corresponds to a refinement of 7. If, e.g., V}, consists
of bilinear elements on a quadrilateral mesh in IR?, W, may either consist of biquadratic
elements on the same mesh or of bilinear elements on a refined mesh which is obtained
by cutting each quadrilateral into four new ones by connecting the midpoints of edges.
Denote by wy € W), the unique solution of problem (3) with V}, replaced by W},. Assume
that the following saturation assumption holds: There is a constant S with 0 < f < 1
such that

lle = wally < Bllu — ually. (19)

From the saturation assumption (19) and the triangle inequality we immediately con-
clude that ||up — ws]|y yields upper and lower bounds on the energy norm of the error
u — uy, with amplification factors (1 — 8)~! and (1 + B), respectively. Note, that, in
contrast to the previous sections, both bounds are global ones.

Thus, the energy norm of up — ws could be used as an error estimator. This device,
however, is not efficient since the computation of wy, is at least as costly as the one of
uy. In order to obtain a more efficient error estimation, we use a hierarchical splitting
Wi = Vi + Zp and assume that the spaces Vi, and Z, are nearly orthogonal, i.e. there
is a constant v with 0 < 4 < 1 such that the following strengthened Cauchy-Schwarz
inequality holds

| /n e(v) - e(2)l < vlle()lille()l Vv € Vi, z € Zh. (20)

A strengthened Cauchy-Schwarz inequality holds true if, e.g., V4 and W3 consist of
bilinear and biquadratic elements, respectively.
Denote by z, € Z; the unique solution of

/QU(Zh)'e(Ch)=/nf-Ch+/FN tN-C;.—/na(uh)-e(C;.) Y € Zs.
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From the definitions of us,ws, and 2z, and from the strengthened Cauchy-Schwarz in-
equality we infer that ||zpf]; yields upper and lower bounds on |juy — ws||; and, conse-
quently, on the energy norm of the error. Thus, it can be used as an error estimator.
At first sight, the computation of z, seems to be cheaper than the one of w;, since the
dimension of Zj is smaller than that of W;. It, however, still requires the solution of
a global system and is therefore as expensive as the calculation of u, and wy. But, in
most applications the functions in Z, vanish at the vertices of 7. This in particular
implies that the stiffness matrix corresponding to Z is spectrally equivalent to a suit-
ably scaled lumped mass matrix. Therefore, 2z, can be replaced by a quantity z; which
can be computed by solving a diagonal linear system of equations.

More precisely, on Z, there is a bilinear form b such that the corresponding stiffness
matrix is diagonal and such that

MICall} < 8(ChrCh) S AlIGIT VEh € Za (21)

holds with constants 0 < A < A that are independent of k. Let z; € Z, be the unique
solution of

b(z;,o.>=/nf-<,.+/r t~~<h—/na(u;.)-e(ch) Vo€ Zh  (22)

The definitions of z; and of 2} and inequality (21) then imply that ||z}||1 yields upper
and lower bounds on the energy norm of the error. Moreover, problem (22} can be solved
element by element.

9. AVERAGING TECHNIQUES

In [21, 22] Zienkiewicz and Zhu proposed an error estimator which is based on an
averaging or postprocessing of the computed stress tensor o(us). In order to explain
the underlying idea we resort to the simplest case and assume that V}, consists of linear
elements on a triangular mesh. The stress tensor then is piecewise constant. Suppose
that we dispose of an approximation S(uj) of o(u) such that

llo(u) — SCun)ll < Bllo(u) — a(un)ll

holds with a constant 0 < 8 < 1. Then by the triangle inequality ||o(usn)— S(us)i| yields
upper and lower bounds on the energy norm of the error and may be used as an error
estimator.

The idea for computing S(uy) is to project o(up), which is piecewise constant, onto
the space of continuous, piecewise linear stress tensors. In order to obtain an easy-to-
compute projection it is performed with respect to a lumped mass matrix.

More precisely, denote by S,ll’_l and S ,1,’0 the spaces of all discontinuous resp. continuous,
piecewise linear stress tensors corresponding to T4. Since o(uy) is piecewise constant it

is contained in S,ll’"’. On S,ll’_1 we define a mesh-dependent scalar-product by

(Ohn = Y %{ > Uth(I)'Th[K(z)}-

KEeT, zeN(K)
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Here, | K| is the area of K and ¢|k(z) is the value of ¢ restricted to K at the vertex z.
Now, S(u4) is defined as the (.,.)s-projection of o(us) onto S;*°:

(S(un)yma)s = (o(un)yma)n  ¥ra € 5,°. (23)

Since the quadrature rule || KP~ qu e N(K) ¢(z) is exact for all linear functions, we
deduce from (23) by inserting the corresponding shape function that, at a given vertex,
S(up) is the average of the o(us) on the neighbouring elements:

S(un)z)= ) IKla(u,.)|K Yz € Ny (24)

KCw. jwe|

The ZZ-estimator of Zienkiewicz-Zhu is now given by

1/2
nze={ X wha) ) ki 1SGn) - olun)l.
KeT,

It can be shown (cf. [13] and Section 1.5 in [14]) that nz yields upper and lower bounds
on the energy norm of the error.

When using bilinear elements on quadrilateral meshes one may retain the above
expressions for S(uy) and 1z with o(up)|x replaced by o(up)(zk), where zf is the
barycentre of K.

10. THE EQUILIBRATED RESIDUAL METHOD

In [11] Ladevéze and Leguillon proposed a technique for a posteriori error estimation
which is based on a dual variational principle. In what follows we will shortly sketch the
underlying idea. For a more detailed presentation we refer to [11] and [1].

We define a norm and a quadratic functional on Vp by
1
ol s= [ o)-e), I} = 5 [ o(0) - e(w) = (Run),0).

From the definition of |||.Ji}, J, and R(uj) we conclude that —-;-|||e|||2 = J(e) < J(v)
for all v € Vp. Hence, the energy norm of the error can be computed by solving the
variational problem J(v) — min in Vp.

Unfortunately, this is an infinite dimensional minimization problem. In order to
obtain a more tractable problem we want to replace Vp by the broken space Vy :=
{v e L2 ()" : v|x € H(K)* VK € Th,v = 0 on I'p}. Obviously, a function v € Vr
belongs to Vp if and only if Jg(v) = O for all E € &, g. It can be proven that the space of
Lagrange multipliers corresponding to this constraint is given by M := {4 € L?()"*" :
divA € L2(Q)",n-A=0onI'y}.

Next, we must extend the residual R(u,), which is a linear functional on Vp, to a
linear functional on the larger space V7. To this end we associate with each E € &,
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a smooth vector field gg. The choice of gg is arbitrary subject to the constraint that
gk =ty for all E € &, . The particular choice of the fluxes gg for the interelement
boundaries will later on determme the error estimation method; for E C ['p the value
of gg is completely irrelevant. Once we have chosen the gg’s we can associate with
each element K € 73 a vector field gx defined on 8K such that 3 e [ox 95 v =
Y gee, Jg 9E - JE(v) for all v € Vr. Here, we use the convention that Jg(v) := v if

E CT. We then define the extension R(u) of R(uy) to Vr by setting for all v € V7

(R(up),v) = /f v—/ o(un) - e(v)+/ v — 3 /gE T(v).

KE€eT, E€épq

Moreover, there is a p« € M such that the last term in (ﬁ(uh), v) can be identified with
pa(v). Now, we define a Lagrangian functional on V7 x M by

ONEEDY / o(v) - €(v) — (Ba(un),v) — (o).

l( €Ty
Since M is the space of Langrange multipliers for the constraint Jgp(v) = 0 we conclude

that

1
—Zllell® = inf J(v)= inf sup L(w,p)= sup inf L{w,u).
2 vEVp weVy ueM pEM weVr

Hence, we get for all p € M that —%llle"l > inf,ey, L(w,p). The particular choice
i = p, therefore yields
Mell? < -2 3 inf Ji(wr), (25)

KeTh wg €Vk

where

Tew)i= 5 [ otw)-ew)= [ fowt [ ow)-ew)~ [ oic-w

Each choice of wy € Vi, K € Ty, will yield a lower bound for the energy norm of the
error.

Thanks to (25) the computation of the energy norm of the error is reduced to a
family of minimization problems on the elements in 7;. However, for each K € T}, the
corresponding variational problem still is infinite dimensional. In order to overcome this
difficulty we first rewrite Jy. Using integration by parts we see that

Tic(w) = %/Ka(w)-e(w)-/KRK(u,.)-w—/aKﬁK(u,.)-w

where ﬁ;((u;.) = gg —nk - o(us). Given K € Tj, we set

Wk = {r € LX(K)™" : divr € L*(K)",divr = Ri(un),nx - 7 = Ric(un)}.
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The complementary energy principle then tells us that

. 1
inf Jg(w)= sup ——/ TT.
weVi reWx 2Jk

Together with (25) this implies that

1
lell? <2 3~ sup —3 [ i

KeT, Tk EWie

Hence, any choice of Tx € Wi, K € Ty, gives an upper bound for the energy norm of
the error. This is the announced dual variational principle.

The concrete realization of the equilibrated residual method now depends on the
choice of the 7x’s and on the definition of the gx’s. Ladevéze and Leguillon [11], e.g.
chose gx to be the average of n - o(us) from the neighbouring elements plus a suitable
piecewise linear function on 0K. The functions 7 are often chosen as the solution of a
maximization problem on a finite dimensional subspace of Wi corresponding to higher
order finite elements. With a proper choice of gk and T one may thus recover the
Bank-Weiser estimator iy of Section 7.

11. COMPLEMENTS

The quality of an error estimator is often measured by its efficiency indez, i.e. the ratio
of the estimated versus the true error. It is called efficient if its efficiency index together
with its inverse remain bounded for all mesh-sizes. It is called asymptotically ezact if its
efficiency index tends to 1 when the mesh-size converges to zero. The estimators consid-
ered in the previous sections are efficient regardless of the mesh-topology. Asymptotic
exactness, however, is in general based on super-convergence and only holds for particu-
lar mesh-topologies. The Bank-Weiser estimator iy of Section 7, e.g., is asymptotically
exact on a Courant triangulation but not on a criss-cross triangulation. On a uniform
quadrilateral mesh ny is also asymptotically exact. This property, however, is lost when
the mesh is slightly distorted in a non-uniform way.

The residual error estimator of Section 6 consists of two contributions: the element
residuals and the jump-terms across interelement boundaries. On a uniform square
grid in R? it can be shown that either the element residuals or the jump-terms are
dominant depending on whether the polynomial degree of V} is even or odd (cf. [19,
20]). This result strongly depends on the special structure of the mesh. For simplicial
finite elements a similar result is not known. Recently, however, it was shown that for
linear elements on a triangular grid the element residuals may be disregarded (cf. [8}).

In the previous sections we have only considered energy norm error estimates. Some-
times, however, one is more interested in estimating the error with respect to another
norm, e.g. the L2-norm or the maximum-norm, or with respect to a given functional,
e.g. the shear stress in a particular point or region. This task can often be achieved by
combining the previously used techniques with an appropriate duality argument (cf. [5,
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12, 14, 16]). For example, one can thus show that hxng k yields upper and lower bounds
on ||z — up||. The same holds for the Babuska-Rheinboldt and Bank-Weiser estimators
of Section 7 provided one replaces in definitions (16) and (18) the energy norm by the
corresponding L?-norm. In a similar way one obtains maximum-norm error estimates
by a duality argument and sharp a priori estimates for the Green’s function.

12. THE EQUATIONS OF NON-LINEAR ELASTICITY AND THEIR DIS-
CRETIZATION

Formally, the elliptic system under consideration is still given by equation (1). But, now,
the matrix C in the material law, the external force f, and the boundary traction ¢y
may depend on the displacement u and the strain tensor (u).

To simplify the presentation, we will assume in what follows that the boundéry
displacement up vanishes. Then the standard variational formulation of problem (1) is
to find u € X such that

(F(u),v) :=/a(u)-e(v)—/f-v—/t~-v=0 YveY (26)
Q Q

I'n

where X = WRP(Q)" := {v e W'P(Q)" :v =0onTp}and Y = Wy(Q)" := {v €
WLr(Q)"® : v = 0on I'p}. The Lebesgue exponents 1 < p,r < co depend on the
non-linearities. In the simplest case we will have p=r=2,1e. X =Y = V.

Any finite element discretization of problem (26) can now be written as
(Fu(un),va) =0 Vo €Y. (27)

Here, F; : X — Y} is a continuous non-linear mapping between a finite element space
X, approximating X and the dual of a finite element space Y} approximating Y. In
the simplest case we will have X, = Y3 and (Fa(un),va) = (F(un),va). In general the
definitions of Fj, X, and Y; will have to take into account variational crimes such as
numerical quadrature, selected reduced integration etc.

13. EQUIVALENCE OF ERROR AND RESIDUAL FOR THE NON-LIN-
EAR PROBLEM

Let u € X and up € X} be a solution of problem (26) and an approximate solution
of problem (27), respectively. Note that in general problems (26) and (27) will have
several solutions and that we take into account additional errors which are committed
when solving the discrete algebraic problem (27) only approximately by some iterative
method, e.g. Newton’s method.

We want to derive computable upper and lower bounds for ||u —u,|| x. For linearized
elasticity we have seen in Section 5 that the first and essential step in achieving this goal
consists in establishing an equivalence between ||u — u||x and a suitable dual norm of
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the residual of uj. This is also the case for the present non-linear problem. We therefore
assume that u satisfies the following two conditions:

(1)  u is a regular solution of problem (26). Le. the derivative DF(u) of F at u is a
bounded linear map of X onto Y* with a bounded inverse DF(u)~!.

(2) DF is locally Lipschitz continuous at u. Le. there are numbers R > 0 and B>
0 such that |[DF(u) — DF(v)|l¢(x,v+) < Bllu — v]|x holds for all v € X with
lu-vllx <R

Condition (1) is the non-linear analogue of estimate (8) which means that the weak for-
mulation of problem (1) defines a bounded linear operator of Vp into its dual having a
bounded inverse. Condition (1) excludes limit, turning, or bifurcation points. The treat-
ment of those singular solutions requires some additional techniques which we cannot
present here (cf. Section 2.2 of [14]). Condition (2) is not needed for linear problems
since then the mapping u — DF(u) is constant. It requires extra smoothness on the
data C, f, and tn such as, e.g., twice continuous differentiability. Note that for a linear
operator A : X — Y* its norm is given by || Al ¢(x,y+) = SUPy)x =1 SUP|pity =1 (AV, ).
Recalling that F(u) = 0 and using the identity

(DF(u)(v — u),p) = (F(v),9) + /0 ([DF(u) ~ DF(u + (v - u))|(v — u), p)dt

which holds for all v € X and ¢ € Y and conditions (1) and (2), one can prove (cf.
Proposition 2.1 in [14]) that the estimate

1 - -
SIPF@Nzix, v IF@)llye < llu = vlix < 2IDF(u) ey ) IF @)y

holds for all v € X with |ju — v]lx < Ry := min{R , B UDF(u)~
287 IDF(u)lle(x,v+)}-

Hence, if |[u — usllx < Ro, the error ||u — uul|x is bounded from above and from
below by the residual ||F(up)lly. = Supjpy=1{F(ua), ). For linear problems this is
nothing else than the dual norm ||R(us)|{~; of the residual. The amplification fac-
tors in the above equivalence betweeen error and residual are the operator norms
IDF(u)ll¢x,y+) and |DF(u)~ || v+, x) of the derivative of F at u and of its inverse.
Note that [|[DF(u)™c(ve,x) = {infyyye=1 SuPjoiy=1{DF(u)v,9)}~1. The product
IDF(u)llecx,y-) I DF(u)" |l ¢(v+,x) is the condition number of the linearization of F
at u. It measures the sensitivity of the non-linear problem (26) with respect to small
perturbations and is independent of the particular finite element scheme. Thus, inde-
pendently of the finite element discretization, there will be a large gap between the upper
and lower bounds when the non-linear mechanical system is ill-conditioned, i.e. if it is
very sensitive to small perturbations.

131
[P

Note that the above equivalence between error.and residual only holds if the finite
element solution uy is sufficiently close to the true displacement u, i.e. if {ju—un|| x < Ro.
This is not surprising since we are dealing with a non-linear problem which may have
a large variety of solutions. For linear problems which are uniquely solvable this extra
condition is of course not needed.
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14. A RESIDUAL ERROR ESTIMATOR FOR THE NON-LINEAR PROB-
LEM

In Section 6 we have seen that the dual norm of the residual can be bounded from
below and from above by a weighted sum of element residuals and of jump-terms across
interelement boundaries. The main tools for establishing this were an L?-representation
of the residual, local error estimates for a quasi-interpolation operator, and suitable
local cut-off functions. This technique can be embedded in a general framework which
then allows the treatment of non-linear problems. We do not have the place to present
this framework here. Instead we refer to Sections 3.1 and 3.3 of [14] and only present
the final result.

Denote by ¢ :=

r
r—1

nrx = {hk /K [Rx(un)l® +

the dual Lebesgue exponent of r. In analogy to (12) we then set

> sehe [ IRelr} " mmi= { 3 vhc}

E€&(K) KeTy

Note that, in evaluating Ri(un) and Rg(up) according to (11), one has to use the
corresponding non-linear material law. Then we obtain the following a posteriors error
estimates:
llu — uallx Scl{nn+ sup (F(un) — Fa(un),on) + sup (Fh(uh),m)} (28)
PhEYR {

$REY,
Henlly =1 lenly=1

nr,k <colu — unllwre(ug)- (29)

The constants ¢; and ¢, depend on the shape parameter cr, ||DF(u))¢(x,y+), and
[[DF(u)~ |y« ,x). The second term on the right-hand side of estimate (28) is the
consistency error of the discretization. It can be bounded a priori and it vanishes when
using a conforming finite element discretization without numerical integration. The third
term on the right-hand side of estimate (28) is the residual of the algebraic system (27).
It takes into account errors which stem from an approximate solution of (27) with an
iterative method. Both perturbation terms were not present in the linear case since
there we assumed that we use a conforming method with exact integration and that we
exactly solve the discrete problem.

Under some additional assymptions about elliptic regularity (cf. {16] and Remark
3.15 in [14]) one can prove estimates similar to (28) and (29) also for the LP-norm of
the error. One then has to replace ng,x and nr by hAxnr,x and {Lke7, bk r]}’z,,\-}‘/",
respectively.

15. ERROR ESTIMATORS BASED ON THE SOLUTION OF AUXILIARY
LOCAL PROBLEMS FOR THE NON-LINEAR PROBLEM

The Babiiska-Rheinboldt error estimator 7p of Section 7 can be generalized to non-
linear problems (cf. Sections 2.3 and 3.3 in {14]). Using the notations of Section 7 it is
given by

i/p
1D,z0 = lle(tzo)lLr(wsy) » 1D = { >, n’D,,}
zENp.,nUN;._N
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where u,, € Vg, is the unique solution of

I

The differences with the linear problem treated in Section 7 are:

(1) The L?-norm in (16) is replaced by an LP-norm.

(2) As in (15) we use on the right-hand side of (30) the original -~ now non-linear —
material law. But on the left hand side of (30) it is replaced by the simpler linear
material law G(v)i; = 30;<p 1<n C(un(20), Moo (ur))ijrie(v)rr. Here, moo(us) is
some averaging of the possibly discontinuous stress tensor o{uj ) over neighbouring
elements of zo. If o(uy) is continuous we may take moo(up) = o(up)(z9). Thus,
for the auxiliary local problem (30) the non-linear material law is linearized and
its coeflicients are frozen to appropriate constant values.

G(ugy) e(v) = f-v+/r o tN-v—/ o(up)-e(v) Vv € V. (30)

z0 [

It can be proven (cf. Proposition 3.14 in [14}]) that np yields upper and lower
bounds for ||u — up||x similar to estimates (28) and (29). Similarly, one can prove
that ||ug,lLr(w,,) Yields upper and lower bounds on the LP-norm of the error (cf. [16]
and Remark 3.15 in [14]).

16. COMPLEMENTS ON THE NON-LINEAR PROBLEM

The constants relating the estimated error with the true error, i.e. the constants ¢; and
c2 in estimates (28) and (29), consist of two multiplicative ingredients:

(1) A factor ¢; which only depends on the shape parameter ¢z and which stems from
local inverse estimates (for lower bounds on the error) or local interpolation error
estimates (for upper bounds on the error).

(2) A factor cp which is problem dependend and which essentially is || DF(u)l|¢(x,y+)
(for lower bounds on the error) or |DF(u)™}||¢(y+,x) (for upper bounds on the
error).

The factor ¢; is relatively harmless. In principle, it can be estimated explicitely (cf. {15])
and is of moderate size. The factor cp, on the other hand, is much more dangerous. It
is related to the condition of the variational problem, i.e. its sensitivity with respect
to small perturbations. Since it depends on the unknown solution u of the variational
problem it cannot be computed explicitely. Often only crude a priori estimates for ¢p
are available which for complex problems are nearly useless due to their unrealistic size.
Hence, one must try to get more realistic estimates of this constant. This is an important
point of current research (cf. [5, 10]). Many approaches try to replace | DF(u)||z(x,v+)
and ||[DF(u)~"(c(y-,x) by the extreme eigenvalues of DF},(us) and to estimate these
parallel to the computation of the numerical solution u, by solving an appropriate dual
problem.
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A Posteriori Error Control and Mesh Adaptation for FE models in
Elasticity and Elasto-Plasticity

R. Rannacher and F.T. Suttmeijer * *

Institut fiir Angewandte Mathematik, Universitit Heidelberg, INF 294,
D-69120 Heidelberg, Germany

A new technique for a posteriori error control and adaptive mesh design is presented for
finite element models in elasticity and elasto-plasticity. It is based on weighted a posteriori
error estimates for general error functionals which are derived by duality arguments. This
approach was originally proposed in [6] as a natural extension of the ideas developed by
C. Johnson, et al., [11] and [13], for adaptive finite element methods. The conventional
strategies for mesh refinement in finite element methods are mostly based on a posteriori
error estimates for the global energy norm in terms of local residuals of the computed
solution. These estimates reflect the approximation properties of the trial functions by
local interpolation constants while the stability property of the continuous model enters
through a global coercivity constant. However, meshes generated on the basis of such
global error estimates may not be appropriate in computing local quantities like point
values or contour integrals and in the case of very heterogeneous or nonlinear material
behavior. More accurate and efficient error estimation can be achieved by using suitable
weighting factors which can be obtained numerically in the course of a feed-back process
from the solutions of discretised dual problems. This general approach is discussed here
for finite element models in linear elasticity and perfect plasticity.

1. Introduction

The fundamental problem in the flow theory of linear-elastic perfect-plastic material
in classical notation reads

dive=~f, e(u) = A:¢6 + A in Q,
Ai(r=0)<0 VrwithF(r)<0, A:0=0 inQ, (1)
2=0 onTDp, oc-n=g onTly.

where o and u are the stress tensor and displacement vector, respectively, and a stress-
free initial state 0(0) = 0 is assumed. This idealized model describes the deformation
of an elasto-plastic body occupying a bounded domain  C R? (d = 2 or 3) under the
action of a body force f and a surface traction g along T'y . Along the remaining part of

*This work has been supported by the German Research Association (DFG) under contract no. RA
306/8-2, Institut fiir Angewandte Mathematik, Universitat Heidelberg, INF 294, D-69120 Heidelberg,

Germany
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the boundary, I'p = Q2 \ 'y, the body is fixed. We assume a quasi-static process, i.e.,
acceleration effects are neglected. Further, the displacement u is supposed to be small,
so that the strain tensor can be written as e(u) = §(Vu + VuT). The material tensor A
is assumed to be symmetric and positive definite. The plastic growth is denoted by A,
and F is the von Mises yield function, F(r) = |rP| - a9, with oo > 0 and 72 being the
deviatoric part of 7. For the choice 69 = 00, (1) reduces to the standard problem in linear
elasticity.

This problem is to be solved by the finite element Galerkin method on adaptively opti-
mized meshes. By variational arguments, we derive weighted a posteriori error estimates
for controlling arbitrary functionals of the error. This new approach leads to effective
strategies for designing economical meshes and to practically useful bounds for the error.

The implementation of the finite element code for the test computations in this paper is
based on the object-oriented FE package DEAL ( Differential Equations Analysis Libary)[5)
which enabled our group to do studies on adaptivity for various kinds of problems (see,
e.g., [4],[15],[19] and [7]). Special thanks go to Guido Kanschat who started together with
the second author in 1991 in Bonn the developement of this software project.

2. Variational formulations of the plasticity problem

For applying a finite element method, one has to rewrite problem (1) in a variational
setting. Typically the behaviour of plastic materials is an evolutionary process over a time
interval I := [0, T}, where the load functions may be given in the form f = f(t,z), ¢ =
g(t,z), t € I, z € 2. We introduce the function spaces
LX) = LYQ,R),  LQ)gm = L RE),

Vi={ve H(Q,RY), v=00nTp},
H¥ := {r € L*(Q)ixs, divr € L}(Q)%},

""":—{TGH"“’ —divr=f inQ, 1-n=g only},

and define for any such function space X the admissible set as II(X) = {r € &, F(r) < 0}.
Further, (-,-) and || - || denote the L*-inner product and norm over Q and (-,-)r, is the
L*-inner product over the curve segment I'y. Then, following [14], we can state the dual-
mized formulation of (1): Find a pair {v,0} : I — L*Q)¢ x I[(H&Y) with ¢(0) = 0,
satisfying

(46,7 — o)+ (v, divr — dive) 20  Vr e II(H),
~(dive,p) = (f,p)  Vp € LAQ), )

where v = 1 is the displacement velocity and the * in Hf indicates that the correspond-
ing value is not fixed. Integra.tmg by parts in (2) leads to the primal-mized variational
formulation: Find a pair {v,0} : I = V x II(L}(Q)%4) with ¢(0) = 0, satisfying

sym

(Ad,7 - 0) = (e(v),7—0) 20  VreI(L}(Q)¥d

aym/y

(0’5(‘/’)) = (fa‘P) + (g,‘P)]‘N Vo e V. (3)
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Neglecting the rate dependence in (3), we obtain a material behaviour of Hencky-type
(c.f. [10]). This means that a pair {u,0} of displacement and stress is sought satisfying

(Ao,7 —0) — (e(u)y,7—0) 20 Vr e H(Lz(Q)dx"),

sym

(0,6(9)) = (fr0) + (9, 9)ry  VpEV. (4)

Examining (4), we see that o is just the projection of A~'¢(u) onto II(L*(R)2x4). In
this note, we consider the case of the linear elastic isotropic material law

o =2pueP(u) + xdivul,

with material dependent constants g > 0 and x > 0. Hence, observing the von Mises flow
rule, (4) becomes

a(u; p) := (II(2ue®(u)), e(9)) + (kdivu,dive) = (f,0) + (9,9)ry VP €V, (5)
where

2ueP(u) , if [2peP(u)| < oo,

(2ue®(u)) := {I_E’;’(L“)lep(u) , i [2peP(w)] > oo

Usually, in the plastic zone there holds & 3> |[[I(¢P(u))|, i.e., nearly incompressible material
behaviour occurs. In this case, the relation between e(u) and ¢ becomes stiff causing a
poor approximation behaviour for discretisations based on (5). One may account for
this difficulty by introducing an auxiliary variable p := xdive which plays the role of
a pressure. Then, introducing the pressure space Q := L%(2), a pair {u,p} € V x Q is
determined by the saddle-point problem , see [21],

(T(2pe® (w)), e(p)) + (dive,p) = (£,9) + (9. 9)ry Vo EV,
(@ivug - 1(pa) =0  Ve€Q, ©)

where, in the case T'p = 80, Q is supplemented by the condition (g,1) = 0. .

3. The linear elastic case

First, we consider the linear—elastic case. The primal formulation obtained from (5)
reads

a(u,0) = (f,9) +(9,9)ry Vo€V, (M

with the linear energy form a(:,-) := (Ce(-),&(+)) , where C := A™}, Starting from (7) the
choice of finite element subspaces V}, C V is straightforward. Here we confine ourselves to
the lowest-order approximation by linear or (iso-parametric) d-linear shape functions. The
underlying meshes are assumed to satisfy the usual regularity conditions (shape regularity,
cf. [8]) and to properly match the decomposition Q2 = I'p UT'y. Further, in order to
ease the refinement and coarsening process, hanging nodes are allowed, but only one per
element edge. The width of the finite element mesh T} is characterised in terms of a
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piecewise constant mesh size function h = h(z),0 < h < ho, where kg := hjx = diam(K)
and hpq, = maxger,{hk}. The discrete solutions u, € Vj, are determined by the equation

a(un, 08) = (fron) + (9:00)rn  Veon € Vi (8)
If problem (7) is sufficiently regular, we have the following well known a priori convergence
result (see, e.g., [8]),

llu = wnll + hmasllo = oull = O(h7.c.), (9)
where the discrete stresses are obtained locally in the form ok = Ce(u) k-

3.1. A posteriori error estimate
Now, the a posteriori error analysis starts with selecting an error functional J(-) which
is to be controlled. We assume that the corresponding dual problem

a(p,z) =J(p) VeV (10)

possesses a solution z € V. This is automatically satisfied if J() is well-defined on V.
Taking ¢ = e := u — u in (10) and using the usual Galerkin orthogonality relation
a(e,) =0, ¢ € Vj, we obtain the error identity

J(e) = a(e,2) = a(e,z — 2z), (11)

with an arbitrary function z; € V4. Then, by element-wise integration by parts, it follows
that

J(e) =Y {(f +divCe(un),z - 21)k — §(n - [Ce(un)],z — 21)ox} , (12)

K€ET),

where [C(e(uy))] denotes the jump of C(e(uy)) across the interelement boundary. On
edges I belonging to the boundary part Iy, we understand our notation in the sense that
n-[Ce(un)]ir = (n-Ce(un)—g)ir , in order to properly include the non-homogeneous surface
traction. At this point, we have assumed that the domain Q is polygonal (or polyhedral)
in order to ease the approximation of the boundary. In the presence of curved parts of
the boundary 9 the error formula (12) contains additional terms representing the error
caused by the polygonal approximation of the boundary (see, e.g., [7] or [9]). In the
tests presented below these terms are suppressed. From the error representation (12) we
conclude the following theorem (see {17]).

Theorem 3.1. Under the foregoing assumptions, the finite element scheme (8) admits
the a posteriori error estimate

|J(u = un)] < nun) = ) wiex, (13)
KeT,

with the local residuals px and weighting factors wy defined by
. 1/2
ox = (Wklf + divCe(un)lk + bhclin - [Ceunllle)

1/2
wie = (B2llz = anlll + hilllz - znll3g ) -
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For z, being an suitable local approximation of z, the weights wx in (13) can be
estimated by

wg < Cixhxl|V?2||k, (14)

with certain interpolation constants C; g. Following the approach proposed in [6], in the
a posteriori error estimate (13) the exact dual solution z is replaced by an approximation
%), which is computed on the same mesh on which u, has been obtained. Accordingly, the
weights wy are approximated by

Wg ~ (:1]( = C,"Kh;(lVifh(.’EK)l, (15)

where zx is the midpoint of K and V33 are certain second-order difference quotients of
%), approximating V2z. The local interpolation constants C; k essentially depend on the
geometry of the elements K and vary in the range C; x ~ 0.1 — 1. In the computational
tests presented below, we have used the conservative value C; x = 1. Further, in the case
that the functional J(-) is "irregular”, i.e., if it is not properly defined on the solution
space V, one has to work with a regularised functional J.(-) defined on V, such that
|Jo() = J(u)] = TOLy, on each refinement level L. Otherwise, local over-refinement may
occur. An example is the contour integral over normal stresses, discussed below. We
remark that the explicit a posteriori error estimator of Theorem 3.1 may be combined
with the locally implicit approach of Bank and Weiser [3] in order to better balance the
two residual terms (see [2]).

The weighted error estimate (13) will be compared against the traditional energy error
estimate (see, e.g., [1] or [22])

o - wlle < nstun) = C.G( 3 k) (16)

KeT),

with the local residuals gy as defined above.

3.2. Numerical test for the linear elastic case

The approach described above is applied for a model problem in linear elasticity em-
ploying the two dimensional plane strain model (cf. {17]). A square elastic disc with a
crack is subjected to a constant boundary traction acting on half of the upper boundary
(see Figure 1). Along the right-hand side and the lower boundary the disc is fixed and
the remaining part of the boundary (including the crack) is left free. This problem is
interesting as its solution develops a singularity at the tip of the crack where a stress
concentration occurs with an asymptotic behaviour of the form o = r~1/2 (expressed in
terms of polar coordinates (r,8)) . The material parameters are chosen as commonly used
for aluminium, i.e., p = 80193.8N/mm?, & = 164206N/mm? (see, e.g., [16]). For our
tests, we consider the computation of the total normal stress over the clamped part of the
boundary which is measured by the ("irregular”) functional

J(p) =/; n-Ce(yp) - nds. (17)

Three different mesh refinement processes are compared, where the solution on a very fine
adapted mesh with about 200000 cells is taken as reference solution u,; for determining
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the relative error RelErr on coarser meshes, while Ratio is the overestimation factor of
the error estimator,

RelErr := 17 {un = ureg)| ) , Ratio := ()

| (tres)| | T (un = reg)|
The parameters L and N indicate the refinement level and the corresponding number of
cells, respectively. In the computation the error functional J(-) has been regularised as
described above.
1) On a sequence of uniformly refined meshes, the weighted estimator (13) with the
approximation (15) is evaluated. The results are shown in Table 1.

Table 1
The weighted error estimator on uniformly refined meshes (from [17])
L| N J(us) | Rel.Err | Ratio
256 | 0.017080 } 0.0283 | 1.80
1024  0.019528 | 0.0181 | 1.76
4096 | 0.021137 | 0.0113 | 1.70
16384 ; 0.022161 | 0.0070 | 1.66
65536 | 0.022802 | 0.0043 | 1.62
oo | 0.023850

) b QI DO =

2) A sequence of refined meshes is generated on the basis of the energy-error estima-
tor (16). The so—called fized fraction strategy is used, i.e., in each refinement cycle the
elements are ordered according to the size of the local error indicators and then a fixed
fraction, here 30%, of all elements is refined resulting in about a doubling of the number
N of cells. The results are shown in Table 2 and in Figure 2. The overestimation factor
"Ratio” is stated, though the global energy-error estimator ng(us) cannot be expected to
give a reliable bound for the local quantity J(-).

3) A sequence of refined meshes is generated on the basis of the weighted error estimator
(13) with the approximation (15). This time the so-called fized reduction strategy is
used, i.e., in each refinement cycle the varying tolerance is reduced by a fixed factor
to TOL; = 0.5n(u),). Since, as mentioned above, the functional J(:) is irregular, it is
regularised in computing the dual solution according to

Je(p) = I—Il,‘—l‘/l: n-Ce(p)-ndz, T.={z€R?dist(z,Ip) < je}, (18)

with ¢ = TOLy. The results obtained are shown in Table 2 and in Figure 2.

In this test case the weighted estimator leads to slightly more economical meshes
than the energy estimator but also provides a reliable (as well as efficient) bound for
the error functional considered. We remark that the square-geometry used in this test
is particularly favorable for the energy error estimator ng as the necessity of properly
resolving the strong crack-singularity dominates the computation of the localized quantity
J(u). The superiority of our selective estimator over the energy—error estimator would be

more pronounced if the distance between the corner and the support of J(-) were larger
(see the examples in [7]).
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Table 2
Adaptive refinement based on the energy-error estimator (left) and the weighted error
estimator (right) (from [17])

Ll N J(uy) | Rel.Err | Ratio||L| N J(us) | Rel.Err | Ratio
4| 2659 |0.020528 | 0.0139 | 0.79 |{ 4 | 2113 | 0.022157 | 0.0070 | 1.96
51 6193 | 0.021538 | 0.0096 | 0.80 |{ 5 | 4435 | 0.022795 | 0.0044 | 1.92
6 | 13423 | 0.022319 | 0.0064 | 0.84 | 6 | 8830 | 0.023198 | 0.0027 | 1.86
7| 31336 | 0.022811 | 0.0043 | 0.86 || 7 | 15886 | 0.023428 | 0.0017 | 1.79
8 | 65332 | 0.023153 | 0.0029 | 0.90 (| 8 | 29947 | 0.023593 | 0.0010 | 1.79
9
thttd
' /
%
%
4
“
/
“
V
S S

Figure 1. Geometry sketch of the test problem ”square disc with sht”

Figure 2. Finest meshes obtained by the energy-error estimator (left) and the weighted
error estimator (right) (from [17])
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4. The elasto-plastic case

Next, we consider the elasto-plastic case. As starting point for discretising problems of
Prandtl-Reuss-type, we choose the primal-mixed formulation (3). Splitting the continu-
ous loading process f(t),g(t) into a sequence of incremental load steps,

f="+kfo, g =9""+kugo,

with pseudo-time step lengths k, := ¢, — ,_1, we obtain a sequence of Hencky-type
problems,

(40", 7= 0") = (Ao" ' + kot (v"), 7= 0") 2 0 Vr e ALY

sym?

(0" e(@)) = (f" o)+ (" Py Vo€V, (19)

with the initial values ¢° = 0 and u® = 0. According to the above dlscussmn each such
load step is equivalent to a nonlinear problem of the form

(Ce(v),e(9)) = (F9) +(g" 9l Vo€V, (20)
where
C(e(v™)) = (o™ + k,Ce(v")).

Solving this equation gives us an update for the displacement velocity v" € V and then
the new stress and displacement as

o™ :=T(o""" + k,Ce(v")) € MLAQ)EE, wi=u""'4 k0" € V.

This process is equivalent to applying the backward Euler time-stepping scheme to the
nonstationary problem (3). We assume that the incremental steps k,fo, and k,go are
chosen small enough that the resulting time—discretization error can be neglected com-
pared to the error resulting from the finite element approximation. OQur numerical tests
show that this is realistic, at least for the type of problems considered. The stationary
Hencky model (4) may be viewed as the approximation of the Prandtl-Reuss model by
one time step of length k =1 starting form the initial state ¢° =0, u® = 0.

The nonlinear problems (20) are approximated by a damped Newton iteration. Starting
from the result at the preceding load level, v™° := v"~1, the step v™~! — v™ reads

(C'(e(v™e(dv™),e(0)) = (£, 0) + (8" )y — (Ce(v™"),e(p)) Yo eV, (21)
with the Jacobian C'(-) of the function C(-), followed by the update
vn,l' = ,un,n'—l + )\;61)""..

The damping parameter 0 < ); < 1 is determined in the form ); = 2" such that
the residual norm is decreased. Hence, on the continuous level the nonlinear plasticity
problem (3) is reduced to a sequence of linear problems of the form

(C'e()e(w),ep)) =He) VeV, (22)
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with certain functionals I(-) defined on V. These are now discretized by the finite element
method,

(C'(e(va))e(wn),e(9)) = () Vi € Vi, (23)

where V), is a finite element space as defined before. The resulting linear subproblems
are solved by the CR-method with multigrid acceleration. The use of multigrid is rather
natural as in the course of the mesh refinement process a sequence of nested meshes
is automatically generated. Since the theme of this note is the aspect of a posterior:
error estimation and mesh design, we do not go into the details of the algebraic solution
techniques and instead refer to [19] and [20].

Again our error estimation uses the general approach described above applied to the
stationary nonlinear problems (20). In each load step a stationary Hencky-type prob-
lem is solved using an adaptive finite element discretization. The finite element meshes
are optimized separately within each load step in accordance to the particular target
functional J(:) leading to a dynamic development of refinement and coarsening over the
whole loading process. We remark that, in contrast to really dynamic problems involving
acceleration terms, the control of the time—stepping error in the quasi-stationary Prandtl-
Reuss model is less critical. Since in each incremental load step the displacement velocity
v" = 4" is updated, we do not expect much accumulation of these local errors over the
loading path. Hence it seems justified to estimate the global spatial error in this process
by simply treating it as a sequence of stationary problems. This approach, of course,
would be disastrous in the case of a parabolic problem like the heat equation.

The loading process is started from the initial state ¢° = 0. In each load step t,_; = t,,
the nonlinear problem (20) has to be solved resulting in an equation for the discrete
deformation velocity v € V4,

(o5~ + kCe(1})),(0)) = (f90) + (6" 0ty Vo E Vi (24)
From this, the stress update is obtained,
ol =TI} + k.Ce(v})), (25)

where the projection I1 is as defined above. Further, starting from the initial displacement
u) = 0, corresponding approximate displacements are obtained,

ul i= up”! + ko v,
Hence, (24) may be rewritten as
(o™ + Ce(up — w3 ™)),e(0)) = (1 9) + (9™ 9)rw Vo € Vi (26)

From now on, we suppress the superscript n and consider Hencky-type problems of the
form

(H(& + CE(U}, - ﬁ))’ E((p)) = (f’ <P) + (g’<p)l‘N Vo € V4, (27)

with given initial stress ¢ and deflection @. From (27), we obtain deflections u, € V},
and associated stresses

o = II(6 + Ce(uy) — Ca),
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approximating the solutions 4 € V and o € HL’(Q);‘;‘: of the corresponding continuous
problem

(II(G + Ce(u - 0)),e(9)) = (L) + (9, )ry Vo €EV. (28)
Clearly, for & = 0 and 4 = 0, this reduces to the usual Hencky model (5).

4.1. A posteriori error estimate for the Hencky model
Combining (27) and (28), we obtain the nonlinear Galerkin orthogonality relation

(C(e(u)) - Cle(un))e(w)) = /o I(C'(E(su + (1= 8)un))e(u — up),e(p)) ds = 0, (29)

for ¢ € Vi. Suppose that the quantity J(u) has to be computed. For representing the
error J(e), we use the solution z of the linear dual problem

L*(u,un;2,0) = J(p) Vp€V, (30)

with the adjoint of the bilinear form

Lomipd) = [ (Cle(ou+ (1 - s)un))e()ye()) ds.

We assume that this dual solution is well defined. This, of course, requires the underlying
problem to satisfy certain structural conditions. By the orthogonality relation (29), there
holds

J(e) L(u Upy 6,2 zh)v

with a suitable 2, € V,. Then, analogously as in the linear case, we obtain the error
representation

J(e) = Y {(f ~divC(e(un),z = z)k — §(n - [Cle(un))], 2 — 2n)ox} -

KeTy

From this, we conclude the following theorem for the elasto-plastic case (see [18)).

Theorem 4.1. Under the foregoing assumptions, the primal finite element scheme (26)
admits the a posteriori error estimate

|T(u = u)| < nlun) := ) wrex, (31)
KeT,,

with the local residuals px and weight factors wy defined by

oxc = (Rl — v Cle(wn)) [+ $hclin - [Cle(unlitk)

1/2
wic 1= (hllz = 2nll + 30Nz ~ 2nliBi) -
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In order to evaluate the a posteriori bound (31), we replace the unknown solution u
in the bilinear form L(u,uy;,-) by the currently computed approximation uj , and solve
the corresponding perturbed dual problem by the same method as used in computing uy ,
yielding an approximation #; € V} to the exact dual solution z,

L*(un,uni 2, p) = J(9) Vo € Vi (32)

The weights wg may then again be approximated as in the linear case described above.
We emphasize that the computation of the weights requires only to solve linear problems
and normally only amounts to a small fraction of the total cost within a Newton iteration
for the nonlinear problem.

We will compare our weighted error estimator (31) against two more traditional ap-
proaches.
1) The ZZ-approach: The error indicator proposed by Zienkiewicz and Zhu {23] for finite
element models in structural mechanics is based on the idea of higher-order stress recovery
by local averaging. The element-wise error ||c — a4}k is thought to be well represented
by the auxiliar quantity nx := [|Muon—0onllx, where Myay, is a local (super-convergent)
approximation of o. The corresponding (heuristic) global error estimator reads

1/2
lo = oull = 2z = (3 WMuon—anllk) - (33)
KEeT,

For our purpose we assume the discrete stresses to be constant over each cell. One possible
construction of M0}, is the patch-wise L?-projection Pxoy onto the space of (bi-)linear
shape functions. Here the nodal value at a point of the triangulation determining Mo},
is obtained by averaging the cell-wise constant values of ¢, of those cells having this point
in common. For cells containing hanging nodes this process is appropriately modified .

2) An energy error estimator: Johnson and Hansbo [13] proposed an error estimator
for the primal-mixed formulation of the Hencky model which is based on monotonicity
properties of the energy form and, under some additional heuristic assumptions, bounds
the error in the global energy norm. Let Qf and 2} denote the union of elements where
the discrete solution behaves elastic and plastic, respectively. Then, the estimator reads

1/2

lo = onll = 15 := C; ( 3 7,3() , (34)
KeT)y,

with the local error indicators

2, _ h}( ma.xKIR(u;,)|2, if K€ Qi,
K7 | hi maxg |Ce(un)| [y |R(un) dz, if K €02,

where on each element K € T, the local residual is defined by
R(up) = |divCe(up)| + 3h'|[n - Ce(un))).

Here, C; is some interpolation constant usually set to one. This estimator is rather
heuristic, as it relies on the assumption that the plastification zone is already correctly
captured on the current mesh. Furthermore, it is of only sub-optimal order in the plastic
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zone which results in mesh over-refinement in 0}, though the stresses are suspected to
be rather smooth there. The ZZ-estimator (33) does not suffer from this deficiency as
it essentially relies on the smoothness of o. Hence, we are led to modify the estimator
(34) by replacing the obviously too crude bound mazk|Ce(us)] in the plastic zone by
mazk|Ce(un) — MaCe(uy)|. This gives us the local (still heuristic) error indicators

2 ._ | hicmaxg |R(up)?, if K e,
K=\ b maxi [Ce(un) - MaCe(un)] [, |R(us)| dz, if K € Q.

4.2. Numerical test for the Hencky model

As the first example, we take the model case "disc with crack” from above (c.f. [18]).
The material values are as before x = 164206, 4 = 80193.8, and further oq = 450. The
boundary traction is assumed in the form g = tgo, with go = 100 and ¢ > 0. In the case of
the Hencky model, we choose ¢y, = 2.234, since already for ¢ = 2.3 plastic collaps occurs.
Again, we compute the mean normal stress over the clamped part of the boundary,

Jo(u) =/r n-C(e(u)) - nds. (35)

The refinement strategy is as described above and the quantities Rel.Err and Ratio have
the same meaning as before.

Our weighted error estimator turns out to be rather sharp even on relatively coarse
meshes, see Table 3. This indicates that the stritegy of evaluating the weights wg
computationally works also for the present nonlinear problem. Further, this approach
yields more economical meshes than the other error estimators (Figure 3). This is in
agreement with our observations in the linear elastic case.

Table 3
Results for J,(u,) with adaptivity based on the weighted a posteriori error estimator
(from [18])

N FAM) Rel .Err Ratio
1000 J| 2.2224e+-02 | 1.5757e-02 | 1.6650e+00
4000 }i 2.2405e4-02 | 7.7387e-03 | 1.7360e+-00
8000 || 2.2475e4-02 | 4.6647e-03 | 1.6205¢+00

12000 || 2.2509e+02 | 3.1559-03 | 1.5455e+-00
16000 | 2.2532e402 | 2.1360e-03 | 1.7726e400

As a second test, we apply our adaptive approach to a standard benchmark problem
described as follows (c.f. [20]). A geometrically 2-dimensional square disc with a hole is
subjected to a constant boundary traction acting upon two opposite sides.

We use again the plain-strain approximation and assume perfectly plastic material
behavior. In virtue of symmetry the consideration can be restricted to a quarter of the
domain as shown in Figure 4. The height and width of the quarter corresponding to lines
45 and T5 are 100, and the radius of the hole is 10. The material parameters are the same
as for the example above. The boundary traction is written in the form g = tg,, with
go = 100 and load factor £ € [0,6].
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Among the quantities to be computed are the component o4, of the stress tensor and the
horizontal deflection 4, at point 2, and the horizontal displacement u, at point 5. Again,
the result on a very fine adapted mesh with about 200000 cells is taken as reference
solution u,.;. Some of the results of these benchmark computations are summarized in
Figures 5, 8 and 9. They show that, comparing the relative errors on adaptive grids
produced by the "weighted”, the "energy” and the "ZZ”-approach, the first one yields
more economical meshes. We remark that in this case the additional cost for the adaptive
process is equivalent to two steps of the Newton iteration and therefore amounts to less
than 20 % of the total cost.

4.3. Decoupled pressure discretisation
We employ a stabilised finite element discretisation corresponding to (6) in the form

(c£. [12])
(1m( 2#€D(uh)) e(p)) + (dive,pa) = (f,9) Vo€V,

(dwu,.,q)——p,.,q) > khk(Vpn,Va)k =0 Vg€ Qu, (36)
KEeT)

where V), and Q, are constructed by the standard conforming bilinear shape functions.
For comparing the accuracy of the standard primal formulation to the mixed displace-
ment/pressure formulation, we use the first model problem "disc with & crack” and con-
sider the computation of the integral J,(u)

Ju(u) = / u-nds = | divudz, (37)
s s

where S is a suitable circular path around the tip of the crack, Qg is the domain with

boundary 0Qs = S, and n the outer normal unit vector along S. The results are presented

in Table 4. It turns out that by the displacement/pressure formulation significantly higher

accuracy can be achieved.

Table 4
Results for J,(us) on adaptive grids for the primal and the displacement/pressure dis-
cretisation (from [21])

J, u (uh)

N primal pressure
4000 |l 1.6875e-04 | 1.696680e-04
8000 |{ 1.6926e-04 | 1.699004e-04
16000 || 1.6963e-04 | 1.699354e-04
32000 [ 1.6986e-04 | 1.700872¢-04

00 1.7020e-04

4.4. Numerical test for the Prandtl-Reuss model
Finally, we present some results obtained with our adaptive method for the time de-
pendent Prandtl-Reuss model. The test case is again the benchmark problem ”disc with
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a whole” (see Figure 4) and, this time, we compute the stress component oy, at point 7
by the scheme (24). The resulting sequence of meshes for k¥ = 0.0025 with a constant
number, of N = 3200 mesh cells is shown in Figure 7. Further, we test the dependence of
the solution on variations of the loading step k and the number N of mesh cells. Figure
6 (left) shows the results for a sequence of reduced loading steps k = 0.08 — 0.01 with a
fixed number of N = 8000 mesh cells. Figure 6 (right) shows the results obtained with
a fixed load-step k = 0.01 for a sequence of adapted meshes with increasing numbers of
mesh cells N = 1000 — 8000.

Eventually, in Table 5 we show the dependence of the critical load level t; for which
plastification begins and the limit load level t, at which final break down occurs.

Table 5
Critical load level ¢; and limit load level ¢, computed with fixed k = 0.01 and varying N
(left) and for varying k and fixed N = 8000 (right) (from [20])

N i ty k ty ty
1000 | 3.095 | 4.655 || 0.08 | 1.880 | 4.680
2000 | 2.975 | 4.655 || 0.04 | 1.860 | 4.660
4000 | 2.485 | 4.655 || 0.02 | 1.950 | 4.655
8000 | 2.115 | 4.655 {| 0.01 | 2.115 [ 4.655

o018

o018

0.014

0.012

0.008

0.008 -

0.004 +

0.002 -t

Figure 3. Relative error for J,(us) on grids based on the different estimators and stucture
of "optimal” grid for J,(us) with N = 8100 (from [18])
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Figure 4. Geometry of the benchmark problem and plot of |¢P] (plastic region black,
transition zone white) computed on a mesh with N ~ 10000 cells
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Figure 5. Relative error for computation of o3, at point 2 using different estimators and
"optimal” grid with about 10000 cells (from [20})
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Figure 6. Computation of o1; at point 7 over the loading pass 1.5 < t < 5: Dependence
on the loading step k (left) and on the number of mesh cells N (right) (from {20])
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Figure 7. Computation of o1y at point 7 over the loading pass 3.6 < t < 4.2: Sequence
of adapted grids (zoom) with about 3200 mesh cells (from [19))
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An adaptive finite element approach in associated and non-associated
plasticity considering localization phenomena

W. Wunderlich, H. Cramer, G. Steinl,

Technische Universitit Miinchen, Germany

Abstract

In an adaptive finite element approach elasto—plastic problems with associated and
non—associated flow rules are investigated. The first part of the paper deals with the
underlying numerical formulation for a classical continuum model and a hierarchical
h—adaptive mesh refinement strategy. Essential ingredients of the adaptive process are a
suitable error indicator and transfer operations for the mapping of history—dependent
state variables between different meshes. These are imbedded in a nonlinear incremental
finite element procedure. For non—associated plasticity a standard continuum approach
may lead to an ill-posed problem. Therefore, in the second part a generalization in the
framework of a Cosserat theory is considered. The underlying equations possess a similar
structure, and the adaptive finite element formulation can be extended in a straightforward
manner. Numerical examples demonstrate the general applicability of the approach to
elastic—plastic problems including associated as well as non—associated plasticity. They
show the superior behaviour of the Cosserat formulation in the case of localization
phenomena also for non—associated plasticity.

1. INTRODUCTION

The quality of finite element solutions of elastic plastic problems is very much influenced
on how the structural system is discretized, especially when the load carrying capacity has
to be determined. Adaptive mesh refinement strategies provide a good basis to improve
the accuracy of the solutions. Essential ingredients of adaptive finite element calculations
are the estimation of the discretization error and the design of the refined meshes. In the
nonlinear analysis of path—dependent problems the mesh refinement has to be controlled
by suitable error measures and integrated into the incremental solution procedure.

In the first part of the paper we present an adaptive finite element formulation for a
classical continuum model including associated and non—associated plasticity. A standard
displacement formulation with conforming shape functions for the displacements is used
as the basis of the underlying finite element approach. The mesh refinement is controlled
by an error indicator calculated after each load step in the course of the nonlinear
incremental solution. This indicator represents a modification of an error estimator
derived in [1] which takes into account the stress residuals within the elements and on their
boundaries as well as the incremental strains.
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Based on the error distributions successive refined meshes are generated by simply
subdividing those elements for which the error exceeds a permissible tolerance. This leads
to a hierarchical finite element approach in which the shape functions of the coarser
meshes are retained in the basis of the shape functions of the finer meshes. In
path—dependent problems this facilitates the mapping of state variables like stresses and
internal variables between different meshes.

The performance of the approach is demonstrated by the results of numerical calculations
for different problems. The results illustrate the necessity of adaptive calculations,
especially when limit states are investigated.

In non-associated plasticity localization phenomena are encountered which may lead to
an ill—posed problem when classical continuum theory is applied. Therefore, in the second
part of the paper a generalization of the approach in the framework of a Cosserat
continuum model is presented. In this formulation an internal length scale is introduced
which leads to strain concentrations in shear bands of finite width. This is illustrated by the
results of numerical calculations which also demonstrate the superior behaviour of the
extended formulation in contrast to the standard continuum model. The problem common
to all formulations including an internal length scale is that they need an extremely fine
discretization. Therefore, an adaptive approach is absolutely necessary for the analysis of
problems where localization phenomena have to be taken into account.

2. FORMULATION OF THE CLASSICAL ELASTIC~PLASTIC FINITE ELEMENT
MODEL

The governing equations of the standard elastic plastic continuum model are outlined first.
The equilibrium is defined by the local equations

o nj - ;=0 onS; . )
A variational or weak form of these equations is given by
—Jéu,- (0; +f) avV + Jéu,- (0 n;~5)dS =0, 3)

14 s
which is equivalent to the common principle of virtual work:

Jéeija,-jdV—Jéu,-fidV—Idu,-f,-dS=0. )

The constitutive law applied is based on an elastic—plastic model with isotropic hardening.
The total strain increment is decomposed into an elastic and a plastic part

PYR— € p 5
de;; dsl.]. + dsl.j , &)
where ds,-j ,dei; and deij.’ denote the total, elastic and plastic strain components,
respectively. For infinitesimal deformations the kinematic relations are given by
=1
dej = 5(du;; +du;;) . (6)
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The elastic constitutive relation is defined by a hypoelastic stress—strain law
de; = Cyy doy . (7
For the description of the plastic response the yield surface is expressed in terms of the

stress invariants I, J, and J;, representing the first invariant of the stress tensor and the
second and third invariant of the stress deviator, respectively :

flox) = f(I, 1 J32) =0, ®)
where I; = o; 0y, S = 04~ % Loy ,
1 1
Iy =5 88, Ty =3 5 ik S -

Isotropic hardening is included by an internal variable .
A special type of yield function that is used in our numerical examples is given by

f=m@7+x(nln-k) =0, ©)
where m(f) = ( (1-sin36 ) + y4( 1 + sin30 )) 0.25’
2y4

. /277
‘/J_, sm(39)=—2‘/._]§3

g

This allows the representation of different yield criteria like von Mises, Drucker—Prager
as well as a Coulomb—type criterion with a smooth yield surface in the 7 —plane sections.
A graphical representation in the principal stress space is given in Figure 1.

failure surface o
Al } o Mohr—Coulomb
T |1/ 7R
(M ;;f yield surface
¥ INLLS /S,
[ A ///’\_
P e

0,

-

yield

[/ surface

02

o g,

Figure 1: Graphical representation of the yield and failure surfaces in
principal stress space and in the 7—plane

Plastic deformations are defined by the flow rule in the form
g
p =%
dsij 30 di, diz0 , (10)
where g denotes the plastic potential. Classical associated plasticity is included with g = f,
whereas the more general non—associated case is obtained by a definition of g which is
independent of f. In the numerical calculations a special form of plastic potential is used
that allows the description of both associated and non—associated plastic flow:

80) = f@)-71 . (11)



296

The consistency condition
- o 1 =
& = 355905 + gdx = 0 (12)

and a law for the evolution of the parameter » representing strain—hardening or
work—hardening completes the equations of the elastic plastic model:

of . _ o om %, _
if

The finite element formulation follows the common path based on the principle of virtual
work. Generally, eight—node or nine—node quadrilaterals are used for plane strain
problems with standard isoparametric displacement functions within each element:

u=Nv. (14)

N represents the shape functions and v are the generalized displacements at the element
nodes. The strain field may be computed by the discrete strain matrix B by

eE=Byv, (15)
The discrete version of the equilibrium equations results in
JBTadV=jNT?dV+JNTEdS . (16)
S;

The stress integration algorithm follows a conventional linearization procedure of the
nonlinear incremental equations where the elastic—plastic constitutive relations are
evaluated locally at the Gauss points.

3. ERROR INDICATORS AND ADAPTIVE MESH REFINEMENT

A—posteriori error estimators for finite element solutions of linear elliptic problems are
usually based on bilinear forms associated with the energy norm. As an extension to the
case of associated plasticity, an appropriate bilinear form for the linearized elastic—plastic
problem can be given that represents an incremental form of the complementary free
energy function as:

Y, = jds,-j doy dV = Jdei; doy dV + Jde; do; dV . an

Inserting Equations (7), (10), (12) and (13) under the condition that Drucker’s stability
postulates apply leads to a quadratic form which is positive for a hardening material:

Y, = Jda,-j Cys doyg dV + J hdi2dv. (18)
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A corresponding global error of the finite element solution may be obtained in terms of
finite increments of stress and strain by

lel = I (do-Ad" ) (de-deh ) dV (19)
| 4

where 4o , de and dc" , Ae" are the stress and strain increments of the exact and the
finite element solution, respectively. In accordance with the work of Johnson and Hansbo
[1] an estimate is used that represents an error measure in which the maximum norms of
the residuals of the equilibrium equation within the elements and of the stress jumps on
the element boundaries are weighted by the L -norm of the total strain increments:

el = 14l (Corlirle + Coptl e, (20)
where ;=0 +f; in Ve 21
and J; = %(aj;*—oﬁ' m; on S, (22a)

or Ji = (O:" n]- - fl ) on Ss . (22b)

Due to the assumptions stated above the mathematical foundation of the estimator is
restricted to associated plasticity. But it still can serve as a reasonable heuristical error
indicator also for problems with non—associated plasticity. Due to the combination of the
norms of the residuals with the norm of the strain increments it represents a weighted
residual that measures errors in the equilibrium equations also in the non—associated case.
Moreover, the appearance of the norm of the strain increments in this error measure may
also serve for the detection of zones of strain localization.

Within each load step the mesh refinement is controlled by the restriction that the error
measure in Equation (20) should be less than a permissible fixed percentage 7, say 1—5%,
of a similar weighted norm of the stresses themselves:

el <7 Z| , (23)
where [Z| = l4el, lol.. - (24)

This is satisfied if the restriction for the contribution || e || , of each element holds:

< 121
lell, =n N, (25)

where N, is the total number of elements. Successive adaptive meshes are generated by
a hierarchical subdivision of those elements for which the error exceeds the permissible
value. To ensure conformity at the interface between refined and non-—refined zones (see
Figure 2) the displacements of inconforming nodes are coupled to the neighbouring ones
through additional kinematic conditions (hanging nodes).
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Figure 2: Refinement of 4—node quadrilaterals

An incremental adaptive solution procedure for path—dependent problems requires the
projection of various state variables between meshes of different discretization levels.
These state variables are displacements, strains, stresses and internal history variables. The
hierarchical refinement implies that the shape functions for the displacements of coarser
meshes are embedded in the function space of the elements in a refined mesh. Therefore,
for the displacement field transfer standard interpolation may be used to determine the
discrete displacements in subdivided elements:

nodes "
W En) = > Ni&n) U . (26)
i=1

A transfer operator for stresses, strains and internal variables which are defined by their
discrete values at the (nip) Gauss points (see Figure 3) is obtained also in a straightforward
manner by a simple interpolation:

nip .
"W En) = > MEn) 2,7 . (27)
i=1
® ® ) oio )
® o0 o . "
== [ ee 0 Znew = O M; 2,9
o o ® o0 o i

Figure 3: Transfer of data at integration points

Due to the hierarchical refinement this is equivalent to a variational formulation proposed
in [2).

4. EXTENSION OF THE FINITE ELEMENT MODEL FOR THE ELASTOPLASTIC
COSSERAT CONTINUUM

The classical continuum model may lead to an ill-posed problem due to the unstable
material behaviour in the case of non—associated plasticity. Therefore, an extension of the
adaptive finite element formulation for a Cosserat continuum is presented in this section
which should lead to a regularized problem.
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The regularization effect is obtained by the introduction of additional kinematic and static
variables which are the micro—rotations w;, the micro—curvatures x,;, and corresponding

stress couples s ;.

An extended set of equilibrium equations is given in terms of the now non—symmetric
stress tensor 0;; by Equation (1) and the stress couple tensor in addition to (1) by

Bij+ ey o =0 inV, (28)

where €iik denotes the permutation tensor. The kinematic relations are defined as

& = U~ ey W inVv, (29)
xy = “’j,i nVv. (30)

An equivalent variational form of these equations is given by the corresponding principle
of virtual work with

f(ae,.,. a5 + Ox; M) dV—Iduifi av- jdu,- fdS=0. (31)

s

The stress and strain tensors are splitted up into a symmetric part o ,€(; and a
skew—symmetric part O E iy
In accordance with the classical formulation the strain components as well as the

micro—curvature components are decomposed additively into their elastic and plastic
parts as in Equation (5) and in

dyy = dys + dyf . (32

The elastic constitutive relation between the symmetric parts of the stress and the elastic
strain increments is identical with the classical formulation
4 —
de i = Ciju 40 gy - (33)
The components of their skew —symmetric parts are related by the so called Cosserat shear
modulus G, as
e =1 4o 34
dsw] G doy, - (34)
Because the stress couples and the curvature tensor are related by a type of bending
modulus an internal length scale I, is introduced into the formulation. The elastic relation
may be given in terms of this internal length and the shear modulus G by

__1
dx‘.; = GI? d,u,-j . (35)
c
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The representation of the yield function is chosen as a generalization of the classical
formulation with some additional terms arising from the introduction of the
skew—symmetric stress and the stress couple tensors:

f( Oijps Mijy % ) = f( Oy Opjp Mipp % ) =f(1 Iy T3, Iip Mip % ) =0, (36)

_ - 1
where 1) = og) 0y » Si = %) =3 1% »

1 1
J2=§Sijsij, J3=-§si]-sjkski.

A possible choice that is used in the numerical calculations is given by
2. . 7
f= {(m(B) 8)" +j, % % 3 Ilz y,-j,u,-j}’+ x(nlj-k) <0, 37
c
V2117,

With j, = j;3 = 0 the classical formulation of the yield function is included as a special
case.

The plastic deformations are given by the flow rule where the plastic potential g is defined
as in Equation (11) with

where 6=/T, sin(30) = ~

98
deP = dA
e 305 )
%
P = =2 >
dxij aijdl,dl_o. (38)

The structure of the fundamental equations of the classical continuum model is retained
in the Cosserat theory. Therefore, the adaptive finite element formulation is just
straightforward. Standard shape functions are used for the interpolation of the
displacements and micro—rotations as in equation (14). Restricted to plane strain
conditions the generalized displacement vector takes the form

u= { uy, Uy, w3] . (39)

The nodal displacement vector v includes nodal displacements and rotations. The
generalized strain field ¢ is redefined as

g=1{& 1} =|¢p 2] (40)
which may be computed by a modified discrete strain matrix B with
E=Byv, (41)

When the generalized stress field & is defined corresponding to the strain field £ with

&={0',I‘}=[Uijyﬂij] (42)
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the discrete equilibrium equations are given by

IBTﬁdV=INT?dV+ INTEdS X (43)

According to equation (19) the global error measure of the finite element solution has thus
to be redefined in terms of increments of the generalized stress and strain field by

lel = ] @5-45" ) (@i-a8" ) av (44)
7
= j ((do-do ) (de-de* ) + (Au-dut ) (Ax-dx")) av
4

The generalization of the error indicator from the classical continuum, Equ. (20), to the
Cosserat model leads to:

h

lelh = 4l (Cyhlrl,, + Czh_k"J"L., )
+ al, (Cohlml + CopeIMl) (45)
where 1 =0 +f; inVe, (46)
J; = %(oﬂf—oﬁ' Jnj  on S, (47a)
or Jy=(o;n-1) on S , (47b)
and M; = %(uj,-* “#; I onSe (49a)
or M= n; on S . (49b)

This error indicator consists of two additive parts in which the first is identical with that for
the classical model. In the second part maximum norms of the residual moments of the
equilibrium equations within the elements and of the couple stress jumps on the element
boundaries are weighted by the L ;-norm of the total micro—curvature increments. Based
on this error indicator the mesh refinement including the transfer of the state variables can
now be performed in the same manner as described in the previous section.

5. NUMERICAL EXAMPLES

The approach described in this paper was applied to various examples in which different
aspects were investigated. As a benchmark problem for several research groups a metal
sheet with a hole under uniaxial extension was analyzed. Several adaptive methods were
compared for elastic and elastic—ideally plastic material with a von Mises yield condition
and associated flow rule.
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Figure 4: Metal sheet with a hole, system and finite element idealization

For the results of our research group the reader is referred to the literature [3]. They
confirmed that the error indicator as well as the transfer process described are very well
suited for the adaptive nonlinear finite element method.

In a further example a strip footing on cohesive soil with a small angle of internal friction
and an associated flow rule was considered in [3,4]. The yield condition was formulated by
a modified Coulomb criterion with a smooth yield surface. In this example results of
different discretizations were compared with those obtained by the adaptive process.

A

Figure 5: Strip footing on a cohesive soil, system and initial mesh a)
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settlement of the footing [m]

Figure 6: Load—-displacement curves for different discretizations
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The corresponding load—displacement curves for different meshes are given in Figure 6.
The solution with the finest mesh is almost identical with the adaptive solution. This is not
surprising as this discretization represents the final adaptive mesh whereras the solutions
with the three other meshes show quite considerable deviations, however. This
demonstrates the improvement of finite element computations by adaptive mesh
refinements.

As an example for a non—associated flow rule a strip footing near a slope under vertical
loading was investigated in [3,4]. It was observed that the error indicator is also capable to
detect zones with localized shear deformations.

T
iniiil

|
Tt
o
|
|

L]

INEREREER

| I 1 1 1 I - 1 1 i
mesh b) mesh c) mesh d) mesh e)

Figure 7: Sequence of refined meshes for 7 = 0.025

A frictional material with nearly no cohesion and a friction angle of ¢ = 25°was assumed
with ayield condition according to Equation (9) with a non—associated flow rule (10), (11).

P

Figure 8: Strip footing near a slope
under vertical loading

The load—settlement curve of the footing obtained in the adaptive finite element
calculation is given in Figure 9. The comparison with results of non—adaptive finite
element calculations illustrates that a localization will not be noticed at all without adaptive
mesh refinements. This may lead to a complete misjudgement of the carrying behaviour
of a structure. But also numerical difficulties were encountered for further adaptive
refinement leading to a non—converged solution. This is due to an unstable material
behaviour caused by the non—associated flow rule accompanied by a sharp decrease of the
load carrying capacity.

In this case the governing differential equations of the classical continuum loose its
ellipticity leading to an ill—posed problem. Therefore, in numerical simulations an
extreme mesh sensitivity may be observed which is the crucial point in adaptive finite
element calculations.
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Figure 9: Load~—settlement—curves for different discretizations

Thus, the formulation of the localization regime has to be extended to generalized
continuum models like the polar continuum theory with additional rotational degrees of
freedom employed in this paper. For illustration of this approach two examples with
non-—associated flow rule are investigated and described in more detail: the numerical
simulation of a plane strain compression test and the strip footing near a slope similar to the
example mentioned above but differing in the material description.

5.1. Localization in a plane strain compression test

The different behaviour of the classical finite element model and the Cosserat model as
well as the influence of different internal length scales shall be illustrated in this example.
A plane strain compression test for a generalized Drucker—Prager material with
non-—associated flow rule is considered. The geometric and material characteristics are
shown in Figure 10. To evaluate the influence of the internal length scale in the Cosserat
model different analyses are performed with the three different parameters 1; = 0.1 mm,
1.0 mm, and 10.0 mm.

In addition, the system is analysed using the classical continuum model. Different uniform
discretizations are considered to illustrate the mesh dependence (see Figure 11).
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Figure 10: Geometry and material characteristics of the plane strain compression test

192 elements 768 elements 1728 elements 3072 elements

h =10mm h=5mm h=333mm h=25mm

Figure 11: Finite element discretizations for the plane strain compression test

The load—displacement curves of the finite element calculations with the classical
continuum model are shown in Figure 12. Localization initiated by a small weak zone with
lower strength is achieved for all discretizations as illustrated in Figure 12. However, the
results show the strong mesh dependence leading to different load—displacement
characteristics. The width of the observed shearbands depends on the mesh size and no
convergence may be achieved with any further mesh refinement.
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Figure 12: Load—displacement characteristics and deformations of the classical
continuum model for different discretizations
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Results obtained by the Cosserat—continuum model for different values of the internal
length parameter are presented in Figure 13. They illustrate the strong influence of the size
of the internal length parameter. The load—displacement curves of the different finite
element discretizations for the small length parameter I, = 0.1 mm show no convergence
of the finite element solution. For the mean value of I, = 1.0 mm however, a converged
finite element solution with a continously decreasing load —displacement curve is achieved
when the ratio of the mesh size to the internal length parameter has the order of one in the



307

localization zone. On the other hand, when /. approaches the system size as illustrated by

the results for I, = 10.0 mm, a much stiffer behaviour of the system with no decrease in
the load displacement curve is observed.

Therefore, it is very essential to specify the internal length parameter in an appropriate
order of magnitude. In addition, the finite element size in zones of strain localization
should also be of the same order.

5.2. Strip footing near a slope

As a first test of the Cosserat model in a real—life problem an adaptive finite element
analysis of a strip footing near a slope under vertical loading is investigated.

I

E = 30000 kN/m? , v = 0.20

*+ ‘
S 25 ¢ =250, p=5, c=50kN/m?
10.0]5.
7 =0.144, 7= 0.11, k = 4.59
x = 1.0

m(®) = 1.0, j, = 0.0, j, =10

Figure 14: System and material characteristics of the strip footing near a slope

An elastic ideal plastic behaviour of the soil was assumed with a generalized
Drucker—Prager criterion and a non—associated flow rule. The system and material

characteristics are shown in Figure 14. The internal length parameter was specified to
l. = 4.0cm.

300

mesh6 i mesh?7
mesh 5 [ h_
fA (F=21) (f=10
20 mesh 4+ =4 L ol
(h-3g3) >/'
1 TS
™ \‘ P
2 &
=, 'ﬁef’:: 6 7 \\ mesh 5, 6, 7,
T 10 [=166) i L i
o < mesh 4
K] vl not converged
Cosserat model |/
100 |- lc = 0.04 m ......... /. mesh 3
\ /
* / classical continuum model
L

0.55 0.56 -0.57 -0.58 -0.59 0.6 -0.61

displacement [m]
Figure 15: Load—displacement curves, Cosserat model and classical model
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The load—displacement curve of the load—controlled calculation is represented in Figure
15. A convergent adaptive finite element analysis with six hierarchical refinement steps can
be performed until a horizontal tangent is reached when the Cosserat model is applied. A
sequence of the adaptively refined meshes is shown in Figure 16 which illustrates the
evolution of shearbands within the system. For comparison the load displacement curve of
an adaptive calculation with the classical continuum model is represented in Figure 15 by
the dashed line. In contrast to the Cosserat model it was not possible to obtain a converged
solution in this case. The analysis could be performed up to a distinct load level where an
uncontrolable sequence of mesh refinements was initiated.

These first results illustrate the superior behaviour of the Cosserat—model for
non-—associated plasticity. Of course, further experience with problems of similar
complexity is necessary in which especially the influence of the size of the internal length
scale is investigated.
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Ty 77
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Figure 16: Sequence of adaptively refined meshes of the Cosserat model
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1. INTRODUCTION

The standard Galerkin finite element method is known to fail for solution of
advective-diffusive problems for moderate and high values of the advective terms [1,2].
Over the years a number of techniques have been proposed to obtain the so called stable
(or oscillation-free) solutions. Original remedies were based on the heuristic addition of
the right amount of balancing diffusion to the original problem [1-4].

A more rigorous approach is based in adding to the Galerkin finite element
formulation the sum over all elements of the integrals over the element interiors
of the residual of the original differential equation times an “ad-hoc” perturbation
of the weighting functions and the so called stabilization parameter. By choosing
adequately the perturbation function the standard SUPG {5}, GLS (6], Taylor-Galerkin
[7], Characteristic approximation [1,8] and Subgrid Scale [9] methods can be recovered
as shown in [10]. As for the stabilization parameter, this can be interpreted either as
a “characteristic length” of the discrete problem, as a proportion of a typical element
dimension, or as the “intrinsic time” taken for a particle to travel half the characteristic
length at the advective speed.

The precise computation of any of the equivalent forms of the crucial stabilization
parameter can only be attempted for simple one dimensional (1D) problems such the
sourceless 1D advection-diffusion case [1,2]. Attempts to generalize the computation of
this parameter were due to Idelsohn [1] using a pseudo-variational principle. Hughes
[9] and later Brezzi and co-workers [12-14] have proposed a numerical expression for
the stabilization parameter involving an approximation of the element Green’s function
using bubble shape functions. None of these procedures has however succeeded so far
to present evidence of its usefulness for practical multidimensional problems.

In [15,16] Ofate proposed a different approach for computing the stabilization
parameter. The method is based in introducing “a priori” the stabilizing terms within
the differential equations governing the balance of fluxes over a finite domain. This
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kind of finite increment calculus (FIC) procedure allows to obtain any stable discretized
scheme using finite difference, finite element or finite volume methods in a straight
forward manner. For instance it can be shown that the Galerkin finite element form of
the new stabilized governing equations is identical to that obtained with the well known
SUPG and Characteristic-Galerkin methods, among others [15,16].

The interest of the FIC approach is that it leads naturally to an interative scheme
for evaluating the stabilization parameter in terms of the residuals of the numerical
solution. The efficiency of the new approach for computing the streamline stabilization
parameter in a variety of 1D and 2D advective-diffusive problems was reported in [15-
17].

In this paper the FIC method is used as the basis for a new “alpha-adaptive”
procedure (where alpha denotes the stabilization parameters) for obtaining stable
solution in advective-diffusive problems where arbitrary sharp transverse gradients are
present. The new stabilization thechnique can be viewed as an alternative class of
adaptive methods where the numerical solution is enhanced by searching “adaptively”
the optimal value of the streamline and transverse (crosswing) stabilization parameters
while keeping the mesh and the finite element approximation unchanged. Indeed the
basic alpha-adaptive process can be enhanced by combining it with standard h,p or hp
adaptive schemes.

In the first part of the paper the basis of the FIC stabilized method for advective-
diffusive problems are explained. Next the algorithm for computing the streamline and
transverse stabilization parameters via the new “alpha-adaptive” procedure is described.
Finally, the efficiency and accuracy of the new approach are shown in two examples of
application.

2. STABILIZED GOVERNING EQUATIONS FOR ADVECTIVE-DIFFU-
SIVE TRANSPORT

2.1 One dimensional advective-diffusive problem

Let us consider for simplicity the standard advective-diffusive transport problem to
be solved in a one-dimensional domain of length [ (Figure 1a). Figure 1b shows a typical
segment AB of length AB = h where balance (equilibrium) of fluxes must be satisfied.
The values of the diffusive flow rate ¢ and the advective transport rate u¢ at a point
A with coordinate z4 = zp — h can be approximated in terms of values at point B
using third order Taylor’s expansion. A linear variation of the source term @ over the
segment is also assumed. Under these assumptions and using Fourier’s law the govening
balance equation can be obtained as [15,16].

hdr

T‘—EEE:O , O<x <l (10)

with

d
r=-v (;:) + H‘—izz—: (k%) +Q (1b)
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Figure 1. (a) One-dimensional advection-diffusion problem. (b) Finite balance
domain AB

In eq.(1b) v and k are the advective and diffusive material parameters, respectively.

Note that for h — 0 (i.e. when the length of the balancing domain is infinitesimal)
then the standard form of the governing equation for 1D advective-diffusive transport
(r = 0) is recovered.

The essential (Dirichlet) boundary condition is the standard one given by
¢—-¢=0 on z=0 (2)

where @ is the prescribed unknown field at the Dirichlet boundary.

For consistency the stabilized form of the Neumann boundary condition is needed.
This can be obtained by invoking again the balance law in a segment AB next to a
boundary point. For convenience the length of this segment is taken as half of the
characteristic length h for the interior domain points [15,16].

Assuming now second order expansion for the advective and diffusive fluxes and
taking the source Q to be constant over AB, the balance equation is obtained as [15,16]

dp _ h _
—uu¢+kﬁ+q——§r—0 on =1 (3)

where r is given by eq.(16). Obviously for h — 0 the standard form of the Neumann
boundary condition is recovered.

Equation (1a) can now be solved together with egs.(2) and (3). These equations

are the starting point to derive stabilized numerical schemes using any discretization
procedure.

The extension of this stabilization concept to the transient case can be found in
[15,16).

2.2 Two dimensional advective-diffusive problem

The concepts of previous section will be extended now to the solution of advection-
diffusion problems in a two-dimensional domain  with boundary I". Let us consider a
finite rectangular domain of dimensions hy and hy in directions = and y, respectively.
Both the advective and diffusive fluxes are assumed to vary linearly along the four sides
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of the balance domain (Figure 2). The flux balance equation will be obtained using
the following Taylor expansions: diffusive term, third order expansion; advective term,
third order expansion; source term, second order expansion.

v

(vv@+q ),
C A
(uu(I’+qx)CD Q h, (vud+q)),,
h,
D \LL J\LL B
i
- : (uv@+qy)m,
1

{
-
u

Figure 2. Balance domain for 2D advection-diffusion problem. Advective and diffusive
fluxes are assumed to vary linearly along the sides

The balance of fluxes across the four sides of the rectangular domain of Figure 2
gives after some algebra [16]

r— %hTVr =0 in Q (4)

where
r=—wVTf+ vT(DVg) +Q (5)

and
h = [hg, hy]” (6)
In eq.(5)

£= T oy=[2 21" p_[t o 7
- [u¢1v¢] ) - 5;,5y~ ’ = 0 ky ( )

The boundary conditions are written as

¢—¢=0 on [y (8)

where Iy is the Dirichlet boundary, where the variable is prescribed, and

—vnTug + nTDV$ + g, - %thr =0 on T, (9)
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where @y, is the prescribed total flux across the Neumann boundary 'y with I' = Ty UT,
and n = [nz,ny]T is the normal vector. Eq.(9) has been obtained by balance of fluxes
in a finite boundary domain [15,16).

The standard differential equations are simply obtained by neglecting the stabilizing
terms in egs.(4) and (9) (i.e making h = 0). The extension to three-dimensional
problems is straightforward and identical stabilized expressions are obtained.

REMARK 1

1t is interesting to note that the finite element Galerkin form of the new stabilized
governing equations leads to a set of discretized equations identical to those obtained
with the standard SUPG formulation [15]. Alternatively, the stabilized transient form
leads to the well known Characteristic-Galerkin procedure [15]. This indicates that the
new governing equations can be considered as the intrinsic stabilized equations of the
problem.

2.3 The concept of intrinsic time
It is usual to accept that h and u are parallel, so that h = ]—"ﬁu. The distance

h = (hZ+ hf,)l/ 2 is then called the characteristic length of the 2D advective-diffusive
problem. The intrinsic time parameter is now defined as [6]

h

T

(10)

Note that this coincides with the time taken for a particle to travel the distance h/2
at the speed |ul.

The assumption of the characteristic length vector h being parallel to the velocity
vector u is a simplification which elliminates any transverse diffusion effect. This
assumption is the basis of the standard SUPG approach. However it is well known that
when arbitrary sharp transverse layers are present, additional transverse (or crosswind)
diffusion is required to capture these discontinuities. Different “ad hoc” expressions for
the transverse diffusion terms, typically of non linear nature, have been proposed [18-20].
Indeed the introduction of this additional stabilizing effect can be simply reproduced in
the FIC approach here proposed by abandoning the assumption of h being parallel to u
and keeping the two characteristic lengths h; and hy as “free” stabilization parameters.
The computation of these two parameters is described in the following section.

3. COMPUTATION OF THE STABILIZATION PARAMETERS

Let us consider the finite element solution of an advective-diffusive problem. The
standard interpolation within an element e with n nodes can be written as

¢~ =3 Nig; (11)
i=1
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where N; are the element shape functions and ¢; are nodal values of the approximate
function ¢. Substitution of eq.(11) into eq.(4) gives

- %hTVT =rq in Q (12)
where # = r(@).

Let us now define the average residual of a particular numerical solution over an
element as

rle = 2@ Jow T dQ (13)
Substituting eq.(13) into (12) gives
r(€) = ple) _ (%hTVf) “ (14)
where
ae=_1

2@ Jowo ad (15)

For simplicity the characteristic length vector will be assumed to be constant over
each element, i.e. h = h(®), With this assumption eq.(14) can be simplified to

) = #0 - 2 [1(@) (v)@ (16)

Let us express the characteristic length vector in terms of the components along the
velocity vector u and the normal velocity direction u, (Figure 3) as

1
h= m[hsu + hn“n] (17)
where u, = [-v,uJT and hy and h, are streamline and transverse (crosswind)

characteristic lengths, respectively.
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Substituting (17) into (16) gives
@ _pe) _ L [pul 71 Gaye)
= - o [hsu + hauf ] (V) (18)

The characteristic lengths hs and h, can be expressed now as a proportion of a
typical element dimension { (e

B = a{h@ | by =l (19)

where a(e) and a() are the streamline and transverse stabilization parameters,
respectively. In the examples shown next 1(€) has been taken equal to the length of
the longest side of each triangular element.

Clearly for a,(,e) = 0 just the streamline diffusive effect, typical of the SUPG

approach, is reproduced.

Let us consider now that an enhanced numerical solution has been found for a given
finite element mesh. This can be simply achieved by projecting into the original mesh
an improved solution obtained via global/local smoothing or superconvergent recovery

of derivatives [21,22]. If 'rge) and rée) respectively denote the element residuals of the
original and the enhanced numerical solutions for a given mesh it is obvious that

A9 el >0 (20)

Eq. (11) assumes that ry is positive. Clearly for the negative case the inequality
should be appropiately reversed.
Combining egs.(18),(19) and (20) gives

fost” + aqul ) (V#?) — w9 2 Helaf0 - 700 ()

3.1 Computation of o for elements at the boundaries

The stabilized balance equation at a boundary can be written after discretization
as

- - 1
—vnTud +nTDVS +q - §hTm“' =7y (22)

where ¢ represents the prescribed normal flux at a Neumann boundary, or alternatively
the unknown normal flux at the Dirichlet boundary where ¢ is prescribed.

Following the arguments used previously the equation defining the stabilization
parameters at a boundary element can be obtained as

[asuT+anu£](e)n(1"§e) —Fge)) > unTu(qS( (e))+nTD(V¢(e) V¢(e)) ) qge)
(23)
where (-)(e) denotes average values over a boundary domain and indexes 1 and 2 refer

to the original and enhanced solutions, respectively. The enhanced nodal values 43(26)
can be obtained by superconvergent nodal recovery of primary variables [22].



316

Note that the equality sign in egs.(21) and (23) provides the value of the stabilization
parameters ensuring no growth of the numerical error. In reference [15] it is proved that
this yields the standard critical value of & in the simplest sourceless one dimensional
problem solved with linear elements.

Eqgs.(21) and (23) are the basis for the alpha-adaptive scheme to be described in
next section.

4. ALPHA-ADAPTIVE STABILIZATION SCHEME

The following scheme can be devised to obtain an stable numerical solution in an
adaptive manner.

(1) Solve the stabilized problem defined by egs.(4), (8) and (9) using the FEM with an
initial guess of the stabilization parameters, i.e.

ol Zoa® | o) oyl 20
(2) Recover an enhanced derivatives field. Evaluate f(l),f*@),VFge) and Vfge).
(3) Compute an enhanced valued of the streamline stabilization parameter age) by

1,00 _ 2|uj
1T (Vi) - i)

-0 - P W)

If the element lays in one of the boundaries the expression for aﬁf) as deduced from
€q.(23) should be used.

(4) Repeat steps (1)—(3) until convergence is found for the value of aﬁf) while keeping
ane constant.

(5) Repeat steps (1)-(4) for computing an’ while keeping age) constant and equal to
the previously converged value. In the first iteration ap = °a(®) + ¢ where ¢ is a
small value should be used. The updated value of as,e ) is computed as

il _ 2|u] fée) -
1T (VA - i)

#) — oPuT (vl —wrly]  (26)

Again for a boundary element the expression for asf) deduced from eq.(23) should
be used(
(6) Once ane) has been found steps (1)-(5) can be repeated to obtain yet more improved

(e)

values of both a3’ and a,(f .
Note that for agf) = 0 above adaptive scheme provides the value of the critical

streamline stabilization parameter a§"" corresponding to the well known SUPG
procedure. It can be shown that for the simplest 1D sourceless advective-diffusive

case solved with linear elements the well known critical value age) =1~ ;(13, where

A€ = '—‘%(7:—) is the element Peclet number is obtained. Indeed accounting for the cross-
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wind stabilization parameter a; has proved to be essential for obtaining stable solution
in presence of arbitrary transverse sharp layers.

In the examples shown next the enhanced derivative field has been obtained by
the simplest nodal averaging procedure. It has also been found useful to smooth the

distribution of the age) and as,e) values and this has been done again using nodal
averaging. Note also that the number of iterations in the above adaptive process is

substantially reduced if the initital guess for a,(;e) and asf) are not far from the final

converged values. This can be ensured by using as initial value for age) the standard
expression derived from the straight forward extension of the simple 1D case, whereas

the initial guess OaS.e) = 0 provides a good approximation in zones far from sharp layers
non orthogonal to the velocity vector.

5. EXAMPLES

5.1 Example 1. Two dimensional advective-diffusive problem with no source,
diagonal velocity and uniform Dirichlet boundary conditions
The first 2D example chosen is the solution of the standard advection-diffusion
equation in a square domain of unit size with

kz=ky=1 , u=[,17 , v=1x10" , Q=0
The following Dirichlet boundary conditions are assumed

¢ = 0 along the boundary lines z =0 and y =0
¢ = 100 along the boundary line z = 1
gn = 0 along the boundary line y =1

The expected solution in this case is a uniform distribution of ¢ = 0 over the whole
domain except in the vecinity of the boundary y = 1 where a boundary layer is formed.
The domain has been discretized with a uniform mesh of 800 three node triangles as

shown in Figure 4. The initial values "age) = "a,(f) = 0 have been taken in all elements.

Figure 5 shows the initial distributions of ¢ for age) = a$f) = 0 (standard Galerkin
solution). Note the strong oscillations obtained as expected.

The final converged solution for ¢ after 7 iterations is displayed in Figure 6. Note
that the boundary layer originated in the vecinity of the boundary at y = 1 is well
reproduced with minimum oscillations. These oscillations grows considerably higher if
the value of the transverse stabilization parameter aﬁf) is kept equal to zero during the
adaptive process, thus yielding the standard SUPG solution, as shown in Figure 7.

Figure 8 shows finally the smoothed distribution of the stabilization vector a@ =
o + apuy. Note that in the central part of the domain the & vectors are aligned
with the velocity direction (i.e. ap = 0), whereas in the vecinity of the boundaries the
effect of the transverse stabilization parameter ay, leads to a noticeable change of the
direction of a.
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Figure 4. Example 1. Sourceless advective-diffusive problem with diagonal velocity.
Finite element mesh of 800 linear triangles.
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Figure 5. Example 1. Initial oscillatory distri- Figure 6. Example 1. Final distribution of ¢
bution of ¢ for af” = ol = 0. after 7 iterations.

5.2 Example 2. Two dimensional advective-diffusive problem with no source
and non uniform Dirichlet boundary conditions
The advection-diffusion equations are now solved with

11 11 B T
_]—55[] 5,—5[ , u=[cosd, —sinb]

e _ Sz <1 if (zy) €Ty
kz—ky—lo ) Q(:z:,y)—O ’ ¢($’y)_{0 if (.’L‘,y)GFqS;

with Ty, = {~1/2} x [1/4,1/2] U] - 1/2,1/2[x{1/2}, Ty, = Ty — Ty, and T = 0.
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Figure 7. Distribution of ¢ along a central line obtained with the present discontinuity
capturing method (DC) and the SUPG formulation (an = 0).
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Figure 8. Example 1. Final distribution of the stabilization vector & = a,u + apun.

A unstructured mesh of 902 linear triangles has been chosen (Figure 9.). The
problem has been chosen for an angle of u given by tan@ = 2. Once again the initial

values °a§e) = "asle) = 0 have been taken.
Figure 10 shows the oscillatory distribution of ¢ obtained for the first solution, as
expected. The final distribution of ¢ after 7 iterations is displayed in Figures 11 and
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Figure 9. Example 2. Two dimensional advective-diffusive problem with zero source
and non uniform boundary conditions. Geometry and unstructured finite
element mesh of 902 linear triangles.
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Figure 10. Example 2. Initial oscillatory so- Figure 11. Final solution of ¢ after 7 itera-
‘. lution for ¢ obtained for al®) = tions.
of =0
n = V.

12. Note that both the boundary layers at the edges and the internal sharp layer are
captured with minor oscillations. These oscillations are more pronounced near the right

hand side edge (Figure 13 and 15) when a&e) = 0 is taken through out the adaptive
process (SUPG solution).

Figure 14 shows finally the distribution of the stabilization vector a = agu + anu;,.
Again note that the direction of & in the smooth part of the solution is aligned with
that of the velocity vector, whereas the effect of the transverse stabilization term is very
pronounced near the sharp gradient boundary regions. This leads to a change in the
direction of a in these zones.
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Figure 13. Example 2. Final distribution of  Figure 14. Example 2. Final distribution of
¢ obtained with a, = 0 (SUPG

the stabilization vector @ = a,u+
method).

Qnly.
CONCLUSIONS

The new stabilized form of the governing differential equations derived via a
“finite increment calculus” approach seems to be the natural root for obtaining stable

finite element methods for advective-diffusive problems. The stabilized governing
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Figure 15. Distribution of ¢ along a central line obtained with the present discontinuity
capturing method (DC) and the SUPG formulation (a,, = 0).

equations are also the basis for computing line the streamline and crosswind stabilization
parameters necessary to capture arbitrary sharp transverse layers. The new stabilization
approach can be interpreted as a class of adaptive methods where the numerical solution

is

enhanced by progressively improving the value of the stabilization parameter, while

keeping the mesh and the finite element approximation unchanged. The efficiency of
this alpha-adaptive procedure has been shown for two problems with sharp gradients
where accounting for the crosswind stabilization parameter has proved to be essential

to

obtain accurate solutions.
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Adaptive strategy for transient/coupled problems
Applications to thermoelasticity and elastodynamics
D. Aubry, D. Lucas, Tie B.

LMSS-Mat, CNRS, Ecole Centrale Paris, 92295 Chatenay Malabry Cedex, France

The interest in adaptive strategies for the finite element method is growing at a fast pace.
Researchers are now fully convinced that this should be part of any numerical modelling and
try to incorporate the methodology to their problems. Even the industry begins to require
such an approach to increase the quality of the numerical results and to get more effective
analyses to increase the ratio between computer costs and target error level.

The adaptive strategy has first been applied to linear elliptic problems, e.g. linear
infinitesimal elasticity (Ainsworthet al. [1], Ewing [6], Verfiirth [16], Tie [11]). It is now
enlarged to nonlinear and transient problems ( Tie et al. [12] [14], Eriksson et al. [5], Safjan
et al. [10], Tie et al. [13], [15], Wiberg [17]). It is the aim of this paper to illustrate the
application of the technique of residuals to adaptive refinement of coupled problems and to
elastic wave propagation.

There are many other approaches to a posteriori error estimations. Well-known alternate
techniques are presented in this workshop and they will not be recalled here. Some of them
appear difficult to be extended easily to coupled and transient problems. 1t is believed that the
residual approach is versatile enough to be easily applied to more complex problems. The
two basic ideas used here rely on a space-time Galerkin formulation which provides a
variational formulation of the error with respect to the residual, and the adjoint state which
gives an upper bound of the error by the norm of the residuals weighted by some power of h
and At.

1. COUPLED THERMOELASTICITY

The coupled equations of thermoelasticity are considered first. Let u(t), T(t) be
respectively the displacement and temperature fields which satisfy the following coupled
equations associated respectively with the conservation of the linear momentum and of the
energy for given body forces f and thermal flux ¢ on a domain Q:

Div C:g(u(t)) - o grad t(t) + f(t) = 0 (1)
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¢ T'(t) = ¢(t) + K At(t) - o div u’(t) )

where C stands for the elasticity tensor, o the dilatation coefficient, ¢ the heat capacity, K
the conductivity. A symbol with a prime like T’ denotes the time derivative. Boundary and
initial conditions should clearly be added to these equations, and it will be assumed here that
homogeneous Dirichlet boundary condtions prevail on the boundary of the domain and the
following initial conditions occur:

u(0) = u,, 0) =1, 3

Classically these equations are decoupled either in the stationary regime or when the
deformation term in the conservation of energy may be neglected. This will not be assumed
here and full coupling may occur between the displacement and temperature dependant
variables. The time interval is I = ]0,At[ which may be considered as a time step as well. The
effect of successive time steps will not be analyzed here.

1.1 Space-time variational residual error

A space-time weak form of the above coupled equations ( Eriksson et al. {5]) is easily built
by introducing first a displacement trial function space u(t)eV, and a temperature trial
function space 1(t)e V, and then a displacement test function space u€ V, and a temperature
trial function space Te V,:

[, (), ey - |, @y, div @y =, .y, VeV, )
[ v, 5+ @dive®,r) + ], K grad tt).grad 7) = [, (9,7) . V7V, ®)
(T(0), T) = (1, 7) , (u(0), u) = (g, u) (6)

In the above equation the following notation is used for two fields a and b which may be
either scalars, vectors or tensors: (a,b) = ‘La.bdv, where a.b stands for the standard
appropriate dot product depending on the nature of the implied variables.

It is now possible to proceed to the space-time discretisation of the weak form by
introducing two subspaces V,, and V,, of the trial spaces V, and V.. Basically they are
assumed to be polynomial of degree one with respect to time on I and generated by a
classical finite element space triangulation with respect to space. As for the test spaces Vo
and V , they will be assumed to be generated by functions constant with respect to time on I
and by finite element classical basis functions with respect to space.

u, (1) = (V/At) u,, + (1 - (VAL) u,, a

Clearly more general polynomial dependency may be assumed. The approximations u, and
T, to the displacement and temperature are solutions of the equation underneath:

[ (Ceu), ey at-J, @, div i) de =], (6.5, dt, Vi, e 7, @)
Jier 7 d+ ], @divu, 7)dt + |, (K grad 1,.grad7,)dt = |, (9,7,) dt, VT,e Vo 9)

The preceeding equations are thus equivalent to:
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(C:e(<u,>), £(u,)) - (@ <T,>, div u,) = (<f>u,) , Vu, eV, (10)
(€ (T,)-Tyo)» Ty) + (¢ div(uy,-0y0), T,) + (Kgrad <t,>,grad 7)) = (<¢>,7,), V7, V., (11)

where the following notation is used: <{> = At (,,+,,)/2. The displacement and
temperature errors are now introduced: e, = u - u, , €, = T - T,. They satisfy the two
following equations :

I, {(C:(e,), 8(#)) - (e diva)}dt = I, {(£,u) - (C:e(u,), &(u)) + (a T, diva)} dt  (12)
L {(ce’,T) + (adive,’,T) + (Kgrad e gradt) } dt=
J 1@, - €1,,7) - (@ divy,,7) - (K grad 7, gradT) }dt (13)

This is a residual equation (Eriksson et al. {5]) because the right-hand side may be
transformed to residual mechanical equilibrium and thermal and fluxes across each element.
By choosing u=e,’ and T=e_ in the preceeding equation we get the following equation:

lle (AOIEZ + le (ADF + |, leJ dt = f, [(R, , ) + (R, , ) ] dt (14)
with: lle I = (C:e(e,), €(e,)) s le ' = (ce,e); lef’ = (K gradegrade,).

By using a Gronwall type of inequality it is possible to arrive at a bound on both errors
with respect to the residuals. Then when the test functions (u,7) belong to V ,xV, then
the two right-hand sides vanish. Thus to evaluate the compound error (e, €, ) it is requnred
to test the residual on a larger space than VXV, for instance V X V‘h,2 The cost
implied by such a strategy should of course be small compared to the overall computation.
Consequently only local thermoelastic problems are solved on patches of potentially refined
elements to estimate the error in displacement and temperature. The concept of adjoint state in
the next paragraph will allow to arrive at a better representation of the error with respect to
the residual.

1.2 Error representation with adjoint state

Erikson et al. [5] has shown recently that the concept of adjoint state is particularly helpful
to get an error representation. This approach is followed here and extended to thermo-
elasticity. Let us define the adjoint-state (u*, t*) which is a thermo-elastic solution with
specially designed final conditions:

Div C:e(u*) - o grad t* =0, -ct =KATt* + o divu®’ (15)
u*(At)= e (At) ; T*(AD= e (AY)
Then it is easy to show that:
||eu(At)|I2 + Ie,(At)I2 = (e(u*), C:g(e ))(0) + (T*,c e )(0) +
j, [(e(u**),C:g(e)) - (divu*’,ae,) + (T*,c e’) + (t*adive,) + (grad t*,K grad e)]dt

But here appears on the right-hand side the residual equation with the test functions equal
to the adjoint state. The trick now is to take benefit of the time-space Galerkin formulation
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which implies that the residual vanishes on the finite element space so that the interpolate of
the adjoint state may be introduced in the right-hand side above. Finally this term may be
bounded above by the local residuals and a norm of the adjoint state. But if regularity results
are assumed the norm of the adjoint state is itself bounded by the data (e (At), e (At)). This
then implies an upper-bound on the error by the thermo-elastic residual. Clearly the analysis
presented above was restricted to a given time step At but can be considered to several time
steps. Then the projection phase from one mesh to the other as soon as mesh refinement is
taken into account in the initial error.

1.3 Numerical results

As a numerical example, the solidifying test proposed by Celentano et al. [4] is considered.
It consists in casting aluminium into an instrumented steel cylindrical mould. In our analysis
the problem is transformed into a plane strain problem (Figure 1), and no interface treatment
is made between aluminium and steel. The analysis begins when the mould is completely
filled with aluminium in the liquid state. The initial temperature are assumed to be 700°C for
the casting and 200°C for the mould. This initial temperature is kept at the exterior mould
wall. We refer to {4] and Tie et al. [14] for the numerical value of the parameters.

The initial mesh is uniform and composed of 4-nodes quadrilateral elements (Figure 1).
During the numerical computation, a series of nested FE meshes and a corresponding series
of embedded FE spaces are built using h-version hierarchical bases. All newly added degrees
of freedom are relative corrections with respect to FE solutions defined on coarser meshes
(Tie [11],[12]). For each time step, several adaptive meshes can be generated. The global
system of equations have a hierarchical block structure and is resolved by the hierarchical
multimesh iterative solvers, whose convergence bchaviour keeps relatively ligthly
deteriorated, despite the highly local mesh refinement. In Figure 2, the adaptive refined
meshes at different time steps are presented. On the one hand, the zone around the casting-
mould interface is refined at the beginning of the cast process, large variation of the stress
field is observed at this zone. On the other hand, the moving solidification front is captured
and followed up by the local mesh refinement. It is obvious that the local unrefinement of
mesh behind this moving front would be interesting for decreasing the numerical cost of the
computation.

tonporature
7.00e+n2
6. Glln 02
G.50c+02
6. ANe+D2

2.00e+02

Figure 1. Solidification test: Problem description and initial FE mesh
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Figure 2. Adaptive mesh refinement and moving solidification front development

As far as phase changes effects are concerned, the problem is nonlinear. The residual
approach presented above is simply applied here without more rigorous analysis.
Furthermore local residuals are only measured on the spatial FE mesh at each time step as
only spatial mesh refinement is considered here. It is however obvious that a whole time-
space control and refinement would be possible and simple if it had been based on the
residual analysis presented above.

2. TRANSIENT ELASTODYNAMICS

It is intended in the second part of this paper to show now that the two key ingredients that
is the error residual and the adjoint state may also be extended to transient elastodynamics.
The classical Navier equations are recalled :

pu”’ =Divo(u)+f (16)

with Dirichlet boundary conditions and initial conditions : u(0)=u,, u’(0)=v,. First of all
the system will be recast in a first-order system by introducing the velocity as a
supplementary unknown and by adding a compatibility condition suggested by Johnson
which will warranty conservation of energy:

pv =Divo@)+f, Div o(u’) = Div o(v) an

Then a space-time variational formulation (Hughes et al. [7], Hulbert [8], Johnson [9)]) is
obtained on the time interval I= JO,At[:

fov.m=l&n-lcwemy vvev, (18)
[ owrean =] cmeay,  viev, (19)

It is now possible to proceed to the space-time discretisation of the weak form by
introducing two subspaces V,, and V,, of the trial spaces V, and V. Basically they are
assumed to be polynomial of degree one with respect to time on I and generated by a
classical finite element space triangulation with respect to space. As for the test spaces V
and Vu,‘ they will be assumed to be generated by functions constant with respect to time on I
and finite element classical basis functions with respect to space.

u,(t) = (VAt) u,, + (1 - (/AD)) u,, (20)
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Clearly more general polynomial dependency may be assumed. The space-time
discretization leads to the following variational equation :

o so=liasy-I copesy v, e7., 1)
J e =l oopeay v, ev., @2)
This is equivalent to the following standard discrete scheme with the unknowns (Voo Uyy):
(P (V-Vio)s V) = AL (<f>,1,) - At (6(<u,>),( V) Vv, eV, (23)
(O(uy,-u,0).€( 1)) = At (0(<v,>),e(1,)) , Vu, eV, (24)

2.1 Residual error equation

Let us again define the error by: e, = u,-u, €, = v,-v. Then it satisfies the following
variational residual equation which cancels on the space V ,x V , itself :

Jipe 5+ ] oeren =l f owyedy- ow.».vsev, o3
Ji ote,- epean =- [ oty vy ,va e, @6)

Note here how the concept of residual is here generalised especially with respect to the
second equation to the compatibility between the displacement derivative and the velocity,
where in the context of finite differences it would be considered as a truncation error. Again
it is possible by testing this residual equation on a finer mesh or through local Dirichlet
elastodynamics problems to implement an adaptive strategy both with respcet to space and

time discretization. To arrive at a nice representation of the error the concept of the adjoint
state will be again used in the next paragraph.

2.2 Residual error representation by adjoint state

In the case of the elastodynamic equation the adjoint state (v*,u*) adapted to error
representation is defined by the following backwards wave equation ( Eriksson et al. [6]):
p v*’ = Div 6(u*), Div o(u*’) = Div o(v*) @7
u*(At) = e (At) , v¥(At) = (At) (28)
Now if we multiply the first equation by e, and the second equation by e,, perform
adequate integration by parts and add the two equations, we get :
le (A + lle (ADIP= (v*,p e )(0) + (e(u*),6(e,))(0)

+ L (Vpe/)+ .[. (e(v¥),0(e,) + L (e(u®),0(¢,’- ¢,)) (29)

which is again the variational residual equation applied on the adjoitn state plus the initial
error. Then taking into account the Galerkin projection result, the projection of the adjoint
state may be introduced without perturbing the above equation. The estimation of the norm
of the error then boils down to the estimation of the distance between (v*,u*) and its
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interpolate and a regularity results which give an upperbound of the adjoint state with respect
to its final value (e, (At),e (AD).

2.3 Numerical examples

Two numerical examples will now be given where the refinement procedure is controlled
by the residual defined above. As indicated in the first section, the local residuals are only
measured and controled on the spatial meshes at each time step. The first example is a square
membrane in plane stress. The left boundary is clamped and the right one is submitted to a
uniform Heaviside loading. The lateral boundary is free. The results are shown at different
time steps. The generated P-wave is clearly seen together with refinement in the vicinity of
the front of the wave, before it reaches the left end. Then due to the clamped boundary
condition at the left, waves at the corner are triggered, diffract from them and interfere with
the pure reflected P-wave from the left boundary. Clearly such a complex behaviour could be
obtained only with a much refined mesh and a coarser one would not capture wave
interferences.

Figure 3. Displacements norms at different time steps

In the second example, there is a further geometrical singularity with a reentrant corner L
shaped domain). On a vertical segment at the upper left end again a Heaviside traction is
applied. The initial mesh is made of 68 triangles. Deformed and adapted meshes are shown
again at different time steps (Figure 4).

Figure 4. Adapted and deformed meshes at different time steps

3. CONCLUSION

The residual technique has been extended to a coupled system such as thermoelasticity and
transient elastodynamics. Using a space-time Galerkin approach it embodies both the
classical residual and the truncation error usually expressed as a compatibility condition
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between the velocity and the time derivative of the displacement. The adjoint state allows to
represent elegantly the error at the end of a time step with respect to the residuals and thus to
design an adaptive strategy based on them (Aubry et al. [3]). It is believed to be an efficient
technique versatile enough to be extended to coupled and transient problems where the lack
of intuition and insight into the singularities of the exact solution makes adaptive approches
mandatory. In both cases only much refined meshes would be able to capture sharp
temperature or wave fronts. Obviously the whole potential of the approach will be of greatest
interest in the three-dimensional case applied to complex structures.
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1. INTRODUCTION

Adaptive finite element computations are nowadays regarded as a natural approach for
the analysis of localization in strain softening solids, because the localization area —where
a very fine mesh is needed— is usually not known a priori. These adaptive strategies have
three main ingredients. The first one is an algorithm for increasing/decreasing the richness
of the interpolation in a particular area of the computational domain. For instance, a good
mesh generator if h-refinement [11,21] is used. In this work, the mesh generator developed
by Sarrate [19] is used. The second one is an error estimator or error indicator, which
is employed to locate where there is a need for refinement/de-refinement. Finally, the
third ingredient is a remeshing criterion, which must be used to translate the output of
the error analysis into the input of the mesh generator (for instance, the distribution of
desired mesh sizes). The criterion proposed by Li and Bettess [9] is used here.

Only the error analysis is discussed here, because it is probably the most crucial com-
ponent of the adaptive strategy for softening problems, [12]. The main difficulty is that it
must tackle the material nonlinearity associated to path-dependent constitutive models.
Two basic approaches can be used: error indicators or error estimators. In the literature,
adaptivity in softening problems has been associated to error indicators, [13,16,20], which
are based on heuristic considerations. In contrast to that, a tool for assessing the error
measured in the energy norm is proposed in this work. The obtained approximation to
the error is asymptotically exact, that is, tends to the actual error if the element size
tends to zero [2,3]. In that sense, this tool is an error estimator.

The nonlinear error estimator is presented in Section 2. Its application to adaptive
computations in softening problems is shown by means of numerical examples in Section
3, where two regularized constitutive models are employed: Mazars nonlocal damage and
Perzyna viscoplasticity. Finally, some concluding remarks are made in Section 4.
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2. ERROR ESTIMATION

As previously said, an error estimator is a key.feature in any adaptive procedure.
This section is devoted to briefly describe a residual-type a-posteriori error estimator
(introduced in [5]) which can be used in general nonlinear cases.

Using a mesh of characteristic size h, the Finite Element Method (FEM) provides a
discrete equilibrium equation where the unknown is the nodal displacement vector uy:

£ (un) = £, (1)

where fi™(us) is the vector of nodal internal forces associated with us and et is the
discretized external force term.

Once Eq. (1) is solved, the solution uy is affected by an error that has to be estimated.
Since the actual displacements are unknown, the actual error cannot be computed. How-
ever, using a much finer mesh of characteristic size A (b << h) , the FEM gives a new
solution u; which is much more accurate than u because the regularized model ensures
that the Finite Element Analysis converges as the element size goes to zero [7]. This
solution can be taken as a reference solution and, consequently, the actual error can be
fairly replaced by the reference error e; := uj — us.

Nevertheless, the determination of u; (or e;) requires to solve an equation analogous
to Eq. (1) but in the finer mesh:

£ (uz) = ™ (un + ;) = ff™. (2)

This problem is much more expensive than the original one and it is unaffordable from a
computational point of view.

In the remainder of this section a method for approximating e; by low cost local com-
putations is presented. That is, instead of solving Eq. (2), e; is approximated by solving
a set of local problems. This method is splitted in two phases. First, a simple residual
problem is solved inside each element and an interior estimate is obtained. Second, a new
family of simple problems is considered and the interior estimate is complemented adding
a new contribution. The first phase is called interior estimation and the second one is
called patch estimation.

2.1. An error estimator based on local computations
Interior estimation

The natural partition of the domain in order to solve local problems is the set of elements
of the “coarse” computational mesh (denoted by Q, k= 1,...).

A finer reference mesh is constructed by the assembly of submeshes discretizing each
element. These elementary submeshes are built from a discretization of the reference
element mapped into the elements of the actual mesh (see Figure 1).

Then, the elementary submeshes can be used to solve the error equation (2) on each
element () of the original mesh. However, the solution of such problems requires proper
boundary conditions for the error. Most of residual type error estimators [1,4,8], solve
Eq. (2) prescribing the error flux around each element Q. This is imposed using a flux
splitting procedure which is generally involved and expensive from a computational point
of view. Here, the elementary problems are solved in a straightforward manner imposing
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Figure 1. (a), reference submesh mapped into (b), Figure 2. Patch submesh
an element, to get (c), an elementary submesh centered in a node of the

computational mesh

the displacement error to vanish along the boundary of each element Y (see [5]). That
is, the error is prescribed to zero in all the boundary nodes of the elementary submesh.
An approximation to the error wihtin each element §; is obtained solving each of these
discrete local problems, this local approximation is called interior estimate and denoted
by €. The vector € is an approximation to the restriction of the reference error e;, inside
the element Q.

Once the elementary problems are solved, the local interior estimates can be assembled
to build up a global estimate e having values in the whole domain {2,

e=) e (3)
P

The previous choice of the homogeneous boundary condition implies that ||e]| << |le;].
The reference error ey, is, most probably, nonzero along the element edges, thus € may be
a poor approximation to ej. In other words, the information contained in the flux jumps
1s ignored.

Patch estimation and complete estimate

Once the interior estimate is computed, it is necessary to add the contribution of the
flux jumps, that is, to improve the error estimation by adding non-zero values in the
element boundaries. This can be done following the same idea of the interior estimation,
precluding the direct computation of flux jumps and avoiding any flux splitting procedure.

In this second phase, a different set of subdomains, called patches, is considered, each
one overlapping a few number of elements and covering a part of the elementary bound-
aries. Using the elementary submeshes of Figure 1, the most natural choice for patch
subdomains is to associate them with the nodes of the mesh: each patch is associated
with a node and includes a fourth of every element sharing that node (see Figure 2 for an
illustration).
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The idea is to use this new partition to define new local problems for the error and to
solve them. Local boundary conditions are imposed in the same fashion as in the previous
phase (interior estimate). A new approximation to the error is obtained. This new
approximation takes non-zero values in the boundary of the elements, where the interior
estimate & vanishes. In order to solve these problems each patch must be discretized by a
patch submesh. The discretization of Eq. (2) using this patch submesh leads to a system
of equations analogous to the interior estimation case. Since patches cover the edges of
the elements, the restriction of Eq. (2) to each patch accounts for the flux jumps.

For the patch estimate, local and global estimates can be computed following the same
strategy used for the interior estimate. In order to properly add the contribution of the
patch estimates to the previously computed interior estimates, the patch estimate must
be forced to verify an additional restriction: it must be orthogonal to the global interior
estimate €. This orthogonality condition can be easily implemented using the Lagrange
multiplier technique.

Thus, the interior estimate € is completed and a new approximation to e; is found.

2.2. Error equations for linear and nonlinear problems

A method for approximating the reference error by low-cost local computations has
been described. The particularization of the error equation (2) to linear and nonlinear
problems is discussed next. These are the equations that must be solved locally in order
to estimate the error.

If the problem is linear, f*(u) is a linear function of u and, consequently,

fint(uy) = Kpuy, and f}:"(u,—l) = Kjuj, (4)
where K, and K, stand for the stiffness matrices associated with the coarse mesh and the

finer mesh respectively. These equations can be easily manipulated and a linear equation
for the reference error is found:

Kiej = i — i (ua) = —rj (), (5)
where rj{us) is the residual.

Figure 3 shows a graphic illustration of the meaning of the reference error and its
relation with the residual. The reference error, e; = u; — u;, and the residual, rj(uz) :=
fin(up) — £, are related in terms of the stiffness matrix in the reference mesh, Kj, as
indicated in Eq. (5). Although this illustration may appear trivial in the linear case, a
variation of this figure provides a good understanding for the nonlinear case.

On the contrary, if the problem is nonlinear, Eq. (5) does not hold and the only available
equation for the error is Eq. (2). This is a general nonlinear equation and must be solved
using any standard nonlinear solver, see Figure 4. However, it is important to notice that
the approximate solution uj can be used as a good initial guess for u; and, consequently,
the solution of the nonlinear equations providing u; is straightforward (tipically only two
iterations are needed to reach the prescribed accuracy).

Moreover, here, the unknown e; is small compared with u; and, consequently, this
nonlinear problem is much easier than the original one. If this assumption is true and the
tangent stiffness matrix is available, the internal force vector can be approximated by a
linear Taylor expansion, that is,

£ (un + e5) = G2 (wn) + K (s )ey, o
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where K_;(us) is the tangent matrix describing the linear behavior of the system (dis-
cretized with the finer mesh) around u,.
Replacing Eq. (6) in Eq. (2), a new error equation is found:

K_i(us)e; = —rz(un), (7

where rj(us) is the residual, following the definition given in Equation (5). It is worth
noting that Eq. (7) is linear and has exactly the same structure of Eq. (5).

Following the idea of the graphic illustration of Figure 3 and Figure 4, Figure 5 shows
how the nonlinear case can be treated using a tangent approximation.

Once the error equation is set as a linear equation (for linear problems or nonlinear
problems with available tangent stiffness matrix) or a fully nonlinear equation (if tangent
matrix is not available), the reference error is approximated solving the local problems
described in the previous section. Thus, the estimation of the error is splitted in two
steps. First, elementary problems are solved with null error boundary conditions, and an
interior estimate is computed. Second, adding the contribution of the patches, a complete
estimate is obtained.

3. NUMERICAL EXAMPLES

3.1. Example 1: Mazars nonlocal damage model

The Mazars damage model is used for describing the behavior of brittle materials,
such as concrete and other geomaterials [10,18]. A non-decreasing scalar damage factor
D, which ranges between 0 (intact material) and 1 (completely damaged material), is



338

estimated error

f’ilnt
/ fint
h
/ f_ext
ril(uh)I f’;::xt ,20 mm
|
" 1 150 mm
- =>
Up uh u 4 1380 mm % mm
[ U
€5
Figure 5. Graphic interpretation of refer- Figure 6. Three-point bending test on
ence error in nonlinear problems and error notched beam

estimation using tangent approximation

employed to represent the loss of stiffness caused by damage. The evolution of D is
controlled by the principal positive strains. The one-dimensional stress-strain law shows
a clear softening behavior both in tension and compression. Because of softening, some
kind of regularization is needed. The nonlocal regularization [15] can be applied to the
Mazars model {10]. The basic idea is to use an average value of positive strains around
each point as the internal variable that controls D. Because of this nonlocal regularization,
tangent stiffness matrices are not readily available for the Mazars nonlocal damage model
[L7], and the linear tangent error equation (7) cannot be employed.

These ideas are illustrated with a simple test: the three-point bending of a notched
beam, see Figure 6. The same material parameters of reference [18] are used. Figure 7
shows the final damage distribution and deformed shape. As expected, both damage and
strains concentrate in the midspan. Figure 8 shows the load-displacement curve, with a
clear softening structural response.

Two different adaptive computations were carried out with an acceptability criterion
(maximum acceptable error) of 0.5%. In the first one, the beam lies on two point supports.
Figure 9 shows the sequence of meshes obtained during the adaptive process. The error is
considerably reduced (from 2.50% to 0.91%) in the first two steps. However the error is not
further reduced in the subsequent steps, despite the increase in the number of elements,
and the goal of 0.5% error cannot be attained. This is mainly due to the singularities
associated to the point supports. As the mesh is refined near the supports, more errors
are detected, and this process does not converge.

A completely different result is obtained if singularities are suppressed. In the second

300 mm
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case, the beam lies on two distributed (20mm wide) supports. Figure 10 shows the results
of the adaptive computation. In only two steps, the error is reduced from 1.93% to an
acceptable 0.48%. As expected, small elements are needed in the midspan and near the
supports.

P(N)”
r‘—-—-_______\_‘_‘_-_-_-_-_—-._._._-_-_-_._______._.———-“ el
|
| 0.5
| N |
u(mrm)
Figure 7. Damage distribution and de- Figure 8. Load-displacement curve

formed shape (x 200)

3.2. Example 2: Perzyna viscoplasticity

Due to the rate-dependent effects, viscoplastic constitutive models lead to regularized
problems. Here, a simple viscoplastic model by Perzyna {14] is employed. For this model,
tangent stiffness matrices are readily available, so the tangent version of the error equation,
Eq. {7), may be employed. This is illustrated here by means of a numerical example, which
also shows that an adaptive strategy based on error estimation is essential to capture
complex failure mechanisms.

A plane strain rectangular (50 x 100 mm?) specimen with two circular openings (2 mm
radius, 11 mm vertical distance between centers) is subjected to uniaxial compression,
see Figure 11. Two cases are considered: large and small horizontal separation between
openings (examples 2a and 2b respectively), because this parameter has a great influence
on the collapse mode. Due to the central symmetry, only one half of the specimen is used
in computations. The acceptability criterion is set to 1.5%. The material parameters for
this test can be found in [6].

Example 2a (distant openings)

If the horizontal distance between the circular openings is large enough, one shear band
is developed aligned with the two openings. The remeshing process (see Figure 13) leads
to a mesh with a large number of elements concentrated along the two edges of the band.
Starting with the initial mesh, which is roughly uniform, the error estimator detects large
errors along this band, so more elements are added during the remeshing process.

Figure 12 shows the general behavior of the solution, with a clear softening behavior
in the force-displacement curve. The equivalent inelastic strain is concentrated along the
shear band, both in the original and the final meshes of the remeshing process. That is,
the captured collapse mechanism is the same in both meshes.
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Mesh 5; 582 elements; error of 0.91% Mesh 2; 480 elements; error of 0.48%
Figure 9. Sequence of meshes with point Figure 10. Sequence of meshes with dis-
supports tributed supports

Example 2b (close openings)

On the contrary, if the circular openings are closer, the behavior of the solution is much
more complex and the original mesh is not able to reproduce such a mechanism.

Figure 14 shows the sequence of meshes in this case. It is worth noting that, according
to the concentration of elements, two bands are developed in the final mesh. In fact,
the resulting bands are not aligned with the imperfections (as in example 2a), but have
the opposite inclination. Indeed Figure 15 shows how the computed equivalent inelastic
strain and the deformation evolve along the remeshing process. Only after two remeshing
steps the mesh captures two bands. In the previous meshes the discretization is not
accurate enough and only one band is completely developed. Since large deformations
are considered, once the first band evolves enough, the kinematic mechanism associated
with this band locks: then a second band appears as a new deformation mode with less
energy.
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Figure 11. Specimen with two symmetric imperfections: examples 2a (left) and 2b (right)
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Figure 12. General solution for example 2a: Reaction versus imposed displacement,
deformation of mesh 5 and inelastic strain contours for meshes 0 and 5
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global accuracy: 3.00%

781 elements;

Mesh 1;

Mesh 0; 470 elements; global accuracy: 6.75%

global accuracy: 1.97%

1274 elements;

Mesh 3;

899 elements; global accuracy: 2.28%

Mesh 2;

global accuracy: 1.62% Mesh 5; 1888 elements; global accuracy: 1.35%

1660 elements;

Mesh 4;

Figure 13. Example 2a. Remeshing process for a prescribed accuracy of 1.5%: sequence

of meshes and estimated error distributions
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Mesh 0; 462 elements; global accuracy: 4.99% Mesh 1; 856 elements;

L

A
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1A i
Mesh 2; 1641 elements:  global accuracy: 3.96% Mesh 3: 2235 elements; global accuracy: 2.31%
i
r
’ &
Mesh 4: 3200 elements:  global accuracy: 1.73% Mesh 5; 3307 clements; global accuracy: 1.49%

Figure 14. Example 2b. Remeshing process for a prescribed accuracy of 1.5%: sequence
of meshes and estimated error distributions
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§ = 0.07 mm (3]

Reaction (N) & = 0.0T mm
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Figure 16. Two consecutive failure mechanisms for the final mesh: mesh deformation
amplified 40 times and equivalent inelastic strain contours at two moments of the loading
history
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Figure 15 shows also how the force-displacement curves for meshes 0 and 1 are quali-
tatively different from meshes 2 to 5. In fact the shape of the force-displacement curve
for meshes 2,3,4 and 5 are practically identical and have two inflections in the descending
branch. In Figure 16 it is shown how the inflections correspond to the formation of a new
failure mechanism. The solution given by the last mesh is obviously more accurate than
the original one because the energy of deformation (area under the force-displacement
curve) is lower. In fact, since the error is controlled in the energy norm, one can be sure
that the actual curve, associated with the exact solution, is not too far from the obtained
curve (the error in energy norm is less than 1.5% and, consequently, the difference of the
area under the curves is less than 1.5%). The first meshes are not able to reproduce the
behavior of the actual solution because the elements along the later band (which develops
in a further stage of the loading process) are too large and, consequently, the discretiza-
tion is too stiff. Then, the size of the elements in this zone does not allow the inception of
softening. On the contrary, once the remeshing process introduces small enough elements
along the second band, the second mechanism can be captured.

Thus, this example demonstrates that adaptivity based on error estimation is an es-
sential tool for the determination of a priori unpredictable final solutions. Without this
adaptive strategy, the initial mesh (mesh 0 in figure 14) and the resulting solution could
be regarded as correct, and the second mechanism would not be detected.

4. CONCLUDING REMARKS

Adaptivity based on objective error estimation has been applied for softening mechan-
ical problems. This computational strategy allows to deal with the two scales of the
problem, providing a good mesh in order to capture both the geometry (macroscale)
and the behavior in the localization zone (microscale). The generality of the proposed
approach is shown by using two very different regularized constitutive models: Mazars
nonlocal damage and Perzyna viscoplasticity. The numerical examples illustrate the ef-
fectiveness of the adaptive strategy, which is capable of detecting non-trivial features of
the solution, such as singularities or unexpected complex collapse modes.
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Aspects of adaptive strategies for large deformation problems at finite
inelastic strains
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The main objective of this work is to discuss aspects of adaptive strategies for finite element
simulation of large deformation problems in the presence of finite elastic-(visco)plastic strains.
The need for a rigorous treatment of both theoretical and algorithmic issues is emphasised and
the practically important aspects of automatic data generation and adaptive mesh refinement
procedures are discussed. A set of numerical examples is provided to illustrate the effectiveness
and robustness of the developed approach.

1 INTRODUCTION

The formal structure of adaptive finite element methods for linear elliptic problems is
now well understood thus forming a solid foundation upon which effective and reliable
techniques of error estimation and adaptive refinement may be established. Although
certain issues still remain unresolved, it may be said that nowadays, adaptive strategies
for linear problems can be routinely performed within finite element computations. On
the contrary, although some advances have been recorded for certain classes of nonlinear
problems (see e.g. Babuska et al. (1986) for some early contributions) only a limited
amount of published work exists on a posteriori error estimates and adaptive approaches
for history dependent nonlinear problems in solid mechanics. Notable exceptions are
contributions by Ladevéze et al. (1986), Jin et al. (1989), Belytschko et al. (1989),
Ortiz and Quigley (1991), Johnson and Hansbo (1992), Lee and Bathe (1994), Perié et
al. (1994,1996), Gallimard et al. (1996) and Barthold et al. (1997).

On the practical side, since for a large number of industrially relevant solid mechanics
problems, the optimal mesh configuration changes continually throughout the deformation
process, the introduction of adaptive mesh refinement processes is crucial for the solution
of large scale industrial problems.

In this work some practical aspects of adaptive strategies are discussed that are
relevant for finite element simulation of large deformation problems in the presence of
finite elastic-(visco)plastic strains. The need for a rigorous treatment of both theoretical
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and algorithmic issues is emphasised and the practically important aspects of automatic
data generation and adaptive mesh refinement procedures are discussed.

For problems involving non-linear behaviour, and plastic deformation in particular,
issues related to the transfer of variables from the old mesh to the new mesh are crucially
important for preserving the accuracy, robustness and convergence properties of the finite
element solution. The problems in this area are especially acute when deformations
are large, since the adaptive procedure must account for frequent substantial changes in
geometry during the process.

Error indicators, used in this work, are of the post-processing type which employ
the smoothing of the appropriate variables over the local mesh of finite elements. The
standard stress error in the energy norm is reformulated in the generalised energy norm
that is suitable for history dependent evolution processes. Also in view of the dissipative
nature of inelastic problems of evolution, an error indicator based on the plastic dissipation
functional and the rate of plastic work is considered.

The benefits of the above computational development will be illustrated by the solu-
tion of a range of industrially relevant problems.

2 COMPUTATIONAL MODELLING OF INELASTIC
MATERIAL BEHAVIOUR

Some important aspects of computational treatment of inelastic solids at finite strains are
briefly reviewed in this section. These relate both to the mathematical formulation and
essential ingredients of the numerical integration scheme.

Due to the nature of large deformation problems at large inelastic strains, which
are for many practical applications mostly pressure insensitive in the plastic region, the
problem of the proper treatment of incompressibility of plastic flow becomes important.
Aspects of technology of elements capable of the treatment of incompressibility are dis-
cussed in Section 2.2.

2.1 Finite strain plasticity
2.1.1 Multiplicative decomposition

The main hypothesis underlying the approach employed for finite strain elasto-plasticity
is the multiplicative split of the deformation gradient into elastic and plastic parts, i.e.,

F:=F°F® (1)

This assumption, firstly introduced by Lee (1969), admits the existence of a local un-
stressed intermediate configuration. Due to its suitability for the computational treat-
ment of finite strain elasto-plasticity, the hypothesis of multiplicative decomposition is
currently widely employed in the computational mechanics literature (Eterovic & Bathe,
1990; Simo, 1992; Perié et el., 1992).
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Figure 1 : Multiplicative decomposition of deformation gradient.

2.1.2 Stress update for finite strains

In the context of finite element analysis of path dependent problems, the load path is
followed incrementally and a numerical approximation to the material constitutive law
is needed to update stresses as well as the internal variables of the problem within each
increment. Then, given the values of the variables {0, ¢,} at the beginning of a generic
increment [t,, t,41] an algorithm for integration of the evolution equations is required to
obtain the updated values {on41, ¢,,,,} at the end of the increment.

In the present work, the backward Euler scheme is employed for time integration and
the Newton-Raphson algorithm is used in the solution of the resulting set of nonlinear
equations. For convenience, the operations, on the kinematic level, of the algorithm for
integration of the constitutive equations at finite strains are summarized in Box 1 while
Box 2 describes stress update for small strains. We note that the small strain algorithm
represented in Box 2 describes a simple procedure for von Mises elasto-plasticity.

2.2 Finite element technology

It is a well known fact that the performance of low order kinematically based finite ele-
ments is extremely poor near the incompressible limit. Large deformation problems under
dominant plastic deformations and the assumption of isochoric plastic flow are included
in this class of analysis. In such situations, spurious locking frequently occurs as a con-
sequence of the inability of low order interpolation polynomials to adequately represent
general volume preserving displacement fields. However, due to their simplicity, low order
elements are often preferred in large scale computations and several formulations have
been proposed to allow their use near the incompressible limit. Within the context of
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Box 1. Algorithm for integration of constitutive equations

(i) For given displacement ¢ and increment of displacement Awu, evaluate
total and incremental deformation gradient

Fo:=1+ Grady ., [Un4a], F,:=1+Grady . [Avng]

(ii) Evaluate elastic trial deformation gradient and elastic trial Fingers tensor

b = Fu(by)(Fu)”

(iii) Compute eigenvalues (principal stretches A° mal) and eigenvectors (rota-

tion tensor RY 1) of elastic trial Fingers tensor bf, ﬁ"

(iv) Evaluate elastic trial left strain tensor and its logarithmic strain measure

V™ = (R TR
: jal\ T ¢ trial trial
e = (R AR

(v) Perform stress updating procedure for small strain

(vi) Update Cauchy stress and internal variable

Onyl = det[Fﬂ+1]—1T"+1
V,f“ = exp[ef‘_H], bne+1 1=(Vy:+1)2

geometrically linear theory, the class of assumed enhanced strain methods described by
Simo and Rifai (1990), which incorporates popular procedures such as the classical in-
compatible modes formulation (Taylor et al., 1976) and B-bar methods (Hughes, 1980),
is well established and is employed with success in a number of existing commercial fi-
nite element codes. In the geometrically non-linear regime, however, the enforcement
of incompressibility is substantially more demanding and the development of robust and
efficient low order finite elements is by no means trivial. Different approaches have been
introduced in the computational literature; the class of mixed variational methods devel-
oped by Simo et al. (1985), the mixed u/p formulation proposed by Sussman and Bathe
(1987), the non-linear B-bar methodology adopted by Moran et al. (1990) and the family
of enhanced elements of Simo and Armero (1992) are particularly important. However,
due to the occurrence of pathological hourglassing patterns, a serious limitation on the
applicability of enhanced elements has been identified by de Souza Neto et al. (1995) for
the elasto-plastic finite strain case.

2.2.1 A low order element for large deformations of near-incompressible materials

The implementation of a simple 4-node quadrilateral and a simple 8-node hexahedron
for finite strain analysis of nearly incompressible solids has been presented by de Souza
Neto et al. (1996). Briefly, the elements are based on the concept of multiplicative devia-
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Box 2. Stress updating procedure — Small Strains

(i) Elastic predictor
e Evaluate trial elastic stress
Tn‘ﬂl =h: e;j_’{“'
e Check plastic consistency condition
IF @trial .= Jy(7;t52) - K(R.) — 71, <0 THEN
Set (Jn41 = ()% and RETURN
ELSE go to (ii)

(i) Plastic corrector (solve the system for 7,41, and A7)

Jo(Tas1) — K(Rn + A7) - 7y _ 0
Torr — h:(ea5 — Ay 0rényy) 0

with
— 3 devTay,
a"¢"+1 = 2 TI(Tas1)

(iii) Update elastic part of the strain € and plastic consistency parameter R
-1
efy=h7 Ty, Rayii=Ro+ Ay

(iv) RETURN

toric/volumetric split in conjunction with the replacement of the compatible deformation
gradient field with an assumed modified counterpart. The resulting formulation can be
used regardless of the material model adopted. In addition, the strain driven format of
the algorithms for integration of inelastic constitutive equations of the purely kinematic
formulation is maintained.

The key idea underlying this formulation is the use of an assumed modified deforma-
tion gradient to compute the stresses. Firstly, the volumetric/deviatoric split is applied
to the deformation gradient F' at the gauss point of interest as well as to the deformation
gradient Fg that results from the conventional displacement interpolation at the centroid
of the element. The modified deformation gradient, F, is then defined as the composition
of the deviatoric component of F with the volumetric component of Fy, i.e.,

- 1/3
F:=F;(F), = (::[I}‘L]) F .

Having defined the modified deformation gradient, the proposed elements are obtained by
replacing F with F to compute the Cauchy stress at each gauss point, i.e. & = &(F).

3 ADAPTIVE SOLUTION UPDATE

The history dependent nature of the process necessitates transfer of all relevant problem
variables from the old mesh to the new one, as successive remeshing is applied during
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the process simulation. As the mesh is adapted, with respect to an appropriate error
estimator, the solution procedure, in general, cannot be re-computed from the initial
state, but has to be continued from the previously computed state. Hence, some suitable
means for transferring the state variables between meshes, or transfer operators, needs to
be defined. A class of transfer operators for large strain elasto-plastic problems occurring
in large deformation problems is defined in Section 3.

3.1 Error indicators

The extension of the error estimation based on the plastic dissipation functional and the
rate of plastic work described by Perié et al. (Perié et al., 1994) for large strain elasto-
plasticity has been found to be an appropriate choice to the adaptive solution of large
deformation problems at finite elasto-plastic strains.

3.2 Mesh regeneration

An unstructured meshing approach is used for the mesh generation and subsequent mesh
adaptation. The algorithm employed is based on the Delaunay triangulation technique
which is particularly suited to local mesh regeneration. An extension of the Delaunay
scheme to quadrilateral elements is also available and creates the possibility of employment
of the low order elements described in Section 2.2.

3.3 Transfer operations for evolving meshes

After creating a new mesh, the transfer of displacement and history-dependent variables
from the old mesh to a new one is required. Several important aspects of the transfer

operation have to be addressed ({Peri¢ et al., 1996), (Lee & Bathe, 1994)):

(i) consistency with the constitutive equations,

(i) requirement of equilibrium {which is fundamental for implicit FE simulation),

(iii) compatibility of the history-dependent internal variables transfer with the displace-
ment field on the new mesh,

{(iv) compatibility with evolving boundary conditions,

(v) minimisation of the numerical diffusion of transferred state fields.

To describe the transfer operation, let us define a state array *A, = ("u,," e,,} o2,% q,,)
where u,,* e,," o,," g, denote values of the displacement, strain tensor, stress tensor and
a vector of internal variables at time t,, for the mesh h. Assume, furthermore, that the es-
timated error of the solution * A, respects the prescribed criteria, while these are violated
by the solution #A,4;. In this case a new mesh h + 1 is generated and a new solution
h+1 A,41 needs to be computed. As the backward Euler scheme is adopted the internal
variables +1q, for a new mesh h+1 at time ¢, need to be evaluated. In this way the state
Mg = (e,0,0,**1q,) is constructed, where a symbol is used to denote a reduced



355

]

hAn hAn+l
— ﬂ[hqn] h+1 tnal 7’2[ un+l]
i, "

Figure 2 : Transfer operator diagram

state array. It should be noted that this state characterises the history of the material
and, in the case of a fully implicit scheme, provides sufficient information for computation
of a new solution A+ A, ;.

Conceptually, Figure 2 summarises a typical transfer operation that includes both,
the mapping of the internal variables and mapping of the displacement field. The imple-
mentation of the given general transfer operation is performed for the case of evolving
finite element meshes composed of constant strain triangles in the following fashion:

o Mapping of the internal variables - Transfer operator 7;

Algorithm of the transfer operator 7; comprises the following steps:

Step (1) Step (2) Step (3)
h;in,G — h;in,N h/]n.N — h+1/~1n.N h+1/‘in,N — h+1/~1n,G

Figure 3 : A procedure illustrating the implementation of the transfer operator +1q, e =Tl"q, g for
finite element meshes composed of three noded triangles.

(1) The Gauss point components of the old mesh *q,, ; are projected to nodes *q, » us-
ing the finite element shape functions. The nodal point averages are then performed
resulting in *gq} 5.

(2) In the second step the nodal components of the state variables *qj, 5 will be trans-
ferred from the old mesh h to a new mesh A + 1 resulting in !¢, nn- This step of
the transfer operation is the most complex one and can be subdivided as follows:
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e Construction of the background triangular mesh

For each node A of the new mesh h + 1 with known coordinates "“m,.,,q the
so-called background element is found in the old mesh &, i.e. element *Q(®) for
which **lz, 4 € *Q(®),

Evaluation of the local coordinates

Knowing the coordinates of all nodal points for both old and new meshes, the
local coordinates (*r4,%s4) within the background element corresponding to

the position of nodal point A in the new mesh can be found by solving the

following equation
3

M ga = Y PNy(*ra, b sa) e, (3)
b=1
where * N, represent shape functions of the element *Q(). Since three noded
elements are used for the background mesh, local coordinates for each node of
the new mesh A + 1 can be obtained by resolving the linear system (3).

Transfer of the nodal values

By using the shape functions *N,(*r4,%s,) the state variables *A, p = kay g
are mapped from the nodes B of the old mesh k to the nodes A of the new
mesh h + 1. This mapping may be expressed as

3
ht1 An,A = Z hNb(hrAv hsA)hAﬂ.b (4)
b=1

(3) The state variables at the Gauss points of the new mesh *+! qnc can be easily

obtained by employing the shape functions of the element #+1Q() | j.e.

-~ 3 -~
h+1An,A = Z h+lNa(rG, sG)h+1An,a (5)

a=1

where (r¢, sg) are the Gauss point coordinates.

o Mapping of the displacements - Transfer operator Tg

Since the displacement field over new mesh h + 1 is fully prescribed by the nodal values

h+1

%, and element shape functions of the new mesh A+ N, (*+1r,,5+135,) defined for each

element **1Q(?) of the new mesh, the task of transferring displacements (i.e. transfer
operator T; ) is performed by repeating the step Mapping of the nodal values, in the
procedure describing the transfer operator 7;.

4 NUMERICAL VERIFICATION

To illustrate the adaptive strategy, its application to examples of some industrial large
deformation problems exhibiting finite elasto-plastic strains are presented in this section.
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Figure 4 : Axisymmetric piercing.

Figure 5 : Axisymmetric piercing.
Geometry.

Initial mesh.

EXAMPLE 4.1 Axisymmetric piercing. The finite element simulation of the axisym-
metric piercing of a cylindrical workpiece is presented. The geometry of the problem is
shown in Figure 4 and the initial mesh in Figure 5. The workpiece is assumed to be made
of an elastic-plastic material with Young’s modulus £ = 210GPa, Poisson ratio v = 0.3,
yield stress ¢ = 100MPa and linear hardening with hardening modulus H = 900MPa,
while the punch is assumed to be rigid. Frictional contact between workpiece and tool is
defined by a Coulomb law with coefficient of friction p = 0.1.

In analysis an error indicator based on the rate of plastic work is used. The initial
mesh consists of 101 quadrilateral elements and the final mesh contains 426 elements.
Convergence of the finite element solution is established on the basis of the standard
Euclidean norm of the out-of-balance forces with a tolerance of 1073. No difficulties
related to the convergence have been observed during the simulation despite frequent
remeshings.

Distribution of effective plastic strain on deformed meshes at various stages of the
process is shown in Figure 6. The deformed meshes show no hourglassing patterns, which
is in agreement with analyses of a similar class of problems carried out in (Souza Neto
et al., 1996).

EXAMPLE 4.2 Plane strain spike forming. The finite element simulation of plane strain
spike forming is presented. The geometry of the problem is shown in Figure 7 and the
initial mesh in Figure 8. The workpiece is assumed to be made of an elastic-plastic
material with Young’s modulus £ = 125GPa, Poisson ratio » = 0.3 and yield stress
o = 40MPa with an exponential hardening law. In the present FE analysis the punch
is assumed to be rigid. A Coulomb law with a coefficient of friction u = 0.2 defines the
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Figure 6 : Axisymmetric piercing. Evolution of effective plastic strain. (a) U = 0.62, (b) U =
5.66, (c) U = 9.83, (d) U =11.00.

frictional contact between workpiece and tool. A convergence tolerance of 10~2 of the
finite element solution is established on the basis of the standard Euclidean norm of the
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Figure 7 : Plane strain spike form- Figure 8 : Plane strain spike form-
ing. Geometry. ing. Initial mesh.

out-of-balance forces.

In total 12 mesh adaptions were performed, which involve complete new mesh def-
initions related to the error indicator based on the rate of plastic work. The number of
elements varies in subsequent meshes from initially 302 quadrilateral elements to finally
353 elements. Deformed meshes obtained after adaptive remeshing are shown in Figure 9.
Similarly to the previous analysis, meshes at various stages show no hourglassing patterns
despite very large deformation.

EXAMPLE 4.3 Impact of an elasto-plastic projectile on a ceramic block. Geometry
and loading for this problem are depicted in Figure 10(a). The projectile is assumed
to be made of an elastic-plastic copper material with Young’s modulus E = 117[GPa],
Poisson ratio v = 0.35 and yield stress o = 400[MPa] with linear isotropic hardening
modulus H = 100MPa. The target is made of an elastic-plastic brittle material with
Young’s modulus E = 211.69{GPa), Poisson ratio v = 0.286, yield stress o = 958[MPa]
and fracture energy Dy = 0.1{[MPa).

* A Coulomb law with coefficient of friction g = 0.9 defines frictional contact between
the projectile and target and the initial velocity of the projectile is v, = 1800[m s7].
In analysis an error indicator based on L? stress norm is used. In this case, analysis is
performed by a transient dynamic explicit time integration approach in view of the high
loading rates.

Continuous change in geometry of the projectile near the contact area necessitates
frequent remeshings during the process. In addition, mesh adaption is required to pro-
vide for accurate description of multiple fracturing of the block. It should be emphasised
that the present discrete element model allows for crack propagation both, along ele-
ment boundaries and through the finite elements. The deformation of the projectile,

the adapted finite element meshes and fracturing process of the block are depicted in
Figure 10(b)-(c).
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(a) (b)

Figure 9 : Plane strain spike forming. Evolution of deformed mesh. (a) U = 6.3,
(b) U=12.1,(c) U=13.5, (d) U=15.0.

5 CONCLUSIONS

Some recent advances in the adaptive finite element analysis of large deformation problems
of elasto-(visco)plastic solids at finite strains have been described in this work. It has been
indicated that, for this class of problems, a successful and practically applicable adaptive
strategy depends on both the theoretical understanding of inelastic material behaviour
under finite strains and the associated numerical implementation.

It is emphasised that, although adaptive strategies are, at present, routinely per-
formed for linear elliptic problems, their extension to nonlinear elliptic problems - in
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Figure 10 : Impact of an elasto-plastic projectile on a ceramic block: (a) Geometry and loading conditions.
Evolution of deformed mesh at various time instants (b) t=0.013 {ms], (c) t==0.026 [ms}, (d) t=0.050 [ms].

particular to large deformation problems of inelastic solids at finite strains — is by no
means trivial. Apart from the issues briefly mentioned in this paper, several important
aspects of adaptive strategies related to nonlinear industrial applications which need fur-
ther attention include the introduction of various types of error estimators and their
comparative analysis, and the consideration of alternative data transfer strategies.
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Abstract

Adaptive solution in forming process simulation are presented, covering the the-
oretical aspects of the a posteriori error estimation as well as the practical aspects
of the dynamic mesh optimization algorithm. A simple error estimate for time-
dependent nonlinear problems is described with a special attention to the 2D forging
application. Example of 3D automatic remeshing with a local size mesh enforcement
is presented for a polymer cutting application. A new level of optimization allowed
by anisotropic mesh techniques is introduced in the context of 3D extrusion, with
primarily results of error estimation with anisotropic meshes. A 3D colliding jets
example based on a fixed mesh approach is analyzed in term of flow front position
error, both a priori and a posteriori, in the L2 norm.

1. INTRODUCTION

The numerical simulation of forming processes has been early concerned with the need of
automatic remeshing, leading to control effectively the mesh size locally. In fact, most of
the forming applications presented below need to deal with meshing or remeshing tech-
nique just in order to carry out a calculation. It is well admitted that forging simulation
cannot be done without remeshing. It is unavoidable when using a Lagrangian method.
In this case the mesh is deformed along with the material and the mesh distortion clearly
limits the level of computable deformation. Although enhanced formulations makes it
possible to delay the mesh distortion, the mesh topology becomes poorly adapted to the
shape of the studied domain .In order to overtake these limitations, automatic remesh-
ing procedure have been developed both in 2D and in 3D. This paper is based on the
presentation of different results of simulation.
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2. FINITE ELEMENT SOLVER AND ADAPTIVE ANALYSIS

Most of the adaptive schemes are based on the convergence properties and the associated
a priori error estimate of the finite element method. It assumes that a mesh independent
solution exists and that the numerical solutions approximate it. More precisely, it is
expected that the error decreases along with the mesh size parameter. In this context,
the behavior of finite element method is well known for linear elasticity problems and it
has been extended to incompressible materials both in fluid and solid applications through
the mixed finite element theory [5)].

Both in metal and polymer forming, the viscoplastic behavior of the material can be
modeled by a flow formulation, the viscosity being a function of the second invariant of
the strain rate tensor e(v):

n(le(v)]) = K(V2le(v))". 1)

On a time depending domain 2, inertia effects and volume forces being negligible, the
velocity v and pressure p fields are solution of the following problem :

V-(2n(le(v))e(v)) - vp =0

v.v =0 in Q
(v=v°)m>0 andr=0
on 2N A0 { or (v—v2)n=0, andr=oafjv—2°)(v—10°),

(2)

The inequality characterizes the unilateral contact boundary condition which plays a
crucial role in the applications presented here. v¥ denotes the velocity of the contacting
rigid bodies (the forming tools) described by the domain O, n being the outside normal of
its boundary 80. The relationship which gives the tangent shear stress r at the interface
matter/tool as a function of the relative tangent velocity follows a power friction law. The
viscoplasticity coefficient m usually ranges between 0 and 1. It is often around 0.1 in hot
metal forming applications..

The solvers behind the applications presented in this paper are designed to be used
with triangle elements in 2D and tetrahedral elements in 3D, making it possible to deal
with general meshing techniques detailed after. In 2D the mixed finite element will be
based on the Crouseix-Raviart element (P2 + /P1) and on the P2/P0 element (16]. In
3D, we use a first order element entering in the mini-element family [1]. The bubble is
constructed with a pyramidal function which is condensed at the element level, without
taking into account the nonlinear part of the behavior law [9]. This element enters in
the equivalent class of stable/stabilized mixed formulation [20, 15, 27]. An important
advantage of this formulation is to enable a fully parallel iterative solution [14].

Despite of the unilateral contact condition, this flow formulation can be analyzed in
term of a generalized Stokes problem. From the numerical analysis standpoint, the con-
vergence of the finite element method for the viscoplastic problem (quasi-Newtonian flow)
has been analyzed in term of the a priori estimate in [3], using the W™+! norm, m being
the viscoplastic power index. In term of the a posteriori estimate, the residual technique
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introduced for the Stokes equation [30] has been extended to the quasi-Newtonian flows
[2]. In engineering, the error analysis is often based on an energy norm point of view. In
this context, the simple Zienkiewicz-Zhu adaptive procedure [25] based on the smooth-
ness of the stress tensor has been adopted in [18, 17, 19] from which several 2D examples
are presented in this paper. From the mechanical point of view, a constitutive relation
error analysis has been introduced by Ladeveze and specifically applied to elastoplastic
materials [24].

3. ADAPTIVE MESH GENERATION TECHNIQUES

3.1. Mesh generation techniques

The 2D code Forge? is equiped with a remesher based on the classical Delaunay trian-
gulation technique [21]. It has been extended in order to work under the constraint of a
mesh size map for 2D forging applications [18]. This 2D remeshing procedure must be
understood as a rebuilding process. The mesh and its boundary are entirely built at each
remeshing stage.

The three-dimensional meshing routine is based on a different idea, the remeshing
being an improvement process [10]. The advantage of this technique is evident in the
context of a moving mesh method, because it makes it possible to progressively change the
mesh topology rather to built a complete new one. In fact, it has been especially designed
to solve the remeshing stage in forming calculations [13, 10]. In the forging code Forge3,
the remeshing is required both to avoid the element distortions and to dynamically adapt
the mesh to the contact between the moving dies and the material. Another advantage of
this approach, is its ability to work in parallel without any modification . The complete
remeshing procedure can be applied on each subdomain of a partition, independently
running on each processor of a parallel platform [11], as shown on Figure 3.1.

3.2. Adaptive remeshing by a local optimization principle

In 2D and in 3D, the meshing topics can be revisited through a local optimization principle
(12]. The general mesh improvement method {7] is the basis of the mesher used in the
presented 3D applications . It is an extension the mesh improvement technique described
in [29]). This method allows to deeply improve a mesh and includes mesh refinement,
mesh coarsening and node repositioning [8]. Moreover, it efficient enough to be used as
a mesh generation technique, enables to locally control the mesh size in an isotropic or
anisotropic way (Figure 3.2).

The improvement process is controlled by a minimal volume principle which guarantees
the validity of the resulting mesh as ploted on Figure 3.2. Indeed, on this Figure, an initial
mesh topology is obtained by connecting one particular node to every boundary nodes.
The final mesh (without internal node in this case) is derived from this initial guess by
successive local improvements. The change are chosen to minimize the surface covered by
the triangles. The improvement process is also controlled by the mesh quality criterion.
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Figure 1: Parallel adaptive remeshing by independent remeshing with interface constrain-
ing and repartitioning

The shape of a simplex (triangle or tetrahedron) can be evaluated by the a-dimensional
ratio between its volume and diameter :
v(T)
C(T) - h (T)" ]
where n = 2,3 is the dimension, v(T') denotes the volume of the element T and h(T)
its diameter. An objective function, for instance the averaged value of the above shape
factor can be locally optimized:

$(T) = (D CO)/ITH,

TeT

where T is the set of simplex and |77 its number.
The local mesh size control is performed just by changing the shape factor :

_ min(i(z),v(T)
oT) = RT)y

where 9(z) is the required element volume at position x. 9(x) can is derived from h(z), the
required mesh size at point coordinate z. Finally, the extension to anisotropic meshing
is obtained by the calculation of the shape factor in the local metric (a volume and a
length).
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Figure 3: Mesh generation by the minimal volume principle
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4. EXAMPLES OF ADAPTIVE SOLUTION IN LARGE DEFORMATION

4.1. 2D orthogonal metal cutting

Figure 4.1 shows the chip formation in orthogonal cutting. The cutting tool can be seen
on the right part of the figures, and the initial workpiece is a simple rectangle. In order
to accurately model the flow in the two mean shear zones, an adaptive meshing technique
is used. At each time step, the error is estimated. If it is larger than a prescribed
value of 10%, a new adapted mesh is generated and the computations start again. It
makes it possible to dynamically track the shear zones. The error estimate used in this

Figure 4: Adapted meshes in orthogonal metal cutting process simulation. Different
stages of the chip formation.

adaptive scheme is based on the Zienkiewicz-Zhu [25] error estimators. The Liska/Orkisz
finite difference method is used as smoothing operator. It improves the efficiency of the
estimation [17]. Being a second order smoothing technique, it can be compared to the
superconvergence patch recovery techniques, and provides a robust and reliable estimation
. The error of the estimation is less than 5% for elasticity problems and less than 10%
for viscoplasticity problems.

The discretization error is defined in term of an energy norm for both the elasticity
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and plasticity problems:

'U'—"U’l = - hy . v) - ‘Uh
o — o]l (/n(s S%) : (€(v) - e(v™) d 3)

In the context of a viscoplastic material modeled by a power law, this can be related
to the W ™+! (semi)norm used in [2)].

Using classical C° approximation for the velocity, the discrete deviatoric stress tensor
S* defined by the constitutive equation is discontinuous. A simple idea, used in the
example of Figure 4.1, is to built a continuous interpolation of the stress from the natural
discontinuous one and to compute the gap between these two value of the stress field.

The natural discrete space for the stress field is the one spanned by the symmetric
gradient operator : S* = g(V*), V! being the velocity discrete space. For a continuous
polynomial interpolation of degree k :

Sh = {tensor fieldS, S € Pk"l(ﬂe)d“}
A more regular discrete space is then introduced :
8" = {tensor fieldS € C°(2)?*¢, S € P'(N.)*%}

where ! is generally greater than k — 1 and the continuity is enforced. The last stage is to
build a projection operator from S* to §* (for instance using the the superconvergence
patch recovery techniques, or a second order local finite difference scheme as proposed by
Liska and Orkisz) and finally to define the estimate by :

B = ([ @8- 8 (3 - 8" dny} @

Adaptive refinement is based on error indicators, which can be the contribution of
the element to the global error (4). For 2D problems, a Delaunay remeshing procedure
provides six node quadratic triangles. The quality of the finite element mesh is checked
at each time increment. Then, a new mesh is generated when the estimated error is too
high . The example of Figure 4.1 and the details of the method is given in [18].

4.2 3D polymer cutting

The example of Figure 4.2 (obtained in [28]) is probably among the more difficult trial in
numerical simulation involving remeshing. Figures 4.2 and 4.2 show the polymer granular
formation by cutting a cylinder extrudate. The aim of the simulation is to predict the
shape aspect of the granular, which depends on the cutting stage and more particularly
on the relative value of the extrusion flow rate and the knife velocity.

This example combines several difficulties, as it is a problem mixing fluid and solid
dynamic. As in the 2D metal example, the cutting is obtained by a local deformation.
The unilateral contact condition is enforced by changing the inequality to an equality and
using a penalty method :

(P -8).7 20 <= (7 -5). 7] =0
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Figure 5: 3D cutting simulation in a mixed extrusion deformation application. Flow
velocity/knife velocity = &

where [z]~ denotes the negative part of x. Although in this case, the remeshing is not
controlled by a volume error estimate, the mesh size is locally enforced both by the contact
adaptive procedure and by an a priori local mesh size map.

In Figure 4.2, the knife velocity is slower, giving the time to the formation of a material
jet before it leaves. This shows the possibilities in terms of numerical simulation offer by
a dynamic remeshing scheme. The meshing becomes a full part of the calculation and the
results will depend both on the ability to compute such a deformation and to provide the
mesh fitting it.

5. MESHING IN EXTRUSION
5.1. 2D extrusion

The error control procedure and the corresponding adaptive scheme are illustrated in
Figure 5.1, for a metal die extrusion problem. In this example, the adaptive process tends
to exacerbate the refinement at the neighboring of the singularities of the inner corner
and of stick/slip transition. If the estimated error is greater than a prescribed value, a
totally new optimal mesh is generated. This is due to the mesh generator based on the
standard Delaunay triangulation algorithm. The situation is different in our 3D examples
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Figure 7: Adaptive remeshing in a 2D (axisymmetric) metal extrusion application

since the mesh generator is based on the general mesh improvement principle and can use
the old mesh as a starting point.

This new mesh is said to be optimal if the error is uniformly distributed over all the
elements. Under the hypothesis of a uniform convergence rate p of the finite element
method, the predicted size of each new element is a function of the present size of the
element and its contribution to the error.

The size of a quadratic triangle is defined as the maximum length of its three linear
sides. For a viscoplastic material this value depends both on the value of m and on the
degree of the interpolation functions. For a value of m around 0.1 which is the common
value in metal application, the a priori convergence rate of the finite element method can
decrease to 1.1 for a quadratic interpolation. A new mesh is subsequently generated and
the size criterion is imposed over all the elements. At each time step the error is estimated
in the workpiece ( and possibly in the tools). If at any time the prescribed value is not
respected, a new adapted mesh is generated. If the problem exhibits a singularity or if
boundary conditions change very quickly, several iterations of this remeshing procedure
are required to reach the prescribed accuracy for a given time step.

5.2. Anisotropic mesh in 3D die extrusion problem

The 3D meshing problem of the 3D die extrusion problem is not only due to the multiple
singularities encountered in the realistic geometries ploted on Figure 8, but also to the
shape ratio between the entrance and the exit which exhibits a factor of about 1/100.

The only way to do any computation with such a geometry is to reduce the number
of elements by using an anisotropic meshing technique [23]. By this way it possible
to guarantee several elements in the thickness at the die exit. However it is not yet
theoretically well established, the use of such meshes showing stretched tetrahedra can be
a posteriori justified by numerical experiments. The finite element convergence can even
be reached by means of an asymptotically mesh independent solution.

An error estimate based on the residual method has been implemented in [22] for the
heat transfer equation showing clearly the anisotropic character of the error.
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Figure 8: boundary of the mesh of a die extrusion geometry and detail of the mesh in the
exit thickness

The temperature field is solution of :
or
pC(-67+VT.v)=kAT+u') (5)

The thermal and mechanical equations are coupled by the dissipative term w = o : €.
Assuming that a standard Galerkin method is used to solve the above equation, on
each element the error indicator is given by :

L7 = 0] A (bCvT—0)d+ 3 |F] /F (K[yT.n])%dS (6)

FeoQ.

where [7T.n] is the jump through the face F of tetrahedron .. This jump gives rise
to an error indicator in the three spatial directions, indeed :

JvTalyas <3 % Y B
F i=1,3
with

Brri = ( /F (k[(9T)ind)dS)}

fori=1,3.

In table 1, the first column contains the number of nodes of the different tested meshes,
showing that the error in the z-axis is about 10 times greater than the error in the other
directions.

Although the construction of a mesh with anisotropic properties, by means of different
mesh length requirement in different directions at space points is a difficult task in 3D, the
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nodes || I.” max [ Err-x max Err-y max Errz max
45 11263 282 448 8090
225 8005 193 341 3714
1377 1356 83 95 1149
9537 427 18 25 414

Table 1: Error estimate on the complete heat transfer equation with respect to the mesh
refinement

building of the Riemann metrics from the computed solution is also not obvious. From
the numerical analysis point of view, the background theory of the finite element method
needs still to be extended.

A first approach is based on the second derivative of a scalar field 4], providing a tensor
from which is deduced the metric tensor. This is a natural idea when one uses simple P1
finite element. Indeed in this case, the a priori error depends on the second derivative of
solution. This technique requires to built a second derivative from the discrete solution
which not exists. Moreover each scalar field provides a metric tensor and each component
of a vector field (in particular the velocity) must independently analyzed, giving rise to
different metrics which must be combined.

A another idea has been proposed in [19]. The error on the stress field AS = § — §»
of Equation 4 can be rewritten by using its eigenvalues :

Error = (AS: AS)g = (/ 17"1 (AS[2 + A8+ ASu]z)dQ)%
Q

where AS| are the principal value of AS in the principal direction.
Assuming the validity of the error estimate, it is clear that the error will be optimally
minimized in the eigenvector basis. Consequently, the metric M can be defined by :

|AS| 0 0
M=nyirR|[ o0 |ASH 0 R (7)
0 0 1AS 1]

6. L2 ERROR ESTIMATION
6.1. Domain interpolation

Generally in finite element method the domain of calculation is assumed to be known
and it is supposed that the mesh represents it exactly. However for certain fluid dynamic
application it is easier to adopt an Eulerian approach with a fixed mesh. Then the moving
domain is not any longer represented by a deformable mesh.

We set the following problem : let  be a bounded domain in JR. The characteristic
function of this domain lgis defined by :

Io(z)= 1lifzeQ (8)
0 elsewhere
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The following development is based on the fact that it is possible to approximate a do-
main by interpolating its characteristic function. However this function is discontinuous.
Let us introduce the following finite element interpolation (in the sense of the Clement
operator [6]) using discontinuous piecewise constant function .

15 =) 1l
ees

where £ in the set of geometric elements

Theorem 1 If 1} s the best approzimation of Nain the L? norm (the projection onto the
piecewise function finite space) then :

| n o
me= L1
1]

and the error

g — Bhllz2 @ = O 1° (1 - 19)j0¢] )

ecf

and in IR? ;
1
llg — 14|lL2(q) < C(T)A3

C(T) is a constant depending on the regularity of I the boundary of the domain.
Although, it is still unclear, it is expected that the error evaluation is valid in 3D.

One important point is that the error estimate (1) depends only on the local values
1i°. When these value are given otherwise, it can be used as an a posteriori error estimate.
That is the case in the following where the approximate function 1}is also solution of a
transport equation.

6.2. Dynamic a posteriori estimation of a flow front position

The 3D mold filling can be solved by coupling an extended Stokes solver and the solution
of the following transport equation [26] :

ing =0.

It is solved at element level by using a Taylor discontinuous Galerkin method. The front
position is given as an average surface in Figure 9 and it corresponds to the region of the
maximum value of the above error estimate.

7. CONCLUSION

Examples have been presented showing the new possibilities in the numerical simulation
of forming processes provided by adaptive solutions. The 2D examples show the complete
adaptive procedure with a prediction of the numerical error for nonlinear behavior material
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Figure 9: Calculation of a two colliding jets in 3D : the average front surfaces and the a
posteriori error estimate at successive time in a vertical and horizontal cutting plans
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and the rebuilding of the mesh under the constraint of the calculated mesh size map, all
in the context of dynamic simulation with time dependent moving domain. Examples
where the local mesh size control is essential are given for cutting application both in 2D
and in 3D. The extrusion problem with multiple singularities can be treated adaptively.
In 3D, for the die extrusion problem, the new emerging technique of anisotropic meshing
has shown to be unavoidable in order to carry out any calculation. Finally, an L2 error
estimate has been used to quantify the error in the fluid domain representation for 3D
mold filling application.
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Recovery procedures in error estimation and adaptivity :
Adaptivity in non-linear problems of elasto-plasticity behaviour
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ABSTRACT

The first part of this paper [1] discusses in some detail the use of recovery procedures
for stress, strain or gradients for efficient error estimator and the methods of arriving
at adaptive, h, refinement. In this paper we extend such procedure to deal with of
elasto-plasticity and discuss in detail some special features of such computation.

1. INTRODUCTION

Error estimation procedures and adaptive mesh design based on recovery of stresses
, strains other gradients have been discussed in some detail on Part I of this paper for
linear problems. Indeed application of such methods to practical engineering analysis
is today widely available. The extension of the methodology to non-linear problems
appears at first glance straightforward as the solution is generally obtained by successive
linearization, however several difficulties arise which we shall discuss in this part of the
paper. Much research has been devoted to the subject in the last decade as is evident
from reference [2]- [17].

The applications in this paper are focused on static problems of elasto-plasticity,
common in engineering, but the methodology as equally application of large strain
problems and in dynamic phenomena.

Generally, due to path dependency of the solution in materially non-linear analyses,
the loading is applied in an incremental manner with an iterative linearization, using
the Newton-Raphson precess in each increment. The iteration is usually continued
until a suitable norm of variables falls within a prescribed tolerance. Depending on the
tolerance used in the termination of Newton-Raphson iteration, an additional error to
that due to discretization will occur in the computational process. This paper mainly
focuses on the discretization error and we assume that the magnitudes of the increments
and tolerance used are sufficiently small to make the iteration errors secondary.
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The magnitude of error due to spatial discretization itself, is a function of time (or
pseudo time defined by the load history in static problems). The procedure usually
starts with the selection of a reasonable element distribution over the mesh . The
decision of remeshing while the non-linear computation is being curried out, requires an
important engineering judgement. An appropriate norm of variables must be devised
to monitor the accuracy of the solution helping to recognize the necessity of remeshing,.
The norm must be capable of describing the error and depending on the importance
and computation cost of the problem the desired bounds of permissible error itself may
vary.

Various measures of error are adapted by investigators. The majority use either the
L norm [6] of displacements or the energy norm [6, 8, 12]. Some however use local indi-
cators for refinement. Here local values of plastic strain (7] and more usefully gradients
(or curvatures) of total displacement [4, 5, 10, 11] have been used for this purpose . In
this paper we shall use energy norm in the same sense as in linear cases. As the recov-
ery based error estimates have proved to be the best in linear problems, we shall adapt
them in non-linear ones to construct the energy error norm. Obviously the performance
of the recovery method used plays a predominant role in the asymptotic exactness of
the error estimates and therefore we shall take the advantage of two recovery meth-
ods SPR (Superconvergent Patch Recovery [18]) and REP (Recovery by Equilibrium in
Patches [19, 20]) which have shown excellent performance in linear problems.

If the error is controlled up to nth increment, the procedure will reduce to control the
error occuring in the next increment. Therefore instead of defining the energy norm for
the whole process up to increment n we use an incremental energy norm. The procedure
will therefore be simply that of solving the non-linear problem with the old mesh for
increment n + 1 and checking the incremental energy norm. If the relative error exceeds
a prescribed limit, the analysis will be repeated for the same increment with a new mesh.
The new element sizes will be calculated by introducing a-priori assumptions about the
convergence rate and using the optimal mesh concept in which a uniform distribution
of error is considered for the new mesh configuration.

The history of the solution is usually stored at integration points and after generating
a new mesh, a corresponding history must be constructed for the new integration points.
Various transfer operators can be found in the literature [4, 7, 13]. The state variables
at the end of increment n satisfy the constitutive relations of material and the stresses
are in equilibrium state in finite element sense. However, there is no guarantee that
the new state variables satisfy such conditions. It seems to be impossible to satisfy
both consistency and equilibrium (in FEM sense) conditions on the new mesh. Here
engineering judgement is required for selection of one of these conditions. Satisfaction

of the consistency condition and the neglect of the equilibrium condition is, sometimes,
preferred (7, 13].

In this paper, after a brief overview of general formulation of plastic problems, we
explain the error norm used in error estimator. The problem of updating the state
variable will be discussed and here we shall introduce a new transfer operator through
which we transfer the information directly from old integration points to the new ones.
The authors have proposed in another paper [17] a procedure in which the SPR method
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is used to derive nodal values and to obtain integration values by interpolation but
occasionally the procedure appears to be divergent. Finally we shall conclude our paper
by some numerical examples of adaptive refinement.

2. GENERAL FORMULATION OF ELASTO-PLASTICITY [21]

For a brief review of general plasticity procedure, for infinitesimal deformation, we
start from the differential equilibrium equation as:

So=b in 1)

with & being Cauchy stress tensor. The constitutive equation results from the following
assumptions:

€u) = €+6 =310¢
o = De,
b, S§A(0F[00)

where u, ¢, €, € and D denote the displacement field, total strain, elastic strain,
plastic strain and elastic modulus of material, respectively, and X is a proportionality
parameter. Further, F represents the yield surface defined in terms of stresses and some
internal variables x (hardening etc) as:

F(o,x)=0 (2
The equilibrium equation (1) in the finite element sense is written as:
Y(u) = /;1 BTodQ-f=0 3)

Here B = SN where N is ‘shape’ function for u and f represents the nodal loads due
to the body forces b and tractions t as a vector. In incremental schemes for non-linear
problems, in which we define the loading incrementally, the above equation should be
satisfied in each increment:

Y(u) = /ﬂ B70,d0 —f, =0 (4)
where

£, = /n NTb,dQ + /F NTt,dT (5)
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Equation (4) together with the constitutive plastic relations must be satisfied simul-
taneously. This can be achieved by a Newton-Raphson iterative scheme within the load
increment writing:

o apd O}, < _
Y., + 35 sfu, =0 (6)
This leads to
/n BToidQ - f, + K.63. = 0 (1)

where i is the iteration number, 6@, denotes the incremental nodal displacements and
K! is an appropriate global tangent matrix evaluated from the application of constitu-
tive plastic relations:

K = /n BTD; BdQ )
The incremental nodal displacements can now be determined by:
S U )
from which the total displacement at increment i can be obtained as:

. " .
G, = Gin_1 + 3 60, (10)

=0
Having the former situations of history dependent parameters, such as stress compo-

nents and hardening parameters, and using the constitutive plastic relations leads to a
new set of values for the parameters:

(O rmde) = (aMsF) = DI (11)

By returning to Equation (7) the procedure will continue until reasonable convergence
is achieved.

The state of material at each integration point is recognized by using the incremental
stresses and hardening values in the yield surface relation:

F(oif', k1) <0 Elastic 12
F(oi', ki) > 0 Plastic (12)

At the start of each iteration new trial values for stresses are computed from the strain
changes assuming that the material is elastic:
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e - u value
v - p value

(a) (b)

Figure 1: Two triangular elements used in adaptive analyses with nearly incompressible
behaviour (a) T6/1 - quadratic displacement, constant pressure (b) T6/3B - quadratic
displacement using bubble function and linear discontinuous pressure field

o'l = 0! + D¢, (13)

Equation (13) is called the elastic predictor. If the material remains elastic the compu-
tation will be continued by restoring the new values of stresses and hardening values
and using the elastic modulus D! = D. But if the material is plastic a new set of
stresses and hardening parameters should be found so that the yield surface relation of
Equation (2), is satisfied.

A dimensionless norm of variables is usually selected as:

O i—-1 B

to terminate the Newton-Raphson iteration. If the tolerance £ is chosen to be very
small, the errors due to the linearization process will be negligible compared with the
error of discretization.

Recent advances in computational plasticity have led to a new algorithm for some
classes of flow rules such as Von Mises criterion, called return mapping algorithm [22}-
[23] (for Von Mises it is called radial return mapping). In this algorithm, after evaluating
elastic predictor, a new state of stresses is usually found on the yield surface by project-
ing the stresses from their new position along the unit normal to the surface. Based on
this new state of stresses an algorithmic elasto-plastic tangent modulus ” consistent tan-
gent modulus” is computed. The main advantage of the latter algorithm is the increase
of rate of convergence in the Newton-Raphson iteration.

The convergence of plasticity procedure is also affected by other factors such as the
possibility of incompressibility. For Von Mises criterion, when the material is fully
plastic, the behavior of the material is nearly incompressible. In such situations a
‘locking’ phenomenon may happen which can lead to divergence. There are several
remedies for solving problems near incompressibility. In this paper we have used the so
called ‘B-bar’ method [24, 25]. This is essentially a mixed procedure of analysis using
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as variables the displacement u and the mean stress (or pressure p) and is described
in some detail in text by Zienkiewicz and Taylor [21]. For success of the method only
certain forms of shape functions can be used. In the examples dealt with in the paper
two triangular elements shown in Figure 1 were used. These elements are introduced
and discussed in reference [26].

3. ERROR ESTIMATION AND ADAPTIVE REFINEMENT

In this section we shall explain the procedure of adaptive refinement in a typical
plasticity problem. The aim is to perform adaptive procedure incrementally refining
the mesh at any increment in which the error has exceeded a prescribed value, and to
continue the procedure without restarting from the first load step.

3.1. ERROR ESTIMATION

Several refinement criteria have been so far suggested. Two main categories can be
identified in literature for refinement criterion in non-linear adaptivity:

(1) Refinement criterion based on gradients (or curvature) of displacement. This kind
of criterion is usually used in localization problems [4, 5, 10] and can only indicate
the existence of error but not its magnitude.

(2) Refinement criterion based on evaluation of errors in each element. The error is
usually evaluated through computing an improved values of stress/strain (or other
parameters) by suitable recovery method in the manner described in Part I of this
paper.

In this paper we shall be exclusively concerned with error evaluation using recovery
procedures and thus using the second method of refinement. The concept of using
recovery procedures for error estimation was first introduced by Zienkiewicz and Zhu
in 1987 [27). In that paper simple stress averaging and L, projection were used as
recovery procedures. In non-linear application many authors followed precisely this early
approach. Belytschko and Tabbara [6] found the recovery by L; projection performing
well (though they also have shown that another recovery suggested by Daiz et al [28]).
Gallimard et ol [12] use an incremental form of error estimation and a recovery based
on achieving equilibrating stresses between elements [29).

Lee and Bathe [7] use a pointwise error in strains to guide the refinement and a
recovery procedure introduced by Hinton and Campbell [30].

In reference [8], Peric et al have used some element-wise error estimators based on
incremental energy norms though they also introduced an alternative norm based alone
on the elastic modulus(also see [14]). Here they compare the behavior of two classes of
material models, those of Classical plasticity and of Cosserat continuum. The improved
fields of stress or strains are computed by L, smoothing method (see [21]). It has been
concluded that the performance of the error estimators lies in the superconvergence
property of the recovery method.
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New methods of recovery such as the SPR procedure [18] and the REP procedure [19,
20] result, in linear cases, in much improved error estimation and their use for non-linear
problems of plasticity is made for the first time in this paper.

The error occurring in a typical increment will be measured by an energy norm defined
as:

1
lefl = [ [ Ite ~ on)T (8¢ - Aen)ia] (15)

In above ¢ and o} denote the exact and finite element stress fields, respectively.

This kind of norm may be considered as related to an average stress (or strain) error
over the domain. But what makes it attractive is that it also represents the accuracy of
the displacement field since energy can be considered as a product of the displacement
and applied force. Therefore energy error norm represents average error of displacements
at points with external forces (or average error of displacements over the whole domain
in the presence of body forces) or average error of reactions at points with prescribed
displacements.

In nth increment the above norm may be written as:

H
lell = [ [ 10 = 20,7 (Aen — A, )1 (16)
in which
AC" =€, — €1 Aeh" = e"n - e’lﬂ--l (17)

If we define also:
Ao, = Ao, — 04 Aoy, = Agy, — On,_, (18)

then using triangle inequality we have:

llell =< [ /n (On-1 — Ohosy)T (Db — Aeh")ldﬂ]% +
[ (a0, - Ban ) (8en - Aeh,_)ldQ]% (19)

The first conclusion of this decomposition is that in an efficient adaptive procedure
where we control the error up to time step n — 1, the difference between stress values
(0n-1 — Oh,_,) will be sufficiently small therefore the magnitude of ||e|| will mainly be
governed by the magnitude of the product of (A€, — Aes,) and (Ag, — Aoy,) which
belong to time step n.

The second conclusion from (19) is that in time step n the stress values from previous
steps act as constants and therefore , supposing that the order of solution is p and
a-priori assumptions for convergence of gradients in linear problems are valid for non-
linear ones, the convergence of the error norm will be:
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llell = O(k%) + O(k?) (20)

Therefore the convergence of the adaptive procedure will not be the same as that of
linear problems. This may affect the number of successive remeshing steps when we use
a-priori assumption of O(hP) for the convergence at element level.

Similarly to linear examples, since there is no information about the exact solution, an
improved stress and strain field can be used in the incremental energy error norm (16),
thus:

lell = He“ll = [ [ It ~ o) (86 ~ Aes,)ld2]* = [ 11l * (21)

In order to have a robust error estimate, we recover the stress and strain fields by use of
two recovery procedure, REP and SPR. For stress recovery we note that the information
is only available at integration points and therefore the REP which is insensitive to
the number of integration points can be used. The equilibration used in REP is very
consistent with the general procedure of plasticity. Since the procedure is based on a
patch-wise equilibrium, we can directly obtain the improved stress field o7 at the end
of time step n from the finite element answers oy, as:

BT, d0 BTo%d0
/n, O, N/n,, o, (22)

As we recommended elsewhere [20] the procedure can be performed component by
component:

T gh Tps T(1i\T i
/n’B cindﬂz/n,B o (/OPB (19) Pdn)a (23)

Here o , 0}, are components of stress vector o and a' is a vector of polynomial coeffi-
cients corresponding to the ith component of stress. The detail of minimization process
can be found in reference [20]. The nodal values obtained from this process will then
be interpolated to construct the new field of stresses in (21).

For strain recovery, the procedure of SPR can directly be used since derivatives of
displacement are available at any arbitrary point inside the elements including sampling
points. Thus a polynomial will be fit over the strain values at sampling points with a
least square sense for each component:

M=) (e —¢h) I — minimum (24)
and

€] = Pa; (25)
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Since we are dealing with incremental strains Ae the answer of smoothing process of
the previous increment step n — 1 needs to be stored at nodal points. To avoid this the
incremental values of strains can be directly smoothed.

Having found the incremental energy error norm (21) the relative error of the solution
can be obtained as:

. | !
7= ”‘;“ x100  E= | /n a‘TAe‘dQI (26)

In a successive mesh refinement within an increment, we seek to obtain an accuracy
better than a prescribed value i.e.:

n<7q (27)

The procedure of obtaining the refinement criterion follows exactly that used in linear
problem by assuming equal distribution of error over the elements:

Bew _ (F;E/N%)%

h"ld B “e‘”na

(28)

In which N is the number of elements in the old mesh. We note that here we again
assumed that the rate of convergence of ||e*||q, is p and this might affect the number of
remeshing,

3.2. DATA TRANSFER OPERATOR

3.2.1. GENERAL SURVEY OF PROCEDURE

Having computed the new element sizes, a new mesh is generated which can be
completely different from the old mesh. For such a mesh a set of new state variables
such as displacements, stresses and hardening parameters must be constructed for the
new mesh using the information from the old mesh. There are two kinds of state
variables; namely, those which are stored at nodes (i.e displacements) and those which
are stored at integration points (i.e stresses, etc).

For those state variables which are available at nodes a direct interpolation from the
old nodes to the new ones may be used. However, the transfer of information from old
Gauss points to the new ones is quite a challenging problem and has been addressed by
many authors [4, 7, 9, 13]. In most cases a new field of nodal values is constructed for a
particular variable (existing at Gauss points) after which a simple interpolation, similar
to those of the first kind, is followed. Here we shall briefly describe the methods used.

In reference [4] a so called consistent transfer operator, using appropriate Hu-Washizu
functional, is proposed. The method uses a discontinuous distribution of history depen-
dent parameters using local interpolation functions. These functions are chosen so that
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the interpolated field gives exactly the values at integration points. This can easily be
achieved by employing local shape functions having unit values at integration points. In
other words the method is based on interpolation of values at integration points when
the new Gauss points (of the new mesh) are inside the group of old Gauss points in a
particular element and extrapolating the values when the new Gauss point is outside
the group of old Gauss points (but not outside the old element) !. Therefore, clearly,
the discontinuity of the field along the boundaries of the elements makes some difficul-
ties for evaluating the values at those new Gauss points laying on the element edges.
To solve this problem a specific form of remeshing is used in which the old element is
divided into smaller elements so that the new Gauss points will always be inside the
group of old ones in the old element. It is also shown that, for displacements, the con-
sistency condition will be satisfied if the new displacement field is evaluated by simple
interpolation of the nodal values from the old mesh. The methodology for transferring
data from Gauss points fails when a general new mesh is used. In such a case a L,

projection of variables from old Gauss points to new ones is suggested to evaluate a set
of nodal values (viz {15, 16]).

The procedures used in references [7, 9] and [13] are very similar. In these approaches
first the history dependent values in the old mesh are projected to nodes. Then the
values at the new nodal points in the new mesh are computed by simple interpolation
of the old nodal value using the original shape-functions. Construction of the set of
nodal values in [7, 9] is performed by considering a patch of elements connected to
the node and projecting the variable using a least square scheme in a similar fashion
as SPR procedure from integration points (instead of sampling point in SPR). In [13]
also, a patch-wise computation of nodal values using average of extrapolated fields of
integration points, has been suggested. Similar to reference [4] the new displacement
field is evaluated by interpolation of the values from the old nodes to the new ones. In
order to have self-consistent parameters, in reference [7], only few parameters are first
transferred. The remaining part of these parameters is computed from the constitutive
relation. For example for J, materials only effective plastic strain e, and the trial elastic
deformation gradients ¢ are transferred to the new mesh. The same discussion has been
made in [13) but instead of transferring trial elastic deformation gradients to the new
mesh, the transferred values of the displacements at the end of load step n in the old
mesh is considered as a trial solution of the new mesh for this load step.

There can be an argument about the necessity of self-consistency of the history depen-
dent parameters in the last two approaches. The reader can notice that by transferring
the information to nodes and recalculating them at the new Gauss points the equilib-
rium of the system will be violated. In fact even if the mesh is not changed the above
procedure will violate the equilibrium of the system. This can easily be observed by
performing the procedure in a single mesh while the material is still elastic. Such a
procedure, indeed, has been suggested to improve the finite element answers in elastic
problems by Loubignac et al [31].

In another paper [17] the authors have used the SPR procedure to obtain nodal

1In this method the stress field resulting from this interpolation will be exactly the same as the
conventional stress distribution if the element remains elastic.
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stresses before interpolating these to new Gauss points. If this is practiced at every step
of the iteration, we recover an SPR-version of the Loubignac method. Unfortunately
the process is not always convergent and for this reason we have adapted here the direct
transfer (Gauss point of the old mesh to the Gauss points of the new mesh).

In L, form of projection of data to nodes, since the integration is taken over the
whole domain, the information in a small area will spread over a comparatively larger
zone. This effect is smaller for patch-wise approaches. For example if only one Gauss
point in the patch becomes plastic, after smoothing, the information will be projected
to the patch node and by interpolation of such value the whole patch area will receive
a fraction of information of the Gauss point. In the following section a weighted form
of the patch-wise approach will be introduced by which we can directly transfer the
information from old Gauss points to the new one and since the weight is considered
over the area of each Gauss point the data will not spread over a large area.

In summary in this paper we shall use:
a - a direct interpolation of variables available at nodes using interpolation basis:
Unew = Nﬁold (29)

b - a direct Gauss point to Gauss point transfer operator described in the next
section for information at integration points.

8.2.2. DIRECT GAUSS POINT TO GAUSS POINT TRANSFER OPERA-
TOR

In this section we shall propose a suitable scheme which does not need nodes as
reference points but still uses them for assembling the patches. We shall try to obtain
a continuous field of parameters with the values at the integration points sufficiently
close to the original ones. Therefore the produced continuous field of parameters will
satisfy the properties proposed in [4].

The idea is very simple and is based on using some appropriate weight functions in
passing polynomials over the integration points. Although we do not evaluate the nodal
values, we use these points to construct the patches. For this, we use all nodal points
and in addition to corner nodes, in quadratic elements for example, the edge nodes and
central nodes will be used. Typical forms of such patches for nine node elements are
shown in Figure 2.

For simplicity we use ¢ as a representative of history dependent parameters. The
process of evaluating a continuous field of o is similar to what we had before but with
a small difference. In order to recover the values at integration points close enough
to their original former values, we shall use an appropriate weight function inside the
minimization process:

I=) &(c* - 0> o* =Pa (30)
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Figure 2: Typical patches required in direct Gauss point to Gauss point transfer operator
(a) patch for corner nodes (b) patch for edge nodes (c) patch for inside nodes.

The weight function @& is such that it has a comparatively large value at the points
near the patch node (where the patch is assembled). For this we define a normalized
continuous weight function for each patch node having unit value near the patch node
and very small value elsewhere. To construct such function we allocate a part of element
area to each Gauss point so that @ = 1 at the position of Gauss point. The area allocated
to the Gauss point can be determined according to the weight of the Gauss point in
numerical integration process.

Having such weight function, we minimize IT with respect to a:

D =0 (31)

which leads to a system of equation with series of unknowns as a. Having solved this
system of equation, the new distribution of the parameter can be determined as o* = Pa
which is suitable for points very close to the patch node.

Now we assume that the new Gauss point is inside element number i. The above
mentioned procedure can be performed for all nodes of the element. Therefore we need
to determine the local relative position of the new Gauss point to all other old Gauss
points inside the element in order to recognize which one of these patches are suitable
for computing the new Gauss point value. This seems to be impractical for an adaptive
procedure in which we need to perform the transfer procedure for many times. However
there is a simple solution for this problem. Suppose that for each node j of the element
(element i) we have a set of unknown coefficients a; which can define the variation of
the parameter near node j, namely:

U; = Pa,- (32)

The value at the new Gauss point 6 can be evaluated by a weight form of averaging:
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Figure 3: The allocated areas to Gauss points (according to their weights) for different
elements. (a) quadratic triangles elements a = 0.234469341. (b) quadratic quadrilateral
elements b = 0.555555556. (c) linear quadrilateral elements

N N
G wj) = Y wi; (33)

=1 j=1

or:
N N
o= (Z; wjff})/(; w;) (34)

Here N is the number of nodes of the element and w; is associated weight function
of node j varying smoothly from w; = 0, for points far from the node, to w; ~ 1 for
points close to the node. Generally this weight w; can be different from & used in
Equation (30). But we can use:

@ = max(e,w) (35)

with ¢ being very small value (¢ << 1). Using & as Equation (35) in minimization
process of (31) gives the opportunity of using all Gauss points in the patch when w =0
for some of them.

The allocated areas of different integration points, according to their weights, for
some elements widely used in plasticity are shown in Figure 3. Here we introduce these
weight functions at element level for various forms of elements:

(a) For bilinear elements:

w = ¢1(£+1,0,1,0,n).¢1(r)+1,0,1,0,n)
Wy = ¢2(£ +1,0, 1,0’"')'¢l(77 +1,0, lio’n) (36)
w3 = ¢2(§+1,0,1,0,n).¢2(17+1,0,1,0,n)
Wy = ¢1(6 + 1,0, 1,0,ﬂ).¢2(7] + 1,0, 1,0,1’1)
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Here ¢, 7 are normalizes coordinates. Node numbering begins from{ = —1,9 = -1
with anti-clockwise direction and:

{ #1(é0, M0, A, 1y 1) 3A+x) if 200+ pno) -6 >0

(37)

$1(os 0, Ay pym) = 0 if 2(A+pn)—£§<0
{ $2(bo,mo, A pm) = F(1—x) if 2(A+pn) -6 20 -
38

é2(os 0, A pym) = 1 if 2(A+pn)—6<0

in which
w§ n, A\

= 80 ___"s0

X(£01’701’\’I‘an) - 39n(cos (2(A + ’"’0))) lCOS (2()‘ + /‘"70)) (39)

(b) For biquadratic elements:

w = ¢(€+1,0,a,0,n).¢:(n+1,0,0,0,n)

w2 = ¢l(|£|10’ ﬂ10sn)-¢l(’7 + l,O,a,O,n)

w3y = ¢1(1 -§,0,0,0, n)-¢1(’7 +1,0,¢q, Osn)

Wy = ¢1(1 -£,0, 0,0,")-¢1(|'7|, 0, ﬂ)ovn)

ws = ¢(1-¢0,0,0,n).4:1(1 —-1,0,0,0,n) (40)
wg = ¢1(|£"01ﬂ,0;n)-¢1(1 - 17,0,(!,0,11,)

wr = ${{+1,0,0,0,n).¢:(1 —1,0,0,0,n)

wg = ¢l(£ +1,0,0,0, n)-¢l(|”'v0,ﬂ1 0, n)

wg = ¢1(|€|!0’ ﬂao’n)"ﬁl(lﬂ'so’ ﬂ’oin)

Where a = 0.555555556, 8 = 1 — a. Here again node numbering begins from §{ = —1,9 = -
with anti-clockwise direction. Functions ¢;, ¢,, .. are similar to case (a).

(¢) For quadratic triangular elements:

w = ¢1(§,T],7,0,ﬂ)-¢1(17,€,‘7,0,‘n)
P = ¢l(’7)(1 a, ﬂ)n)°¢2(C’ fa a, ﬂan)
g2 = ¢2(E’ ﬂ)aioin)'¢2(<'1 7, aio,n)
w2 = 2.}

Wz = ¢1(Ca’717’0)"‘)’¢1("7C)710,n)
P = ¢l(<$ ¢ a, ﬂan)'¢2(fan’aa ﬂ’n) (41)
q4 = ¢2(’7,C7a70) n)-¢2(§a (,a,O,n)
Ws = P4sQ4

ws = ¢1(£7(1 1,0, n)'¢l((a£v T 0,1’1)
Ps = ¢1(f,'l,0,ﬁ,")-¢2(m(,a, ﬂ’n)
g = ¢2(C3£1as O,n).d)_z(n,f,a,o,n)
we = Pe-96
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(a) (b)

(e)

Figure 4: Variation of suggested weight functions at element level in direct Gauss point
to Gauss points data transfer for corner and edge nodes of quadratic triangular elements.
(a)/(c)/(e) Weight functions with n=1, (b)/(d)/(f) Weight functions with n=10.
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Figure 5: Variation of suggested weight functions at element level in direct Gauss point to
Gauss points data transfer for corner, edge, and middle nodes of quadratic quadrilateral
elements. (a)/(c)/(e) Weight functions with n=1, (b)/(d)/(f) Weight functions with n=10.
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&
N

(b)

Figure 6: The allocated area to each nodal point (a) typical patches on corner nodes (b)
typical patches on edge nodes.

Where a = 0.5,8 = —0.5,7 = 0.234469341 and ( =1 — £ — . Here £,n and { are
area coordinates and node numbering begins from ¢ = 0,1 = 0 with anti-clockwise
direction. Functions ¢;, ¢;, .. are similar to case (a).

Figures (4) to (5) show the variation of proposed weight functions for different ele-
ments.

It should be mentioned that there is no need of special treatment for boundary patches
and they can consist of even one element. To balance the number of unknowns and
equations in (39), the polynomial order can be chosen automatically so that the number
of coefficients in the polynomial is always less than that of elements times the number

of Gauss points 2. However, in order to have a cheap operator linear polynomial may
be used.

One important point should be mentioned here is that, according to Equation (34)
evaluation of information at each new Gauss point needs an averaging process for values
from the patches made by all nodes of the old mesh. To avoid repetition of the least
square procedure for a node, since there may be several new Gauss points inside a
particular element, a three step procedure can be followed:

1 - Using an efficient search algorithm, the old element containing a new Gauss point
is identified and the local coordinates of the point are computed. This must be
performed for all Gauss points so that at the end of this step those new Gauss
points falling inside a particular element are identified (and visa versa).

2Some additional points can be considered in each element in order to use a high order polynomial in
the least square procedure. In this case the corresponding information of the new point can be obtained
by a simple relation as (34) with N being the number of Gauss points in the element.
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The reader will notice that, in the case that the new element size is less than (or
nearly equal to) the old element size, by identifying the old element of the first
Gauss point of the new element, the procedure for the rest of the Gauss points
becomes quite fast and the search needs only to be performed on old elements
connected to the first element.

- The least square procedure of (30) and (31) is performed for all nodes of the
old mesh and the contribution of each node to the new Gauss points inside the
elements connected to the node is computed for both weight w; and the state
variable w;o} (viz Equation (33)) and added to the current values.

- The values stored at Gauss points are divided by the corresponding summation
of the weights for all new Gauss points (Equation (33)).

In the following section we briefly explain the procedure of element identification (the
first step) for a new node or Gauss point.

3.2.3. ELEMENT IDENTIFICATION

Supposing that the local position of a point with global coordinate X, = [zp, yp|T is
required to be determined in an old mesh, a simple two step scheme can be employed

as:

1-

We find the closest node to the point in the old mesh and consider all elements
connected to the node (the efficient algorithm will be reported in the future pub-
lication).

By an inverse mapping we find the local coordinates of the point in each element.
The search for the element will stop when the local coordinates of the point are
within an appropriate range (for instance in quadrilateral elements this range is
[~1,1] and in triangular elements [0, 1]). The inverse mapping is very simple and,
except for triangular elements with straight edges, the local coordinates can be
found through a small Newton-Raphson iteration. For this, in each element, we
write;

G= X,, - ZN.’X,‘ =0 (42)

Where N are interpolation functions in terms of local coordinates ¢ and 5. We

can start from ¢ = 0 and 5 = 0 and write linearized form of Equation (42) for kth
iteration as:

8G
G=Gi+ [E;L.sx,, =0 (43)

or:
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New mosh

to the new coe had

Figure 7: The position of each new node is determined in the old mesh by finding the
nearest old node and using inverse mapping to calculate the local coordinates of the point
in the elements connected to the old node.

G=Gr+Jbxy =0 (44)

with x = [£,7]T and J being the well known Jacobian matrix in the FEM formu-
lation. Solving for x gives:

6x; = 371Gy (45)

Now the local coordinates can be computed as:

X = z 6xk (46)

Once the local position of the point is obtained the data can be transferred either by

interpolation functions, for nodal values, or direct Gauss point to Gauss point operator
described in Section 3.2.1.

3.2.4. THE STEP BY STEP ADAPTIVE PROCEDURE

Here we give the general form of step by step adaptive procedure in a typical non-
linear analysis.

We consider a generic load step as step number n:

1 - At the end of the step, the continuous fields of stresses & and incremental stress
Ace are evaluated using the REP and SPR procedures, respectively.

2 - The incremental error is computed by Equation (21) for all elements as well as
the whole domain.

3 - If the error is within a prescribed limit, the non-linear analysis will be continued
for the next increment.
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4 - If the error exceeds a prescribed limit then;

4-a

4-b

4-c
4-d

4-f

new mesh sizes are evaluated by relation (28) at each vertex of the old mesh
and

all state variables for increment n — 1 at nodes and integration points are
stored as a reference values for subsequent remeshings,

a new mesh will be generated by the new size of elements available at nodes,

the information at old nodes and Gauss points are transferred to the new
ones by the described procedure in the preceding sections,

the new mesh and the new information are considered as the starting point of
increment n and therefore the corresponding non-linear analysis is performed
on the new mesh.

In order to reduce the effect of data transfer operator on the incremental error
(note that Ae = B[u,—u,_;] and that u,,_; has already been transferred from
the old mesh to the new one), the new increment can be divided into two
parts and the error can be evaluated for the second part. This can be done by
dividing the load increment éf, to aéf, and (1—a)éf,. If @ is considered to be
zero (a = 0) the procedure will convert to equilibration of the state variables
at the beginning of the load step (after transferring the data) resulting to a
new state of these variables which not only satisfy the equilibrium condition
but also the constitutive relations.

If the error at the end of the nth step, for the new mesh, is less than the
prescribed limit, the non-linear analysis will be continued for the next incre-
ment, otherwise the procedure will be repeated from 4-c noting that the new
state variables can be transferred from the first old mesh (the state variable
of which was stored in stage 4-b).

In the following section some numerical examples, solved by above procedure, are

presented.

3.3. NUMERICAL EXAMPLES OF ADAPTIVE REFINEMENT

Ezample 1 A perforated tensile specimen with displacement control is considered as an
example. The problem and the material properties are shown in Figure 8. A compara-
tively fine mesh with quadratic elements has been used as a benchmark and plays the
role of exact solution. In order to study the discretization errors and reduce the effect
of errors due to magnitude of the increments, in both fine solution and adaptive ones,
identical load steps are used.

Assuming that the reactions obtained by the solution of the fine mesh are very close
to exact ones, exact incremental energy error can be obtained as:

eer = (|PR6

(47)

1 Cer P - pP"
—-P"él)? Nez = T = (' |)
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Figure 8: A tensile specimen and the mesh used for so called exact solution.

in which P, P" and § are exact reaction (from the fine mesh), approximate reaction
(from a typical mesh in adaptive procedure) and the corresponding deformation at an
instant during the increment n, respectively. For convenience the reactions at the end
of increment can be used to achieve a rough measure of the exact error.

Figures and 10 demonstrate the adaptive error control procedure starting from a
very coarse mesh. In both figures quadratic triangular elements are used and the aim
of the adaptive procedures is to achieve 5% relative incremental error. After each step
of remeshing the data have been transferred from the old mesh to the new one. These
two figures clearly show success of the suggested methodology.

The main difference between Figure and 10 is the number of pressure variables in
the plastic solution. In Figure , six node elements (p = 2) with one pressure variable
are used. Although the elements are quadratic, the behavior is vary similar to linear
elements and this, of course, affects the rate of convergence in the adaptive solution.
In Figure , six node elements with three pressure variables and bubble function are
used. The effect of the number of pressure variables, for those problems that locking
phenomenon is predominant, can be considered in the refinement criterion (28) by an
engineering judgement.

Ezample 2 The second example is a slope carrying a rigid foothing with a point load and
solved by assuming the plane strain condition. The geometry and material properties are
shown in Figure 11. The point load is in fact induced by vertical control of displacement
of the footing. The elasticity modulus of the footing is considered to be 100 times as
much as that of the slope. Forty equal displacement steps are considered to achieve the
maximum displacement u = 1.0 at the restrained point on the footing. Plastic solution
of a very fine mesh with 1080 quadratic (9 node) elements and 4455 node is considered
as a benchmark for the comparisons.

Figure 12 shows the result of the proposed adaptive procedure starting from a very
- coarse mesh (Mesh A). The aim of this adaptive analysis is to achieve less than 15%



404

T
1 :Mesh A --> Mesh B
2 :Mesh B —>Mesh C

3 :Mesh C > Mesh D —->Mesh E

JEEE
N

5678

4

3

5 : Mesh F > Mesh G --> Mesh H

6 :Mesh H ~>Mesh [
7 :Mesh I--> MeshJ

8 :Mesh J-->MeshK

1
0.01

1
02

0

0

Displacement

AVAVAVAVAVAVAY, %
‘“wg“m""_‘db 2|

AVAV
IO

GTAVLVLY,
LRSS

YAVA

\/ K

VAVAVAVAVAVA v, TaVAVAVAT T
TANAYAVAVAVAT, WA VAVATA va_-a

SVAVAVAYAYAYAVAVAYAYA (v .

Figure 9: Variation of relative incremental energy
error in an adaptive analysis with step by step

remeshing aiming at 5 % relative error. Quadratic

triangular elements with one pressure variable

(T6/1) are used.
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Figure 10: Variation of relative incremental energy error in an adaptive analysis with
step by step remeshing aiming at 5 % relative error. Quadratic triangular elements with
bubble function and three pressure variables (T6/3B) are used.
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Figure 11: Geometry and material properties of an elasto-plastic slope.

incremental energy error in order to have less than 2.5% error in ultimate load. However,
because of the singularity at the corner of the footing, in the first few steps we aimed
at 5% energy error in order to localize the singularity effect. The plastic behaviour
starts from the first load step in a very small area around the singular point. Meshes
B to H shown in this figure are the representatives of the meshes used in the adaptive
analysis. The figure also demonstrates the behaviour of the coarse and the fine meshes
in a simple plastic solution without adaptive procedure. As expected, the solution of
the coarse mesh shows a very stiff behaviour. Although the fine mesh with nine node
elements shows a much improved behaviour, it can be seen that this mesh is not an
optimal mesh and the solution obtained cannot be considered as an exact solution. The
problem is solved again from the first load step using the last mesh (named as ’Optimal
Mesh’) to assess the final results of the adaptive procedure. It can be seen that this
mesh shows even better behaviour than the fine mesh though the number of degrees
of freedom is less. Comparison of P — § diagram of the ’Optimal mesh’ and that of

the adaptive analysis clearly show an excellent performance of the proposed adaptive
procedure.

4. CONCLUSION

In this paper we have presented, in detail, an adaptive procedure suitable for non-
linear elasto-plastic problems using recovery techniques as both error estimation and
transfer operator. Although the procedure has been described for plasticity problems,
it can be used in general non-linear problems.

An incremental energy error norm has been employed to estimate the error. In prin-
ciple, the procedure follows the same steps as linear cases described in Part I of this
paper. In this way two recovery methods, the REP and SPR, are used to recover the
total stresses and incremental strains used in the error definition, respectively. These
two recovery methods are proved to be most robust in linear cases.

The problem of transfer of data from the old mesh to the new mesh has been also
addressed in this paper and a new transfer operator using weighted form of least square
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Figure 12: P — § diagram of elasto-plastic slope aiming at 2.5 % error in ultimate load
(15% incremental energy error)using quadratic triangular elements (T6/3B); Mesh A:
u = 0.0 (coarse mesh), Mesh B: u = 0.025, Mesh C: u = 0.15, Mesh D: u = 0.3, Mesh E:
u = 0.45, Mesh F: u = 0.6, Mesh G: u = 0.75, Mesh H: u = 0.9. The last mesh (Mesh
H named as 'Optimal Mesh’) is used for the solution of the problem from the first load
step without further refinement. The Fine structured mesh of Fig. 11 consists of 1080
quadratic (9 node) elements with 4455 nodes.
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procedure, in the same sense as the recovery procedure, has been suggested. The weight
functions are defined at element level for each Gauss point according to the weight of
the Gauss point in the numerical integration process. This makes the procedure capable
of transferring the information directly from old Gauss points to the new ones. The
main advantage of this method is that it prevents the spread of the local information
over a large area when several remeshing is required in the adaptive analysis. In order
to use such data transfer operator, compatible algorithms for element identification and
inverse mapping have been explained.

Performance of the combination of all suggested procedures has been demonstrated on
two elasto-plastic problems from which excellent results have been obtained indicating
the high efficiency of the procedure.
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SUMMARY

In 3-D finite element analyses, error estimation and mesh adaptation are absolutely necessary
to warranty the reliability and the quality of the results. To achieve this goal, suitable error
estimators have to be developed. They must be able to provide a good a posteriori estimation
of the obtained precision for any kind of models, especially for 3-D structures involving both
solid parts and thin regions where the mesh in very coarse in one direction. New techniques
have been developed to fulfil these requirements.

1. BASIC METHOD

The first step in the estimation of the precision of a finite element method solution is
generally to build a comparison stress field that will be assimilated to the exact one. According
to the name given in one of the standard techniques of recovering this field, we will call it the
smoothed stress field. The most difficult step of the whole procedure is to obtain a sufficiently
good smoothed stress field. For displacement models, the stress components should be
continuous and satisfy the equilibrium equations. Focusing the recovering procedure on the
second condition we obtain a first family of estimators like the models developed in Cachan
{1-2], or on the first condition, and we obtain a S.P.R. like formulation [3]. Recently, two
attempts have been performed in order to base the stress recovering on both methods. Their
names are respectively R.E.P. (Recovering by Equilibrium in Patches {4]), and LP.R. (in
french recovering by weighted integration {5]).

In this method, some of the weighted equilibrium equations present in a kinematically
admissible model and applied to the finite element stresses are used to project the smoothed
stress field on the F.E.M. stress field. The idea is to force this smoothed stress field to respect
the equilibrium equations in a weak sense. In particular situations such as uniform rectangular
first degree meshes, this method is identical to the S.P.R. method where smoothed and F.E.M.
fields are identified at the superconvergent points.

This new method can be seen as a generalization of the S.P.R. one, but with the fundamentai
advantage that it can be applied to any displacement model. In the begin of the finite element
software development it was proposed in many programs to use mean values for element
stresses. The use of other averages was proposed later [6], but only for postprocessing
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purposes and with the drawback that this procedure was increasing the difficulty of interpreting
higher order stress averages. The main interest of the new method is to apply this concept for
building the smoothed stress field directly on a patch so as to transform averages into local
values easier to process later.

Tests performed in 2-D [4] and in 3-D [5, 7] show that the new method is very efficient
when it works inside the domain but that it must still be improved close to the boundaries of
the model or when the structure is very thin.

The extension of the method toward the loaded boundaries is rather obvious if we apply the
same idea of making equal weighted averages of applied surfaces traction and of the smoothed
stress field. Here the weight functions are the displacement shape functions used for defining
the generalized forces. With respect to method [1], the main advantage of this procedure is
that it can deal with any kind of boundary condition on surface traction.

The second ingredient of the procedure is now classical, it consists in choosing suitable
patches centred either on nodes or on elements. Some strategies have been set up to have a
good compromise between quality and computing cost. The last step is not dependent of the
recovering procedure, standard techniques are used to compute the energy norm of the error,
the convergence rate of the solution and finally to adapt the mesh [8]. The described methods
have been implemented in a finite element method postprocessor and tested in 3-D [7].

2. BACKGROUND

The main advantage of the finite element method is its ability to model a wide variety of
structures or components and to adapt easily to any particular situation. With the development
of efficient algorithms to compute the solution of linear or non linear systems of equations,
the method is virtually able to solve any engineering problem in the field of structural
mechanics.

However, the counterpart is the tedious and very time consuming task for defining the input
of the model and analyzing the output of the simulation. When the finite element model is
very small, an interesting but difficult study of the model before and after process, aided by
some engineer judgment, coming from experience, makes possible a very fruitful
understanding of the behaviour of the structure and should the mesh be coarse or not, it is
possible to obtain useful results.

Today, because of the still increasing power of the computers there is no difficulty to handie
very fine meshes, but the problem is to generate these models and to interpret the results.

2.1. Modelling step

For the step of generation, if the designer is concerned with the analysis of homogeneous
and regular domains, he can use automatic mesh generation algorithms and obtain very easily
a refined mesh. These programs are efficient and reliable in 2-D and they also become
sufficiently robust to generate 3-D models.

But the modelling of an object still remains difficult if we must analyze complex structures
involving different components with sophisticated joins. Here, specific tools are necessary,
they must be able not only to perform the job automatically but also to help the user to check
that the mesh fulfil the basic requirements of the finite element theory.

Many research teams and software companies are trying to identify rules and develop new
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programs involving as basic tools, classical mesh generation but also C.A.D. mechanisms able
to simplify the geometry, to remove details and to check that the essential characteristics of
the structure are preserved: mainly the global stiffness, the total mass and their distribution in
the whole structure.

The idea is to make sure that the forces are acting in the model in the same way that in the
true object and that a first analysis will provide sufficiently reliable results in the local
components so as to allow detailed analyses. These complementary simulations have to be
made in order to give the information necessary to design or to optimize the small parts of the
structure and to eventually detect local accidents that can produce structural damages.

All these developments are assumed to replace or to help the engineer skills in order to
produce a suitable analysis model.

2.2. Analysis step

The second difficulty that has to be overcome by using fine meshes is the interpretation of
the results and the identification of important information coming from the model.

The recent developments of computer graphics tools help to produce easily and quickly high
quality graphics of the output. Many techniques are available to represent all the state variables
of the problem, mainly in mechanical engineering: displacement, strains, stresses or equivalent
variables. This postprocessing step can however be dangerous because it implicitly involves
some transformation of the output, like smoothing, mapping of values into colours, etc.

The designer must then absolutely know, not only how the finite element model was built
and how is working the finite element package, but he also must know what type of
postprocessing was used to lead to the final results.

And finally he must know what is the reliability of the results and what is the influence of
the initial hypotheses made on the model.

It is important at this step to note that when using very simple model, it is easy to repeat
analyses, to make small modifications or to test variants of the model. These actions are giving
to the user some feedback of the numerical simulation and help him to better know the
behaviour of the model. It is the reason why it was possible to obtain useful results with very
coarse meshes twenty years ago. At that time, when simulating some mechanical behaviour
with a finite element model some effort was made to interpret the results, a very coarse mesh
was sufficient and its reliability was strongly depending on the link between modelling
hypotheses and interpretation rules.

With very large models this method is no more usable, because with a big amount of output,
it is impossible to compare the results and to make a synthesis of the modelling and analysis
processes. If we try to make both aspects independent we have to control the quality of the
mesh. It means that we have to know the error coming from the discretization.

For this reason, some new formulations or new kind of analyses are necessary. To be useful
they must reproduce the quality of the information provided by the previous simple models.
These new requirements can be easily summarized; the first important aspect, is to know the
influence of a component or of an hypothesis on the global response: this is a sensitivity
analysis. It helps to check the validity of modelling hypotheses, for example how to represent
a fixation, how to represent a join between two components. The second aspect is the control
of the finite element mesh: it is the main concern of this presentation.

When a measure of the error is available different strategies can be used: either we use this
information to give safety margins, either we try to improve the model so as to reach a given
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level of precision. It will be the second part of the presentation: mesh adaptation. This step
is important not only because it allows to improve the results but also because it gives the
possibility to save computation time.

3. ERROR ESTIMATION

We assume that the mechanical model is convenient and that the error of the solution is only
due to the imperfection of the finite element mesh.

To compute the error, the only way is to compare the results with something else.

The ideal but rarely found situation is to compare with the exact solution. Its existence can
help to find good criteria to quantify the error of the approximate solution.

The second method is to compare with another finite element model. Happily, the method
itself is providing good rules to indicate how to built the second model.

We have basically two possibilities either we build the second model with completely
different hypotheses, for example equilibrium model if the first one is a displacement model.
The second possibility is to use the convergence property of the method: if we refine a given
finite element model or if we increase the degree of the elements, the solution is improved.

In some way it is necessary to define a distance between the two fields (approximate and
exact). A norm has to be used and the most practical one, at least in linear elasticity, seems
to be the energy norm of the error. It can be computed at the element level and by adding all
the contributions, at the structure level. This method provides a single value that quantify the
precision of the solution and allow comparisons between different approximations.

Now if we have two finite element models, we can compute the "distance" between them
that is assumed to be a good image of the error. The energy norm of the error field is
computed from the difference between the finite element stress and the stress produced by the
second analysis.

3.1. Global analyses

In order to compute a second model, let us first compare the solution with the same mesh

using a different model. The first proposed method was the so-called dual analysis [9]. It

- offers three advantages, first the same mesh can be used, secondly this model gives an upper
bound on the global error and finally, dual analysis helps to understand the mechanism of the
modelling process.

In some situations, the drawback is that it is not obvious to reformulate an equivalent
problem with statically admissible elements. The reason is that these models accept only the
loads defined inside the model, generally, constant or first and second degree polynomials. But
they are more flexible with respect to the displacements boundary conditions even if this
situation is less frequent in most engineering problems and if concentrated fixations are not
allowed. Finally it is also observed that it is difficult to build 3-D equilibrium models.

The second method to compare finite element solutions is to introduce a more refined model
either with more elements (h-extension) or with higher degrees (p-extension). With this second
finite element model it is possible to compute a convergence rate and to extrapolate the
solution to get a better approximation of the exact one.

A very efficient method often used in p-methods consists in using three levels of
approximations (same mesh with three different degrees) and to perform a Richardson
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extrapolation [10]. Another method mainly used in h-extension consists in taking into account
the results of this comparison to guide the procedure towards more suitable meshes.

3.2. Local analyses

For all the previous methods it is necessary to perform a second finite element analysis. So
the idea is to get the results of a comparison mesh without performing a full second analysis.
Several procedures are available, all the methods try to perform a local analysis that is giving
a good approximation of what should be the second analysis.

The basic idea is to work in a region or a patch. the most simple patches are composed of
all the elements surrounding a node or an element. Some smoothing is performed at this level
in order to obtain in the central node or in the central element more information about the
higher order derivatives of the field. Basically knowing the linear displacement field of two
1-D element sharing a node, it is possible to compute the first derivative at the node by
interpolating the slopes.

Coming back to the method [1], it is also possible to perform a local dual analysis, for
instance to build a local equilibrium field.

Independently of the chosen method, the new comparison field has to fulfil two
requirements: first, the comparison field must correspond to the finite element solution, it is
the prolongation condition [1], and secondly, it must be close to the exact solution, so it must
avoid at least one of the two defaults and hopefully both of the finite element solution, lack
of continuity and lack of equilibrium.

To conform to the finite element solution, one can try to match directly to local values of
stresses (S.P.R. method) or we can find a stress field that satisfy the surface traction applied
to the patch. Another possibility that will be explored in the following consists in respecting
the level of the generalized stresses conjugated to the deformation modes and balanced by the
generalized forces. This last procedure conforms perfectly with the finite element method
philosophy.

4. STRESS INTERPRETATION

4.1. Energy conjugate stresses
When the body forces are not taken into account, the displacement models are derived from
the minimum total energy principle:

5(U+P)=6(%erHe,,-f;—TuhdI‘)=0 )
Q by

¢

where:
U is the strain energy,
P is the potential energy (here, the body forces are not considered),

g, is the column vector of the strain components,
H is a symmetric matrix of elastic coefficients,

t is the column vector of surface traction on T,
u, is the displacement vector,
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T, is the part of the boundary where surface traction is prescribed.

The superscript T denotes transposition and the bar prescribed values.
The displacement field in the finite element is discretized in the form

u, =Wgq v)]
where W is the matrix of assumed shape functions and q represents the discrete nodal values

of this displacement. The column vector of the strain tensor components is then expressed in
terms of generalized displacements by

e,=0Wgq=Bgq 3

the stress vector,

o,=He,=HBg )

The strain energy becomes:

U=1[q"B"HBqd=1q"Kgq )
Q

where K is the stiffness matrix. The virtual work (V.W.) is expressed in terms of the
prescribed surface traction by:

VW.= [u/tdl = [qTWT2dl' - q7 ¢ ©6)
T T

t 13
It allows to define the generalized forces

g=fWT§dl" )
T,

conjugated to the displacement modes q.
Expressed in terms of weighted averages it gives by (7) and (4), the equilibrium relations
between stresses and surface traction modes:

[wTtds = [ BT o, dr ®
T, Q

This can be expressed in terms of the generalized displacements in the following way. By
(5) and (6), the principle (1) becomes
S(U+P) =5 (%qTKq - ng) ©)

and after variation of the parameters q, we obtain the well known relations



419

g=Kgq (10)

equivalent to the equilibrium equations (8).

4.2. Practical signification of the energy conjugate stresses

For all the elements which pass the patch test [11], a sufficient condition for convergence
is the existence of constant deformation modes. Their shape function are equal to 1 and
amongst the weighted average stresses we find the simple averages of the stresses or of ‘their
linear combinations. The simplest models like linear membrane triangles provide only these
averages. In more sophisticated models, higher order averages are not easily interpreted.

Instead of analyzing the properties of the full set of energy conjugate stresses, we can make
some observations on the simple stress averages. '

First, their definition is very general and allows to use the same procedure for all the types
of elements. Secondly, their computation is cheap because they form a sub-product of the
computation of the stiffness matrix. Thirdly they satisfy always the equilibrium equations in
the mean sense of relation (8).

However some difficulties remain unsolved; first we cannot get useful information on the
boundary of the element and secondly, as the interpretation of higher order conjugate stresses
is more difficult, only the simple averages are of direct use.

4.3. Interpretation of the generalized forces

The generalized forces constitute also a special stress output. They are related to the stresses
by relations (7) and (8) and can be directly computed from the displacements by relations (10).
It is important to note that they are a natural direct output of the computation. They are not
independent because they verify the global equilibrium equations of the element. It is well
known that the generalized forces are very useful to check the global equilibrium of the
structure or to find the loads which are transmitted from a substructure to another.

However at the element level their interpretation is more difficult due to the presence of the
corner loads for which it is impossible to separate as seen in expression (7) the effects of the
surface traction modes of the edges adjacent to the corner.

For elements of higher degree (2 or more), the interface loads come only from interface
surface traction contribution. With a mixed formulation, it is possible to change the connector
- which is the displacement associated to this load into a equilibrium connector which will
provide an easier interpretation of the surface traction [11]. The procedure will consist in
building a particular hybrid model [12].

For this purpose the principle (1) is modified by relaxing the compatibility condition on the
interface T',. The new principle is written:

(% [eTHeda - [iTudr - [T u-0) dl‘] a1
0 T, T, -

The Lagrange multipliers t are easily identified as the surface traction. Nov the discretized
fields are u in the volume and on the boundary T, and the surface traction t on the boundary
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T',. The displacement and the surface traction are discretized in the same way as for
equilibrium models. The principle becomes:

(ifq’B’HBqu-ft_’quP‘ngVT(W"‘E)"P 12
0 T s
A " 'min

In this principle the generalized displacements associated to the surface traction modes
introduced on T, are defined by the weighted averages:

g=[VTudr (13)
T,

For example, if the surface traction mode introduced on the interface is constant, the conjugate
displacement is simply the average of the displacement on the interface.

When a constant surface traction mode is introduced in an interface of quadratic
displacement model it only changes the definition of the connectors. The local displacement
becomes an average displacement and the weighted average of the surface traction becomes
the intensity of the constant surface traction mode.

In membrane theory, when a surface traction mode of degree n is defined on an interface
the continuity properties of the displacement model are not changed if the displacement field
is of degree n+2.

The advantage of this procedure is that it allows to obtain directly, as in the equilibrium
models the surface traction modes of the interface. On the separation surface of two
substructures involving many interfaces of displacement elements for which the displacement
connectors have been transformed in force connectors, there are two possibilities of
connection:

- firstly, to connect the nodal displacements and the interface forces. The solution is exactly
the same as for the displacement models but with a modified interpretation of the interface
forces and displacements. The picture of surface traction modes is given partially by the
interface connectors and partially by the forces conjugated to the nodal displacements.

- secondly, to connect only the interface forces. The interface between the two substructures
behave exactly as in equilibrium models and the surface traction modes are directly available.

This last procedure is providing the best information on stresses along chosen boundaries.

5. COMPUTATION OF NODAL VALUES

The recovery procedure is now very simple, it consists in defining a polynomial stress field
on a patch centred either on a node or on an element. With this field, it is necessary to
compute the generalized stresses according to expression (8) in which the finite element stress
is replaced by the smoothed stress of the patch and to identify the two values.
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fa BT (o,-0,) dI' = 0 (14)

The integral is performed on all the elements pertaining to the patch and o » represents the
smoothed stress field defined on the patch. ‘
_ According to expression (8), the inter-element equilibrium equation are automatically

satisfied in a weak sense by o, while o, is continuous by construction.

In many situations it is possible to use simplification. In order to decrease the number of
equations it is possible to use only a sub-set of the generalized stresses. A second way used
to simplify the problem consists in replacing the stress modes function by simple low degree
polynomials in order to avoid the coupling between components. In many tests performed in
[5], it has been shown that for low degree elements, the constant modes are sufficient to obtain
good results.

In a general situation, the system of equations is over-determined and a least square method
has to be used. Note that these conditions are easy to set up because they are only using the
conditions defining the element characteristic matrices and vectors. They are also very general
and can be applied to any model and formulation without important modifications.

If the patch is connected to a loaded boundary, it is convenient to add other equations
ensuring that the smoothed field respects the surface traction condition (7). This condition is
very important when the mesh in very coarse in one direction because in this situation the
stress field is strongly influenced by the generalized applied loads. However to express these
additional conditions it is necessary to know the imposed surface traction.

The condition is:

fr. WT(-1) =0 (15

where ¢, is the surface traction computed from o,,.

The only difficulty is the choice of the polynomial smoothed stress field. Numerous
experiments have shown that a good choice is a full polynomial with the same degree as the
displacement field. Inside the domain this solution has proven to be very efficient. However
in the thin parts of the structure the smoothed field has to include a sufficient number of terms
in order to be able to represent the exact stress modes. A not yet investigated possibility could
be to use an equilibrium stress field defined on the patch.

The tests also show that for solid structures, patches centred on nodes are sufficient inside
the domain what means a significant saving in computation. For 3-D problems the best
solution consists in using nodal patches inside the domain and element patches on the
boundary.

Moreover, it is also observed that the introduction of surface traction mode is more
important than high order stress modes.

After the solution of this system of equations, the value of the smoothed stress field is
assigned to the central node and the nodes belonging to its adjacent edges or to the nodes of
the central element.



422

6. INTERPOLATION SCHEME AND MESH ADAPTATION

In order to obtain standard output and to simplify the production of graphics, the nodal
values are averaged and the results are displayed using the interpolation scheme of the
displacement field. The obtained smoothed stress field is no more compatible, but continuous.
It don’t satisfy the equilibrium equation except on the loaded boundaries in the sense of least
square method. However part of the weak equilibrium conditions are fulfilled at least before
the averaging procedure.

If the estimated error of an element is higher than the prescribed one, subdivision of this
element is required. In order to know how to refine each element, an estimation of the error
sensitivity with respect to the size of the element must be provided. The a priori convergence
law at element level has the following form:

B

where C, is a constant, h; the element size and f3; the element convergence rate. In 3-D, if the
element size is sufficiently small, f3; is given by formula:

B, = min(p,A) 17)

where p is the degree of the polynomial approximation and A, a parameter characterizing the
smoothness of the solution.

Several methods can be used to estimate 3 [13, 14], i.e. methods based on uniform mesh
refinement, methods based on local analysis and methods based on numerical adjustment. The
last one is chosen in the proposed procedure.

6.1. Mesh optimization

Knowing the sizes of elements, the estimated errors and the convergence rates, we have to
build the optimal mesh: it minimizes the total number of elements and ensures a prescribed
total error level. The problem of mesh optimization has been solved in [13, 14] by minimizing
a Lagrangian function with an equality constraint.

6.2. Adaptation

After a first analysis using the initial mesh supplied by an automatic mesh generator, an
error estimation is performed and the optimal mesh densities are computed. All the information
needed to improve the mesh is thus available.

This problem of mesh adaptation has been solved for 2-D problems using subdivision and
transition techniques [13]. For 3-D geometries the new mesh is preferably obtained by
remeshing techniques.

They consist in using an automatic mesh generator to build a new mesh which respects the
elements sizes map given as a result of the mesh optimization process.

Once more, it seems here that hexahedral mesh generators. (transfinite methods) are in
general not adapted to respect local densities. On the other hand, more and more tetrahedral
mesh generators based on Delaunay-Voronoi or frontal methods are able to produce the
strongly graded meshes required for the adaptive procedures.
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In some of them, local densities of internal elements are controlled by the densities of the
surface triangles [15]. In more up-to-date techniques a background mesh, usually the current
mesh is provided to deliver the necessary density information. For the generation of the new
mesh, it is possible to get the size of the elements everywhere in the domain by interpolating
values on the previous one. Those remeshing techniques seem to be the most attractive to
perform 3-D mesh adaptation [16-19].

7. NUMERICAL EXAMPLE

Many attempts have been made previously to introduce discretization error control in the
process of shape optimization, either in 2-D or in 3-D, [16-18].

As explained above, in 3-D, a good control of the adaptive meshing can only be obtained
if free mesh generation is used, generally Delaunay or frontal methods. However, in this case,
it still remains to overcome the important difficulty of handling sensitivity analysis with
unstructured meshes.

In shape optimization, sensitivity analysis consists in computing the infiuence of shape
perturbations on objective function, inequality constraints and structural responses.

This computation is achieved by repeating a significant part of the finite element analysis
for all the design variables. The computing cost of this operation is then proportional to the
number of design variables and is strongly dependent of the number of D.O.F. The necessary
increase in the precision is thus paid by a significant increase in the computing time and fine
tuning of the overall procedure has to be set up to limit the cost of the process [17].

The following example is designed to show
what should be the benefit or such a procedure.
But, it is not yet fully achieved, only a small
number of steps have been run to demonstrate
the feasibility of the method.

A clamped "I" beam is assumed to be loaded
with an uniform pressure P = 100 on the
upper spar cap (figure 1). The objective
function corresponds to the minimization of the
weight. The inequality constraints impose that
the von Mises stress is less than 1000.

The design variables are the thicknesses of
the spar caps S1 and S2 whose initial value is Sfigure 1 : Geometric model
“a" and the radius of the filled allowed to
linearly vary between the fore and the back sections of the beam (variables R1 and R2,
reported in table 1).

Table 1. Dimensions and optimal values for the tetrahedral mesh

H L S1 S2 a R1 R2
33 20 3 3 3.0 2.0 6.0
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Table 2. Error estimation for the tetrahedral mesh

Nodes Elements D.OF. %Iu I %ez 7% o, 3, 3
639 2008 1506 9829.36  1617.18 14128 898 1097 1301
1839 7213 5175 1226367 118736 8827 1202 1247 1718
3203 13842 9417 1277345  928.33 6775 1325 1370 1825
9903 46942 28644 1343569  515.09 3692 1624 1655  -1.956
17456 86132 50727 13629.35  375.67 2682 1696 1859  1.999

(a)

figure 2 : a) Initial mesh, b) final adapted mesh

Elasticity module and Poisson’s coefficient are E = 21000, v = 0.3. The optimization has
been carried on with a finite element model composed of tetrahedra (figure 2a). The results

are shown in table 2 where %ez is the absolute error and 32 the relative error, & represents

the smoothed stress field. After the optimization for which the relative energy error is equal
to 14%, an adaptive study was performed in order to obtain a prescribed level of relative

energy error 12 = 2.5%.

As expected, the adaptation is increasing the number of D.O.F., it also demonstrates that the
optimization performed with a coarse finite element model yields to a very important violation
of the maximum von Mises stress (about 80%). The maximum displacement (3, table 2) is

also significantly growing during the adaptive process proving that the structural stiffness was
very badly modelled.
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figure 3 : Final mesh a) relative error density b) von Mises stress

8. CONCLUSION

The developed method based on the computation of weighted averages of stresses on patches
is very general and easy to implement. Tested on some analytical examples it exhibits a very
good behaviour and all the observed effectivity indices are very good and seems to always
converge to 1.

In practical 3-D examples, the method is able to provide precise information on optimal
mesh densities and allows to control the quality of the finite element solution for static linear
elastic problems. .

The techniques presented here derive from previous 2-D developments [13] and behave very
well. Their 3-D versions have been successfully tested in several numerical examples. Even
if a careful examination of the different output of the program allows to conclude that the
results are satisfactory, more tests are necessary to verify the exactness of all the numerical
values. However the next challenge, in shape optimization, is to produce a fully optimized
mesh satisfying exactly the requirements of the background map of element sizes.

Experiments are currently performed to compare the respective efficiencies of Delaunay and
frontal methods. Moreover, these procedures of error control are now used in the frame of
advanced techniques like shape optimization [17].
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This paper presents some recent results on the development of adaptive procedures
for finite element formulations locally enforcing the equilibrium conditions. The topics
covered include the control of spurious kinematic modes, solution techniques, the defini-
tion of compatibility defaults, the derivation of compatible displacement fields and possible
error estimators and indicators.

These procedures are illustrated with a simple example in 2D elastostatics.

1. INTRODUCTION

Though considerable attention has been given to the development of dual approaches
in structural problems [1-4}, the approach based on conforming displacement elements,
nodal variables, and stiffness methods was bound to become popular due to its inherent
mathematical simplicity. Indeed this approach has become the dominant method.

Whilst the displacement approach may be said to have reached a state of maturity, it
suffers, from an engineering viewpoint, in placing its first priority on compatibility and
relaxing local equilibrium. This is the reverse of the priorities commonly required in
structural engineering, and this reversal appears to have made a significant contribution
to the catastrophic collapse of the Sleipner offshore platform in 1991 [5].

These priorities are reversed in the alternative approach based on stress elements with
locally enforced equilibrium. The earlier proponents and advocates of such an approach
also realised the benefits of dual approaches in that they provided the opportunities
to complement each other, and bound quantities of interest, e.g. strain energy. This
bounding property has become of considerable importance more recently in the context
of error analysis and adaptivity in the finite element method [6).

More recent developments [7-12] have tended towards hybrid forms of equilibrium ele-
ments with side variables. The hybrid approach has the advantage of allowing the de-
velopment of new elements with extreme ease, and it is hoped that it will further allow
progress into investigating many topics where the equilibrium formulation has not. yet
had a chance to make an impact, e.g. error estimation and adaptivity in finite element
modelling, non-linear analysis (both geometric and material non-linearities), and 3-D
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modelling.
The present authors have been involved in developing the hybrid equilibrium approach,

and this paper will present some of the results that have been obtained in two relevant
areas in this context:

o determination of robust equilibrium finite element models [12];

o development of error estimators and indicators for adaptive strategies {13].

2. TERMINOLOGY
In this paper the following terminology is used:

displacement formulations are normally based on the use of displacement fields as vari-
ables, and a form of possibly incomplete compatibility is imposed. This implies that
the equilibrium conditions are integrated by parts (explicitly or 1mp11c1tly) and are
meant to be satisfied on average;

compatible formulations are obtained when the displacement fields are constrained to
be kinematically admissible, i.e. to satisfy the compatibility equations in an exact
{strong) sense;

stress formulations are normally based on the use of stress fields as variables, and a form
of possibly incomplete equilibrium is imposed. This formulation implies that the
compatibility conditions are integrated by parts (explicitly or implicitly) and are
meant to be satisfied on average;

equilibrium formulations are obtained when the stress fields are constrained to be stat-
ically admissible, i.e. to satisfy the equilibrium equations in an exact (strong) sense;

hybrid formulations are based on independent approximating functions within an ele-
ment and on element boundaries, the latter serving to impose interelement condi-
tions, e.g. using the concept of Lagrange multipliers.

In this paper only hybrid equilibrium formulations are considered for linear elastostatic
problems in 2-D. These concepts are currently being extended to 3-D elastostatics [13-15].

3. BASIC EQUATIONS

The basic governing equations for linear elastostatic problems, where for the sake of
simplicity initial strains are not considered, are in matrix format:

o equilibrium of stress vector & with body forces b, 8'c + b = 0;
e compatibility of strains € with displacements u, du = ¢;

")

e constitutive relations, € = fo;
e static boundary conditions, No = tr on I'y;

— o~ o~ p— —
w
e et Nt et e

o kinematic boundary conditions, ¥ = ur on I',,.
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Matrix IV transforms the stress vector to boundary traction components, tr represents
the prescribed tractions on I'; and ur represents the prescribed displacements on I,,.

4. HYBRID EQUILIBRIUM FINITE ELEMENT FORMULATIONS

This paper deals with a hybrid equilibrium formulation that satisfies the local equilib-
rium conditions of stress within elements and across element interfaces. This formulation
belongs to a broader class of hybrid formulations [9,10] based on multi-field approximating
functions within each element and on an element boundary. The boundary is discretised
into sides. To locally enforce equilibrium between elements, independent functions are
defined for each side. Therefore the functions for adjacent sides of an element are not
constrained to be continuous (“frame” functions), unlike the hybrid formulations of Pian
[16]. Hybrid-Trefftz formulations [11,17] are hybrid formulations for which the element
stress fields are both statically and kinematically admissible, i.e. the strains corresponding
to the stresses are locally compatible. Trefftz polynomials are not so convenient for equi-
librium elements, because they provide fewer functions to form a solution that satisfies
local equilibrium on the sides.

The element equations are built up in matrix format as follows:

e equilibrium within an element & = Ss + a9, 8'a¢ + b = 0, and 8'S = 0, where
the columns of matrix S form a basis for stress fields that are statically admissible
with zero body forces, vector s contains ng stress parameters, and oy represents a
particular solution;

¢ kinematic boundary conditions of side j, u = V;v;, where the columns of V;
form a basis for assumed displacements for side j; this equation can be extended to
include all sides of an element, u = Vwv. The vector v contains ny displacement
parameters;

¢ weak equilibrium on the boundary of an element is imposed by:
fV‘NcrdF:fV‘NSdFs+fV‘NaodF=fV‘trdF, (6)
r r r r

or Ds+g, = g, where here tr represents tractions applied to the boundary segments
of an element. Vectors g, and g can be identified as generalised boundary tractions;

e weak compatibility within an element and its boundary is imposed by:

]((NS)'U dl = / Ste dQ, or
r Q

]{ S'N'V dlv = / S'fS dQ s+ / S'fa, dQ, (7)
r (1] Q

or D'v = Fs+e.
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Combining equilibrium and compatibility for an element leads to the partitioned matrix
equation:

5 T et e o) @

in the absence of prescribed body forces.

Since F is positive definite, s can be eliminated to yield an alternative stiffness equation,
eg. DF 'D'v=g.

Note that the weak form of equilibrium becomes the strong form No = ir when the
displacement functions in V and the tractions (INo — tr) are described in terms of the
same set of functions. For then, fr utt d’ = 0 for all u = t = 0. For example this will
occur when displacements are based on complete polynomials of degree p and the degree
of tractions (or stresses when the sides are straight) does not exceed p.

Generalised displacements v and tractions g form dual variables by virtue of the scalar
work product:

?{ u't dl' = o' f Vit dl = v'g = v'Ds = s'Fs, 9)
r r

when tractions ¢ are self-balanced in the absence of body forces. The (ny X ng) matrix
D represents the boundary work done by each stress field with each boundary displace-
ment field. Depending on the definition of these fields, it may be possible for non-zero
displacements represented by a vector v to incur zero work for all stress fields in S, and
hence zero stress or strain energy within the element. In this case v satisfies:

D'v =0, (10)

or in other words, v belongs to the nullspace of D*'. Clearly this will occur when V
includes the ng rigid body movements of the complete boundary of an element. However
the nullspace of D* may also include ngm spurious kinematic modes (SKM’s), which can
be considered in a similar way to mechanisms,

Ngkm = Ny — ng — rank(D). (11)

Furthermore, the existence of spurious kinematic modes influences the manner in which
an element may be loaded with boundary tractions. Tractions are admissible only if they
do not excite mechanisms corresponding to the spurious kinematic modes. In terms of
dual bases for the vectors, a traction vector g is admissible if zero work is done with the
nullspace of D!, and in particular if

Ag =0,

where A! represents that subspace of the nullspace which is based on the spurious kin-
ematic modes. Zero work by g with the rigid body modes is of course a consequence of
the overall equilibrium requirement of the tractions. If g is admissible, then it is also
consistent with

Ds=g, : (12)
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and thus allows for a solution for s. Multiple solutions to this equation are possible when
S allows npy, hyperstatic, or residual, stress fields for which No = 0, or more generally
No = t which is orthogonal to all displacements in V. When strong equilibrium is
enforced t = 0,

Tinyp = ng — rank(D), and thus ngm = (nv — ng) — (ns — Nhyp)- (13)

For an assembly of elements, the system of equations can be expressed as:

[5 2 15)-{5) o

For this system two fundamental questions arise:

1. Do spurious kinematic modes of the elements propagate through the system, if so
in what form and how many such modes exist for the system?

2. Is the load admissible for the system?

These questions can be answered before attempting to solve the system equations. A
possible pre-evaluation of the system can be made by focusing on the matrix D. For
simplicity of presentation it is now assumed that the sides are (re)ordered so that:

S_ ol ]9\, ‘_I_)l.
{5} o={8 mo={5}

where @, and g, refer to the unknown side displacements and specified side tractions re-
spectively; D, and g, refer to prescribed displacements and reactive tractions respectively.
Then spurious klnematxc modes for the supported system are defined by the nullspace of
Dl, represented by Al, and admissible loads satisfy A,§, = 0.

An alternative, and possibly simpler, way of pre-evaluating the stability of the system
comes from focusing on mesh compatibility. That is,

1. Determine the spurious kinematic modes for each element, and form

A" 0
At — ..
0 A™

Spurious kinematic modes for the unassembled system are defined by Atk for ar-
bitrary vectors k.

2. In the assembled system, the above modes propagate when they are compatible
between elements. Compatibility is checked with the aid of a system kinematic
matrix H!, i.e. for compatibility H' A%k = 0, or C'k = 0 where C = AH. H' can
be simply formed by appealing to contragradience, and using the statical relations
of the statically indeterminate system, i.e. g = Hp where the vector p contains
biactions, and g represents self-balancing element tractions within the system.

Then the number and definition of the spurious kinematic modes of the system can
be found from the nullspace of matrix C*. In this case it should be noted that the
dimensions of C may be much smaller than those of D;, but in addition the nullspaces
of each elemental matrix D* are also required.
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5. SOLUTION TECHNIQUES IN THE PRESENCE OF SKM’S

For meshes without spurious kinematic modes the systems of equations described in the
previous section can be solved using any technique appropriate for symmetric matrices.

As the matrices are very sparse an important gain in solution time may be achieved
by using appropriate algorithms. Banded and skyline algorithms can be used, but are
not optimal. The best results have been obtained by using procedures for general sparse
matrices [18].

If spurious kinematic modes are present in the mesh, the system of equations is singular.
The solution of such a system may be either undetermined or impossible.

If the solution of the system is impossible a combination of the approximation functions
that equilibrates the applied loads cannot be found and the load is inadmissible.

When the solution is possible some of the displacement variables are undetermined.

To solve these systems standard algorithms for non-singular matrices cannot be used.
One alternative is to transform the system equations after performing an explicit singu-
lar value decomposition of the matrix in equation (14), or D. This procedure has the
advantages of being very stable, and explicitly calculating the spurious kinematic modes,
but in practice the computational cost is likely to be too high. Instead it is preferred to
use a Gaussian elimination technique with control of zero pivots.

Good results have been obtained using an adaptation of an “off the shelf” procedure
prepared for symmetric, diagonal dominant, sparse matrices [18]. An high performance
routine for unsymmetric sparse matrices which can handle singular systems has also been
used to solve these systems, with good computational performance [19).

6. CONTROL OF THE SPURIOUS KINEMATIC MODES

The direct solution technique described above must be used with extreme care, because
in situations of numerical instability it is difficult to distinguish the numerical zeros from
small non-zero values. It is always better to establish e priori that there are no SKM'’s.
If this is not possible then is is preferable to know how many exist, so that the solution
procedure can be controlled.

One way to control the number of SKM’s is to use special assemblies of triangular
primitive elements, macro elements, as those presented in Figure 1. Meshes built using

Figure 1. Typical macro elements.

triangular macro elements are free from SKM’s. When quadrilateral macro elements are
used it is guaranteed [12] that with approximation functions of degree 2 or higher there
may exist at most one SKM per macro element, but this is not excited by external side
tractions. Based on this characterisation it is possible to eliminate the SKM’s in the
assembly process or to do a check on the number of SKM’s that were found by the solver.
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The hybrid finite element formulation used easily allows for the inclusion of irregular
elements (triangles with more that three sides/nodes or quadrilaterals with more than
four sides/nodes), as those presented in Figures 6 to 8. This is extensively used in the
refinement procedures as it eliminates the need for remeshings or mesh regularization
procedures.

Numerical experience has shown that for meshes obtained using this type of refinement
the number of SKM’s remains constant throughout the adaptive process.

7. COMPATIBILITY DEFAULTS

Unless the exact solution can be represented by the approximation functions used in the
finite element model, there will be an error associated with the equilibrium finite element
solution. This error is due to the fact that the corresponding strains do not satisfy locally
the compatibility conditions.

Inside the elements this lack of compatibility can be measured by the residual in the
St Venant compatibility equation,

. 0%z | Oy 26251,,. (15)
oy? 0x? O0x0y
On the sides between the elements and on those that belong to the kinematic boundary

there may also exist compatibility defaults. These defaults are associated with the possible
existence of different tangential strains and curvatures [13)].

OR/NO. ®

JI#0 JIT#0
Figure 2. Compatibility defaults of side j between two elements.

As shown in Figure 2, for side j that connects elements 7 and k a tangential strain
jump,

JjI = [E“]j,i - [E“]j,k’ (16)
can be defined. A curvature jump may also exist, which for a straight side is defined by
0*u 0%u O¢ O¢ Oce  Oc
J‘-”=[ "} +[ "] =[2 "‘——“] +[2 "——“] , (17)
1 % |, Pt |x ot on };; ot on ),
where each 7 is the external normal of the corresponding element and £ = [~n, n,]".

Similar quantities can be defined for the sides of the elements that belong to the kinematic
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boundary. These quantities are similar to the unbalanced body forces and the traction
jumps for compatible finite elements [20,21]. Likewise, as will be presented later, they
can be used to indicate the error of the solution.

8. DERIVATION OF CONFORMING DISPLACEMENT FIELDS

A finite element solution obtained using hybrid equilibrium elements of degree p yields,
for each side j, a displacement field u; of degree p.

A compatible displacement field may be constructed from the equilibrium finite ele-
ment solution and the kinematic boundary conditions. This is achieved by calculating a
displacement field that is continuous within each element, and then by making this field
compatible in the whole domain and on the kinematic boundary {13]. This is the dual of
the Ladeveze approach [24] for displacement formulations.

If p < 1, the strains computed from the discretised stresses correspond to a displacement
field which is continuous within each element but is normally discontinuous across the
sides. If p > 1, normally it is not possible to obtain a displacement field, within each
element, for which the strains will match exactly those computed from the stress field.

Nevertheless, it is always possible, in each element, to calculate a displacement field of
degree p + 1, u,, for which the strains are a projection of those calculated from a stress
field of degree p.

This displacement field is given by u, = ¥§ = ¥(ds + R dp), where ¥ is a matrix
of approximation functions for displacements of an element with displacement paramet-
ers 6, and matrix R transforms the rigid body mode amplitudes dp into displacement
parameters.

The deformed shape of an element as described by ¥éds is computed, to within the
rigid body displacement, from the stress solution:

( /9 (@9)'57(09) dﬂ) b5 = /n (@%)'o 9. (18)

This system has three dependencies, corresponding to the rigid body movement. The
displaced position of an element may be calculated from the side displacements of the
hybrid finite element solution when spurious kinematic modes are not present. In this
case a least squares solution to the local overdetermined system of equations,

( / \Ildl“) (35 + R 6r) = / u; dr, (19)
r. I“

3

which apply simultaneously for each side T; of element §2;, provides the amplitudes 8 of
the three degrees of freedom for rigid body displacement.

As both o and u; correspond to the same equilibrium finite element solution, three
of the equations in (19) are linearly dependent. Thus, for triangular elements, all the
equations in (19) can be satisfied exactly.

For triangular elements, a system without redundant equations is formed by equations

(/ tw dI‘) (65+R6R)+f ttu; dl =0, (20)
r; i .

J
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for each side I'; of element §2;.

The displacement field u, is normally discontinuous across the sides and does not satisfy
the kinematic boundary conditions. A compatible displacement field of degree p + 1,
u,, may be obtained by smoothing the displacements u. and enforcing the kinematic
boundary conditions. Simple nodal averaging may be used, but several of the more
sophisticated methods used for stress smoothing [22] may also be adapted for smoothing
displacements.

9. ERROR ESTIMATORS AND ERROR INDICATORS

Both element error indicators and global error estimators, always directed at the energy
norm, may be obtained a posteriori in a variety of ways for equilibrium finite element
solutions.

In the following we will focus on two different approaches. Methods that compute an
upper bound of the error of the equilibrated solution using a compatible displacement
field and methods that are based on the explicit use of compatibility defaults.

For these approaches the error estimator is always caiculated as the sum of element
error indicators.

€= (Zé) . (21)

9.1. DUAL ANALYSIS
Given a compatible displacement field u., which is associated with a (normally non

equilibrated) stress field o, and an equilibrated stress field o, then the following relation
holds {23]:

Ule,) +Uler) =Ul(oe — o). (22)

Where U(.) is the strain energy, €, = 0 — Gexac, and €¢ = O — Texact:
As U(e;) > 0 and U(e.) > 0, an upper bound of the global error of either solution can
be obtained from a pair of dual solutions:

llell < € = lloe — ol = 2 U(oe — 00)) 7. (23)

The value of the error bound can be calculated element-wise and each of the contribu-
tions can be used as an indicator of the error within the corresponding element [24].

The compatible displacement field can either be obtained from a compatible finite ele-
ment model [15] or derived from the equilibrated solution. The quality of the displacement
field is crucial as regards the effectivity of the error estimator. When dual solutions of
different quality are used, the upper bound will be closer to the error of the worst solution.

9.2. USE OF COMPATIBILITY DEFAULTS
The compatibility defaults 7, J' and J/! are related to the errors in the equilibrated
stress fields. An element error indicator suitable for estimating the energy error norm is
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expressed by:

€ = aclh;‘/ r dQ +

(1) 3 1.\
an: (cz h]/x‘, (2Jj> dl’ +¢3 hj/1~. (EJJ- darj, (24)

J

where the summation extends to all the sides of element 7. This expression is similar
to the one that has been used in [20,21] for compatible elements, and the % factors
are included to equally divide the contributions from the deformation jumps across an
interface between elements. An alternative division of these terms could be based on using
the local deformations of the interface, as quantified from u;, as a common approximation
for the real deformations.

To ensure the correct dimensionality of the expression, coefficient a has the units of
a stress, h of a length and the ¢; are nondimensional. The values of coefficients c;, the
criteria to define the h for each side and the appropriate value for a have been determined
by numerical experimentation [13].

10. ADAPTIVE PROCEDURES

The square cantilever presented in Figure 3 is modelled as a plane stress problem, and
is used to show the characteristics of an h-adaptive strategy based on three different
procedures for defining element error indicators. Triangular elements are used for all
meshes, and the initial mesh for each procedure is also shown in Figure 3. The procedures
for defining the error indicators are as follows:

i} use dual solutions for compatible displacements and equilibrating stresses from the
analyses of pairs of finite element models, with primitive elements and quadratic
approximation functions;

ii) use finite element equilibrium models with macro-elements and piecewise linear
stress fields, and piecewise quadratic compatible displacement fields derived from
the stress fields as in Section 8;

iii) use finite element equilibrium models with primitive elements and quadratic approx-
imation functions, and derive the error indicators from the compatibility defaults
as in Section 9.2. :

The general strategy for each procedure is based on:

h-refinement - this is performed by sucessively dividing each element or macro-element
into 4 elements, until the new mesh has the required refinement level at each vertex
of the current mesh;

optimality criteria - refinement is organised with the aim of achieving equal error in
cach element of the new mesh. The required element error is computed taking into
account the global convergence rate. The refinement levels are based on the error
indicators and local convergence rates;
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Figure 3. Square cantilever and initial finite element mesh.

iterative process - the target in each stage of refinement is to reduce the global error
to one quarter of its current value.

Further details of this adaptive strategy, including the detection of singularities, are given
in {13].

Table 1 shows the values of the actual relative errors of the equilibrium solutions
lleell/|lu|l and the corresponding effectivity ratios 8 = ¢/l|le.||, during the adaptive proced-
ures. The actual errors were evaluated with reference to a very accurate solution obtained
using procedure i) with elements of fourth degree and then applying a dual extrapolation
to the last three pairs of energy values [13].

The numbers of (primitive) elements or macro-elements are indicated by ng or nyg
respectively. For the initial meshes ng or nyg = 8.

Table 1
Refinement steps for the different procedures.
Procedure 1) Procedure ii) Procedure iii

np__|lecll/ull B nus_ ell/llull B ng_ Jleell/llul B

8 04737127 1.340 8  0.723374  3.322 8 0473727  1.351

83 0.114939 1644 26  0.340692 2.848 38  0.157006  1.346

311 0020929 2157 104 0125922  2.664 185  0.036445  1.077
434 0.036972  3.112

Figures 4 and 5 present the results graphically as convergence graphs of error energy and
effectivity ratio respectively, using log scales for error energy and the numbers of elements.
It is apparent that although the behaviours of the effectivity ratios are very different,
nevertheless the convergence rates of error for all three procedures are similar. The model
with piecewise linear macro-elements starts with the largest error, but converges at a
similar rate as for the models with the quadratic primitive elements as proved by Johnson
[25]. In this example the effectivity ratio of procedure (iii) is clearly superior to the
other procedures. This reflects the phenomenon of greater relevance being attributed to
the worse solution when dual solutions are used to generate upper bounds.
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Figure 4. Convergence graphs for the different procedures.
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Figure 5. Effectivity of the different procedures.

As expected procedure (i), which is based on a pair of dual finite element solutions,
gives better values of effectivity ratios compared with procedure (ii}. Nevertheless as the
convergence rate of the compatible solution is slightly lower than that of the equilibrium
solution, in spite of using the same mesh, the quality of the estimator decreases during
the adaptive process. On the contrary for procedure (ii) the quality of the estimator is
not subject to such variations.

The initial and final deformed meshes for each procedure are presented in Figures 6
to 8. Figure 6 refers to procedure (i), and the deformations are shown for the hybrid
displacement model.

Figure 7 refers to procedure (ii) which involves macro-elements. In this case the stress
field in each primitive triangle is linear and corresponding element-wise continuous dis-
placement fields are derived exactly since there are no compatibility defaults within the
primitives. Rigid body positioning of the primitives is determined using the method of
Section 8. These deformed elements are shown in Figure 7 before smoothing the displace-
ments to obtain compatible displacement fields. It should be noted that procedure (i)
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leads to unnecessary mesh refinement in some regions. More sophisticated displacement
smoothing techniques may reduce this problem.

Figure 8 refers to procedure (iii), and the deformations are shown for the hybrid equi-
librium model as discontinuous side displacements. Spurious kinematic modes are in
evidence, particularly at the lower right hand corners of the meshes. It should be noted
that procedure (iii) results in not only good non-diverging effectivity ratios for the global
error, but also the minimum number of elements for the required convergence. Compar-
ing the numbers of elements and the actual global errors for procedures (i) and (iii), it
can be seen that procedure (i) converged a little faster than required and procedure (iii)
converged a little slower.

11. CONCLUSIONS

For equilibrium finite element formulations three error indicators capable of driving
adaptive refinement procedures were presented, all with good performance.

The error indicators obtained from an equilibrium solution only, have the advantage of
requiring a smaller computational effort. The approach which uses a derived displacement
field provides an upper bound of the solution error (which is often overestimated) to the
user, as well as a compatible displacement field.

The error estimator based on the compatibility defaults is simpler, immune to SKM’s (as
long as the loading is admissible for the initial mesh), but needs a theoretical justification
for the coefficients.

The full dual approach is, from a formal viewpoint the most appealing method, it
is also immune to SKM’s, but is computationally more expensive and may have the
tendency to converge towards the error of the worse solution. Nevertheless it should be

pointed out that this method is parallel in nature, so that both analyses can be performed
independently.

Further investigation and experimentation are required before general conclusions can
be made with confidence.
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1. INTRODUCTION

During the design phase of a structure, it is necessary to conduct several studies of the
mechanical behavior. These computations often rely upon finite element analyses within an
industrial setting. Each study consists of three steps: mesh generation, finite element analysis
and post-processing and control of results. The finite element analysis, strictly speaking, no
longer poses any difficulty on account of the numerous finite element software programs
available on the market. However, with three-dimensional complex structures, the generation
of the mesh is carried out interactively by specialized engineers or, at best, semi-
automatically. The cost in human time is much greater than that to derive the finite element
results. The post-processing and control of the results also generate sizable costs in term of
human time. Moreover, in order to assure the quality of the computed results, the analyses are
generally performed on several meshes with different sizes which strongly increases the
overall cost of a design. Finally, it should be noted that even with today's powerful
computers, it is illusory to think that the mesh just has to be refined in order to obtain a very
accurate result. Indeed, a very fine and regular mesh for a three-dimensional structure quickly
leads to saturating the available computational resources.

The purpose of this paper is to propose and develop procedures, available within an
industrial setting, which allow us to automatically achieve finite element analyses of complex
3D structures while respecting the level of accuracy prescribed by the user and minimizing as
much as possible the total cost of computation. Achieving this aim is essential in order for 3D
finite element analyses to be used during the phase of design.

Two main difficulties must be overcome to reach this aim. The first difficulty consists of
controlling the quality of the computations performed. To do so, we must be able to evaluate
the discretization errors and then to define the element sizes necessary to obtain the
prescribed accuracy as specified by the user. The second difficulty is to decrease the human
time spent in the computation process by automating as much as possible the different steps
of the computation and especially the mesh generation.

To overcome the first difficulty, we rely on the studies conducted in the domain of finite
element control. Indeed, over the last 15 years, substantial advances have been made in the
control of analysis quality and in the development of methods to actually quantify
discretization errors. Three main approaches can generally be discerned:

« error estimators using the residuals from the equilibrium equations [1-4],

« error indicators obtained by comparing the finite element stress field with a smoothed
stress field [5-7], and

« error estimators based both on the concept of error in constitutive relation and on
adapted techniques for building admissible fields [8-10].
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In the framework of this study, the error measures developed in the LMT are used and
briefly presented in the second section. In particular, we have applied the results of the study
in [10] which has led to the development of the error estimator software ESTEREF3D. It
should be noted that this software program has been supplemented by a procedure which
automatically takes into account the steep gradient areas for computing the optimal size map;
the selected method is a 3D extension to the method proposed in 2D [11-12]. Obviously, any
method that allows obtaining a global measure € of the discretization errors as the local
contributions €, of the elements to the global error can be used with the proposed procedures.

From an initial finite element analysis with a relatively coarse mesh, these tools allow us to
define the size map which must be configured to reach the prescribed accuracy while
minimizing the element number of the mesh and hence the computation cost. Thus, the main
difficulty herein is to generate the 3D mesh while respecting the imposed sizes. While there
are many automatic 2D meshers able to correctly respect a size map, such tools don't actually
exist in 3D. Presently, the most efficient automatic meshers on the market (for example,
GHS3D [13]) are only able to mesh the volume from the skin mesh while assuring that the
tetrahedral elements generated are not overly stretched. However, respecting a 3D size map is
still at the research stage. To overcome this difficulty, several procedures for helping to pilot
meshers are proposed. These procedures maximize the use of the software programs available
within an industrial setting; they are entirely automated and allow a reasonable conformance
within a 3D size map, even for relatively complex geometries. With the automatic procedures,
naturally coupled to an efficient 3D automatic mesher, generating an optimized mesh, which
can necessitate up to ten hours of an engineer's time, requires only several minutes of CPU
time on a work station.

The definition of an optimal mesh, the extension to 3D of the automatic method that takes
the steep gradient areas into account and the definition of the nodal sizes are all presented in
the third section. The different procedures for piloting meshers and the automation procedure
are detailed in the fourth and fifth sections respectively. All these procedures are applied to
industrial geometries.

2. ERROR IN CONSTITUTIVE RELATION

To set the framework, we consider herein the problem of the analysis of a structure in
elasticity [9). Suppose that U is a kinematically-admissible displacement field, i.e. it satisfies
the kinematic constraints and that & is a statically-admissible stress field, i.e. it satisfies the
equilibrium equations. The quantity:
é=6-Ke(0) o

where K denotes the Hooke's tensor is called the error in the constitutive relation associated
with the pair (U,6). If ¢ is equal to zero, the pair is the solution to this problem. Otherwise,
é allows us to estimate the quality of (U,G) as an approximate solution. To measure the error
¢, we use the standard energy norm over the whole structure:

-~ Lol . - I/2
e=[él, =[6- Ke@], with |o], =[f, o" k" 0da) @
From the absolute error, we define a relative error:

_lo-xe],

G—WIL‘ A 3
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is sufficiently smooth, we then have [16-17]:
e g= 1 for the 4-node tetrahedra, and

s g=2 for the 10-node tetrahedra.

If the exact solution includes a singularity of strength o on the structure, the convergence rate
g of the error is defined by [16-17):

g = min(o., p) Q)

In practice, the global convergence rate varies between o and p. Thus, the theoretical
result of convergence cannot be used directly. We observe numerically [11] that the
convergence rate p, of the elements connected to the singularity is close to ¢, whereas it
displays a value close to p for the other elements. Hence, we propose a two-step procedure
as in the 2D:

¢ detection of singular areas ( and more generally steep gradient areas), and
« if the area is detected, we evaluate the value of the coefficient p,; else we use p.=p.

3.2.1 Detection of the steep gradient areas

The detection of the steep gradient regions is enabled by the computation of the local
errors €., defined by:

g =-€; )

where €, denotes the contribution to the relative error of the element E, |E| the volume of the
element and |Q} the volume of the structure.

Indeed, we can observe that the local errors are larger in the singular areas (Figure 5) than
in the other areas. Thus, a node i of the mesh will be considered as singular if the average m,
of local errors €, for the elements connected to the node and the average M, of local errors
€, on the whole structure satisfy:

m, 28 M, &)

where 3 is a coefficient. The numerical experiments in 3D lead to § =3.

.
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Figure 1. Detection of the steep gradient areas in 3D

The detection of the steep gradient areas in 3D for a problem of a crack in mode I is shown
in Figure 1. The above test allows us to define the areas where the coefficients p; of the
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as the contribution to the relative error of an element of the mesh E:
|8~ k=),
&+ Ke(t?)||n

€= |

The global measure € allows us to quantify the global quality of the approximation U0,6)
and the local contributions €, to localize the errors on the structure.

To apply this process, a post-processing of the finite element solution (U,,0,) must be
carried out in order to build an admissible displacement-stress (U,,5,) pair from the data of
the reference problem (3) and the solution (U,,0,).

Within the framework of the finite element method in displacement, the displacement field
U, is kinematically admissible. For the sake of simplicity, we generally choose:

0,=U, &)

On the other hand, the computed stress G, is not statically admissible. It is necessary,
therefore, to build a stress field G, that satisfies the equilibrium equations. This construction
is carried out in two steps:

« building on the edges of force densities in equilibrium with volumic loadings, and
« building of a simple solution for the equilibrium equations in each element.

with |of, =[] o" k™ ch]m )

3. DETERMINATION OF A 3D OPTIMIZED SIZE MAP

3.1. Definition of an optimal mesh

The aim of all adaptive procedures is to provide the user with a mesh that respects the level
of accuracy €, at a minimal computational cost. The present study will be restricted to the h-
version which is the most commonly used procedure: one modifies the size and the topology
of elements while preserving the same type of shape functions for the various meshes.
Moreover, tetrahedral elements will be used because automatic meshers only work for this
kind of element.

A mesh T" is considered optimal with respect to a measure of the error € if [14]:

€' =€, prescribed accuracy (6)
N'® minimal (number of elements of T*)

This criterion of optimization naturally leads to a minimization of computation costs. To
solve problem (6), the following procedure is used:

(i) aninitial analysis is performed on a relatively coarse mesh T,
(ii) the global error € and the local contributions €, are computed for this mesh and

(iii) the characteristics of the optimal mesh T" are determined.
The optimized mesh T is built and a second finite element analysis is carried out.

3.2. Taking into account the singularities

The determination of a size map uses the convergence rate g of the error € as a function of
the element size h. In elasticity, the error in constitutive relation exhibits the same behavior
as the classical error between the exact and finite element solutions [15]. If the exact solution
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singularities must be estimated.

3.2.2 Computation of the coefficient p

The computation of the convergence coefficients p; is based, as in 2D, on the
computation of the finite element energy density g, in the steep gradient areas. In 3D,
isolated singularities (however, this case is unusual) and singularities on the edges can appear.

Figure 2. Computation of the coefficients p; by cylinders

If the method of detection identifies two nodes at the extremities of a same edge as
singular, the edge is considered as singular. In this case, the middle energy density €, of the
co-axial cylinders C built on the edge (Figure 2) is evaluated:

i
g, = Trie(U,)Ke(U,)1dC (10)
= oGy | TEUD KU

The energy density is identified by the least squares method with the theoretical value:
e(r)=kr’®V+c (11)

where k and ¢ are coefficients which depend on the mechanical problem and a is the strength
of the singularity. A coefficient & close to the searched value is therefore identified.

In the case of isolated nodes, a similar technique is used with concentric spheres. The
identified value of the coefficients p, for a problem of a clamped cube is shown in Figure 3.
The value is close to 0.8 on the singular lines of the clamping.

In practice, this method of identification allows us to account for not only the singularities
(clamping, crack tip, etc.), but also the steep gradient areas which are not mathematically
singular (for example, in the case of a fillet radius with a strong curvature). In addition, we
find that the body loadings are very smooth for most static problems in elasticity, and that the
steep gradients are at the edge of the structure. Under these conditions, the computation is
performed only for the nodes close to the boundary and consequently requires very little CPU
time.

3.3, Determination of the size map

Taking into account the steep gradient areas in the determination of the size map
necessitates, as in 2D, both a modification to the problem (6) in order to introduce the
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coefficients p, and a more precise definition of the size coeffigients whiqh allows the size to
vary more rapidly in the steep gradient areas. To do so, nodal size coefficients are introduced
and inside an element of the initial mesh, a hypothesis of the linear distribution of the volume
is forwarded. The element number N, can then be evaluated by:

1 h:
I e R'A, (12)

and the contribution &} of an element to the global error £" by:
25
n 3
! zh:’x.)
2

1 (13)
8‘2 - i=|
£ 151{ habe

g.dE

where n denotes the number of vertices, h; its size, p; the computed convergence
coefficient and A; the barycentric coordinates. Lastly, k" are the prescribed sizes on the mesh
T* computed at the nodes of the present element.
The problem can be formulated in the following manner:
+ e s . . . 2 _ o2
Minimize N* = ZE:NE with €3 = ;EE 14
This optimization problem is numerically solved; its solution provides at every node of the
mesh the size for building the optimized mesh T*.

Figure 3. Distribution of the coefficients p,

3.4. Control of the quality of the size map

The control of optimality is crucial in judging the quality of the results. In some cases, the
prescribed accuracy can be obtained without a minimum number of elements. Control is
achieved by the following method: on the optimized mesh, if the computed error € is near
the prescribed error &,, we compute again the size map for an imposed error equal to €°, If
the mesh T* is perfectly optimal, the size modification coefficient r, must be equal to one. In
practice, such meshes don't exist and the mesh is considered as optimal if:
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hy _ prescribedsize o3¢y <32

e h.  presentsize (15)

Results are then visualized on a histogram that represents an overall study of optimality.

4. ASSISTANCE IN PILOTING 3D MESHERS

To automate the building of the three-dimensional mesh with respect to the size map, two
piloting procedures have been developed:

« The first and simpler method consists of generating a mesh whose boundary respects

the size map and then to use an automatic mesher to generate the volumic mesh.

« The second uses possibilities of mesher GHS3D developed by INRIA [13]. Once the
skin mesh has been generated, the user can specify the prescribed size at some internal
nodes. During the building of the volumic mesh, these nodes are used as vertices of the
tetrahedra and the prescribed size is in conformance in the vicinity of the control nodes.
An automatic strategy for choosing their position is presented.

The procedures require a good mesh of the surface of the structure. Indeed, most 3D
automatic meshers available within an industrial setting usually use this mesh as a starting
point.

If the structure's skin to be meshed is constituted of plane surfaces, it is relatively easy to
build the mesh with one of the 2D plane meshers which are able to respect a size map. This
technique can also be envisioned for sufficiently simple curved surfaces (parts of cylinders,
cones and spheres) by using a projection on a plane surface.

However, the situation is more complicated for the complex curved surfaces defined by
patches. Meshers which are able to respect a map size for any curved surface don't exist to
our knowledge. It must be noted that such a skin mesher is being developed [18], but the
adaptation of the mesh still requires some interactive work.

4.1. Method by optimization of the skin mesh

Many automatic volumic meshers use as a starting point a discretization of the skin object.
This discretization is analyzed and is useful in determining the sizes assigned to the skin and
thus the size of the volumic elements which are connected. By continuity, the sizes of the
elements in the volume are determined by predefined criteria (arithmetic or geometric
evolution) which only take into account the data on the skin.

An initial method (called METH1) to control the element sizes consists of optimizing the
surfaces of the structure with a mesher that is able to respect the size map and allowing the
3D mesh generator to run without any other information. If the variation in sizes is smooth in
the interior, we can hope to correctly adapt the 3D mesh. It is obvious that this technique is
inadequate when the internal variations are complex. Nevertheless, this very simple technique
quickly enables obtaining an initial result.

4.2. Method by the points of size control

The second method uses a specificity of the mesher GHS3D developed in INRIA. In
addition to the classical data of the skin mesh, GHS3D accepts the data of internal vertices
coupled with sizes which are to be respected in the neighborhood of the vertices. However,
the internal vertices are obligatory points of passage, that is to say nodes of the future mesh.
Hence, it is necessary to limit the number of these vertices and to verify their relative
positions, in order not to create any stretched elements or not to respect the prescribed sizes.
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This technique requires the development of an automatic procedure for the choice of the
internal control vertices. It uses the initial mesh (or previous one) and is based on the direct
analysis of the size map. To do so, we compute for every node n:

S, = qu[%‘:) i1 = qu[-:‘f) (16)

n

where h describe the requested size at node i, with i varying on each node of the elements
connected to node n. If the sizes gradients S, or I, are more than § and less than 1/P
respectively, the node of the initial mesh is kept as the vertex of control P. Thus, the control
vertices are positioned in the regions where the size gradients are steep.

In order to both limit the number of control vertices and not constrain too heavily the
mesh, some criteria of relative distance and distance to the surface have been introduced.
Every point P, is then tested:

d(I},Pj) > prescribed size in P, an

where P, denotes a control vertex or a node near the skin mesh. If the relation is not satisfied,
then the control vertex is not created.

The coefficient f is a parameter of the method. Different examples show that a reasonable
value is near 1.3 to 1.5.

This method is almost as simple to carry out as the method by optimization of the skins,
but it does allow for an important improvement of the size respect with, consequently, a
significant decrease in the element number.

4.3, Control of the size respect

To estimate the quality of the meshing procedures, an indicator of size respect is defined in
comparing real sizes created by the mesher to the sizes actually defined by the map of sizes:

real size

=T 18)
prescribed size

The ideal ratio is equal to 1; however, the respect of sizes is considered satisfactory if the
coefficient is such that: 2/3 <[, £3/2. Results are visualized on a histogram with respect to
coefficients r; that represent an overall study of the respect of sizes.

This indicator allows us to compare the different methods. The analysis of both size
respect (18) and optimality (15) coefficients can enable discerning when the mesh is not
optimal, whether this is due to poor respect of the size map or an incorrect computation of the
sizes.

4.4, Examples of mesh adaptation

To illustrate the methods discussed above, two examples are presented. The first is a
symmetric geometry with a low radius of curvature. We show in Figure 4 the initial mesh as
meshed with 4-node tetrahedra and in Figure 5 the meshes obtained both with the method of
optimizing the skin mesh (METHI) and with the method of control vertices (METH2). The
prescribed error is 20%.

The second example is a simplified structure meshed with 10-node tetrahedra. For
symmetry reasons, only an eighth of the structure has been meshed. The optimized mesh
(Figure 8) has been obtained from the initial mesh (Figure 7) for a prescribed error of 7%.
The size respect and modification coefficients are shown in Figure 10 and 11, respectively.
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Figure 4. Initial mesh - 17,229 elements - 3,755 nodes - £=40.14%

Figure 5. Optimised mesh
METHI1 - 31,510 elements - 6,800 nodes - £€=21.55%
METH?2 - 25,170 elements - 5,757 nodes - €=23.13%
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The first example shows a decrease of 6,300 elements between the method of optimizing
the skin mesh and the method of the control vertices with errors close to 20%. The same
observation can be made for the size respect where the second method creates 90.8% of the
elements in the admissible area (Figure 5), while the first method only creates 75.3%
(Figure 6). For the second example, we notice that the optimized mesh contains fewer
elements than the initial mesh, while its error has been divided by two.

5. AUTOMATION OF THE COMPUTATIONS

5.1, Algorithm

The aim of automation is to minimize the involvement of the user in the analysis itself. In
order to do so, we need the following tools:

(i) anefficient and conservative measure of the discretization errors,

(if) an efficient method for determining the optimal sizes which requires no knowledge of
the mechanical problem, and

(iii) in 2D, an automatic mesh generator that is able to respect the size map and in 3D, an
automatic mesh generator for use with the above procedures.

With these tools, it is possible to entirely automate analyses in elasticity. More precisely,
the involvement of the user should be limited to the following operations:

1. a description of the geometry by a CAD-CAM software program,
2. a description of the mechanical data (imposed displacements, loadings, coefficients of
elasticity of the materials), and

3. an indication of the prescribed accuracy &,.

| Definition of the geometry |

i

First mesh
Three-dimensional
I Interface mesh-analysis ! automatic
remeshing
l Interface analysis-ESTEREF 3D I T
Computation of the
I Computation of the error € | geometrical characteristics
£> 6 Yes *
No

Figure 12. Diagram of the 3D analysis
From a coarse mesh T, the algorithm described in Figure 12 provides in just a few iterations
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an optimized mesh for the accuracy €,. When the first mesh is built, we conduct an initial
finite element analysis, whose accuracy € is computed with our post-processor. Then, this
accuracy is compared with the prescribed accuracy &,. Since mesh T, is coarse, we generally
have £>¢€,. Thus, an iteration of optimization is required to attain the accuracy &,. If € is not
too high compared to &, in practice if:

£<0¢, (19)

where 0 is a coefficient, we choose as target value:

Eoarger = €0 (20)
Otherwise, the target value is imposed by:

Eppger = €/d 21

where d denotes a coefficient. Experimentally, we have observed that the values:
0=4 and d=3 (22)

yield good results for 2D and 3D computations, respectively.

A map of mesh sizes has been computed with € 85 an imposed accuracy. The new
mesh is built with the above procedures and automatic mesh generators. Then, we begin
another iteration by conducting a new finite element analysis. After a few iterations (one to
four, depending on the initial mesh and &), the prescribed accuracy is reached.

5.2. Examples of automation

A piece of wheel is meshed (Figure 13) with 10-node tetrahedra by using the second
method of adaptation and the automation. From the initial mesh, the final mesh (Figure 15)
has been built with an intermediate step (Figure 14) for a prescribed error of 10%.

The second example is the simplified structure meshed with 10-node tetrahedra. The
optimized mesh (Figure 18) is built from the initial mesh (Figure 16) with an intermediate
step (Figure 17). The prescribed error is 5%.

CONCLUSION

The examples presented show that it is possible to generate well-adapted 3D meshes with
entirely automated procedures. The methods employed are very simple to develop and their
computation costs remain far below those of the finite element analysis. Associated with an
efficient technique of optimal size prediction which takes the steep gradient areas
automatically into account, these methods allow for a real automation of the 3D finite element
analyses, at least in elasticity.

We have presented a procedure that allows obtaining adapted meshes in 3D by the use of
an automatic surface mesher that is able to respect a map of sizes, an automatic 3D mesher
and a post-processor for the control of finite element analyses.

Naturally, several difficulties remain to be overcome, such as:

» the adaptation of curved surface meshes which is essential for the generation of

well-adapted 3D meshes and '

* the improvement of a CAD-computation connection; the transfer of a geometry to an

automatic mesher is far from being adequately solved.
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Error estimation and adaptivity for h-version eigenfrequency analysis
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Abstract

The Superconvergent Patch Recovery technique is used to improve the displacement field of vi-
brating eigenmodes. The improved eigenmodes are used in the Rayleigh quotient to obtain im-
proved eigenfrequencies, which replace the unknown exact solution in the error estimates. The
improved eigenmodes are used to determine the error locally as error indicator and is the funda-
mental ingredient in the adaptive strategy.

KEYWORDS: Adaptivity; Eigenfrequency; Error estimation

1. INTRODUCTION

Quality aspects have received increased interest in recent years in the engineering communi-
ty. In particular quality assessed computations. The most general tool for engineering computa-
tions is recognized to be the Finite Element Method, FEM. Dynamic problems require, in general,
eigenfrequencies and eigenmodes with some specified accuracy. Techniques to solve the algebra-
ic eigenproblem efficiently and with a demanded accuracy are well established. However, by us-
ing FEM we also introduce a discretization error, which must be controlled for the solution to
be acceptable. Engineering needs create large problems, which require adaptive procedures in
order to be solvable. The final goals of adaptivity in modal analysis are three fold:

1) optimal mesh for one eigenfrequency;

2) optimal mesh for a set of eigenfrequencies;

3) quality assessed dynamic response.
Work have been conducted on the topic, and this work is a continuation of the work presented
in [1] and it meets 1) and partly 2).

A posteriorierror estimation is a fundamental ingredient in an adaptive procedure. The basic
idea in a posteriori error estimation is simply to construct anew higher quality solution to replace -
the unknown exact solution in the error expression. Zienkiewicz and Zhu, 2}, {3}, devised the
Superconvergent Patch Recovery, SPR, technique as an efficient mean to construct improved
stress fields for static problems. The SPR technique has been applied to static problems and dy-
namic wave problems to improve the stress field and to estimate the spatial discretization error,
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[41, [5}, [6], and [7]. Ladeveze and Pelle, [8], proposed a technique to obtain upper and lower
bounds for the eigenfrequencies of elastic structures. The technique requires global systems of
equations to be solved and the computation of a constant characteristic of the discretization sub-

space. Avrashi and Cook, [9], proposed a technique for C? eigenproblems. The procedure starts
with smoothing of the stress field and then the smoothed stresses are used to modify the displace-
ment field. An improved eigenfrequency is then obtained by the Rayleigh quotient. The tech-
nique requires user tuned parameters. The current approach for eigenproblems is to improve the
displacements directly and obtain an improved eigenfrequency by the Rayleigh quotient. We im-
prove the displacements by SPR techniques, henceforth referred to as SPRD techniques, see Wib-
erg et al, [10], [11], [1]. In [12], an h-adaptive eigenfrequency analysis was presented based on
the estimated strain energy of the error and an accepted error tolerence of the strain energy, and
was not directly coupled to the error in eigenfrequencies. Stephen and Steven, [13], proposed
another approach to improve the displacements where the differential equation is solved for local
patches and the superconvergent nodal values are used as boundary conditions.

However, the previously mentioned improvement techniques for eigenproblems either suf-
fer from limitations in reliability or a low accuracy combined with a low order of convergence
or they require user tuned parameters. The node patch SPRD technique advocated in [1] may fail
when applied to general quadrilateral elements due to the fitting of a high degree polynomial to
a few points giving a highly distorted behavior between the sampling points. The technique pro-
posed in [13] has a low order of convergence, indicating that the superconvergence properties
can be better utilized. The drawback of the SPRD technique can be remedied by decreasing the
order of the polynomial used the recovery. We exploit the technique in an h-adaptive algorithm
for which the mesh refinement strategy is based on the difference of strain energies of the FE solu-
tion and the improved solution, and coupled directly to the accepted error in eigenfrequencies.

Numerical examples show that it is possible to use the node patch strategy to obtain eigenfre-
quencies to a specified accuracy within a few iterations for complicated problems. We also in-
clude numerical examples that show an increase of order of convergence which demonstrates su-
perconvergence. Moreover, the accuracy of the node patch SPRD technique using linear
triangular and bilinear quadrilateral elements is compared to the accuracy of the corresponding
one order higher finite element solution.

2. BASIC EQUATIONS

Consider elliptic eigenvalue problem of order 2m which are governed by the following dif-
ferential equation

~ dou(x) + Vrpffu(x) =0, inQ 5

with boundary conditions

u(x) = u, onT,, )

T -
V.DVu(x) = o, on I, 3)
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where V is the differential operator, V,, is the boundary operator, D is the constitutive matrix and
@ is the mass density. £ is a spatial domain under consideration with boundary
r=ruUra (runro=ﬂ)

The solutions of equation (1) are the functions which give the Rayleigh quotient

a(v,v)
b(v,v) )]

R(v) =

a stationary value when taken over all possible functions v € ¥(£2), where

T(2) = {(Vv:v € 1%YQ), v =0 on I',}.Here b(v, w) is akinematic energy scalar prod-
ucton 2 as

bv,w) = Ingdx (5)
Q

and a(v, w) is a strain energy scalar product on Q as

a(v,w) = I(VV)TDf’wdx 6)
2

The stationary values of R(v) are the eigenvalues 4, and the corresponding functions are the
eigenmodes u;.
When the finite element method is applied, the stationary values of R(v) are determined over

a finite dimensional space qf‘(ﬂ‘h);’, = [v" EWNT,):VI,LEP, VTET h} where ') is a
spatial finite element mesh space associated with £2 and 9P is the set of p-th order polynomials.

A function v"

n
is expressed in the form o= Z NJ(x, y)vj = NTV, where Nj(x, y) are local basis
j=1
functions and v; are the nodal values of v*.

On substituting this expression for the eigenmodes u; in the Rayleigh quotient we obtain

b= Ruby = L Q)

where Kis the stiffness matrix, M is the consistent mass matrix of the structure and U, is the eigen-

vector containing the nodal values of uﬁ'.
The stationary values of R(v) are found by solving the generalized eigenvalue problem

(K-AMmU =0 3)

The eigenfrequencies are the square roots of the eigenvalues, wf‘ = ‘/}.—:-'

The eigenfrequency a)f' and the associated eigenmode uf.’ for each mode i of interest can
be done by any convenient solution procedure of the generalized eigenvalue problem.
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3. POST-PROCESSED EIGENFREQUENCIES BY NODE PATCH SPRD

3.1. General

The post-processed eigenfrequencies are calculated using the Rayleigh quotient without
solving the generalized eigenvalue problem. A new improved eigenfrequency will be of the form

> j(?u;' YTDVu2* dx
[ 4

2
Z J(uitt )Tguint dx
-4

Q,

((0.'" )2 =

(€)]

where e is summed over the total number of elements, and u;** is a displacement field with a
higher order of accuracy. The recovered displacement u;" * field of the eigenmode number i will
be determined by the SPRD technique, described below. It is important to keep in mind that since
the integrands of the integrals in equation (9) includes, as we shall see below, higher order terms
than the finite element solution, then the numerical integration must be propetly adjusted to be
sufficiently accurate.

The SPR technique is based on the fact that for finite element solutions there exist certain
points in each element at which the prime variables (displacements) or the derivatives (stresses)
have superior accuracy to that found globally. These points are called the superconvergent points
of the finite element solution.

From the expression of the Rayleigh quotient it is clear that in order to improve an eigenfre-
quency it is sufficient to determine a higher accuracy displacement field for the corresponding
eigenmode. The exceptional points where the prime variables have higher order accuracy as
compared to the global accuracy are known to be the nodal points of the finite element approxi-
mation. We anticipate that SPRD based on these points gives a recovered diplacement field,
which is more accurate and which has a higher order of convergence.

The proposed recovery method is local, i.e. no global system of equations has to be
constructed and solved. Let the element for which SPRD currently is performed be called the
master element. The index i denoting the eigenpair number is henceforth omitted in order to in-
crease the readability of the equations. The improved displacement field is computed in a three
major steps. Step one is to define local patches for the vertex nodes of the master element and
for each patch construct a displacement field, uk' , by a least squares fit of a local polynomial

u; (x) = P(x)a 10$)

to displacement values at higher accuracy points in the patch. P(x) = [ 1 x| x; x;x, ... ]is
the basis of the polynomial, and x = (x, x,) is the spatial variable, and k denotes the vertex
node number, and a is unknown parameters to be determined.

In order to determine the unknown parameters a we minimize

NP
m= ) (b, x) — P, xh)a)? (11)
i=1
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where NP is the number of superconvergent points in the patch and u? denotes the finite element
solution in these superconvergent points. This implies

Aa=b (12)
where
NP . 3 . . NP : - . -
A=) PTG, x)Pl,x) . b= ) Pl xhul(a, x) (13)
i=1 i=1
The second step is to weight and sum the node patches
NEVN
= Ny (14)
k=1

In expression (14) NEVN denotes the number of vertex nodes on the master element and the
weight N, is the local, linear or bilinear, basis function on node number k.
In the third step we change the basis to a finite element basis, where the polynomials have

at least one degree higher terms than the complete polynomial appearing in the original finite ele-
ment basis. The change of basis is simple

u* = NHIT 15)

u(x;, y;) if j old node
U= [u}]JNﬂI . = u(x; y;) if j new node

where NEN denotes the the new number of nodes on the element and A and B are two adja-
cent elements. In words: comer node values of the original finite element solution are kept and
additional nodal values are calculated by (14). It will be clear, from the patch selecting strategy
presented below, that the displacement fields for adjacent elements not are identical over inter-
element boundaries. In case the new node lies on an inter-element side the new value is calculated
by averaging the two displacements for the node. See Figure 1 for an example.

2 .- 2 ' 3 ® New node on interelement edge
| S g = 1/2(@ + i)

8 9 6 ut LI Np+ l'U'

A B

T 5 2

Figure 1. Recovered displacement field for element A, expressed by nodal values
and finite element basis functions of degree p+1. The new node, 6, belongs to both
element A and B and the final value is the average of the values obtained for each of
element A and B by equation (14).
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3.2. Patch selecting strategy

The strategy is based on the following arguments: local information have a greater impor-
tance than distant information for a curve fit (c.f. a Taylor expansion); a large number of sampling
points in a least squares fit decreases accuracy; a small number of sampling points may cause dis-
tortions.

Strategy for quadrilateral elements.. We select one patch for each element and vertex node
on that element, called master element and assembly point. Thus, a patch will be identified by
a pair of numbers—an element number and a vertex node number. The patch includes the master
element and those elements which share a side with the master element and which also have the
assembly point as a vertex node, see Figure 2. In most cases this will be three elements, except
for boundary vertex nodes where the patch then will have less than three elements, for these cases
some more element/s have to be included for the patch to have optimum number of sampling
points. The rule is that elements to be included should lie on as a small distance as possible from
the assembly point and that the patch ideally has three elements.

o Pl

® Node patch assembly point

® Superconvergent points/
I - patch sampling points

colour of patch
i i k

| '/A colour of master element

Figure 2, Selecting node patches on a quadrilateral mesh.

Strategy for triangular elements. Also for triangular elements we let a pair of element num-
ber and element vertex node number define each patch as for quadrilateral elements. The patch
includes all elements with the assembly point as a vertex node, see Figure 3. When it is the case
that the patch has too few sampling points we add some more elements to the patch, so that the
number of sampling points will be equal to or one or two more than the number of terms in the
polynomial P.

® Node patch assembly point

®  Superconvergent points

D colour of patch

colour of master element

Figure 3. Typical scenario when selecting a node patch on a triangular mesh subject
to SPRD.
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3.3. Remarks

If there are more nodes than necessary in the patch one must ensure that the polynomial
equals the value of the finite element solution in the node patch assembly point, which can be
accomplished by weighting in the least squares fit.

4. ERROR ESTIMATION

The absolute and relative error in eigenfrequencies of the original finite element solution
is expressed as

Awh
Aol = o} - o, P = ;- 100 (17
of the postprocessed solution as

T Awi"

doi* =0t - o n =10 (18)
and the estimated error of the finite element solution

Aw?
AE{' = w:’ - a),-" -’-]-(l) = wwtl - 100 (19)

The quality of any error estimator is measured by an effectivity index which gives the ratio
of the estimated errors to the actual ones as follows
Aw!
9, = —L

The error estimator is said to be asymptotically exact if the estimated errors approach the
exact errors as the finite element mesh is refined. This is equivalent to the effectivity index con-
verging to unity as the finite element mesh is refined.

5. ADAPTIVITY

Let (0", U) denote a finite element solution eigenpair and let (w ** , U™") denote an im-
proved eigenpair (improved by any technique). Then we want the estimated relative error to satis-

fy
ot —w**

7= T = ToL @n
Manipulation of the left hand side of equation (21) reveals that
o -—w* _ol-w*t ottt Al — 2
* & = * x = *% 2
@ @** o'+ oot +1 22)
and
I — *k I - *%
whi““ A+ == /1'21*{1 ,since @** < ok (23)
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Clearly, (21) will hold if the following holds

h — ks *k *k
}‘_21%5’7?01,:’)""}' < 27101 « 24)

Restrict the refinement technique so that we by using the Rayleigh quotient, equation (7),
can write

Z UTKeU z U TK* e**

h _ -k = e _ 4
pod SUMeU ) UTTM™eU™ @
e

€

The matrices K** = Z K"tand M" = zM **¢ are the stiffness and mass matrices of some

e 4
finite dimensional space which allows improved solutions. The summation is over all elements,
NEL, in the mesh. Equation (25) simplifies if the eigenvectors are normalized such that

z UT™™¢U = 1 and Z UM U™ = 1to
[4 [

A = Z(UTKCU _ U"TK“CU“) = Zde (26)
e

e

where A€ is the error indicator.
We wish to predict a new mesh size so that equation (24) holds, which we write

Ahncw —_— A”nm S 21”:::».-;7“;{01’ (27)
Then (25) and (27) yields

zdfww = 21""'“’7?01‘ (28)

e

The optimality criterion, [14], on a mesh is that the error is equally distributed, thus we re-
quire

Biew = Apew , Ve (29)
Then equation (28) can be written

NELueulnew < 2™ %01 (30)
Since the eigenvectors minimizes the Rayleigh quotient, [15], we know that A < A*, be-

cause A" is the minimum over a possible smaller set than 4. Therefore we also know for A" o

be an improved estimate of A, it must hold that 4 < A** < A", The eigenvalues will be greater
than zero if the matrices are positive definite, which is the case that we consider, we have

A" — 2" < Ak — ). Then basic a priori error estimates,{15], yields

A= 1" < Ah = ) 5 25K+ 1-mYG+D/m @b

where 0 is constant with respect to the characteristic mesh size h.
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For a sequence of optimal meshes we assume that equation (31) can be stated in terms of
the error indicator and the local mesh size.

A€ = Ch2(p+l—m)'{(p+l)/m (32)

or with the notion of a new mesh and an old mesh

Apew = Cnewhz(el:j 1=mpp+ D/fm

(33)
A€ = Ch2(p+l -m)(p+ 1)/m
old

Equation (33) gives

weri=m = € g (34)
old
Equation (34) and equation (30) yields that we require
=)

hz(P+1"‘m) < C'u nr“ﬂTOLhZ(p-l-l—'m) (35)

new NEL,..A¢ old

We do not know A"~ and NEL .., so we replace them with the known quantities of the old

mesh, 1** and NEL and make the assumption that NEL,,,, = NEL(L;IM)D for a D-dimensional
old
problem. We assume that C' = 1. Hence, the mesh refinement is performed according to

*k

A1 =m+D < NZEALAJ?OL”%H_MHD (36)

u** - ﬂit
NELAe 2k —

If the old mesh is optimal then

6. NUMERICAL EXAMPLES

6.1. Rectangular plate, regular mesh

In order to study convergence rate and accuracy of the proposed method, we considered a
rectangular plate subject to plane stress for which the exact solution is known. The plate has uni-
form thickness. See Figure 4 for boundary conditions and dimensions of the plate. The vibrations
are in-plane. We used nondimensionalized eigenfrequncies w /Jb:

In order to study convergence rate and accuracy of the proposed technique, we used a se-
quence of five meshes with 4x4, 8x8, 10x10, 15x15 and 30x30 equally sized rectangular ele-
ments. Figure 5 shows the effectivity indices of the error estimator for the 1-st and 8-th eigenfre-
quency. Figure 6 shows the convergence rate for the exact error using 4-node elements and 8-node
rectangular elements, it also shows the convergence rate of the SPRD improved 4-node solution
and the estimated rate of convergence for the 4-node element.

We make the following observations from the regular computation. The recovered solution
demonstrates superconvergence properties if regular elements are used. Effectivity index shows
that the error estimate is asymptotic exact.
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Figure 4. Dimensions and boundary  Figure 5. Effectivity indices for rectangular
conditions of rectangular plate. plate using 4-node quadrilateral elements.
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Figure 6. Convergence rates for rectangular plate using 4-node quadrilateral ele-
ments.

6.2. Rectangular plate, adaptive computation
In order to study the behavior of the error indicator equation (36), the eigenfrequencies of
the rectangular plate was computed adaptively. We used 4-node quadrilateral elements. The toler-

ence of the estimated relative error, c.f. equation (21), was set to 77’;0,_ = 0. 05%. We made two
adaptive sequences: In the first the mesh was refined according to the error indicator of the 1-st
eigenfrequency; In the second the mesh was refined according to the error indicator of the 8-th
eigenfrequency. The maximum number of adaptive iterations was limited to three. The mesh gen-
eration was performed using advancing front technique, Peraire et al. [16].
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In both the adaptive sequences the error tolerence was met for the eigenfrequency consid-
ered. It can also be seen that if the demanded accuracy of a higher frequency is met, then also
(often) the accuracy of the lower frequencies meet the same demands.

Mesh 1 Mesh 2 Mesh 3
36 elements 399 elements 1181 elements

Figure 7. Sequence of meshes for adaptive computation of the 1-st eigenfrequency.

Table 1.

Results obtained for adaptive computation of the 1-st eigenfrequency

Mesh w, ot eyt wg ol gt
1 0.6494 0.6575 0.6514 0.940 19790 2.1576 1.9860 7.740
2 0.6494 0.6502 0.6495 0.104 1.9790 19824 1.9792 0.164
3 0.6494 0.6497 0.6495 0.040 1.9790 19804 19791 0.065

JITT 111 11

Mesh 1 Mesh 2 Mesh 3
36 elements 700 elements 1976 elements

Figure 8. Sequence of meshes for adaptive computation of the 8-th eigenfrequency.
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Table 2.

Results obtained for adaptive computation of the 8-th eigenfrequency

h

LA

Mesh w, ot o 7% wg of o5t @
1 0.6494 0.6575 0.6514 0.940 1.9790 2.1576 2.0025 7.740
2 0.6494 0.6498 0.6495 0.053 1.9790 1.9806 1.9791 0.080
3 0.6494 0.6496 0.6495 0.018 1.9790 1.9798 1.9791 0.038
6.3. Tunnel

In order to study the applicability of the method to more complicated engineering problems
the eigenfrequencies of a vibrating tunnel, Figure 9, was computed adaptively for the 1-st and

the 8-th eigenfrequency. The error tolerence was i;",'-OL = 0. 3%. We used linear triangular ele-

ments.

In both cases convergence was reached within one adaptive refinement of the same starting
mesh, Figure 10 Mesh 1. Adaptive refinement according to the 1-st eigenfrequency resulted in
Mesh 2a in Figure 10. Adaptive refinement according to the 8-th eigenfrequency resulted in Mesh
2b in Figure 10. The results are listed in table 3.

R=2950
r=2450
— 13000
Plane strain
33000
A B
E=669.4 E = 3600.0
o=1.7085-10"1 0=2.551-10"10
v =.29 v=.25

Figure 9. Geometry, material properties and boundary conditions of tunnel structure.



473

Mesh 1
974 elements

A TATATATATAN
JERRDS
'

Mesh 2a
3302 elements

RWAYAYATATATAAN
VAATAYAN
LYAY,

Rar 3%

I
\.t.v‘vﬂ

VA e
\7

1
WAV
OLA
PRIN A

3327 elements

Figure 10. Sequence of meshes for adaptive computation.

Table 3.
Results obtained for adaptive computation of the 1-st (2a) and 8-th (2b) eigenfrequency
Mesh of e w7y b wgt 7y
1 117.01 11609 0.788 376.81 374.05 0.736
2a 11527 115.10 0.150 373.10 37231 0213

2b 11555 11541 0.122 373.06 372.56 0.133
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7. CONCLUDING REMARKS

The local updating technique provides an effective and reliable mean to improve eigenfre-
quencies without any user tuned coefficients. The improved eigenfrequencies exhibit supercon-
vergence so that the order of convergence of the improved values are at least two orders higher
compared to the finite element solution. An h-adaptive scheme converges for a group of eigenva-
lues to a demanded accuracy within one or two steps.

REFERENCES

{1] N.-E.Wiberg, P. Hager and R. Bausys, Accuracy assessed eigenfrequency analysis by node
patch recovery, in: Proc. of NAFEMS WORLD CONGRESS ‘97, Vol1, (Stuttgart, Germany,
9-11 April 1997) 13-24.

[2] O.C.Zienkiewicz and J. Z. Zhu, The superconvergent patch recovery and a posteriori error
estimators, Part 1 The recovery technique. Int. J. numer. Meth. Engrg, 33 (1992)
1331-1364.

[3] O.C.Zienkiewicz and J. Z. Zhu, The superconvergent patch recovery and a posteriori error

estimators, Part 2 Error estimates and adaptivity. Int. J. numer. Meth. Engrg, 33 (1992)
1365-1382.

{41 N.-E.Wiberg and F. Abdulwahab, Patch recovery based on superconvergent derivatives and
equilibrium, Int. J. numer. Meth. Engrg, 36 (1993) 2703-2724.

[S] N.-E.Wiberg, F. Abdulwahab and S. Ziukas, Enhanced superconvergent patch recovery in-
corporating equilibrium and boundary conditions, Int. J. numer, Meth. Engrg, 37 (1994)
3417-3440.

[6] N.-E.Wibergand X. D. LI, A postprocessed error estimate and an adaptive procedure for the
semidiscrete finite element method in dynamic analysis, Int. J. numer. Meth. Engrg, 37
(1994) 3585-3603.

[7] N.-E.Wiberg, F. Abdulwahab and S. Ziukas, Improved element stresses for node and ele-

ment patches using superconvergent patch recovery, Comput. Meth. appl. Mech. Engng, 11
(1995) 619-627.

[8] P. Ladeveze and J. P. Pelle, Accuracy in finite element computation for eigenfrequencies,
Int. J. numer. Meth. Engrg, 28 (1989) 1929-1949.

[9] J. Avrashi and R. D. Cook, New error estimation for eigenproblems in finite element analy-
sis, Engrg. Comput. 10 (1993) 243-256. -

{[10] N.-E. Wiberg and R. Bausys, Error estimation for eigenfrequencies and eigenmodes in dy-
namics, in: J. Pal and H. Werner, ed., Computing in Civil and Building Engineering, (Balke-
ma, 1995).



475

[11] N.-E. Wiberg, R. Bausys and P. Hager, Improved eigenfrequencies and eigenmodes in free
vibration analysis, in: B. H. V. Topping, ed., Advances in finite element technology, (Civil-
Comp Press, 1996).

[12] N.-E. Wiberg, R. Bausys and P. Hager, Adaptive h-version eigenfrequency analysis, Publ.
96:11, Dept of Structural Mechanics, Chalmers University of Technology, (1996).

[13] D.B. Stephen and G. P. Steven, Error estimation for finite element eigenproblems, in: Proc.
of NAFEMS WORLD CONGRESS ‘97, Vo2, (Stuttgart, Germany, 9-11 April 1997)
707-717.

[14] I. Babuska, Feedback, Adaptivity, and aposteriori estimates in finite elements: aims, theory,
and experience, in: Babuska et al, ed., Accuracy estimates and adaptive refinements in finite
element computations, (John Wilet and sons, 1986) 3-23.

[15] G. Strang and G. J. Fix, An analysis of the finite element method (Prentice-Hall, 1973).

[16] J.Peraire, M. Vahdati, K. Morgan and O. C. Zienkiewicz, Adaptive remeshing for compress-
ible flow computations, J. of Computational Physics, 72, (1987) 449-466.



This Page Intentionally Left Blank



Advances in Adaptive Computational Methods in Mechanics
P. Ladevéze and J.T. Oden (Editors)
© 1998 Elsevier Science Ltd. All rights reserved. 477

Error estimation and adaptivity for the finite element method in acoustics

Ph. Bouillard? and F. Ihlenburgb*

aDepartment of Continuum Mechanics, Université Libre de Bruxelles, CP 194/5,
Av. F. D. Roosevelt 50, 1050 Brussels, Belgium, e-mail: pbouilla@smc.ulb.ac.be

bUniversity Rostock, FB Bauingenieurwesen, PF1410, D-23952 Wismar, Germany

1. INTRODUCTION

The acoustic wave propagation in an inviscid medium is described by the Helmholtz
equation Ap + kZ2p=0 where p is the spatial distribution of a small harmonic perturbation of
pressure p'(x,t) =p(x)ei®t around a steady state and k= wc-! is a given physical
parameter. Classically, a distinction is made between interior and exterior problems, coupled or
uncoupled to a structure.

Let Q € R3 be the domain of a closed thin-walled shell. If Q is assumed as rigid, only the
incidental and diffracted waves are propagating. In most applications however, Q is elastic and
the dynamic vibrations then add a radiated sound field to the fields above. Acoustic fluid-solid
interaction is modelled by a coupled system of equations for dynamo-acoustic solid-fluid
interaction. If the sound propagates into an unbounded exterior medium, the assumption that

o waves are reflected from the far field is formalised by the Sommerfeld boundary condition
orp - jkpl= o(R"1) where R is the radius of a fictitious sphere in the far field. For exterior
solid-fluid interaction, this condition introduces the effect of radiation damping into the
boundary value problem, that is, the vibrations of the elastic structure are damped if the acoustic
medium fills an unbounded domain. If the acoustic medium (fluid or gas) fills the interior of a
cavity, the damping effect is not significant. If no other damping conditions such as structural
damping are assumed, the interior problem becomes singular at the eigenfrequencies of the
cavity. Detection and prediction of the eigenmodes is thus an important issue of computational
simulation.

As in other application fields, error control is an important issue in acoustic computations. It
is now clear that the numerical parameters (mesh size h and degree of approximation p) must be
adapted to the physical parameter k, or better to the non-dimensional wave number X scaled by
a characteristic length (x=kL). The well known rule for the k version with p=1 is to resolve a
wavelength A=2nk-! by six elements (that is kh=1). This ‘rule of the thumb’ was shown for
interpolation of a given sinusoidal wave, i.e. it characterises the approximability of a given
finite element mesh for the Helmholtz equation. If the numerical discretisation is stable, the
quality of the numerical solution is entirely controlled by the approximability of the finite
element mesh. The situation is quite different in the presence of singularities. In that case,
stability (or the lack thereof) is equally (sometimes more) important.

Adaptive approximation of singularities has become a well researched field with many
implementations in engineering practice, especially in the traditional field of structural analysis

* Present address: Germanischer Lloyd, Vorstzen 32, D-20459 Hamburg, ihi@hamburg.germantloyd.de
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where singularities mostly arise from geometry features (e.g. sharp corners, stiffeners, etc.) or
from boundary conditions (e.g. concentrated loads). The solutions characteristically have high
local (i.e. in the vicinity of the singularities) gradients which have to be properly resolved by
the numerical approximation.

The situation is different in wave propagation with high wave numbers where the solutions
are ‘rough’, i.e. highly oscillatory. For instance, the function p=sin(kx) is a solution of the
Helmholtz equation in one dimension. The higher wave number k, the more oscillatory the
solution becomes. Its gradient p'=kcos(kx) is large everywhere, i.e. globally. This is a
singularity inherent to the differential operator rather than to the domain or to the boundary
conditions and is called k-singularity [1-3].

Similarly, the discrete operator (stiffness matrix) becomes singular at eigenvalues of the
discretised interior problem (or nearly singular at damped eigenvalues in solid-fluid interaction)
defining the A-singularities.

Both singularities are of global character and without adaptive correction, their destabilizing
effect generally leads to large error of the finite element results, even if the finite element mesh
has sufficient approximability. For example, it is well known that the ‘rule of thumb’ does not
guarantee small error if wave number k grows. This is due to the k-singularity which causes an
increasing phase shift of the discrete solution (even with h respecting the ‘rule of the thumb’
kh = constant). In the presence of A-singularity, a large error can be observed also for small
wave numbers. Due to these specific phenomena of dynamo-acoustic computations, error
control cannot, in general, be accomplished by just ‘transplanting’ methods that worked well in
static computations. As a first step towards reliable computations, the nature of the error has to
be understood.

The paper is organised as follows: Section 2 establishes the finite element formulation for
the acoustic problem and defines the discretisation error. A short review of a priori error
estimations for the Helmholtz equation and rules for k-adaptive mesh design is given in the
Section 3. First investigations on the effect of k- and A-singularities for elastic scattering and
for the interior problem are also discussed. Section 4 is dedicated to the reliability of two a
posteriori error estimators. Finally, Section 5 illustrates on a real-life problem the specific
singularities of the Helmholtz operator and shows that, with low wave numbers, h-adaptive
refinements are necessary in order to control the accuracy.

2. THE FINITE ELEMENT METHOD FOR ACOUSTICS

2.1. Strong formulation
The acoustic wave propagation, under the assumption that the wave is a small harmonic

perturbation of pressure around a steady uniform state in an inviscid fluid Q, is addressed by
the Helmholtz equation

Ap+Xk2p=0 1)
and the appropriate boundary conditions of three types :

Dirichlet on I'p pP=p @

Neumann on I'y vap=Vp or  Vyp=-jpckvy 3)
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Robin on I'y va=App or Vpp=-jpckApp 4

where p is the mass density. The particle velocity v is linked to the gradient of the pressure by
the harmonic equation of motion

v=—Lvp )

2.2. Finite element discretisation
The formulation and the model problems will be defined using the following non-
dimensional variables

g:f x=kL h:% (6)

The acoustic problem (Egs. 1-4) can be cast in a weak form and discretised by a standard
Galerkin procedure resuiting in a linear algebraic system of equations

(K+jkC-k2M)qp=-jkf Q)

where K, C and M are the classical stiffness, damping and mass matrices analogous to those
arising in structural dynamics.

K=I (VN)'(VN)dQ c=—Lf N'N Apdl M=I N'N dQ ®)
Q PC Irr Q

with N denoting usual shape functions of order p. The qp vector contains the unknown nodal
admissible values of pressure. The right-hand side of Eq. (7) contains normal velocity
boundary conditions (Eq. 3)

f=—1EI NV, dl )
PC g

2.3. Discretisation error
The discretisation error considered throughout this paper is defined in the H!-seminorm for
complex variables

lp-p"l%=f (v-9%) (v-vh)da (10)
Q

where - denotes the complex conjugate. In the following, this error will be equivalently denoted
as the error in L2 norm on the velocity

lp-ptli=|v-vhlo (11)
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2.4. Model problem I
Throughout the paper, two one dimensional model problems will be used in order to
illustrate the specific singularities of the Helmholtz operator. Model problem I is defined by

2

d_pi_'_ K2p=0 in(0,1) 12)
dg
p(0)=1 3—2(1)-1'Kp(1)=0 (13)

and has the exact solution, corresponding in fact to an exterior problem with a propagating one
dimensional wave

p(&) =e¥&

=cos(kE) +j sin(x&) (14)

Indeed, consider the exterior scattering problem in three dimensions. The physical process
is formulated as an exterior Helmholtz boundary value problem

Ap+k2p=0 inQ" (15)

=0 (16)
r=R

Jp .
—p'JkP

Vap=w onT, lim R
ar

R0

For application of the finite element method, the exterior domain is decomposed by
introducing an artificial boundary I'y enclosing obstacle £2. A usual finite element partition is
then introduced in the near field between I' and . In the remaining exterior domain outside
I'a, the boundary value problem is discretised by other means (e.g. boundary elements, infinite
elements, absorbing or non reflecting boundary conditions). This exterior discretisation is
mapped into the near field by a so-called Dirichlet-to-Neumann map. The most simple
procedure is to impose the Sommerfeld condition on a spherical boundary I's rather than in the
far field. Model problem 1 corresponds to this approach in one dimension and was first studied
in [1-2]. Unlike applications in two and three dimensions, no spurious reflections are caused by
the far field approximation at I'y, hence the numerical error is only due to the finite element
discretisation.

2.5. Model problem II
Model problem Il is defined by

2
9-%+x2p=o in (0,1) a7

dg
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9P 0y=jpcxvy d1)=0 (18)
dg dg

and has the exact solution

cos[x (1-§)]

sin( x) (19)

p=-jpcvp

Model problem II defines an interior undamped problem and has eigenmodes corresponding
to the non-dimensional wave numbers

K=mn meN (20)

Note that the eigenfrequencies depend on the length of the tube by definition of the non-
dimensional wave number x (Eq. 6).

3. A PRIORI ESTIMATE

3.1. Rule of the thumb

Most acoustic finite element analyses are computed by keeping the product kh constant.
This is called ‘rule of the thumb’ and is only based on the simple assumption that a wavelength
should always be resolved by a constant number of elements (Fig. 1). According to the user’s
manual of SYSNOISE [4}, five or six elements are sufficient for linear elements (p=1) which
corresponds to kh = 1.

Re(p) N\Re(p)

T —P T —&—ph
—A—ph —a—pl

. ' ¢ z E" ' ; t ' {
_L v \/ 4

Figure 1. Rule of the thumb: the resolution of ~ Figure 2. Splitting of the error between the

a wavelength is usually kept constant (kh=1). error on the interpolant pl (approximation
error) and on the finite element wave ph
(pollution error).
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3.2. k-singularity
The influence of the k-singularity is well highlighted on model problem I. The theoretical
analysis reveals:

1. First, both the exact and discrete Helmholtz operators are increasingly unstable as wave
number k grows. This effect is quantified by the (continuous and discrete) inf-sup
constants ¥, 7" which are of order k! [1].

2. Second, the general estimate for the relative error in H!-seminorm of the hp version can
be rewritten as [2]

- ph
lplPTl b $C10+Cyx6” @0

where © =(K%)p is the scale of the finite element mesh. Estimate (21) splits the error in two
terms: the first one corresponds to the approximation error between the exact solution and the
interpolant. The second one estimates the numerical pollution due to the k-singularity. This term
can be, for large wave numbers, larger than the approximation error (Fig. 2).

1 10 100
100.0% ; |
lp - p#l; lh
Iph
10.0% +
’ ™A
\\A
an
A
1.0% 1t a-—-kL=1.01 (=40 Hz) ~a
—x—kL=10.05 (=400 Hz) ~——
—+—KkL=25.13 (f=1000 Hz) A
—e—kL=50.27 (f=2000 Hz)

0.1% - _—3—k1.=100.53 (f=4000 Hz)

Figure 3. Model problem I: Convergence in H!-seminorm for several non-dimensional wave
numbers x.

Fig. 3 gives, for model problem I with a length of 1 m, the convergence in H!-seminorm
for several non-dimensional wave numbers showing that:

1. for low wave numbers (k<1), the asymptotic convergence is immediately reached,

2. for high wave numbers (x>1), there is a preasymptotic range before the asymptotic
convergence.
The non-dimensional wave number plays thus an important role. For instance, Fig. 4
shows that the error grows if the length of the tube in model problem I increases. This is
remarkable since the rule of the thumb typically does not incorporate this phenomenon.
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60%  |p - p*ls

50% -

40% -

~——f=400 Hz (kL=10.05 to 160.85)
——1f=100 Hz (kL.=2.5 to 10.05)
—f=20 Hz (kL=0.5 to 2.01)

30% -

T

20% -

10% +

L

0%

—r T T T T
T T 1

1.0 1.5 2.0 2.5 3.0 3.5 4.0

Figure 4. Model problem I: Error in H!-seminorm is a growing function of the tube length.

Estimate (22) shows the advantage of the hp method, as compared to the traditional h
method, since the magnitude of the scale decreases when p grows. Hence, the pollution of the
error by large x is smaller for p=2,3,4 compared to the h version with p=1. The resulting a
priori rule for k-adaptive mesh design is now

AR 22)

where C(1)) is a constant depending on the prescribed tolerance. The ‘rule of thumb’ guarantees
a small error only asymptotically, when © is small enough so that the pollution term can be
neglected with respect to the approximation error.

100% Tp - ph|;
Iph
80% >
—O—kh=cst

60% —8—k3h2=cst

40%

20%

‘. K
0% + 4 } |
0 50 100 150 200

Figure 5. Model problem I: Error in H!-seminorm: keeping k3f2 constant vs. keeping ks
constant.
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Fig. 5 gives the error in H!-seminorm as a function of the non-dimensional wave number
with rule (22) vs. rule of the thumb kA constant (p=1). It shows that the error is well controlled
by keeping x3A2 constant while the error grows with the wave number when only keeping kA
constant . '

3.3. A-singularity

Consider now the undamped interior model problem II. When computing the acoustic
forced response of discretised Helmholtz equation (7), there exist eigenfrequencies for which
the system matrix is singular and the corresponding discretisation error in H!-seminorm is
infinite. Fig. 6 shows the effect of the A-singularity at the wave numbers corresponding to the
finite element eigenvalues A%,

5 1lo-pH: ¥ AP A
I 1= | ' |
¥ B!
4 : ¥ o I (|
: ¥ | IRHE
¥ | TWHEI
34 [ b | A1
I I | ' |
[ N RN
21 t ¥ N Y
[ ¥ I EAVA
) HA i
L ANIULVE
1 L] h 1
oA | f MMy g X
0 304 628 942 1256 157  18.84

Figure 6. Model problem II: error in H!-seminorm as a function of the wave number. The error
is infinite for the wave numbers corresponding either to the exact eigenvalues A or to the finite
element eigenvalues A%,

4. A POSTERIORI ERROR ESTIMATION

Now that the specific singularities of acoustics have been described and the nature of the
error is well understood, it is necessary to develop the tools that can control the discretisation
error in acoustics. Two error estimators that have been initially developed for elliptic problems
are investigated here showing that they can not control either the influence of the k-singularity
nor the A-singularity.

4.1. Error estimators

Two error estimators, based on completely different principles, have been applied to the
acoustic problem (Egs. 1-5):

1. Error estimation based on the Superconvergent Patch Recovery technique due to O. C.
Zienkiewicz and J. Z. Zhu [5]. In this case, one computes from the finite element
solution v# a recovered velocity field v* using a local superconvergent smoothening
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technique. The error is then simply estimated by substituting the exact velocity field v by
the recovered one v*

eSR=|v*-vh[o (23)

2. Error in admissible fields based on the construction of fields satisfying strongly, element
by element, the equations of acoustics (Egs. 1-4) except the link between the pressure
and the velocity (Eq. 5). This method is known in structural mechanics as the error in
constitutive law and is due to P. Ladevéze. Here, the error in admissible field is defined
by

Xt

ADM)2 = L vsHe+ L vs
(eADM) Ig(v jpckVp)(v+jpckVp)dQ 24)

We can prove [6] that with an admissible pressure p and an admissible velocity ¥, it
holds

4 ._1__ A2= v - 2 _ 2__J__ ) 2
[ g ol =15 - v b - vl 25

Unlike elastostatics, this theorem shows that the error in admissible field is an upper
bound of the exact error only asymptotically because the error in L2 norm (last term in
Eq. 26) can not be neglected for practical engineering computations.

4.2. Quality of the a posteriori error estimation vs. k-singularity

In order to assess the efficiency of the error estimation, we use the effectivity index defined
by

*

f=—8 _
Iv-vhlo

(26)

where e* stands either for eSPR or for eéADM, The estimation is efficient and convergent if,
respectively,

08<06<12, lim 6=1 27
h—0

For a Babuska-Miller residual estimator, convergence is proved in [7]. There, also a lower
bound for the efficiency is shown. This bound does not satisfy the first condition of (27) if x is
large and xA constant.

Fig. 7 gives the effectivity index as a function of the wave number. It shows that the
estimation is efficient for meshes satisfying rule (22) but deteriorates for meshes satisfying rule
of the thumb, kA constant. The definition of the k-singularity (Eq. 21) shows that this is related
to the phase lag between the exact and numerical waves and also to the error on the amplitude.
It is then expected that an error estimator based on a local procedure (smoothening like in the
Superconvergent Patch Recovery or solving local problems like in the construction of
admissible fields) is only able to estimate the approximation error but not the pollution term.
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On the same model problem, Fig. 8 shows that the estimated error is convergent for all
wave numbers. As a matter of fact, estimate (21) shows that the pollution term is asymptotically
negligible so that only the approximation error remains which is properly estimated.

0.8 \X

0.6 1

0.4 1 kA% = xh=1

0.2 1

0 5 10 15 20

Figure 7. Model problem I: effectivity index of the SPR estimated error as a function of the
non-dimensional wave number.
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Figure 8. Model problem I: Convergence of the effectivity index of the SPR estimated error for
several non-dimensional wave numbers.

4.3. Quality of the a posteriori error estimation vs. A-singularity

Consider now model problem II. Error estimation based on the post-processing of the finite
element forced response cannot give any information on the exact eigenvalue. Then, as shown
in Fig. 9 plotting the exact and estimated SPR errors as functions of the non-dimensional wave
number X, the estimated error only recognises the existence of the finite element eigenvalues.
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For industrial purpose, it is clear here that one will be interested in the error on the eigenvalue
itself more than on its amplitude which is infinite.

Fig. 10, giving the effectivity index 0 as a function of the wave number, confirms this
conclusion but also shows that, between two eigenvalues, the estimated error deteriorates very
fast due to the k-singularity.

5 + absolute
error

Jv-+#lo

A

9.42 12.56 15.7 18.84

Figure 9. Model problem II: Absolute error in Hl-seminorm as a function of the non-
dimensional wave number x (exact and SPR).

0 3.14 6.28 9.42 12.56 15.7 18.84

Figure 10. Model problem II: Effectivity index as a function of the non-dimensional wave
number x (SPR).
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5. APPLICATION

5.1. Finite element analysis with accuracy control

Consider now a two dimensional section within the cabin of a car, excited by the vibrations
of the front panel and damped by Robin boundary conditions. This analysis has been first
performed by J. Nefske [8]. Fig. 11 shows the model and its discretisation by finite elements.
The mesh consists of 264 elements (198 quadrilaterals and 66 triangles) of degree p=1 and non-
dimensional size #=0.034. With the application of the rule of the thumb x# constant, the user
expects confident results up to x=29-38 (f=600 Hz).

Zn=2000 Pa s/m

Figure 11. 2D section of a car: mathematical model and initial mesh (A=0034, p=1).

Our purpose here is double:

1. To show that, due to the k-singularity, the confidence in the results should be restricted
under the limit of rule (Eq. 22 with C(n)=1 for instance), i.e. k=979 (f=200 Hz).

2. To show that, for low wave numbers (x<1), it is necessary to control the mesh
according to the geometric (sharp corners) or to the physical (discontinuity in the
boundary conditions) singularities.

First, Fig. 12 gives the convergence of the estimated error SPR in Hl-seminorm for

uniform successive refinements. From results of the previous paragraph, we expect that this
estimation is not reliable for x > 9-79. Yet, the examination of the figure shows:

1. ®<979: the curves are already in the asymptotic range. The quality of the meshes can
be controlled by a posteriori error estimators.

2. 979 <k <2938: the curves exhibit a preasymptotic behaviour for the coarse meshes
and an asymptotic behaviour for the refined meshes, i.e. the coarse meshes are polluted.
No confidence can be given to the finite element results nor to the error estimation for
the coarse meshes.

3. x>29:38: finite element results are completely misleading for the coarse meshes which
are under the limit of resolution of rule of the thumb k4 constant.
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Figure 12. Convergence in H!-seminorm for the estimated error SPR for several non-
dimensional wave numbers X.

For low wave numbers, the comparison between both error estimators defined in the
previous section shows a very good agreement and suggests that the error is now dominated by
the pollution due to the geometric singularities (mainly near the seats) or the physical
singularities (discontinuity of the boundary conditions near the front panel for instance). Fig.
13 (a-b) gives the distribution of the absolute error in seminorm estimated by the SPR estimator
(enhanced by the incorporation of the boundary conditions) and by the error in admissible
fields, respectively.

TAVAVAVAVAVAVAVAY
e
QA AAKKO VAVAY oy AV,
AVavav, "'i%%v‘%%AVAQv vy

0.000777 0.020000 0. 940000 0.060000 0. 080000 0, 100000 o.100mY

Figure 13 (a). Distribution of the estimated error in H!-seminorm by the SPR method (x=49,
f=100 Hz).



490

2.00072% 0. 5ic0%

8. 260002 8, 283002 4.100000 o.1 MEdee

Figure 13'(b). Distribution of the error in admissible fields (x=49, f=100 Hz).

5.2. h-adaptive refinements
Consider now the acoustic analysis with a low wave number, e. g. k=245 (f=50 Hz). The
error in Hl-seminorm estimated by the smoothening of the velocity field by the SPR method is

109 %. Suppose that the user prescribes a maximum tolerance of 5 %, it is then possible to
define an optimal size ratio by

AOERE 29)

where h"e¥ is predicted under the assumptions that the finite element solution already converges
asymptotically and that we are able to generate a mesh distributing equally the absolute error.
Fig. 14 gives the distribution of the optimal size ratio (29) £ (n=5%) for the initial mesh
(element T must be refined if §; > 1). By applying successive refinement procedures, the
optimal h-adapted mesh is reached after two steps and is given in Fig 16 (n\SPR=4%). The
advantage of the h-adaptive procedure vs. the uniform refinements is shown in Fig. 18 where
the h-adaptive curve exhibits a better order of convergence.

£ e d
2,006 3, 000500 %, 005400 B.00E 00 1,208+

Figure 14. Distribution of the optimal size ratio &Ey(N=5%) for k=245 (f=50 Hz).

[
o 0oEe0d 1,006+
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Figure 15. Optimal mesh step 2 - 1} = 4 % (x=245, {=50 Hz)

100 1000 10000 100000
00% 4+ :
| #ddl
Iv*-vo|
*
”V ”0 ‘ —>—h-uniform
10% + —a—h-adaptive
1% L x=2.45 (f=50Hz)

Figure 16. Convergence in H!-seminorm for the estimated error SPR uniform refinement vs.
adaptive refinement for k=245 (f=50 Hz).

6. CONCLUDING REMARKS

The finite element solutions of Helmholtz equations exhibit two specific singularities
inherent to the variational problem for the Helmholtz equation arising from time-harmonic
problems (as well as elasto- or electrodynamics): the k-singularity is defined by the error
between the interpolant wave and the finite element wave. Its influence grows with the non-
dimensional wave number x and is not controlled by the traditional rule of the thumb
xhi=constant. The A-singularity is defined, for undamped interior problems, by the singularity
of the discretised Helmholtz system of equations at the natural frequencies.

Efficient accuracy control in acoustic finite element computations cannot, in general, be
achieved by ‘transplanting’ methods developed for other application fields, e.g. elastostatics.
The reason is the specific character of the k- and A-singularities illustrated in this paper both on
one dimensional problems and on a real-life application. In this last case, we also show that the
adaptivity is required for low wave numbers, in the absence of specific Helmholtz singularities
and present a successful -adaptive procedure.
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Error through the constitutive relation for beam or C° plate finite
elements: static and vibration analyses
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ABSTRACT

An extension of the error through the constitutive relation is proposed in the
case of beams and plates, for static and modal analyses. The error associated to the
performed computation is estimated from the lack of verification, by two
admissible fields, of the constitutive relation. One is an admissible stress
resultant field and the other is the finite element one. Admissible stress fields are
obtained by local calculations at the node or element level. A set of examples is
presented where the estimated error is compared to the error obtained from the
exact solution. Theses examples show that beam and plate analyses are areas well
adapted to the method. In the case of normal mode analyses an error estimation
is made for each eigenvector which has an associated frequency within a given
range. An example of beam structure shows that it is possible to define a mesh
that automatically insures a given accuracy for all modes within a given range.

1. NOTATIONS, DEFINITIONS

up, Uy, finite element displacement and generalised displacement

£(u,) deformation related to up ( €(u) = %(grad u+ gradTu) )

e, generalised deformation e, =L Uy (L convenient differential operator)
o, ,Sh  stress and generalised finite element stress

u kinematically admissible (KA) displacement field derived from up
,8 statically admissible (SA) stress and generalised stress

C elastic Hooke's tensor or elastic matrix for beams

I/ I error through the constitutive equation on domain £, on element E

e;, e, e3 natural orthogonal basis in plate analyses, e3is normal to the plate
np unit vector in plane ey, e;
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a, B

,MQ

'P(C)
A

YE- Yi

n, [

] [e]

Bre, Bre

indices taking the value 1 or 2
plane stress tensor in the case of plates, =0 ¢, ®eg

generalised stress: membrane forces, bending moments, shear force

w2
T=Tge,®¢ep ; Tg= L:n Oop dxs membrane tensor (plate)
M=My e, @€ ;My= f: Xy O dx, bending moment tensor (plate)

2
Q=Q,e, ; Q.= [m 0,3 dx, shear force vector (plate)

mid surface of a plate

column of inplane load components and normal load on S, (plate)
part of the boundary of Swith prescribed applied loads, displacements
prescribed in plane load vector, moment vector on 9Sp,

prescribed transverse load vector on 9Sy,

column of prescribed load components on 3S;, , [{] = [5’ q M ]T

column of prescribed load components on S, [p] = [f)T p; 0 ]T

segment, edge an element or common two adjacent elements
A Al A2 A3
¥-=Cre; +Cre,+Ce, load vector on I’

A A4 AS
M.=Cre, +Cre, moment vector on T’
linear interpolation function (scalar) related to node i

displacement interpolation matrix of an element
strain interpolation matrix of an element

= L N C dr weighted value of a scalar density C along line A, at node i

set of edges I' of element E, set of edges I' connected to node i

virtual displacement vector and related components verifying n =0 on
0Sm. 8 being the mid-surface virtual displacement, and 0 the virtual
rotation, we have 1 =3+ 6x; for plates.

column of mid-surface nodal virtual displacement components and
column of nodal virtual rotation components

orientation functions of two adjacent elements E and E’ with common
edgeT. For instance, Brg =1 and Brg = -1 if E' has a greater index than E
in the global numbering. fr have opposite signs otherwise.

length of edge T

exact mode shape i and its natural angular frequency
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S. generalised stress associated to mode i for the theory (beam or plate)

Y;, “’hiz finite element eigenvector and eigenvalue associated to mode i

m mass operator depending on the theory (beam or plate)

Fi F, = ml2 m U, generalised inertia forces associated to mode i
KM stiffness matrix and consistent mass matrix

Ag dof localisation operator for element E

Uy, generalised finite element displacement for mode i: Uy, =N Y,
Yg; column of dof associated to mode i for element E: Y, =AY,
2.INTRODUCTION

Numerical tools able to give a bound or to estimate the error of a finite
element computation have become essential for practical analyses. In addition to
the quality of a calculation, they allow an automatic definition of so-called
'adaptative meshes’ after a first coarse analyse, using a mesh generator and the
map of the error over a structure. Several methods or families of methods have
been proposed in order to estimate a posteriori errors. The most commonly used
error estimators have been proposed by Zienkiewicz and Zhu [1-2] and are based
on recovery methods and especially on a superconvergent patch recovery
technique [3-6]. Another family of indicators is based on the element equilibrium
residuals and has been initiated by Babuska {7-8]. The concept of "error through
the constitutive relation” has been introduced by Ladeveze [9]. An error
estimation is calculated from strictly admissible static and kinematic fields buiit
from the finite element results. Their lack of verification of the constitutive
relation defines the error which is calculated as a strain energy. Its strong
mechanical foundation is the main interest of the method since the exact
solution of the problem is strictly admissible. Especially, the lack verification of
the boundary conditions is taken into account. The method has been adapted to a
large class of 2D and 3D linear and non-linear analyses. In particular for linear 2D
analyses [10-13], linear 3D analyses [14-15], elastoplasticity [16-18}, viscoplasticity
[19], vibrations {16], {20] or large strains [21].

In practical finite elements analyses, a large class of structures present one
or two dimensions that are small with respect to others. They can be respectively
analysed within the beam, plate or shell theories. The finite elements including
the kinematic assumptions of these theories are numerous, efficient and very
much used in practice. The objective of this paper is to present an application of
the error through the constitutive relation method to 2D and 3D beam [22-23] and
Mindlin plates [24] static and free vibration analyses. It also aims to show the
efficiency of the method in these kinds of applications.

In a first section, the calculation of the error from the construction of an
optional statically admissible stress field is presented for static Mindlin plate
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analyses. The good efficiency of the calculation is shown on a set of classical
examples performed using a three node finite element. Then the calculation of
the error through the constitutive equation is presented for nodal analyses of 2D
and 3D beam structures. On the example of a "clamped beams" truss, it is shown
that the error estimation allows the automatic definition of a mesh insuring a
given quality over a prescribed frequency range. The complexity of the mode
shapes under consideration renders an empirical approach quasi impossible. At
last the error estimation method for eigen frequency calculations is extended to
plate analyses. For all the presented results, the comparison of the estimated error
with the error obtained from the exact solution (analytical one or solution
obtained from a very fine mesh) is emphasised.

3. ERROR THROUGH THE CONSTITUTIVE RELATION

Notations and definitions are given in section 1. The study is restricted to
geometric and material linearity, so the constitutive relation is:

0,=C:e(wy n

Within a classical displacement approach, uj, is kinematically admissible and
we can choose to take:
A

u=u, )
The error through the constitutive relation on a domain Qs defined from the
lack of verification of the constitutive relation by the couple of admissible fields
u and & [12},125]
A A
Ilo—C : e(u)"Q

)
Ig= ga——~n— Where Jofo = LU:C_I:odV (3)
“ ﬂo+C:e(u)||Q ok =( )

An adaptative meshing procedure needs a map of the error over the structure.
The contribution from each element is considered

_|s-c:e@ls
-“0+C:e(u)||n

with rh= X ra 4)

clements

e

From the Prager-Synge's theorem, it has been shown in [10] that, in statics, the
error through the constitutive relation provides an upper bound of u, error.

4. STATIC ANALYSES OF MINDLIN PLATES

4.1. Error for Mindlin plates

A statically admissible stress field o corresponds to generalised stress
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§= [’f‘, 6, 1’v‘1]T verifying local equilibrium equations (5) for the Mindlin plate
model in Sy and static boundary conditions on 95, (6).
[ div T +p=0

N A
q divQ+p3=0 which can be written more concisely DS + F=0 (5)
| divM-Q=0

[ T-n

P

(6)

p=

Z>o> 1>
2] .nl "ﬁl

- N
L LM

The error through the constitutive relation rq is obtained from §= [T Q, M]T
and the finite element result S, =[Ty, My, Q,]T It is defined by:

( [s B1-M,) D" {(M-M,)+(0-Q,):D* :Q-Qp+@-T,:D™ :(T—T,,)ds)"2

Io= A 1 A A (7)
( fs FLMYDY (MM +(O+Qu:D* (Q+Qy) +T+T):D” (T+Th)ds)

Bending, membrane and shear parts of the error can be separated limiting the
numerator to the corresponding energy in (7).

4.2, C° plate finite elements

Three node C° plate finite elements with linear interpolations are considered
here. The triangular shell element proposed in [26-27] will be used in the
examples. Other plate elements with linear interpolations such as Belytshcko's
3 node plate element proposed in [28] can be used as well. In so far the
deformation interpolation matrix B used in the error calculation is the one used
in the finite element calculation, the method is unchanged.

4.3. Bases of the statically admissible stress resultants construction

The statically admissible stress resultants T Q, M ( the knowledge of which is
equivalent to the one of G ) have to verify (5) and (6). Statically admissible stress
resultant are not unique. Their calculation will be made in order to obtain an
error estimation as efficient as possible. In that goal, two ideas lead the
determination of the admissible stress resultants.

Calculations are chosen to be local in order to render efficient, in term of
numerical cost, the error estimation for large number of degrees of freedom
analyses. To this aim, ¢ and as it as been done for 2D and 3D problems [101 [16'1 [17]
the calculation of T Q, M verifying (5) and (6) is done by means of TE , Qg, Mg, at
the element level. Theses generalised stresses have to verify: i) local equilibrium
within element E, ii) boundary conditions on the edges I' of element E. To
manage these boundary condition, loads and bending moments densities #.and
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m?r due to the neighbouring elements (or exterior loads) are introduced. They
insure the equilibrium of each element and are associated to each edge T.

As Prager-Synge's theorem shows that the error through the constitutive
relation provides an upper bound of the error, the error estimation will be
minimised by choosing SA stress resultants as close as possible to the finite
element field. This last choice plays a major role in the determination of an
efficient admissible stress field and in practical definition of the different stages
described below.

4.4. In equilibrium and reciprocal load and moment densities on element edges

In a first stage loads ;’r and bending moments ;{r are calculated on each
element edge I in order to insure the equilibrium of element E submitted to
Bre% and B and eventually exterior loads. These densities B #. and
B M represent the actions of its neighbours on element E. They insure to get
gppogite values for two elements connected to the same edge. The components, of
% + M,. are equal to exterior loads on the part 0Sy, of the boundary. Densities #. ,
M. will be chosen as close as possible to the finite element result 7, M

T
defined by the finite element stress solution on the edge I relating nodes i and j:m

o w2 P
:Frm=[m(Nofm+No’m).n,-dx3 Ml‘m=[m x;(N'd_ +No)).n.dx, 8)

o:n is the nodal average stress usually calculated by finite element post-processors.

;r and m?r are defined by (9) and have a linear evolution along each edge I'
;l‘="?l‘a+;lb and ’:\{r=;{n+ﬁrb )

First densities ;n , f{n are directly calculated from the finite element solution.
The goal is to make a simple calculation and to get back some qualities of the
finite element solution concerning the “on average” proximity with the exact
golut}on. Second densities %, M, are used to improve the first ones and render
Frr M,. as close as possible to # , M . For plate analyses, restricting the test
displacement n = 8+ 6x; to its interpolated form

d3=8.&, 0=0¢, , [0=N[] , []=N[6] (10)

Virtual work principle applied to the whole structure leads to the finite
element solution such that:
n =number

ore:genu 6" (6‘;)1]( fg B'[5,] dv - .[s‘m N'[p] ds- Ls‘

Considering the particular case where 8; and 6] are equal to zero for any node
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to which element E is not connected, (11) leads to:

[Frcighboug + [Fe] = 0 (12)

[Facignbouj is @ column (13) containing nodal load components. It corresponds to
the actions of neighbouring elements on element E. The finite element solution
insures the equilibrium of any element E submitted to these actions with other
exterior loads applied on E.

p =numberof

[Fneighbou] ="‘i8’“’°"‘§8°'°"‘°“'-‘( ]gp BT [sh] dav - fs , NT[p] dS- L - NT[.‘] dr) (13)

p=1

Bel= [ Bl ov- [sE Nslas- [ NTilar 19

As stated before, y'f\“ , and ;{ are chosen linear along each edge I, such as the
oriented actions B 7, and Pna l}\ave nodal components equal to [Fraghbour]-
Introducing components of %, , and M, , equations (12-14) lead to:

f NT[ﬂméi;]dS=[‘ P(ﬂmé';,.)]= f B'[G,] ds - f N'[pJds - f NiJas  (15)
% o St st 3s:

m

Consequently, P(p E Cr,,) are quantities determmed from the finite element
calculation. Consndenng a node i, nodal components P(ﬁ - CF,) are related to

components on each edge

POl = T B [NCar (16)
reyNy,
A local and very small system (17) is obtained for each node i:
i Ak Ak . .
> B rP Cp= ;EP (5rECrn) V E containing node i. 17
ey Ny,

Nodal load components 'p (Cr,) are the unknowns.

Their number is equal to the number of edges related to node i. The number n
of equations in (17) is equal to the number of element connected to i. When node
i is interior, the rank of system (17) is n - 1. In this case, a supplementary
equation is obtained choosing to minimise of the distance between the unknown
nodal components and those of #., and . i.e

3 [P~ P ] =minimum (18)
[ErEnr' r r

(17) has a unique solution if ék is imposed on one or two edges of y;.
q Ta P 5
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Densities ;r. , ﬁn insure the equilibrium of each element and the global
equilibrium of the structure. As stated before, densities ., #,,, aim improve the
quality of %, M in the sense they are chosen as close as p0351b1e to }"m, .In
order to preserve the equilibrium properties, the calculation of #,, ¢, is made
prescribing the following conditions on any edge I'

e = L;n,dr =0 19)
[ ~
3= [T+ [ OMAFdr=0 (@)

The calculations of shear load ar}\dl be\x;ding moment components éi,,, 6;,,, é;,,
in one hand and membrane loads C,, C, on the other hand are independent.

Shear and bending components are calculated in order to render Se,k &) & and
(urv- €€, equal to zero and to obtain three bendx components C, Cr , G with
slopes equal to those of the components Cm . Cm rm respectively. This leads to
six conditions determining C, Cr,,, Cy » due to their linear nature:

Ay ] 3 3 '\3

cﬂ,_-lr (Ca-C)ar +ci, @1)
& = (c“ Catx, Ch)dr +Ch,-Ch, 22)
As As A3 As

Go=-1 [ G- Cixi &) +ch-C, (23)

Membrane components ol v and &  are calculated in order to render cn, en,,
3 equal to zero. Their determination with slopes equal to those of Cpy, Cop is
not possible exactly. A least square minimisation of their distance is made.

4.5. Statically admissible stress resultants within the element

Once loads 8 m-";r and moments ﬁm”?r on the edges of each element E have
l')\eenhcalclt\xlated, they are introduced in boundary conditions (6). Stress resultants
Tg, Qs, Mg verifying local equilibrium equations (5) can thus be calculated. This
second stage, as the previous one is local and concerns each element separately.

Determination of the shear force QE and bending moment tensor MF on the
one hand and normal tensors TE on the other hand can be done separately,
equilibrium equations and boundary conditions being independent.
Determination of Tg is formally identical to those proposed for the stress tensor
in case of 2D plane stress problems [17). We only present the determination of the
couple Qg , Mg. Nodal value computation for these fields only needs boundary
conditions. However, these constraints connected with each element edge do not
allow the construction of a regular field M over the triangular plate element. At
node i, boundary conditions on the two edges I'y and I't’ of element E connected
to node i imposes:
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A L) A A
Mgnp, =P, M. and Mgng, =By, My (24)

which does not have any solution is the general case. A subdivision of Watwood
[29] in three subtriangles, based on the centre G of the element, is used. This
subdivision has been used in the case of plane stress [16-17] for equivalent
reasons. Moment boundary conditions and continuity conditions at each vertex
node of the element determines nodal values of Mat the corresponding nodes
for the two connected subtriangles.

Different choices are possible for the variation of Q and M over each sub-
triangle. The approach we follow here and that has proved to be efficient from
the effectivity point of view, is to determine the stress resultants within a set
which is large enough and where the solutions verifying equilibrium equations
and boundary conditions are not unique. This allows to add supplementary
conditions aiming an error minimisation. This gives the best solution among the
set of admissible ones. In the case of plate static analyses, for instance, Q is
assumed to be linear and M quadratic over each subtriangle. Under these
assumptions, equilibrium equations, boundary conditions and continuity
conditions within an element leads to a system with thirty-nine equations and
thirty-nine unknowns. However, due to the fact that the external loading on
element E is already in equilibrium, the rank of this system is only thirty-six. This
system is solved in order to get an optimal stress field leading to a minimum for
the error through the constitutive relation. Denoting H(M Q) the part of the
error through constitutive relation associated to bending and transverse shear, a
new function (25) is introduced, where f for i€[l,....36] represent the
independent constraint equations and A; are Lagrange's multipliers.

A AN AN AN 36
RMQA)=HMQ) + = Af; (25)
A I
The unknowns [MT o' A.T] are solution of
R dR
9n . = = Vi 6
=0 aQ 0 73=0 i€ [l,...,36] (26)

5.NORMAL MODES OF BEAMS OR PLATES

We consider here undamped vibration of general structures in the case of the
displacement approach. Then, we particularise to beams and plates. The natural
vibrations are the particular solutions of the problem, in the absence of applied
external loads:

U;(M,t) =U;(M) cos ot 27)
S; (M,t) = S, (M) cos w;t (28)

In the case of free vibrations, the equilibrium equation becomes:
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Vil Jg (Bl TR+ @p)TS) ae=0 29)

Once the problem has been discretized, the displacement approach leads to the
usual equation:

(K-o,>M) Y, =0 (30)

5.1. Error indication for a frequency range.

For dynamic analyses, finding a good mesh is a tricky job, even when focusing
only on the first mode shapes and frequencies. As a matter of fact, mass and
stiffness distributions complicate very deeply the behaviour of the structure.

The indicator a we propose is still based on the concept of error through the
constitutive relation defined in statics. The main difference is that an estimator
a, has to be used for each natural mode i.

a; has been introduced by Pelle [16], [20] and we have shown its application to
beams in [22-23].

It is important to emphasise that, as in statics, a zero value for o, implies that
mode i as described by U, ; and «wy, is the exact one, with respect to the underlying
beam or plate theory. Indicator a is defined by:

a= max o (31)
i <ipay

where i,y must be carefully chosen due to the following difficulties which
appear when dealing with approximate modes.

A first difficulty, when considering natural modes of vibration, comes from
the fact that, using a coarse mesh, it is not possible to know the actual exact
number of modes existing within a given range of frequency [0, fya]
(fmax = ®max, / 2n). However, this information is very important in engineering
practice.

A second difficulty, comes from the fact that, in structures, the accuracy of
modes is not a decreasing function of index i for a given mesh. This can be
observed, for instance, on a simple beam when longitudinal modes and bending
modes are both considered. An example of procedure to derive iy, is given in
the section devoted to the automatic refinement strategy.

5.2. Dynamically admissible stress field for mode i.

Another difficulty arises when considering natural modes of vibration: in
opposition to the static case, loads that generalised stresses have to equilibrate, for
exact mode i, are the inertia forces F;; which are not known. Their definition
shows explicitly their dependence upon the unknown exact mode shape.

In order to construct the estimator a; associated to FE mode i, we utilise the
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expression Fy, . available in the analysis and defined by
2
Fihi =" m Uy, (32)

So we define a dynamically admissible stress field for mode i as a stress field
which is in equilibrium with zero applied external load but under inertia loads
| S

Ih
The main difference with statics is that, using this approach, we do not
preserve the upper bound property of the estimator. This is a consequence of the
fact that Fy, ; depends upon the mesh and that Fy; cannot be known a priori.

5.3. Beam structures.

For the sake of simplicity, we consider plane (2D) straight Euler beam
elements. The generalisation to the corresponding 3D beam element including
torsion is straightforward.

We consider here the usual C° linear element for longitudinal displacement u
and C! cubic element for transverse displacement v. 8 = v' is the associated
rotation of cross section. This element gives directly the exact the solution in
statics, when loads are only applied on nodes.

" In local coordinate system of element E:

Uy =(uy, v, vy) =N U (33)

e, = ( u'p, v )T = (longitudinal strain , bending curvature )T= BUg (34)

S, =(T, ,M, )T = (membrane force, bending moment )7 (35)
h h’ Vh &

S;,=Ce, with C=diag(EA, El) (36)

when taking into account rotational inertia:

m =diag( pA, pA, pl) (37)

if rotational inertia is neglected, m and U, reduce to:
Up, =, v, )T and m =diag(pA, pA) (38)

We adopt this assumption in the following. It can easily be removed as done
for plates. We have thus for FE mode i, in element E:

=an 2 T_.. 2
Fpni =i (Uhj, vhi)" =opi"pPAN Yg; (39)
T
Ygi = (uyy, Va5, 08q5 Uy, vy, 0) (40)
For beams, the construction of a dynamically stress field § becomes simple due
to the fact that element edges I' are reduced to the two beam sections which are

connected to the nodes. In this case, a dynamically stress field is such that:
1) any node is in equilibrium with forces applied by connected beams,
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2) in any element, ?:ll satisfies the equilibrium equation (41) where D is the
convenient differential operator,

for the considered beam element, this can be written:
Ti' ='“’hiZPA“hi (42)
M;" = ""hi2 PAVY; (43)

denoting by E = x/L the reduced abscissa on E, L its length, integration leads to :

. . 2 2 .
Ti(X) =Ti(§ L) == mhisz ( (E' %) ulhi + % uzm ) + Tl(o) (44)
M, (%) = o, ZpA M. + M,'(0) x + M, (0) (45)
4 5 3 g4 4 4 5
Mc(0= -(2 +35 AT (Es E6 +20 )qn (5 : -10 )"2:+ -5 1% go ) ay, 46)

Quantities 'f‘i(O), ICI;(O) and h';Ii(O) appearing in above expressions are
quantities which are extracted from the FE results, as shown in next section.

5.4. Determination of §i in the case of beams

In the case of beams, determination of § is a very particular case of the process
used for other elements and presented in prevmus sections for plates. Let Ry, be
the generalised forces applied for mode i by the two nodes to which E is
connected. Principle of virtual work applied to beam element E in the
approximate displacements space leads to:

L L
T T T T _ T
Vil B =NVp  -Vg foN Fy, dx+Vy fon S,; dx=Vg'Rp, (47)

If N contains rigid body modes, and if a consistent mass matrix has been used,
writing (47) for rigid body motions gives 3 equations which show that
components of Rg; are in equilibrium with the inertia force F;;,. Moreover, the
assembly of the FE equations (47) corresponds to write the equilibrium of each
node. It must be emphasised that, in dynamics, this is only true if no reduction
has been applied to the FE model.

This allow to take values from Rg; to build Sl because Rg; insure equilibrium
of nodes and are in equilibrium wnth inertia loads on each element.

T. (0), M (0) and M. (0) are extracted from values associated to node 1 in Rg,
Values T. (L) M (L) and M. (L) are then compatible with corresponding values for
node 2 in Ry due to their equilibrium properties. In the case of beams, the
solution obtained by this approach is unique.

Here, the contribution of element E to the error through the constitutive
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relation for mode i is chosen as :

f ((Th -)Z/EA+(M ~-101-)2/E[ ) dx )
r
BT J o (T, 2EA + M, 2/E) dx

5.5. Automatic refinement strategy for beams.

In the case of beams, an automatic strategy has effectively been implemented
for 2D beams [22-23]. The user prescribes a tolerance a, ; and a frequency range
[0, fnax] in which he desires an accuracy ) in other words a < ayq).

The choice of ip,,, cannot be done without some precision from the user, who
must give information concerning density of modes beyond f,,,,. The fact that,
for coarse meshes, some exact modes in [0, f,,,] are not visible is thus taken into
account. A safety coefficient { and a an additional number of modes to check i, 44
have to be given. Denoting i, the number of modes in {0, f,,,Jand ic the number
of modes in [0, € fy,,,] for the FE model, iy,,, is defined by:

imax = max( i1+iadd'i§) 49)

This definition of i,y results of observations made on numerical results
when the current FE element model does not predict the good position of last
modes in the range of interest: in this case, the presence of an important error
estimation o, for i > i, but close to i, was a good indication of such a situation.
Automatic subdivision of elements is then based on a modified expression of r;.
In order to take into account very bad higher mode definitions for coarse meshes,
and not get an overrefined new mesh in this case, a bound is also set to values
leading to mesh generation in the new mesh definition.

5.6. Plate structures.

For plate structures, as before, the only difference with statics is that we have to
consider inertia forces which are given by F , instead of applied loads. So a
dynamically generalised stress field associated to mode i has to satisfy:

div"I\‘i +mhi2ph(ui e +v e2)=0
. 2, 2 _ ~

divQ +wy; phwi—;) or DS, + Fy.=0 (50)
. A A h

div ¥ - Q + o, 2 p 75 (qp;¢ +dy¢,) =0

By inspection of these equations, it can be seen that the minimum degree
needed for generalised stress S must be compatible with the choice of the
weighting functions introduced i m N for the element. For the element presented
here, membrane components in Tl must be at least quadratic functions over each
sub-triangle. The same choice has to be done for shear components Qi while for
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bending components in fdi cubic interpolations are needed. This choice allows
local optimisations to be done for Ti and Q.

5.7. Modifications when a static condensation is done.

In the case where a reduction is made for the dynamic solution, the global
column of dof qis reduced to a smaller one q,, after the choice of a convenient set
of selected dof. qis related to q;by means of a transformation involving a known
matrix G

q=Gg (51)

G is a constant matrix. Equilibrium of individual nodes no longer occurs. After
reduction, we get:

My 9+ K g =Q; where M;;=GTM G, K=G'KGand ;=G Q (52)
approximate modes satisfy

2 -
Kgg Ygi =0, My Ypj and Y, =G Yy, (53)

This is an application of the classical modal acceleration method. It must be
noted that (53) does not imply (54)

2
KYai=mai MYai (54)

It is then sufficient, for each mode i for which indicator o, is needed to solve a
static problem on the whole uncondensed model, considering the structure
submitted to inertia loads w,;2 m U, ;. We then get:

¥ =Klo,’mGY, (85)

Associated element loads R, have the properties of the Rg; used when no
condensation is made, which allows to construct, in the same way a dynamically
stress field §i .

In the case where the condensation leads to a mode of poor quality, this can
come from a too coarse mesh or from a bad choice of final dof g;.

Estimation @, measures simultaneously these two aspects. Introducing an
indicator §, :

Bi= (% - Y, KT -Y,) /Y, KY,; ©0

B; allows to evaluate the error through the constitutive relation of Y; obtained
by reduction. If B, is high, a better choice of the set of dof in q; must be made, if
not, the mesh as to be refined first.
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6. NUMERICAL EXAMPLES

6.1. Circular plate with a hole submitted to a constant pressure

A holed circular plate is subjected to a shear load on the interior edge. The
exterior edge is simply supported and clamped (figure 1). The error on
constitutive relation and the error given by the Kirchhoff analytical solution are
in good agreement (figures 2, 3)

Simply supported

Clamped
Figure 1. Circular plate under constant pressure
error % error % . ——
o —e~Exact error (Kirchhoff) —e—Exact error (Kirchhoff)
20 1 Error through the Error through the
[~ constitutivé relation 304 —Oconstitutive relation
20¢
1 0 4
10¢
OF T3 T T oTztaverso O s a5 s vorzrarevsse
number of elements per side number of elements per side
Figure 2. Simply supported circular Figure 3. Clamped circular plate
plate under constant pressure; Error  under constant pressure; Error through
through the constitutive relation the constitutive relation

6.2. Square plate under constant pressure

A square plate with simply supported edges or clamped edges is submitted to a
constant pressure (figure 4). The error through the constitutive relation is
compared to the error given by the Kirchhoff analytical solution (figures 5, 6).
Because the solution of this problem is more complicated, especially near the



508

corner of the plate, the number of elements needed to get a very efficient
estimation is larger than for the previous examples. This example is the most
important because two bending moments appear in principal directions of the
plate. That is why it is a strong test for our error estimator.

Simply
.~ supported

Clamped

Figure 4. Square plate under constant pressure

error % error % -
0 100 —e—Exact error (Kirchhoff)
—e—Exact error (Kirchhoff) e N
30 Error through the 80
—O constitutive relation 60
20 ]
40]
10 20
O T y) 0
0 [ 4 s 8 10 12 ¢ 13 3 1 3 10 T2

number of elements per side number of elements per side

Figure 5. Simply supported square Figure 6. Clamped square plate under
plate under constant pressure; Error constant pressure; Error through the
through the constitutive relation constitutive relation

6.3. Free vibrations of beams

The presented example concerns a plane, free-free, flexible frame. The adopted
frequency range corresponds to iy, = 45 modes, and a, = =1%.

The minimal mesh hl shown figure 7 is used to start the automatic analysis
(regular mesh, one element per beam). It can be seen, for this mesh, that despite
the physical good looking of the second mode, it is completely wrong.

The asked accuracy is reached in two iterations. The second computation gives
a 3.45% error and the indicator is inferior to 1% for the first 45 modes. The mesh
€2 used in this second computation is regular with 3 elements per beam (2 = h3).
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This is due to limitations which are introduced in the subdivision process, when
the indication is too large. Information about too wrong modes is only partially
taken into account. This leads to an error indication which can be too large
during the first steps. The third computation (c3) leads to a 0.3% error widely
inferior the asked accuracy with only 510 DOF due to the consideration of
additional modes in the process for avoiding the missing of modes in the range.

—at—h 2

—o0—h 3

e h 4

error on the ecigenval

Figure 8. - Effectivity of the error

Figure 7. - First two elastic estimator a; with respect

modes shapes. to the eigenvalue error

The automatically reached optimal mesh is as follows: 4 elements in the
horizontal and vertical beams; diagonals: (6, 7, 6, 6, 7, 7, 6, 6, 7, 6). The effectivity
of the error indicator is shown figure 8 for regular meshes hl, h2, h3, h4, by
comparison with the error given using the best results of the analyses for the
eigenvalue. A good agreement is shown especially for low errors and a very
strong warning for errors larger than 10%. It must be noted that, when large
errors are considered, we do not make the comparison between the exact mode
and the closest approximated one: we compare the modes in sequence, which can
explain the apparent discrepency between the error indication and the exact one.

6.4. Free vibrations of a plate strip

The modal analysis of a plate strip is performed using different mesh
refinements. In order to get a reference solution, the analysis has been performed
with a very fine mesh and high order elements. For the first three modes (figure
9), we present the computed error «; in comparison with the quasi exact one
obtained from reference solution. Figure 10 to 12, show that this agreement is
good. That is true for higher order modes too.
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Mode |

0 5 10 15 20 25 30

Number of elements along the edge

Figure 10. Plate strip with two simply
supported edges; First mode;
w Estimated error and error from the
reference solution 4
Mode 2 Mode 3

25 40 =

Figure 9. Three first mode shapes for a
plate strip analysis with two simply
supported edges

20 t+

Error %
Error %

0 s 10 15 20 25 0

Number of elements along the edge Number of elements along the edge

Figure 11. Plate strip with two simply = Figure 12. Plate strip with two simply

supported edges; second mode; supported edges; third mode;
o Estimated error and error from the » Estimated error and error from the
reference solution ¢ reference solution ¢

7. CONCLUSION

Extensions of the so called "error through the constitutive relation” error
estimation method has been presented in case of beam and plate static and modal
analyses. It is based on the building of statically or dynamically admissible stress
resultant fields. In the case of plate analysis these fields are obtained in two stages.
In a first one load and moment densities along the edges of the element, insuring
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the equilibrium of each element are obtained as the sum of two densities
rendering the result as close as possible to finite element results. Computations
are local, at the node level or at the element edge level. Computation of the stress
resultant fields within each element consider the solution in a large set and uses
an error minimisation to keep the best one. Calculations are local there too.

The method is also presented in case of modal analyses of beam and plates. It
has been shown on a structure made of beams that it is possible to define a mesh
that insures a given accuracy for any mode within a frequency range.

A set of examples has been proposed for the different analyses under
consideration where the error estimated has been compared to the error with
respect to the exact solution. The examples show that the beam and plate analyses
appears to be a field where the method is well adapted.
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A posteriori error analysis for steady-state Maxwell’s equations
L. Demkowicz

The Texas Institute for Computational and Applied Mathematics, The University of Texas
at Austin, Taylor Hall 2.400, Austin, Texas 78712, USA

1. INTRODUCTION

This paper presents a simple version of the Implicit Element Residual Method for steady-
state Maxwell’s equations, and an hp FE approximation presented in [1, 2]. The idea
originated from a series of papers by Babudka and Rheinboldt, see e.g. [3], and was
formulated in [4, 5, 6]. The possibility of residual equilibriation, using the technique of
Ladevéze or Ainsworth and Oden (see [7, 8] and references therein) allows for the use of
a local Neumann problem, significantly improving the quality of the method.

It turns out that the relaxed continuity assumptions for H(curl)-conforming approx-
imations (only the tangential component of the approximated vector field must be con-
tinuous) allow for a straightfoward approximation of fluxes and residual equilibriation for
2D Maxwell’s equations. A generalization to 3D involves solution of "patch problems” as
in [7, 8].

The plan of the contribution is as follows. We start with a short presentation of the Ap
FE method for Maxwell’s equations. The idea of the error estimation is explained next,
followed by a couple of simple numerical experiments. A comparison with the Laplace
equation and 3D Maxwell’s equations concludes the paper.

2. A ROBUST (STABLE) MIXED hp FE APPROXIMATION FOR
MAXWELL'S EQUATIONS

We shall consider the following model problem. Given a bounded domain @ C B*(R®) with
boundary 9} consisting of two disjoint parts I'; and I';, we wish to determine electric
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field E(=) satisfying the following boundary-value problem:
VXx(VXE)—w’E =J inQ)
nxFE =0 onl, (2.1)
nx(VxE) =0 onl,.

Here J denotes a given field, related to an impressed current. For the sake of simplicity
of the presentation, the material constants are normalized to unity, and all quantities are
assumed to be real-valued. Multiplying the reduced wave equation by a test function,
integrating over domain , and integrating by parts, with the use of natural boundary
condition (2.1)3, we arrive at the standard variational formulation:

Eew
[(VxB)o(VxF)-w? [EoF=[JoF VFew 22
X — = (o}
[(VxB)o(VxF)-u? [ BoF= [
where W is the space of admissible solutions,
W={EeL}®) : VxEe€LQ), nxE=0o0nl}. (2.3)

Variational formulation (2.2) gives rise to standard finite element (FE) discretizations.
Approximations of this type, in general, are unstable and lack convergence. One way to see
the defficiency of formulation (2.2) is to introduce a spectral decomposition corresponding
to the curl-curl operator present in the reduced wave equation,

E =FE;+ E E;e;. (24)
i=1
Here E, denotes the curl-free component corresponding to the zero eigenvalue of the

operator (the corresponding eigenspace is infinite-dimensional), and e; are eigenvectors
with corresponding positive eigenvalues \; forming a sequence converging to infinity,

VxEg=0, Vx(Vxe)=X\e;, M — oo (2.5)
The eigenvectors and the eigenspace of curl-free components are L*-orthogonal. Setting
F = Ey in (2.2), we obtain the following stability estimate for the curl-free component:

1 Eollz20) < w2l ol ey (2.6)

where Jo denotes the curl-free component of the impressed current J. In other words,
the stability of Ey is controlled only by the zero-order term and it deteriorates as the
frequency approaches zero.

A remedy to this problem was proposed by Kikuchi [10] and recently by Demkowicz
and Vardapetyan [1, 2]. We begin by introducing a scalar space (of Lagrange multipliers):

V={¢qeH'(Q) : p=0onT}. (2.7)
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We shall assume that the following compatibility condition between spaces W and V
holds:
EcW,VxE=0s3¢cV,E=V¢ (2.8)

Upon substituting F = Vg, for ¢ € V, we observe that the solution to variational problem
(2.2) satisfies automatically the constraint:

LEOVq:/ﬂJqu Vg.€ V (2.9)

The condition is equivalent to a divergence equation in Q (continuity equation) and a
boundary condition on I';. Thus, any solution to the original problem satisfies the extra
equation and boundary condition. This, in general, does not hold at the discrete level.
The idea now is to reimpose (2.9) as an additional equation at the cost of introducing
a corresponding Lagrange multiplier p. We end up with the following mized variational
formulation:

EeW,peV

2 —_
/Q(VxE)o(VxF)—-w /ﬂ(E-}-Vp)F_/nJoF VFeW (2.10)
/ﬂEqu:/erqu YgeV.

Two simple observations follow. First of all, the explicitly imposed constraint implies now
a frequency-independent stability of the curl-free component.

| Eollz2(e) < | Jollz2(a) (2.11)

Secondly, upon substituting F = Vq,q9 € V in (2.10); and using (2.10),, we obtain a
weak form of the Laplace equation for the Lagrange multiplier p. Consequently, p must
vanish.

Based on the compatibility condition (2.8), one can prove [1] the following lower bound

for the inf-sup constant v associated with the mixed variational formulation:

1+ .

e, i=1,..} < 7. 12
ma‘x{1+w1|/\i_w2|’1 1,..} <7 (2 )
We are ready now to introduce a stable FE discretization with a variable order of ap-
proximation. As an example, we shall present the concept for triangular elements only,
although the idea holds for quads in 2D, and tetrahedra, bricks and prisms in 3D, as well.

The scalar element space of shape functions is identified as the space of polynomials
of order p + 1 whose restrictions to element sides reduce to polynomials of lower order
p1 + 1,p2 +1,p3 + 1, respectively. That is, we assume that

p > max{p, p2, p3}- (2.13)
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The key in understanding the construction of the vector element lies in compatibility
condition (2.8) that we postulate to hold for the discrete spaces as well. This implies
that we must employ different orders of approximation for the tangential and normal
components of the E-field. More precisely, the vector space of element shape functions
consists of (vector-valued) polynomials of order p whose tangential components on the
element sides reduce to polynomials of orders p,, ps, ps, respectively. One can prove [1, 2
that the FE discretization admits optimal convergence error estimates.

The elements are depicted in Fig. 1. We do not discuss here the choice of particu-

Figure 1: Scalar (left) and corresponding vector (right) triangular element with variable
order of approximation

lar degrees of freedom which results in the definition of the corresponding scalar shape
functions xi(&§) and vector shape functions é;(§). Neglecting the round-off error, such a
choice has no effect on our discussion. For details on a current implementation we refer
to [11].

As a simple illustration, we present a solution to the model problem in a rectangular
domain. The exact solution is a polynomial of order 5. Fig. 2 presents a sample mesh
consisting of four linear and four quadratic elements with the corresponding contour plots
of the first component of the electric field E. Notice the continuity of the tangential
components only.

Finally, Fig. 3 displays typical h-convergence rates for the same rectangular domain
problem, using uniform meshes of quadratic and cubic elements.

We also mention that the concept of the approximation generalizes in a standard way
to curvilinear elements. With

z = z(¢) (2.14)

denoting the map from the master triangular element onto a curved element, the deformed
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-

Figure 2: Solution of the model problem (a) an hp FE mesh of linear and quadratic
elements (b) z component of the electric field

Error Analysis, Rectangular Domain w=25

Exact solution is quintic

—<Z Order=2
-0~ Order=3

€=20
ol u=10|n
o=00

Log(Energy Nom Emor)

i DuDirichist BC

° ' og(h) 2 3 NaNeumann BC

Figure 3: Experimental convergence rates for quadratic and cubic elements

element shape functions xi(®) and &(x) are defined as follows:

xe(x) = Xk(ﬁ)z
er = (e}, e2), el(z) = &) ud (2.15)

=1 ax.’l .
The definition above is a key to satisfy again the compatibility condition (2.8) and prove
convergence with optimal rates.

REMARK 1 If we neglect the round off error, and assume that there is no quadrature
error, then, due to the compatibility condition (2.8), the discrete Lagrange multiplier
must vanish as well. Thus, for the proposed FE discretization, the solutions to discrete
equivalents of (2.2) and (2.9) coincide with each other! From that point of view, the mixed
formulation might be understood only as a key to constructing the stable element and
proving convergence. In practice, however, we never integrate exactly. Another essential
difference between the two discrete problems is the conditioning of the corresponding
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stiffness matrices.

3. A POSTERIORI ERROR ESTIMATION FOR THE MAXWELL
EQUATION IN 2D

The element implicit residual estimate

We recall first the idea of the error estimation using the standard abstract variational
formulation:

vueV

{ b(u,v) = l(v) VeV (3.16)

Introducing a finite element space Vi C V, we calculate the corresponding FE solution
ugy by solving the approximate problem:

{uHGVH

b(ug,vy) = l(vy) Yug € Vy. (3.17)

Similarly, we introduce a fine FE mesh space Vi, and the corresponding fine mesh solution
Up.

The goal is now to estimate the fine mesh residual:

|5(ur, va) — {(vn)]
sup el (3.18)

(lenli=t

where || - || is the energy norm:
' llull? = a(u, v). (3.19)
Here a(u,v) denotes a symmetric, V-coercive bilinear form, and b(u,v) is the actual

bilinear form (possibly neither symmetric nor coercive) corresponding to the problem of
interest.

The methodology consists in splitting the residual into the corresponding contributions
over elements K and introducing the element fluz functionals Ax

r(ug;va) := blug,vy) — l(vs)

Y- {bx(un, va) — Ik (va)}

K

(3.20)

3 S bk (un, ) — Ik (va) — Ak (va)
K \—V_J
element flux functional

We shall postulate now two main assumptions:

o the element residuals are in equilibrium with respect to the coarse mesh:

ri(um;vy) := bk(un,ve) — lk(ve) — Ak (ve) =0 Yoy € Vy(K); (3.21)
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¢ Consistency:
E/\K(vh) =0 v, € V. (3.22)
K

Here Vy(K) denotes the space of element K shape functions, possibly incorporating
Dirichlet boundary conditions, if element K is adjacent to I'y part of the boundary.

Introducing the local element Neumann problems:
{ énx € Vi(K)
ak(dnr,¥n) = rr(un;vn) Viu € Va(K),

we can conveniently now express the fine mesh residual in terms of the element error
indicator functions ¢4k,

(3.23)

Ir(ums o)l =Y ax(dnx,vn)l
o ; (3.24)

< (z; nqsh.Kn’K) onll

This leads to the final estimate:

1

il < (5: u¢hKnK) (3.25)

We make now the following observations.

o The local problems can be solved equivalently on the bubble spaces Vi, n(K),
Vi(K) = Vu(K) ® Viw(K) (ak(:,-) — orthogonal decomposition). (3.26)
e For b(u,v) = alu,v) (see e.g. [9]),

Irlivy = llun — ugll. (3.27)

In particular, if we identify the bilinear form a with the curl-curl form in the reduced
_wave equation (2.1), the proposed residual estimate should approximate well the fine
mesh error for small frequency w.

o The element flux functional Ak is specified uniquely on the coarse element space

Vu(K).
The big question thus is:
Houw to ertend functionals Mg to the fine element space Vi(K) ?

This is precisely the place where the information about the actual, continuous problem
comes into the picture.
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Determination of fluxes for 2D Maxwell’s equations
The procedure will consist of three steps.
Step 1: We introduce the space of coarse mesh traces of tangential components:
Yu(0K) = {Flox : F € Wy(K)} (3.28)
equipped with the L?(8K) product (-,-)ak-

Step 2: The functional Ax restricted to the coarse space Wy(K) depends only upon
the tangential components of test function F. Consequently, we can find its Riesz
representation fy x using the L2(K) product,

fax € Yu(0K) -
(3.29)
(fux, Filox) = bx(En, Fy) — Ik (Fy) VFy € Wy(K).
Step 3: We define the extension to the fine space W, as:
Ak(Fr) = (fux, Fu)oxk.

A few important observations are in place.

¢ Due to a decoupling between the element edges, determination of fluxes fy is done
edge-wise, fux = {fix},e=1,2,3.

o For two adjacent elements K; and K, with a common edge e,

fax, = —Fai g, (3.30)
This guarantees the consistency!

o In order to determine Ay we need data from element K only !

Definition of the local problem for the Maxwell equations
We identify the bilinear form a(E, F) inducing the energy norm as:
a(E,F):/ﬂ(VxE)o(VxF)+EoF (3.31)
and solve the local problems using the mized formulation:
bnk € Wi(K), puk € Va(K)
/K(V X @) o (V x¥,) + /K(VPA,K + k) oYy =1k(En, %) Yo, € Wi(K)

[ #nxoVa=0 VaeVi(K)
(3.32)
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where ri(Eny,v),) denotes the element K residual (3.21) including the element flux func-
tional defined above. Imposing local divergence condition in the local problem should be
interpreted as an extra step in extending the element flux functional Ax(Fy) to the fine
space, with a simultaneous enforcement of the orthogonality condition:

bk (EBu,Var) —lk(Van) — Ax(Van) =0 Vi € Vi(K) (3.33)

A numerical experiment

We illustrate the proposed technique with results of the a-posteriori error estimation for
the rectangular domain problem, and the polynomial exact solution discussed earlier, for
a small frequency w = .01. According to the remark above, for small w, the fine mesh
residual should coincide with the relative error, i.e. ||ug — ug||. Neglecting the difference
between the exact and fine mesh solutions, we will compare the error estimate directly
with the actual error.

Table 1 compares the elemental contributions to the residual estimate, i.e.

/K{(V X ¢px)’ + Shi} dK (3.34)

with ¢, j being the solution to the local problem, with the element contributions to the
error measured in the energy norm, i.e.

J AV % (B - En))?* + (B - En)"} dk. (3.35)

The comparison has been done for four meshes with order of approximation p = 1,2,3
and the mesh with linear and quadratic elements displayed in Fig. 2. The corresponding
global estimates are compared with the global error at the bottom of the table. The global
effectivity indices are consistently close to unity.

For an arbitrary frequency w, the simple relation between the residual and the error is
lost. Table 2 displays the comparison of the estimate of the residual with the error for a
number of frequencies including those close to the first resonant frequency of the operator.
To our best knowledge, the a-posteriori error estimation for “forced vibrations” problems
remains an open research issue. However, we would like to emphasize that, in our opinion,
the residual estimate may still be used as a meaningful basis for mesh adaptation.

4. A DISCUSSION FOR THE LAPLACE EQUATION.
MAXWELL'S EQUATIONS IN 3D

The essential point in the construction of the errror estimate for the 2D Maxwell equations
is the fact that the interaction between neighboring elements takes place only through
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Element mesh p=1 mesh p=1/2 mesh p=2 mesh p=3
number | estimate/error | estimate/error | estimate/error | estimate/error
1 1.94/2.00 1.94/1.95 32E-2/ 42E-2 | .33E-3/.34E-3
2 1.41/1.49 1.41/1.46 .56E-2/.61E-2 | .19E-3/.19E-3
3 1.55/1.73 1.55/1.66 | .345-2/.32E-2 | .10E-3/.20E-3
4 0.53/0.62 0.53/0.60 | .20E-1/.20E-1 | .36E-4/.30E4
5 2.06/2.19 | .63B-2/.43E-1 | .75E-2/.78E-2 | .34E-3/.34E-3
6 1.76/1.90 | .12E-1/.156-1 | .19B-1/.12E1 | .10E-3/.11E-3
7 0.62/0.64 J12E-2/.26E-1 | .20E-1/.21E-1 40E-4/.39E-4
8 2.37/2.30 12E-1/.14E-1 | .12E-1/.13E-1 | .12E-3/.12E-3
Global 3.50/3.60 2.34/2.40 294/.298 | 371E-1/.374E-1
Eff. index 0.97 0.98 0.98 0.99

Table 1: Comparison of the a-posteriori error estimate with the error. Frequency w = 0.01

element edges. This manifests itself in the observation that there are no degrees-of-
freedom to approximate electric field E that would be associated with vertices (except for
the approximation of geometry and the Lagrange multiplier, which is a different story).
The degrees of freedom are either interior (local) to an element or correspond to element
edges, hence the name of the edge elements is frequently used. The edge degrees of freedom
are shared by only two elements and, consequently, the edge fluxes determined for two
neigboring elements are identical (modulo sign) which implies the consistency condition.

Another explanation comes from the Lagrange multipliers method and the idea of the
hybrid finite elements [12, 13]. Enforcing the continuity of the tangential component of
the electric field through Lagrange multipliers (interpreted as the magnetic flux across the
interelement boundaries), we end up with a method that is eractly equivalent to the ap-
proximation described here, provided the Lagrange multipliers (fluxes) are approximated
with the same number of degrees of freedom as the tangential component of the E-field
shared by two adjacent elements. In other words, the electric fields obtained using either
method are identical, and the described determination of fluxes can be interpreted as a
reconstruction of the Lagrange multipliers.

The situation is more difficult in three dimensions where the E-field degrees of freedom
are associated with elements interiors, sides, and edges. The edge degrees of freedom
are shared, in general, by more than two elements, and the reconstruction of fluxes is
more difficult. Similarly as for the Laplace equation in 2D, we run into the problem of
non-uniqueness of the representation for the Lagrange multipliers. As the methodology
for both 2D Laplace and the 3D Maxwell equations is practically identical, we take the
freedom of presenting the idea of the method using the 2D Laplace equation only. The
resulting procedure reduces then just to a slight reinterpretation of the method of Ladevéze
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frequency w | residual estimate | error
1.00 3.32 3.66
1.82 29.8 133.5
1.825 102.8 427.5
1.8275 1101.6 4427.8
1.83 92.3 359.3
1.84 22.4 77.3
1.90 6.74 144
2.00 4.80 7.18
3.00 3.36 4.31
10.00 5.66 8.27

Table 2: Comparison of the residual estimate with the error for various frequencies w

and Maunder {7).

For simplicity we shall restrict ourselves to a mesh of linear (Courant) triangles only.
Let K be a typical element in the mesh with vertices a,, a2, a3. The determination of the
fluxes will be done in the following four steps.

Step 1: Representation of Ax with vertex nodal forces (Dirac’s deltas, see Fig. 4),

Ak(vy) = Pokvn( @i ) (4.36)
i=§,3 .
i—th vertex

where

Pk = br(un, ) = Ik (xix) (4.37)

&.’If’
i-th vertex shape function
The representation of the fluxes in terms of the Dirac functionals reflects the con-
tinuity of the restriction (trace) of FE solution to the element boundary. This
representation, however, cannot be used to extend the flux functional to the fine
space (or perhaps even all the way to the continuous space), as it has little to do
with the actual fluxes (normal derivatives across the interelement boundaries) which
are, in particular, dicontinuous at the element vertices. So the task now is to switch
from the Dirac deltas representation to a representation which would correspond to

the actual fluxes and, at the same time, would be consistent.
Step 2: Representation of Ax with edge nodal fluxes
(Lagrange multipliers, see Fig. 5),

Mc(vy) = 23: + {Ravr(a.) + Rava(@es1)} (4.38)

e=1
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Figure 4: Flux representation in terms of “nodal forces”

Given a global orientation for all the edges in the mesh (e.g. determined by the
vertex node numbers), we use in (4.38) the plus sign if the global and the local
(counterclockwise) orientations of edge e are consistent, or the minus sign other-
wise. The +/— sign convention guarantees the consistency as the fluxes now are
represented edge-wise.

Figure 5: Flux representation on terms of “edge nodal forces”

Step3: Patch equilibrium.
Obviously, the two representations have to be identical. In particular, the two
functionals have to take the same values for each nodal basis function. That leads
to the following patch equilibrium problem:

R;— Ri.y =P, i=1,...,number of elements in the patch (4.39)

Here, the “nodal forces” P; are known from Step 1, and the “nodal edge forces” R;
are to be determined. Due to the global equilibrium equation corresponding to the
considered node, system (4.39) does have a solution but the R;’s can be determined
only up to a (the node related) constant. An extra normalizing condition per node
is needed! The situation is illustrated in Fig. 6.
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i - th element

Ri-l

Figure 6: Nodal patch problem

Step 4: L-edge representation of the Lagrange multipliers.
Finally, in the last step we need to switch to a continuous representation for the
edge fluxes which will be more appropriate to define the extension to the fine space,
see Fig. 7.

R, R

2

1

Figure 7: Switching to the L? representation of the edge fluxes
fi R,
= (4.40)
f2 Ry

(4.41)

R~ W=~
Wi D=~

Consequently,

The choice of an optimal normalizing condition, remains a separate issue {7].
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